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CONVOLUTION QUADRATURE TIME DISCRETIZATION
OF FRACTIONAL DIFFUSION-WAVE EQUATIONS

EDUARDO CUESTA, CHRISTIAN LUBICH, AND CESAR PALENCIA

ABSTRACT. We propose and study a numerical method for time discretiza-
tion of linear and semilinear integro-partial differential equations that are in-
termediate between diffusion and wave equations, or are subdiffusive. The
method uses convolution quadrature based on the second-order backward dif-
ferentiation formula. Second-order error bounds of the time discretization and
regularity estimates for the solution are shown in a unified way under weak as-
sumptions on the data in a Banach space framework. Numerical experiments
illustrate the theoretical results.

1. INTRODUCTION

In this paper we study time discretization of a class of integro-partial differential
equations whose prototype equation is, for 0 < g < 1,

(1.1) %(x,t): L/O (t — 1P Au(e, 7) dr + F(x, t, u(z, t), Va(z, 1)

IN0E)
for z in a domain @ ¢ R? and t > 0, taken together with Dirichlet or Neumann
boundary conditions and with the initial condition u(z,0) = up(x) for z € Q.

Since the integral term can be viewed as the S-th integral [32] B4] of Au(z,-),
equation (L)) is intermediate between the diffusion (8 = 0) and the wave (8 = 1)
equation [9, [10], and it can be termed a fractional PDE of order o = f+ 1 €
(1,2) in time. Equations such as ([T]) describe anomalous diffusion processes and
wave propagation in viscoelastic materials, e.g., [12) 14, 25 28 29 [33]. They
have recently attracted increasing interest in the physical, chemical and engineering
literature (see the numerous papers citing [28] or [32]).

Numerical methods for the time discretization of (IIl) have been proposed by
various authors [4, Bl [7, 8 [17, 24 26, (35 [36], 37]. A usual approach for the time
discretization of (ILT]) consists in treating separately the derivative and the integral
term, which are approximated by a standard difference formula and by means of a
suitable quadrature rule, respectively. The traditional analysis of the error, based
on consistency and stability, shows that this approach is likely to exhibit a severe
order reduction, the reason being the lack of regularity in time of the solution,
which is present even in the case of smooth initial data. Precisely, one of the main
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goals of the present paper is to derive a systematic and computationally affordable
approach to render the time integration of (at least) second order of accuracy under
realistic, weak regularity assumptions.

The paper considers the fractional version of the second-order backward differen-
tiation formula (BDF2) [18] 2], although there are no real difficulties in extending
the scope so as to cover higher-order BDFs. To overcome the order reduction it
is necessary to carry out some corrections to the basic method. One way of doing
this is by corrections that eliminate the consistency error of the nonsmooth terms
in the expansion of w at t = 0 [I8 [19]. However, in the framework of the tradi-
tional error analysis based on the consistency of the approximation to the integral
term and on stability, this approach still requires strong spatial regularity and high
compatibility with the boundary conditions. Moreover, the smoothing properties
of the equation are not taken into account.

The main tool used in this paper is convolution quadrature [21],[22], which enables
us to treat the time discretization as a whole, i.e., combining the approximations
to the derivative and to the integral in (ILT]). Convolution quadrature allows for a
direct estimate of the error in the linear problem, based on resolvent bounds of the
elliptic operator. Stability is then derived as a corollary. The error analysis uses the
regularity of the data rather than that of the solution. Finally, convolution quad-
rature permits us to introduce in a clear and direct way a specific treatment of the
initial condition and the inhomogeneity which results in an optimal error estimate,
also when the solution fails to possess the regularity required in the traditional
approach. (Cf. [24] for preliminary results along such lines.)

In the paper, equation (1)) is written as an abstract, parabolic, evolution equa-~
tion in a Banach space. This allows us to consider general elliptic operators other
than the Laplacian and to study the errors in LP-norms, 1 < p < +o00. The precise
analytical framework and notation are given in Section 2, while convolution quad-
rature is presented, in a self-contained form, in Section 3. The numerical method
is considered first in Section 4, in the setting of linear, non-homogeneous problems.
Here, together with basic estimates for smooth and non-smooth data, auxiliary es-
timates in fractional norms, needed for non-linear problems, are also established.
In Section 5 we comment on the class of non-linear problems we consider, as well
as on the regularity of their solutions. In Section 6 we introduce and analyze the
numerical method for non-linear problems. This section makes an extensive use of
the results for the linear case given in Section 4. Since the lack of regularity of the
solutions is one of the main motivations of the paper, we have included the proof
of the regularity results in Section 7. The regularity analysis and the error analysis
of the numerical method are both based on the operational calculus in a unified
way. In Section 8 we consider the adaptation of the method to the situation of
subdiffusion, which replaces the integral term in (II]) by its time derivative, and in
this way corresponds to o = +1 € (0,1). The final Section 9 gives some numerical
illustrations.

2. ANALYTICAL FRAMEWORK AND NOTATION

2.1. Abstract setting. We consider (1) as an evolution equation on a Banach
space X (such as X = L,(Q2)) and study the abstract initial-value problem on X,
1

(2.1)  W(t) + W/o (t— T)BilA’U,(T) dr = f(t), 0<t<T, u(0)=uo,
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where 0 < f <1, ug € X, and t — f(t) € X is a continuous inhomogeneity. Later
we will turn to the semilinear problem where f(t) is replaced by a nonlinearity
F(t,u(t)). We assume that —A is a sectorial operator on X [I3| 31]; that is,
a densely defined closed operator on X whose resolvent is analytic in a sector
|arg(A — a)| < 6 with 6§ > 7 and bounded by

M,
(2.2) A+ A)7Y < ‘TT for |arg(A—a)| <6.
We will assume a < 0 for convenience (because we can then use fractional powers
of A instead of those of A+ oI for some o > a) and, as an essential condition,

(2.3) 0> Lira with  a=p3+1.

Let us mention examples of operators A that fall into this framework and that are
used in the physics literature; see for example [13| 28] B1]:

e the negative Laplacian A = —A on R? or on a domain Q C R? together
with Dirichlet or Neumann boundary conditions,

e fractional powers of the negative Laplacian on R¢, A = (—A)*/? with
v >0,

o the Fokker-Planck operator given by Au = —Au —V - (uVV) for a smooth
potential V.

Typically, the space discretizations of such operators also satisfy the resolvent
bound ([2.2]), with a constant My and angle 6 independent of the space discretization
parameter; see, e.g., [1l 2].

The integral operator in (21 is the fractional integral of order 3, and with 9
symbolizing time differentiation, the problem (21 is written more compactly as

u' + 0 P Au = f, w(0) = o,
or upon integrating from 0 to ¢ and writing o« = §+ 1, as
(2.4) u+ 0 %Au=uy+ 01 f.
In most of the paper we consider this equation in the situation
(2.5) l<a<2.

