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NONCONFORMING TETRAHEDRAL FINITE ELEMENTS
FOR FOURTH ORDER ELLIPTIC EQUATIONS

WANG MING AND JINCHAO XU

ABSTRACT. This paper is devoted to the construction of nonconforming finite
elements for the discretization of fourth order elliptic partial differential op-
erators in three spatial dimensions. The newly constructed elements include
two nonconforming tetrahedral finite elements and one quasi-conforming tetra-
hedral element. These elements are proved to be convergent for a model bi-
harmonic equation in three dimensions. In particular, the quasi-conforming
tetrahedron element is a modified Zienkiewicz element, while the nonmodified
Zienkiewicz element (a tetrahedral element of Hermite type) is proved to be
divergent on a special grid.

1. INTRODUCTION

The construction of appropriate finite element spaces for fourth order elliptic
partial differential equations is an intriguing subject. This problem has been well-
studied in two-dimensional spaces, and there have been a lot of interesting construc-
tions of both conforming and nonconforming finite element spaces. In comparison,
there has been very little work devoted to three-dimensional problems.

A conforming finite element space for fourth order problems consist of piecewise
polynomials that are globally continuously differentiable (C'). This smoothness
requirement can only be met with piecewise polynomials of sufficiently high degree.
In two dimensions, it is known [31] that at least a 5th degree polynomial (the
well-known Argyris element) is needed on a triangular mesh. Such a high degree
polynomial leads to finite element spaces with a very large degree of freedom which
is not computationally desirable. As a result, many lower degree nonconforming
finite elements have been constructed and used in practice (see [§]).

In three spatial dimensions, even higher degree polynomials are needed to con-
struct a conforming finite element space on, say, a tetrahedral finite element grid.
In [30] (see also [I7]), a conforming tetrahedral conforming finite element space was
first constructed using the 9th degree of polynomials. This element requires C'!
globally, C? on all element edges, and C* on all element vertices. The degree of
freedom for this element is huge, 220 on each element! In order to reduce the degree
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of polynomials, as in two dimensions, there has been some work on the construction
of conforming finite element spaces on macro-elements (namely by further partition-
ing a tetrahedron into sub-tetrahedrons); see [1] and [29] (similar to Clough-Tocher
in two dimensions) and [14]. But these elements all still have a very large degree of
freedom, and furthermore the macro-elements are often awkward to use in practical
applications.

To reduce the degree of polynomials and degree of freedom on each element, one
naturally turns to nonconforming elements. Surprisingly, there has been very little
work on the construction of nonconforming finite elements for fourth order elliptic
boundary value problems in three dimensions. The purpose of this work is to fill
in this important gap in the literature for this type of element.

The construction of nonconforming finite elements for fourth order problems in
three dimensions is not only important from a mathematical point of view but
also potentially important in practical applications. Indeed, two-dimensional bi-
harmonic equations have been much used in modeling linear plates (see [15]), and
such practical applications contributed to the importance and interest of study-
ing efficient numerical methods such as nonconforming finite elements to solve this
type of equation. We would like to point out that the three-dimensional biharmonic
operator also has important applications in practice. One notable example is the
Cahn-Hilliard diffusion equation (see [6]) and its modified version (see [13] and
the references there). The complex microstructure evolutions for many important
material processes, such as the phase separation in binary alloys and the solidifica-
tions of metals and alloys (see [0]), can be modeled by the Cahn-Hilliard diffusion
equations.

There were many works on the numerical methods for the Cahn-Hilliard equa-
tion; see [2 Bl 5], [9]-[12], [19] and their references. In addition to the finite dif-
ference method and also the spectral method, the fourth order term in the Cahn-
Hilliard equation can also be discretized by the finite element method (see [2] 3],
[10)-[12]). The finite element methods of mixed type, namely by writing the bihar-
monic operator as a product of two Laplacian operators, were discussed in |2}, 3] [1T].
It is conceivable that the biharmonic operator can also be discretized directly from
its original form, as it is often done for biharmonic equations in two dimensions.
This kind of finite element method had been applied to Cahn-Hilliard equation in
one and two dimensions (see [I0, [12]), and there is no work for three dimensions
vet. As discussed above, the existing 3-dimensional conforming finite elements are
not very practical and the nonconforming finite element methods proposed in this
paper can hopefully be used for such applications.