The case 0 < a < 1 (which corresponds to taking the derivative of the integral term
in ([2I)) is equally of interest, and the extension of our results to this case is given
in Section @ Equation (Z4]) will be the starting point for further development.
Before that, it is convenient to extend the operational notation.

2.2. Operational calculus notation. Let K(s) be a complex-valued or operator-
valued function that is analytic in a sector with opening angle to the positive real
axis greater than %71’, and there bounded by

(2.6) IK(s)| < M|s—o|™# for |arg(s—o)| <¢, with ¢ > i,

for some real pu, M, and o. Then, K(s) is the Laplace transform of a distribution
k on the real line which vanishes for ¢ < 0, has its singular support empty or
concentrated in ¢ = 0, and which is an analytic function for t > 0. If ¢ < 0 is an
integer, then the singular part of k is determined by the polynomial part P(s) of
K(s) for s — oo and given as P(0)dg, where 0 again denotes time differentiation
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and Jp is Dirac’s delta at ¢ = 0. For ¢ > 0, the analytic function k(t) is given by
the inversion formula

_ 1 st
(2.7) k(t) = 271_Z,/FK(s)e ds, t>0,

with I" a contour in the sector of analyticity, parallel to its boundary and oriented
with increasing imaginary part. On substituting w = (s — o)t in the integral and
replacing the resulting contour for w € ¢(I' — o) by an equivalent, ¢-independent
contour, this formula and the bound (2.6]) immediately imply the following bound,
which we formulate as a lemma because it is used frequently.

Lemma 2.1. If K(s) is analytic and bounded by (2.8)), then there exists B > 0,
which depends only on M, p, and ¢, such that the inverse Laplace transform k(t)
is bounded by

(2.8) k()| < Bt*tet  for t>0.

In particular, k() is locally integrable if x> 0.
We define K (0) as the operator of (distributional) convolution with the kernel &:
K(0)g =k g. If u > 0, this is given by the convolution integral

(2.9) K(9)g(t) = /O k() g(t—r)dr, >0,

for functions g(t) that are continuous in ¢ > 0 (and extended by 0 to ¢ < 0) and
for u > —m (m a positive integer) by the differentiated convolution integral, with
K(s) =s™K(s),

~ d\™ [t~
(2.10) K(9)g(t) =0"K(0)g(t) = (£> / k() g(t—7)dr, t >0,
0

for functions g(¢) that are m-times continuously differentiable in ¢ > 0. This nota-
tion extends the fractional-order differentiation notation already used above. For
two functions K (s) and K(s) of the above type, the associativity of convolution
and the convolution rule of Laplace transforms give us the basic relation

(2.11) K5(0)K1(0)g = (K2K1)(0)g.

An equivalent identity is
(2.12) K2(9)(ky % g) = (Kg(a)kl) %g.

2.3. Resolvent bounds. In the present paper, the role of K(s) will be taken by
sTH I+ s *A)~! and by AY(I +s~*A)~! for various fractional powers v. Here we
have the following bounds.

Lemma 2.2. For a sectorial operator with 22l), 23 there is a constant M,
which depends only on My and 6 in [Z2)), such that the following bounds hold in
the operator norm on X, uniformly for |arg(s)| < 0/« (by @3), 0/« > 37):
(2.13) A" (I + s~ A) < Ms|™,  0<v <1,

(2.14) |AY(T 4+ s7*A)"F —AY|| < M |s]*, —1<v <0,

(2.15)  |JAY(I + s “A)F — AV + s AV Y| < M |s]*”, —2<v< -1
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Proof. For 0 < v <1 we write
AY(T+s7%A) " =6 (s AV (I +s5 A7,
which yields the estimate; see [I3, Chap. 1]. For —1 < v < 0 we use the identity
(2.16) (I4s%A) ' =T—s AT+ s “A)"*
so that
AY(IT+ 5 %A) L= AV — 57 @A (T 4 57@A) 7L,

and the stated bound thus follows from the previous case. For —2 < v < —1 we
use the identity (Z.I6]) twice to obtain

AI/(I+ sfozA)fl — Au o SfaAqul +57204Au+2(]'+ SfaA)fl’
which reduces the result again to the first case. O

2.4. Mild solutions and regularity. When we apply K(9) = (I + 9 *A)~! to
both sides of ([Z4), it follows from (ZII) that every solution u € C1([0,7],X) N
C(]0,T),D(A)) of [24) is given by

(2.17) u= I+ *A)  ug+071f).

This formula expresses u as a temporal convolution and also makes sense under
weak regularity assumptions on the data, e.g., ug € X and f € L'(0,T; X), which
do not imply the above-mentioned regularity of u. The formula (ZI7) then defines
a generalized or mild solution of (24) or (2I). We mention in passing that (217

can be rewritten as
t
u(t) = k(Huo + / k(t — ) f(7) dr,
0

where k(t) is the inverse Laplace transform of K(s) = s (I + s~*A)~!. The
bounds of Lemma [2.2] used together with Lemma 21l give regularity estimates
of the mild solution. For example, we obtain the following result with regularity
conditions on the data that we will consider repeatedly in this paper. Here and in
what follows, X, denotes, for p > 0, the domain of A”:

(2.18) X, =D(A?) withnorm |v|, = |A”v]|.

Lemma 2.3. If ugp € X3/, f(0) € Xy/q, and f € C?([0,T],X), then the mild
solution u defined by (ZIT) is of the form

I'a+1)

where v € C?([0,T), X) with v(0) = v'(0) = 0. Moreover, for p with 0 < ap < 1,
we have u € C*((0,T), X,,) with u(0) = ug, v'(0) = f(0), and

U(t) = ug + tf(()) — Aug + U(t),

" ()], < Ct™" with 7 =max(ap,2 —a) < 1.

The proof consists of several applications of Lemmas and 2] and is given in
Section [1
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3. CONVOLUTION QUADRATURE

A convolution quadrature [21], [22] approximates the continuous convolution
K(9)g(t) by a discrete convolution with a time step size h > 0,

(3.1) K(0n)g(t)= Y wiglt—jh), t>0,
0<jh<t

where the quadrature weights w; are determined by their generating power series

S 5(¢)
I = 25/
(3.2) JZ::O%( _K( : )
Here K (s) is again the Laplace transform of the convolution kernel, and §(¢) is a
rational function, chosen as the quotient of the generating polynomials of a linear
multistep method. For concreteness, in this paper we consider the second-order
backward differentiation formula, for which

(3.3) () =1~ +301-0
The discrete kernel given by

Kn = wn/h
satisfies a bound of the same type as the continuous kernel.

Lemma 3.1 (|22, (2.6)] (or [2I], (5.4)] in the case p > 0)). Under condition (2.0)
we have the analogue of (Z8): there exist B > 0 and o of the same sign as o,
which depend only on M, u, ¢, and o, such that

(3.4) |fin| < Bt teot for t=mnh, n=1,23,....