In this paper, we will propose some finite elements for three-dimensional fourth
order partial differential equations. We took the natural approach of trying to
extend the various nonconforming finite element in two dimensions to three dimen-
sions. In two dimensions, there are well-known nonconforming elements, including
the elements named after Morley, Zienkiewicz, Adini, Bogner-Fox-Schmit, etc. (see
[4, 8, 16l 18]). There are some other ways of constructing elements, such as the
quasi-conforming method [25, [7]. In this paper, we will focus on tetrahedral com-
plete or incomplete cubic elements, and propose and analyze the following three
types of elements:

(1) A cubic tetrahedral element with 20 degrees of freedom and complete cubic
polynomial shape function space.
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(2) A incomplete cubic tetrahedral element with 16 degrees of freedom and
incomplete cubic polynomial shape function space.

(3) A quasi-conforming tetrahedral element with 16 degrees of freedom similar
to a nine-parameter quasi-conforming element.

The first two are nonconforming elements, and the last one is an element con-
structed by the quasi-conforming method. For nonconforming elements, the basic
mathematical theory has been studied in many works (see [8, [16], [22]-[24], [33]).
For quasi-conforming elements, detailed discussions can be found in [32] 33]. Fol-
lowing these theories, we give the convergence analysis of the elements.

The element of Hermite tetrahedron of type (3') in [8], called a three-dimensional
Zienkiewicz element in this paper, is also viewed as an element for biharmonic
equations just like the two-dimensional Zienkiewicz element. In two-dimensional
case, the Zienkiewicz element is not convergent for general meshes. We will also
show that the three-dimensional Zienkiewicz element is divergent for some popular
grids in three dimensions.

We note that the degree of freedom of each element proposed in this paper is
substantially smaller than any known conforming elements. We expect that they
can be easily used in practice.

The rest of the paper is organized as follows. Section 2 gives a basic description
of the nonconforming element method. Section 3 gives a detailed description of the
new finite elements. Section 4 shows the convergence of the new elements and the
divergence of the three-dimensional Zienkiewicz element. Some concluding remarks
are made at the end of the paper.

2. PRELIMINARIES

In this section, we shall give a brief discussion of a model fourth order elliptic
boundary value problem and how it may be discretized by a nonconforming finite
element method.

Given a bounded polyhedron domain 2 C R? with boundary 052, for a nonnega-

tive integer s, let H*(Q), || - ||s.o, and | - |s,o be the usual Sobolev space, norm, and
seminorm, respectively. Let HE () be the closure of C§°(€2) in H*(2) with respect
to the norm || - [|s.o and (-, -) denote the inner product of L?(2).

For f € L?(Q), we consider the following fourth order boundary value problem:
A%y = f, in Q,

(2.1) ou

ulpn = = 0,

o0

where v = (vi,v,13)" is the unit outer normal to dQ and A is the standard
Laplacian operator.
For any function v € H'(T), set

Dv:((‘?v v av).

Oy Oy’ Oy

When v € H?(Q), we define

0?v 0%v 0%v  d%w 0%v v \T
0x2’ 922’ 922’ Ox10xy’ Dx1023° axgax?,) '

(2.2) E(v) = (
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Let K € R5%% be the matrix given by
K = diag(1,1,1,2,2,2).
Define
(2.3) a(v,w) = /QE(w)TKE(U)7 Yo, w € H*(Q).

The weak form of problem 2. is: find u € H3(f2) such that
(2.4) a(u,v) = (f,v), Vv € HZ(Q).

For a subset B C R® and a nonnegative integer r, let P.(B) be the space of all
polynomials of degree not greater than r, and let Q,.(B) the space of all polynomials
of degree in each coordinate not greater than r.