For n =0, (3.2) and (28] directly imply ||ro|| = ||K(5(0)/h)/h|| < Bh*~1,
An important property is that the relations (ZI1) and (212) are maintained in
the discretization:

(3.5) K2 (0n)K1(0n)g = (K2K1)(0h)g,
(3.6) K (0n) (k1 +9) = (Ko (@) ) + .

Note, however, that [B5) and (B6) are not the same expressions, in contrast to
their continuous analogues. While (8.6) holds for any choice of weights in [B.1]), the
relation ([B.5]) requires a construction of the type ([B.2)).

The approximation properties of (BI)—([33]) are described in the following result,
which considers the particular, but essential case g(t) = t”~! ¢ for real v > 0, with
a time-independent ¢, a scalar or vector or operator as needed. Here we often write
K(0r)g(t) = K(0,)7" c(t), where 7(t) = t is the symbol of the identity function.
(For v < 1 the sum in BJ) is understood to be over 0 < jh <t — h to avoid the
evaluation of g very close to the singularity at 0.)

Lemma 3.2 ([22], Theorem 2.2] (or [2I, Theorem 5.2] in the case p > 0)). Assume
that K(s) is analytic and bounded as in ([Z8), and let g(t) = t""tc. Then, the
error of the convolution quadrature approzimation [BIl) with B2), based on the
second-order backward differentiation formula (33), is bounded by

Cth1hY, 0<~vy<2,

Ctr1=3p2, v > 2,

(3.7) IK (@0)g(t) — K@)g()]| < {

where the constant C' does not depend on h and t € (0,T] with fized T < co.
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In view of (B:6]) and ([2I2), this result yields an estimate of the approximation
error for all functions g(t) which can be written as an expansion in powers of ¢ with
a remainder term that can be expressed as a convolution of a power function with
a locally integrable function. In particular, this is the case for the Taylor expansion
of smooth functions with the remainder term in integral form:

g(t) = g(0) +tg" (0) + 7 x g" (¢) (with 7(t) = t).
Note that (K(dh) — K(9))(r * g")(t) = (K (8h) — K(2))7I)g"(2).

Here, the problem is that the constant term ¢ = ¢(0) yields only a first-order
error bound (y = 1):

HK(@h)lc(t) - K(a)1c(t)|| <Ot h.

This causes difficulty unless K (9 fo T)edr is available analytically. We
describe two general approaches that 1mprove the situation. In the first approach,
we write for some v > 1 the identity

7_11

o1

By Lemma with v = v+ 1 > 2 and pu replaced by u — v, we thus obtain a
second-order approximation to K (9)1lc(t):

K(9)1e(t) = K(9)8" (9" 1)e(t) = K ()9

l/

(v+1)

The second approach, which considers approximations only at gridpoints t,, = nh,
takes half the value of the function g at t = 0, or in other terms, replaces g by 1;g,
where 1,,(t) is a function with 1,(0) = 1 and 1,(t) = 1 for t > h. An alternative,

(3-8) 1K (9n)0), 7y o(t) = K(9)Le(t)]| < C'##72 1.

sometimes more convenient, choice is 1,(0) = 0, 1,(h) = 2, and 1,(t) = 1 for
t > 2h. We then take the initial-point correction
(3.9) K(0n)(1ng) (tn) = wn 11(0)9(0) + wn11n(h)g(h) + - - + wo g(tn)

as the approximation instead of K (9y)g(tn).

The second choice of 1;, turns out to yield 1;, = 8,01 at gridpoints ¢,,, so that
here the second approach coincides with the first approach with v = 1.

More generally, a possible choice is 1,(t,,) = g, where ¢, = 1+0(r"), with r < 1
and h) o gne ™ =1+ O(h?). In particular, this holds for > o° ¢,¢" = §(¢)~*
For every such choice of 1p, [22] Theorem 2.1] (or [21, Theorem 4.1] in the case
@ > 0) gives us, with the proof of [2I, Corollary 4.2], a bound of the same type

as (3.8):
(3.10) | K(On)1ne(t) — K(O)1c(t)|| < CtF=2h*  at t=t,.

4. TIME DISCRETIZATION OF THE LINEAR EQUATION

4.1. Construction of the numerical method. We consider a numerical method
for the time discretization of (2.1I), constructed with the convolution quadrature
based on the second-order backward difference formula. In view of the causal
nature of both the method and the error estimates we will obtain, there is no loss
of generality in assuming that f : [0, +00) — X. Starting with the integral equation
23), viz.,

u+ 0 YAu = ug + 07 f,
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suggests that we consider the numerical approximation u” : [0, +00) — X, h > 0,
to u defined by the discrete equation

(4.1) ul + 0, Au = ug + 9, f.

By ([33) this is equivalent to the direct convolution quadrature discretization of the
solution formula (ZI7), viz.,

w=(I+0A) Yug+0'f),
by
(4.2) ul = (I 40, *A) Y ug + 0, ' f).

Unfortunately, if either ug # 0 or f(0) # 0, then here Lemma (to be used with
~v = 1) gives only a first-order error bound, and such an order reduction is indeed
observed numerically. In order to overcome this barrier we must modify the scheme
by treating ug and fo = f(0) in a specific way.

To this end, we start from the solution formula [ZI7). Setting g = f — f(0), so
that we can substitute f = fo + ¢ with g(0) = 0, and noting that

(I+0 A t=1—-(T+0*A)to A,

it turns out, assuming for the moment that ug € D(A),

(4.3) u=1ug+ I +0“A) (=07 %Aug + 0" fo + 0 1g).
Now it is natural to introduce the approximations defined by
(4.4) u =g+ (140, *A) "~ Aug + 0~ fo + 0, '9g),
i.e., by keeping the exact contributions
ta
O “Augy (t) = =—— A O o (t) =t
ug (t) Mot D) U, fo (t) = tfo,

instead of replacing them by 9;, * Aug and 9;, ' fo, as we did in @I

From a practical point of view, it is essential to implement (4] as a time-
stepping algorithm. After applying the operator (I + 9, *A) to both sides of ([@.4)
we get the equivalent formulation

(4.5) (I+ 0, A)(u" — ug) = —0"Aug + 0L fo + 0 'g.

For a function v : [0, +00) — X and real u, we have by definition

9, Mu(t) = h* Z q](#)v(t —jh), t>0,
0<jh<t

where the quadrature weights qj(” ), j >0, are provided by the expansion

5(¢) = i ¢,
=0

or upon rewriting B3) as 6(¢) = 3(1 — ¢)(1 — 3¢), by the explicit formula

(16) 0/ = (1) @)H;:’"l G2)()
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From these remarks, setting t,, = nh, u, = u"(t,), fn = f(tn), n > 0, we see that
at a nodal point ¢, > 0 the method (@3] reads

(4.7) Un — g +hAY g™, (u; — uo)
j=1
ta
= —714 n
Fa D) ug + t fo+h]z;q = fo),

which is an implicit equation for u,, n > 1, once u;, 0 < j < n — 1, have been
computed. The equation for u, is of the form

(I + h%q (@) 4 A, =& + An,

where £, n € X. Since q(()a) = (2/3)* > 0, this equation possesses a unique solution,
formally given by

Un = (I + 028 A) 71+ AT + hogd™ 4)~ 1y

This expression shows that u, depends continuously on ug and f;, 0 < j < n.
Actually, we deduce that the method is well defined even for ug € X, i.e., for initial
data not in D(A).

A direct implementation of N time steps of the method requires the solution
of N linear systems, of O(N?) linear operations with vectors, and storing O(N)
vectors. In forthcoming work it is shown how this can be reduced to O(N log N)
vector operations and to storing O(log N) vectors in active memory; cf. also [23]
for a related fast convolution algorithm.

The method 7)) can be rewritten in a form that makes the correction to (1))
clearly visible:

(4.8) Up + A Z qﬁl )]Auj RGN Aug = ug + hz q(l) fi+ hgt fo
Jj=1 Jj=1

with
() —
"= u+1 an i

The correction weights (}ff ) for © = « and 1 can be interpreted as ensuring that
the quadratures on both sides of ([{L8]) become exact for constant functions. By
Lemma for K(s) = s™* and v = 1, we have h“?fn”) = O(t#~'h). Moreover,
for t, bounded away from 0 we have actually, by [21I, Corollary 4.2], h“c}ﬁ“ ) =
1h“q + O(h?). If we replace h“ by 1h“q(“) for all n in ([@F), we obtain a
trapezoidal rule initial-point correction to (E.I)) in the style of 3) (with 1,(0) = 3
and 1,(¢) = 1 for t > h). For t, > 0 this is identical to the scheme that uses the

approximation (3.9) in ([@3)):
(4.9) ul =g+ (14 0, *A) (=0, “Alpuo + 8, '1nfo + 95 1 g).
With the second choice of 1, mentioned in Section 3 (1,(0) = 0, 14(h) = 3,

1,(t) = 1 for t > 2h), which yields u"(0) = wg, the approximation (@) is pre-
cisely the numerical method of [24]. Since for that particular choice of 1, we have
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1, = 8,071 at grid-points t,,, the method of [24] can be written in a way that
looks even closer to ([£.4):
(4.10) ul =g+ (140, *A) (=0, “ 07 Aug + 07 fo + 0, 1 g).

While method (@A) uses for (I + 9~*A)~10~*Aug an approximation of the type
B3) with v = «, method ([@.I0) does the same with ¥ = 1. In view of their common
general error bound (B8], it would seem that both methods (£4) and (£I0) share
the same type of error behavior. However, this is not the case, and it turns out
that (@4)) has superior approximation properties. While both methods have an
O(h?/t2) error in the case of general data ug € X by ([B.8), it will be seen that
method (f4) has, in contrast to (@I0), a uniform O(h?) error for regular data. The
reason for this different behavior is that for method ([&4)) we have, for ug € D(A?),
(I+0;,“A) 0" Aug = 0~ Aug — (I + 0;,*A) ™19, “0~* A2uy,

where the first term on the right-hand side is ezact, whereas for method [I0)
the analogous term 9, **'9~!Aug has an error of O(t*~2h?) by ([B.8), so that no
uniform O(h?) error can be obtained for method ([ZI0). We therefore restrict our
attention to method (£4) in the following.

4.2. Error bounds. We have the following second-order error bound for method
(@) or its equivalent formulations (7)) and ([@S).

Theorem 4.1. Assume that ug € X, and fo € X,, for some 0 < v < 2 and
0 < o < 1. Assume also that f is twice differentiable and that " € L'((0, +00), X).
Then, for each T > 0, there exists C = C(T) > 0 (independent of the data, the
solution and the time step) such that, for 0 <t, <T, there holds

10 o, = ate)l < o (Lol Bolz o+ [T o).
n n 0

Proof. By linearity, it is enough to consider the three cases below.
(a) Case ug € X, and f = 0. Subtracting (£3) from ([@4)) we get
W —u=—(I+0,"A) ' —(I+0“A)"") 0 *Auo.
Suppose first that ug € X. Then we write
ul —u = (G(9h) — G(D))0™u,
where
G(s) = —A(I +s“A)~ |arg(s)| < 0/a.
Since clearly (see Lemma [2.2))
IG(s)| < Mls|*,  |arg(s)| < 0/,
Lemma [B.2] (with p = —« and v = a + 1) yields
(4.12) tn — u(t,)|| < C(T) A%, % ||uol|, 0<t,<T.
Second, suppose that ug € X5. Noting that
—A(T+ 5 %A) = —A+ A%(s“ + A,
we obtain
ul —u = (G(h) — G(9))d~*A?uy,
where now we adopt
Gls)= (s + A7), |arg(s)] < 0/a
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Since
[G(s)l < M|s|™,  [arg(s)] < 6/a,

the application of Lemma (with 4 = o and 7 = o + 1) results in
(4.13) llwn — u(ty)|| < C(T)h? 2972 |Jug||2, 0<t, <T.

Finally, for ug € X,,, interpolation between (£I2)) and (£I3]) leads to

lun — ulta)| < CT) A2 50 Jugllyy 0 <t, < T.
(b) Case ug =0, f = fo. Now we have
W —u=(I+0,"A) ' = (I+0 Ao f.

Therefore, for fo € X,, we can write

u —u = (Ho(0y) — Ha(a))ailAafO’

where
Hg(s) = Al_g(sa + A)_17 |arg(3)| < 9/0(
By Lemma 2.2] we have
VHo ()l < Mls| ™7, |arg(s)| < 0/a,

hence, again by Lemma (with g = ao and v = 2), we get
[un — u(tn)]l < Ch* tﬁ”_l 1 follo, 0<t, <T.
(c) Case up = fo = 0. In this case we have

ul —u = (K(9y) — K(9))g,

where
K(s)=s1I+s A", |arg(s)| < 0/«
Since g = tf'(0) + tI * ", the relations ([212) and ([B.6) yield
(4.14) u" —u = (K(0h) — K(0))tf'(0) + (K (0n) — K(9)I) = f".
Since
K (s)l < M[]s|,  [arg(s)| < 0/,

Lemma [3.2] (with = 1 and v = 2) implies that

[un — ulty)] < CR? <||f’(0)| +/O @l dT) , 0t <T.

Taken together, these error bounds yield the stated result. O

Theorem 1] provides error estimates under minimal regularity assumptions, in
the style of the optimal estimates for parabolic problems (a = 1) [6] 15 [16]. Thus,
for v = 0 = 0, the situation referred to as the one with bad initial data, the
error estimate reads O(h%/t2). On the other hand, for v = 2/a and o = 1/a, we
have guaranteed an error estimate of the form O(h?). It is noteworthy that, since
1 < a < 2, this optimal estimate holds with less regularity than the one required
for parabolic problems [6], 15 [16]. Larger values of v and ¢ cannot improve the
order but can improve the error constant.