Let (T, Pr,®r) be a finite element where T is the geometric shape, Pr the
shape function space, and ®1 the vector of degrees of freedom, and let ®7 be Pp-
unisolvent (see [§]). Let 7, be a triangulation of € with mesh size h. For each
element 1" € 7, let hr be the diameter of the smallest ball containing 7" and let
pr be the diameter of the largest ball contained in T'.

Let {7} be a family of triangulations with A — 0. Throughout the paper, we
assume that {75} is quasi-uniform, namely, it satisfies that hr < h < npp, VT € T,
for a positive constant n independent of h.

For each 7y, let Vi be the corresponding finite element space associated with
(T, Py, ®7) for the discretization of HZ(§2). This defines a family of finite element
spaces {Vj0}. In the case of a nonconforming element, Vo ¢ HZ ().

For v,w € H2(Q) + Vjo, we define

(2.5) aﬂuw%:E:u/EmmTKE@)
77, T

The finite element method for problem (24]) corresponding to element (T, Pr, @)
is: find up € Vjo such that

(2.6) ah(uh,vh) = (f7 ’Uh), Yop € Vi
We introduce the following mesh-dependent norm || - ||, and seminorm | - |, p:
1/2 1/2
lolhma = (D2 I0l2r) s s = (D2 Ioir)
TeTy, TETy

for all functions v € L?(Q) with v € H™(T), VT € Tj,.

For each element T' € 7}, let Il denote the canonical interpolation operator of
(T, Pp, ®r), and define II;, by (II,v)|r = Iy (v|r), where T € 7, and v is piecewise
smooth.

3. TETRAHEDRAL ELEMENTS

Given a tetrahedron T' with vertices a; = (41, T2, %), 0 < 4 < 3, denote by
F; the facet opposite a;, by b; the barycenter of F;, 0 < i < 3, and by Ag, -, A3
the barycentric coordinates of T

Let 71" be the reference tetrahedron with vertices a; given by

ao = (0,0,0)7, a; = (1,0,0)", az = (0,1,0)", asz = (0,0,1)7.
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Set

11 —To1 T21 — To1 T31 — o1
Br = T12 — Xo2 X22 — T2 X32 — X02 = (al — Gg,az — ap,as — ao),
13 — X3 X23 — T3 X33 — X03

and Fri = Br + ag, & € R3; then
T =FrT, a;=Fra;, 0<i<S3.
Set B;l = (&i;)3x3. Let By, By, Bs be the row vectors of B;l and
By = —(B1 + B + Bz);
then

(3.1) D)\, =B;, 0<i<3.

3.1. The cubic tetrahedral element. For the first nonconforming element, called

the cubic tetrahedral element, (T, Pr, ®r) is defined by (see Figure 1)

1) T is a tetrahedron,
2) Pr = P5(T),
3) @ is the degree of freedom vector with components

’U(Clj), %(b])v 0 S] < 37 D’U(ai)(a]‘ - ai)a 0 < { 7&] < 37 Yv € Cl(T)

FIGURE 1

We claim that & is Pp-unisolvent since, with respect to @7, we can obtain the

following basis functions of Pr:

9
gi = —— E: NN — A § N |, 0<i<3,
4H31H 0<j<k<I<3 0<j<k<3
JF kAL LF jFikFL
4B;BT
(3.2) pi = 3A\F — 203 + § LA 0<i<3,
o5z 3Bkl
ki
5 1Bl (2B; + B;)B;. o
P = NN Y, e R g, 0<i£ <3,
J J 9 J S 9 ||BkH k 7&
k#i,k#j
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In fact, by a direct calculation (see below), we have that

0q;
a:(ar) =0, Dgilar) =0, S (bk) = B,
Op;
(3.3) pi(ax) = dix, Dpi(ax) =0, £y (bx) =0,
Opij

pij(ar) =0, Dpijar)(a; — ar) = 0ixdji, a—;(bk) =0,

when 0 <i# j <3 and 0 <k #1 <3, and where §;, and d;; are Kronecker deltas.
The corresponding interpolation operator II7 can be written by, Vo € C1(T)

ov
(3.4) Hpv = Z piv(a;) + Z qz‘@(bz‘ﬂ' Z pizDv(ai)(a; — a;).
0<i<3 0<i<3 0<iA <3

Now we verify (83]). For the function gg, we have

9
q = 4”30” ()\1)\2>\3 Ao(A1A2 + A2A3 + /\3>\1)),
Dqy = 4HB H <)\2)\3D)\1 + AMA3DAy + A1 A2 D)3

—(Ada+dodg + AsA)Dlo = Ao D ADA).
1<i#j<3
Since A;(a;) = 6;; we obviously have go(a;) = 0 and Dgg(a;) = 0 (0 < j < 3).
Furthermore,

DA B

Daltn) = g (DA + DAa + Dhs = 8DX) =~ =~
1

- - - = <7<

Dyo(b;) = 4HBOH<D)\ D —2DX; ~ 30 DA) =0, 1<5<3

1<i<3
i#£j

Thanks to (3] the outer normal of each F; is just —B;. Hence %qo(bj) = 0o;,
0 < j < 3. For other ¢; we can use a completely similar argument. Thus the first
line of (33) is verified.

Let 0 < i,k < 3. Obviously p;(ax) = d; and

Dp; = 6(1 — X\)A:DA; + Z BBTD
et 31135l

This directly leads to the fact that Dp;(ar) = 0. By the properties of g;, we have
Dpi(bi) =0 and

4 4B; B,
Dpi(by)Bl = - B;B} ok
pilbu)Be = g BB+ gy,
when k # i. Thus the second line of [B.3)) is also verified.
Finally, we consider p;;. Let 0 <4 # j <3 and 0 < k < 3. Then p;;(ar) =0 by
definition, and

Day(be) By} =0

Dpij = 20\ DX, + A2

| B; || (2B; + B;)B,),
Dg; + @2Bi+ B)By, p,
9 05;3 9[1Bml
m#i,m#j
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Now, for I # k, since DXj(a; — ax) = 6;; — Aj(ax) (see [8, p. 65]), we have

Dpij(ar)(ar — ar) = A} (ar) DAj(ar — ar) = 0k (850 — 8;x) = Oiwdj.

Using the properties of g,,, 0 < m < 3, we deduce that

B;
Dpyy(b) BT =0, DpiJ-(bj)BI B 1,01+ Dgy )87 = 0
2 2B; + B;)B
Dp;j(by)By = =B;B} + BBk MD w(bk)By =0, k#1i,5.
9 9 9(| Bl

Hence the last line of ([B.3]) is verified.
For 0 < i < 3, vectors a; — a;, j # 4, form a basis of R?. Thus the degrees of
freedom of the cubic tetrahedral element can be replaced by

@(bj), 0<j<3, Yuoe CYT).
v

For the cubic tetrahedral element, we can define the corresponding finite element
space Vo as follows: v € Vj if any only if (1) v|p € P3(T),VT € Ty, (2) v and Dv
are continuous at all vertices of elements in 7 and vanish at all vertices belonging
to 99, and (3) —U is continuous at the barycenters of all facets of elements in 7},
and vanishes at barycenters of all facets on 0f).

Unlike the Zienkiewicz element, this complete cubic finite element space is not
always contained in C°(Q). To see this, let us choose two different elements T, T" €
T, such that they have a common facet F' and T U T’ C Q. Denote by b the
barycenter of F' and by v the unit outer normal to F' with respective to T'. Let vy,
be the function in Vj,g satisfying: v, = 0 outside T U T’ and %vh(b) = 1. Then
vp|T 18 just one of the basis functions ¢; given by [B2). From [B.2)) vy|r does not
vanish at all relative inner points of each facet of T. Hence vy, is not continuous
through the facets of T' different from F'.

v(a;), Dv(ay),

Lemma 3.1. Let Vi be the finite element space of the cubic tetrahedral element.
If T, T" € T, have a common facet F, then