With the semilinear problem in mind (see next section), we also need error
estimates in intermediate spaces X,, 0 < ap < 1. The following theorem focusses
on the situation ug € X9/, and fo € X;/,, which is the one encountered in the
main result (Theorem [6.2]) for the semilinear problem.
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Theorem 4.2. Assume that ug € Xz/4, fo € X1/, and that f is twice differen-
tiable in X, with f" € L'((0,4+00), X). Let p > 0, with ap < 1. Then, for each
T > 0 there exists C = C(T) > 0 (independent of the solution, the data and the
step size) such that, for 0 < t, <T, there holds

on? tn
(419) = ulta)l < S ([nallza + Wollya + 17O+ [ 177l 7).

Proof. As in the proof of Theorem 1], we split the error into the three cases (a),
(b) and (c) considered there. We realize that for cases (a) and (b) all we have to
do is to shift the scale of the intermediate spaces, i.e., to adopt as phase space
X = X,. Since
Xoja = Xo/a—py  X1/a = X1/a—p;
Theorem [.T], with v = 2/a— p and 0 = 1/« — p, readily shows ([£I5) when f = fy.
For the remaining case (c) we write u” —u again as in (ZI4)). Since by Lemma[2.2]

(4.16) 1K (s)llx—x, < Ms|**™t,  Jarg(s)| < 8/,
we can apply Lemma with 4 =1 — ap and v = 2, which results in the desired
estimate ([@IH) for case (c). O

4.3. Discrete propagators and stability. We introduce the discrete propagators
of the numerical method, which will turn out to be very useful for the analysis of
semilinear problems. We already know that u,, depends linearly and boundedly on
up and f;, 0 < j < n. In view of (7)), there exist linear and bounded operators
P,, Q., R,: X — X, n>0, such that

(417) Un = nu0+anO+hZRn—j(fj _fO)-

j=1
We have the following stability bounds.
Lemma 4.3. For 0 < ap < 1, the discrete propagators are bounded by
1— _
1Pallx,—x, < B, [@nlx-x, <Bt,31", |Rallx-x, < Bt,}7,
where B is independent of n and h with nh <T for any fited T' < co.

The bound for Ry, shows that || R, ||x— x, behaves like a weakly singular function.
This bound will become essential for the stability of the numerical method in the
semilinear problem.

Proof. From ({4 we have

=] — - _1L _ —a g\—1
Pa=T = AU+ 0 ) s T (), Qu= (140, 4) 7 (1)
We write
o _ —a -1 t o —a A\—1 t
I-p, = (A(Hah A gy ) — AU +074) F(a+1)1(tn)>

+ AT +07*A) 1071 (t,,).
For the difference on the right-hand side, Lemma yields that we are, with
A(I+57*A)~! in the role of K(s), in the situation of Lemma B2 with ;1 = —a and
v = a + 1, which yields a bound of O(t;,;2h?) for the norm of the difference. The
last term in I — P, is the inverse Laplace transform of s~ 1s™*A(l +s~*A)~!, and
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hence, by Lemma 2.1 with p = 1, this term is bounded uniformly in t,,. This gives
the bound for P,.

Similarly, for @,,, Lemma with ¥ = p shows that we are in the situation of
Lemma with u = —ap and v = 2, and of Lemma 1] with 4 = 2 — ap. This
yields the stated bound for @,.

The operators hR,,, n > 0, are the convolution quadrature weights corresponding
to the Laplace transform K (s) = s~1(I+s~*A)~! used in the proof of Theorems F1]
and .2} that is, they are the coefficients in the series expansion

B R = (3(0)/m) (14 (3(0)/) "4)
n=0

Using ({T16) and Lemma B with = 1 — ap, we deduce the bounds for R,,. O

In addition to stability with respect to perturbations in the data ug and f(¢,) as
expressed by Lemma [£3] it is of interest to study the effect of perturbations that
result from an inexact solution of the linear system of equations in ([8]). Supposing
that the linear system in the n-th step is solved only up to a defect d,,, so that we
compute perturbed values u,, the equation for the errors ¢, = u, — u,, becomes

(4.18) en+h* Y ¢\ Ae; = 6,
j=1

or equivalently, with " = (¢,,) and §" = (6,,),
(I+0,°A)" =d", or &= I+0,“A)""

By Lemma B (with u = 0) for K(s) = (I + s~*A)~! and by Lemma (with
v = 0) we thus have

En="hY kn;j0;  with |[r.] < B(nh)™".
j=1

Hence we obtain the stability bound
(4.19) max |lg;|| < Blog(n+1) max |, n>1.
j=1,....,n j=1,....n

5. THE SEMILINEAR PROBLEM

We now consider the semilinear initial value problem

1 t

(5.1) u,(t)+F(ﬁ)/ (t—7)PLAu(r) dr = F(t,u(t)), 0<t<T, u(0)=um,
0

where again 0 < 8 < 1, A is a sectorial operator satisfying ([2.2)) with [23)), and

now there is the nonlinearity

F:0,T]xX,—X with  ap <1,

again for « = (8 + 1. For convenience we assume that F' is globally Lipschitz
continuous, in the sense that there exists L > 0 such that

[E(t,v) = F(t,w)]| < Ll —wlp,  0<t<T, vwe X,

This assumption could be replaced by a local Lipschitz condition on every ball of
X, without inflicting essential changes in the subsequent results and in their proofs,
apart from the existence of the (mild) solution on the whole interval [0, 7], which
is guaranteed in the globally Lipschitz situation and has to be assumed a priori
otherwise.
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As in (24) we have the integrated equation
(5.2) u(t) + 0" “Au(t) = uo + /Ot F(r,u(r))dr.
A mild solution of (51]) or (5.2) is a solution u € C([0,T], X,) of the equation

(5.3) u= (I+8*‘1A)*1<u0 +8*1F(-,u)).

This can be rewritten as the Volterra integral equation

u(t) = k(t)uo + /0 k(t — 1) F(r,u(r))dr,

where k(t) is the inverse Laplace transform of K (s) = s~!(I + s *A)~!, which by
Lemmas and [2.I]is bounded by

k@Ol x,~x, < B, [k#)x-x, <Bt"*, >0
By the standard Picard iteration argument, this weakly singular Volterra integral
equation has a unique solution u € C([0,T],X,) for initial data uy € X,. The

following regularity result extends Lemma 23] to the semilinear equation and will
be proved in Section [7

Theorem 5.1. Assume that F : [0,T] x X, — X with ap < 1 is Lipschitz bounded
and twice continuously differentiable. Suppose ug € Xg/o and F(0,u0) € Xi/q-
Then the semilinear problem ([B.1)) has a unique mild solution, of the form

ta
U(t) = ug + tF(O,’U,Q) — m AUO + 'U(t),
where v € C*([0,T], X) with v(0) =v'(0) =0, and u € C*((0,T],X,,) with
lu" ()|, <Ct7T, for  r=max(ap,2 —a) < 1.

As a direct consequence of Theorem (.1l we note the following for further use.

Corollary 5.2. Under the conditions of Theorem[5.1], the function f(t) = F(t,u(t))
is in C%((0,T], X) with |f"(t)|| < Ct~", where r < 1.

6. TIME DISCRETIZATION OF THE SEMILINEAR EQUATION

6.1. The numerical method. In this section we adapt the numerical scheme (4]
to approximate the solution v : [0,7] — X,, 0 < ap < 1, of the semilinear problem

B2), by letting
(6.1) u' =g+ (I +0,*A) " (—0"*Aug + 0 fo + 0;, H(F (-, ul) = fo)),

where fy stands for F(0,up). In view of [@7T), we are thus led to consider the
approximations wu, to u(t,), 0 < t, < T, defined recursively by ug as given and,
forn >1,

Up, — U + hO‘AZ qfloi)j(uj — ug)

(6.2) =t .
12 (1)
:—m A’LL()+tnf0+hZ n,j(F(tj,uj)ffO),

j=1

where the quadrature weights qj(-” ) are given in (E.6]).
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6.2. Solvability of the discrete equations. The equation for u,, reads
(6.3) (I + hogs™ Ayuy = € + A+ halV F(tn, un),

for certain £ € X and n € X,. The solvability of (6.3]) is covered by the following
lemma. Recall that

(6.4) (I +XA) [ xox, < M/, A>0.
Lemma 6.1. Assume that £ € X, n € X,, and that
(6.5) h=* MLgSY / (57)° < 1.

Then equation ([63)) admits a unique solution u, € X,, and u,, depends continuously
oné e X andne X,.

Proof. The solvability of (63)) is equivalent to the existence of a fixed point for the
mapping S : X, — X, defined by

S(u) = (I +hogf 4) 7 (€ + An+ hal" F (b, w))

Note that (I + ho‘q(()a)A)*1 maps X into X, and that, since

1
(T+hogf )1 A = — = ((T+hogf a1~ 1)),
heq,
certainly S maps X, to X,. Moreover, because of (6.4), we have
M
(2 + hog§ A) M x—x, € —=—
0 2 hap (q(()a))P
so that the restriction (6.5) implies that S is a contraction. d

6.3. Error bounds. Here we obtain the main result of the paper.

Theorem 6.2. Assume that F : [0,T] x X, — X with ap < 1 is Lipschitz bounded
and twice continuously differentiable. Suppose ug € Xg/o and F(0,up) € X /4.
Then there exist hg > 0 and C > 0 such that, for 0 < h < hg, the numerical
approzimations u,, 0 < t, < T, given by (62) are uniquely defined, and their
errors are bounded by

(6.6) lun = ulta)ll, < C 2%,
(6.7) |tn — u(t,)|| < CR2.
Proof. Select hg > 0 fulfilling the threshold condition (G.H). Then, for 0 < h < hyg,

the numerical solutions wu,, € X,, 0 <t,, <T, are well defined. Moreover, obviously
u:[0,T] — X, is the solution of the auxiliary problem

(6.8) u(t) + 0 “Au(t) =ug+ 07 f(t), 0<t<T,

where f(t) = F(t,u(t)), 0 <t <T.

Let v,, 0 < t, < T, denote the approximations to u obtained by applying
the method (@T) to problem (G.8). In view of the imposed regularity up € Xs/q
and fo € X/, and of the regularity of f(¢) given by Corollary 5.2} we can apply
Theorem to obtain that there exists C' > 0 such that

(6.9) lvn — u(tn)|l, < CR%*t, P, 0<t,<T,
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and Theorem A1 (with v = 2/a and 0 = 1/a) gives
(6.10) v — u(tn)|| < ChZ, 0<t,<T.

On the other hand, expressing v, in terms of the data, through the discrete
propagators as in ([{LI7), leads to

Un:PnuO+anO+th:Rn—j(f(tj)_f0)7 0<t, <T.
j=1
Analogously, we can express
’U,n:PnU0+an0+hiRn_j(F(tj,Uj)*fo), 0<t,<T.
j=1
Therefore, for 0 < ¢, < T, we get

Up —u(tn) = vp —u(ty) +up — vy
= va—u(tn) +h Y Ry (F(tj,u;) — Fty,ulty))),
j=1
which, by Lemma [£3] implies that
n
= w(ta)llp < lon = wlta)ll, +RLBY 120, [lug — ulty)|],-

j=1

After inserting ([6.9), Gronwall’s lemma for weakly singular kernels (see, e.g., Lemma
2.1 in [11] or Lemma 6 in [5]) readily shows (6.6]). In the same way, taking the norm
in X, we have

ln, = u(ta) || < llon = ulta) | +RLB Y Iy —ult;)] -
j=1

Hence, by using (610) and (G.6), we finally get (G.7). O

7. REGULARITY OF SOLUTIONS

In this section we prove Lemma 2.3] and Theorem 5.1 We first give the proof of
regularity of the linear problem.

Proof of Lemma 23l We split the (distributional) second derivative of u as
Pu = I+ A) " ug + (I + 0> A)TLF(0)
+(T+ 0 A) T f(0)+ 0 (T + 8 “A)" 19> (f — f(0) - tf’(O))
= w; + w2 + w3z + wy.

The first term, w1 (t), is the inverse Laplace transform of

Wi(s) = s*(I+soA)1L
S

s(I4 s A)"LA2/a . A2/ oy,
5((I—|— S—aA)—lA—Z/a _ A—Z/a + S—aAl—Z/a>A2/au0

+sug — s Aug.
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By Lemma 22 (ZT5]) with v = —2/a, we have the bound

Hs(([ 45 A)TIAT e A7y s*aAlfz/o‘)AQ/auoH < C|s|™ Jluoll2/a-
By Lemma 2.1] with 4 = 1, this is the Laplace transform of a function bounded
by C'[lugll2/q. The second and third terms in W;(s) are the Laplace transforms of

dyuo (with &) the derivative of Dirac’s delta) and —F’EZ—:?UAUO, respectively. Hence

we have
a—2

t
] < Cllole t50.
Ta—1) ug|| < C'[lugll2, >0
Similarly, ws(¢) is the inverse Laplace transform of

Wals) = ((I+s7>4)7t a7V — A7) 1/ £(0) + £(0),
which by Lemma [2Z2] (ZT4]) with v = —1/a, is bounded by

[Wa(s) = FO)]| < C s [ £(0)]1/a-
Since f(0) is the inverse Laplace transform of dq f(0), Lemma 2Tl with x = 1 implies
[wa ()| < ClF(O)l1/ar >0

The same argument applied to W3(s) = s~ (I + s~*A)~1f/(0) yields
lws(@)]| < CIF(0)]-

Finally, wy is the convolution K(9)f" =k * f, where K(s) = s71(I + s “A)~ ! is
bounded in operator norm by

fco+

1K (s)l < Cs| ™

so that, again by Lemma (ZI) with 4 = 1, its inverse Laplace transform k(t) is
bounded by

[k < C.
This implies that wy = k * f” is bounded by

leoa(®)ll = | / K(t—7) f(r) dr] < C / 17 (7)]| dr.

Putting the above pieces together gives the continuity of v”/(¢) on [0, 7] and a bound
in the X-norm,

(7.1) "Bl <C <||u0||2/a +1£O)l1/a + 1Ol +/O LA ()l dT) -

The result in X, is obtained by the same arguments as long as ap < 2 —a. We
now use Lemma 22 with v = p — 2/a, p — 1/, p. This yields a situation to which
Lemma [Z.1] applies with t = 1 — ap > 0 in each of the cases. The estimate now
becomes

" C ! 1
(72) Ol < 5 <I|UOI|2/a + 1A OM1/a + 1F7(0)] + ¢ max || (T)II) :

0<r<t

For ap > 2 — a we need to treat the term with ug differently. We then write

APW(s) = s2AP(I+s~oA)~ 1™
S

s(I4 s~ A)~LAP=2 o pg2/ ey,
s((I +s7@A)TtAPT e A”_Q/O‘)Ag/auo + sAPuyg.
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Since here —1 < p — 2/a < 0, we now use the second bound of Lemma to
conclude

HS((I"‘S_OLA)_IAP_Z/Q _ AP—Z/Q)AZ/auOH < C|S|—1+pa ||u0||2/a~

By Lemma 2Tl with ¢ = 1 — pa we thus obtain

C
lwr@®llp < 55 luollz/a;
and the result follows as before. O

Proof of Theorem Bl (a) We compare the solution u of (B.2]) with the solution to
the linear problem with initial value ug and the constant inhomogeneity F'(0,uo),

w4+ 0T YAw = ugy + (’TIF(O, Uo),

the solution of which is of the form stated in the theorem, by Lemma 23 We
therefore make the ansatz u = w4z and begin by giving an equation for z. Setting

G(t,€) = F(t,w(t) + &) — F(0,uo)

(note that w(t) € X, with an integrable second derivative in X,), we obtain that
2 must satisfy the equation

r=(T+0*A)~ o7 'G(,x).
By Lemma 22 K(s) = (I+s “A)"'s7!: X, — X is bounded by
1K (s)l|x—x, < M|s]*"~!
so that by Lemma 2] K (s) is the Laplace transform of a kernel k(t) bounded by
@) x-x, < Ct7o".

The equation for z is thus a Volterra integral equation with weakly singular kernel
and Lipschitz nonlinearity,

:c(t)z/o k(t — 7) G(r,2(7)) dr,

which has a unique solution z € C'([0,T], X,).
(b) If z were in C*([0,T], X,), then its derivative would solve the linear Volterra
integral equation

¢
y(t) :/ k(t —7) (Gi(7,2(7)) + Go (7, 2(7))y(7)) dr,
0
which has a unique solution y € C([0,T],X,). It remains to show that indeed
y = 2. For this purpose we consider, for small € > 0, the regularized nonlinearity
Ge=(I+€eA)'G: X, — Xy,

which together with its partial derivatives converges to G in the X norm as € — 0,
uniformly on bounded sets of arguments (¢,£). We define . as the solution of the
modified Volterra integral equation

t
x(t) = / k(t — 1) Ge(T,zc(7)) dT,
0
and with a Gronwall inequality we obtain

ze—x in C([0,T],X,).
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The point of this construction is now that z. is continuously differentiable, since
its distributional derivative is given by

o= (I+0 A G( ) = Ge(rywe) — (I + 0 *A) L0 AG. (-, x.),

which is in C([0,T], X,) because (I + s~ *A)~'s™ is, by Lemmas [Z2 and 21} the
Laplace transform of a locally integrable kernel mapping from X to X,. Upon
differentiating the integral equation for x. we then obtain, in X,

t
e (t) = / k(t = 1) (Get(1,2(7)) + Gea (7, 2e(7)) 2 (7)) dr.
0
Comparing this with the equation for y and using a Gronwall inequality we obtain
. —y in C([0,T],X,).

Since differentiation is a closed operator on C([0,7T],X,), it follows that z €
C([0,7],X,) and 2’ = y.

(¢) We proceed similarly for the second derivative of x, which (formally) solves
the linear Volterra integral equation

2(t) = /0 t k(t —7) (Gtt +2G 0’ + Gau (2, 2') + Gzz) (1) dr + k(t) (Gt + Gx:v’) (0).

Since ||Gy|| < Ct*~2 because of the presence of the second derivative of the term
(t*/T(a + 1)) Aug in w”(t), this integral equation for z is of the form

2(t) = g(t) + / K(t — 1) Ga(r,2(r)2(r) dr,

where g, and hence also z, satisfies g € C((0,7], X,,) with [|g(t), < Ct* 172 <
Ct=P. Asin part (b), it is shown that z is indeed the derivative of y = «’. This
proves the result for u = w + x. (I

8. THE SUBDIFFUSION EQUATION
In this section we extend our results to equation (24, viz.,
(8.1) U+ 0 YAu = uy + 071 f,

in the situation of
O<a<l.

This equation has recently received much attention in the physical literature as a
model equation for slow anomalous diffusion; see [28] and references therein. The
techniques of this paper apply equally to this situation, with slight modifications in
the results. The resolvent bounds of Lemma remain unchanged for 0 < a < 1,
and the regularity result of Lemma now becomes the following: under the
conditions of Lemma [Z.3] the solution is of the form

(8.2) u(t) = S cut™M ot
m,l>0; m+la<2

with ¢,y € X and v € C?([0,T], X) with v(0) = v/(0) = 0. For equation (&8Il with
0 < a < 1 the numerical method (4], or equivalently (4£7), remains unchanged.
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However, the error bound of Theorem fIlno longer remains valid. Instead of (Z11])
we now have for method (44]) the weaker estimate, for 0 <v <2 and 0 <o <1,

tn

83) Juon—u(en)] < ontse el on (Wolz o+ [T urenar).
tn tn 0

This is obtained with the same proof based on Lemma [3.2] which can be used only

with 7 =14 o < 2 in the term of (4] containing ug.

On the other hand, method ([@I0) here still admits a (non-uniform) second-order
error bound: (1)) holds for 0 < v < 1 and 0 < o < 1. This is again obtained by
using Lemma 32 now with v = 2.

For very regular data ug and f, which are such that in 82) ¢,; € D(A) and
v € C?([0,T], D(A)), a uniform second-order error bound can be obtained by dis-
cretizing (Bl with the fractional BDF2 method with correction terms that inte-
grate exactly all the powers appearing in the expansion terms in ([82]), as in [19] 20].
In a Hilbert space framework, the uniform O(h?) error bound then follows directly
from a result of [20]. In the Banach space framework of this paper, such an error
bound is obtained by an argument based on consistency (Lemma for 07 *Au
and 071 f) and stability (Lemma EE3] which also holds for 0 < a < 1).

9. NUMERICAL EXPERIMENTS

We present several numerical experiments to illustrate the main results in the
paper. For different problems [21) or (51I), we select T > 0, N > 1, and we apply
the numerical method (1) or ([62)) with time step size h = T/N. In order to
estimate the errors, we adopt as a reference solution the discrete one corresponding
to he = T/N,, where N. > N. In the experiments, we will focus on the behavior
of the error constants rather than on the errors themselves.

9.1. Experiment 1. We consider the scalar equation
u(t) + 0~ %u(t) =1, t>0,

i.e., the linear, homogeneous problem with A =1, X = C and ug = 1. For T' = 2,
we select N = 2’“, 4 <k<9, and N, = 3200.

)
I
&

Normalized error
Normalized error
o <
=

L L L L L L L L L L L L L L
0.2 0.4 0.6 0.8 1 12 14 16 18 2 0.2 0.4 06 0.8 1 1.2 14 16 1.8 2

FIGURE 1. Left: Errors/h? vs. t for @ = 1.5. Right:
Errors - t17%/h1*® vs. ¢ for a = 0.5.
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If 1 < a < 2, we normalize the resulting errors by dividing them by the corre-
sponding h?. However, if 0 < a < 1, we normalize by multiplying the errors by
t1=o/p1*e In view of [@IH), with p = 0, and B3)), with v = 2, what we expect is
these normalized errors to remain bounded.

For a = 1.5 and a = 0.5 we plot the above normalized errors, for the different
values of h used, on the coarser grid with N = 16. Figure 1 shows that the
error constants behave in a coherent way. While the left-hand plot confirms a
uniform O(h?) error for a = 1.5, the right-hand plot for & = 0.5 shows that in
the subdiffusion case we do not have a uniform-in-time O(h'*®) error bound for

method (£71).

9.2. Experiment 2. This and the next experiment are on the fractional Burgers’
equation

(9.1) u(2,t) — 0 gy (x,t) = ug — 0~ (u(w, 1)?),, 0<z<m t>0,

with homogeneous Dirichlet boundary conditions, for different 1 < o < 2, and
initial conditions ug(x) with different degrees of smoothness. As phase space we
adopt X = L,(0,7), 1 < p < 400, or X = C[0,7], if p = +00. The underlying
operator, A = —d?/dx?, along with homogeneous Dirichlet boundary conditions, is
well known to satisfy the resolvent estimate [3I]. It is also clear, since the Sobolev
space WP (0, ) is continuously embedded in C[0, 7], that the nonlinearity fits in
our framework with p=1/2,1 < p < +o0.

We first discretize the problem in space by means of finite differences. To this
end we fix a number J of uniformly distributed nodes z; = jAz, 1 < j < J, in
(0, 7), with Az = 7/(J +1). The nonlinear term (u?), and the Laplacian operator
are approximated by centered differences. Thus, we are led to consider semidiscrete
problems, in the space X, = C” (endowed with the discrete L,-norm), of the form

(9.2) U(t) + 0% Apn,U(t) = Uy — 0 ' Ba U(t)?, t>0,
where Aa, and Ba, are the J x J matrices
Anp = —Az *tridiag (1, -2,1),  Ba, = (2Az) 'tridiag (1,0, —1),
and, for U € C7, U? stands for the entrywise square of U. As an initial condition

we take Uy = {uo(z;)}7/_;.
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FIGURE 2. Left: Errors in the X/, norm times 153/4/}12 vs. t.
Right: Errors in the X-norm divided by h? vs. t (o = 1.5).
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In order to properly focus on the time discretization, avoiding the effect of the
spatial error, in the experiments we just consider the discretization in time of (3.2)),
keeping in mind the heuristical principle (see, e.g., Section 5 in [3]) that, for large
J, the behavior of ||Upl|, should be close to the one of |jug||,. It is known [T} [30]
that Aa, satifies the basic resolvent estimate ([22), for all 7/2 < 6 < 7.

In the second experiment we take ug(z) = sin(z), 0 <z <7, J =100, « = 1.5
and p = 0o. For T = 0.5, N =2% 4 <k <8, and N, = 2!, we discretize ([@.2) in
time. Since uy belongs to the domain of all powers of A, we can apply Theorem
to (@) with p = 1/2, and the same for ([@2]). In Figure 2 we plot, for the different
values of h, the errors in the X p-norm, multiplied by t*?h=2, and the errors in
the X-norm, normalized by dividing them by h2. These plots reflect a uniformly
bounded error constant, as predicted by Theorem

9.3. Experiment 3. Again in the context of (@.2) we take p = 2, p = 0.5, J = 2000
and

~ (1)
up(z) = ¢(x) :=c¢ Z 770 -sin(jx),
j=10
where ¢ > 0 is selected so as to have |Jug|lcc = 1. This function belongs to the
domains of all powers of A, but [Jugll2/o becomes very large when o — 1. Since
the discretization Uy of ¢ is expressed in terms of eigenvectors of Aa, and the
eigenvalues of A, are known, we are in the position to accurately estimate || Ug||2/q,
which also becomes very large when o — 1. On the other hand, ||Fpll1/o is much
more moderate (see the second plot in Figure 3).

The behavior of the errors is likely to be critical for small times, when the
smoothing effects do not take place. Therefore, in this experiment we choose T' =
0.001. Now, we discretize (@.2) in time by (62), with N = 4 and N, = 40. Then,
for each 1 < o < 2, we calculate the normalized error constants

Cla,v) = max, h=2t U (tn) — Upll,, v =0, 0.5.

Theorem predicts that C(a,v), v = 0, 0.5, are bounded as long as [|Uo|l2/a
and ||Fp|[1/ are bounded. Actually, in view of the second plot in Figure 3, these
quantities should be bounded in terms of ||Up||2/o. In the present experiment we
represent the ratio C(a,0.5)/||Us||2/« against o (see the left-hand plot in Figure 3),

©
&

IR

— UL,

U,\p and Fj
°
S

°

@
T
Renormalized error constant C(c,0.5)
°
S

Fractional norms of

FIGURE 3. Left: ||Up|l2/o and || Foll1/ vs. o Right: Scaled error
C(a,0.5) divided by [|Ugll2/q vs. a.
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FIGURE 4. C(a,0) and C(«,0.5) vs. a. Left: for initial data ¢(z).
Right: for initial data sin(x).

which turns out to be very moderate, in spite of the fact that C(«,v) are larger
than 10* for « close to 1 (see the left-hand plot in Figure 4). Finally, we repeat
the experiment for the initial data ug(z) = sinz, which belongs to the domain of
all powers of A with moderate norms. Now, the right-hand plot in Figure 4 shows
good behavior of the error constants C(a, v) for all a.
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