(35) / D(Uh|T) :/ _D(Uh|f1-v)7 vp € Vi
F F
If a facet F of T € Ty, is on 0X), then
(3.6) / D(’Uh|T) =0, wpé€ Vo
F
Proof. Let vy, € Vi and let F be the common facet of T, T’ € 7;,. Denote the unit
normal of F relative to T by v, and choose v, 71, 7() as an orthogonal unit basis

of R®. Let @y, as, a3 be vertices of F and let bo be barycenter of F. Denote by i
the area coordinate of F' corresponding to vertex a;. Then

~2_@ |F| 2 2 :
/FAJ._ = = 12(2)\( )+ 9N (b)), 15 <3,

3
-~ F F ~ o~ =~ .
/ Aae = L u(ZAJ—)\k(ai) +9)\j)\k(b0)), 1<j#k<3.
F -
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From the fact that P(F) = span{A2, A2, A2, A1 X2, A2 A3, AsA; }, we obtain

(3.7) /F=12<Zp +9pb0) Vp € Py(F).

By the definition of Vh0,~%(vh\q~) and %(U}JT/) are quadratic polynomials on
F', and they equal %vh at bgp and a;, 1 <i < 3. Hence

o(v F ov ov o(vp |1
ae [ R (S G safitay) - [ Al

Denote all sides of F' by Si,Ss, S5, and the unit out normal of S; by n(?), viewed
as the boundary of a triangle in the two-dimensional space spanned by directions
71 and 7). Then for i € {1,2} Green’s formula gives

3 3
d(vnlr) () O(vn|1") )
o =2 [l | e =2 5, T
J=1

j=1

By the definition of Vi, vp|r = vp|rr on S;. Therefore

I(vn|r) / I 'Uh|T’ .
3.9 , 1=1,2.
( ) or (@)
Equality (33) follows from (B) and [39). Similarly, we can show (3.0). O

3.2. The incomplete cubic tetrahedral element. We shall construct a new
element by removing the degrees of freedom %(bj) from the cubic tetrahedral
element.

For 0 <i < j <k <3, let ajjr = (a; + a; + ax)/3 and let v;;;, be the unit out
normal of the facet with a;, aj,ay, as vertices. For v € C1(T), define 9y (v) € R
by

~ ov 1 ov
Vijr(v) = 8V—W(aijk) -3

ap ).
1=i, 81}”’“( !
Define

PY(T) ={p e Ps(T) | Pijr(p) =0, 0<i <j <k <3}

For a linear polynomial ¢, we have

q(aijr) — % Z q(a;) = 0.

I=i,5,k
Then v;;x(p) = 0 when p € Py(T), that is, Po(T) C Py (T). For incomplete cubic
tetrahedral element, (T, Pr, ®r) is defined by (see Figure 2)

1) T is a tetrahedron,
2) Pp=P(T),
3) ®r is the vector with its component the following degrees of freedom,

v(a;), 0<j <3, Dvu(a)(a;—a;), 0<i#j<3, Yve cH(T).
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FIGURE 2

The basis functions of the incomplete cubic tetrahedral element can be derived
from ones of the cubic tetrahedral element. Set

B 2||B; 2(B; — B;)B, o,

1<k<4
k#i k#j

where {¢g;} are given in (B2)). We can verify that these {p;;}, together with the
{p:} given in B2), form a basis for the incomplete cubic tetrahedral element. The
corresponding interpolation operator Il can be written by

(3.11) Oro= Y pwla)+ Y piyDv(ai)(a; —a;), Yve CYT).

0<i<3 0<i#£j<3

For the incomplete cubic tetrahedral element, we can define the corresponding
finite element space Vi as follows: Vo = {v € L3(Q) | v|r € P{(T),VT € Ty, v
and Dv are continuous at all vertices of elements in 7, and vanish at all vertices
belonging to 9Q}.

Similar to the cubic tetrahedral element, V}, here is still not a subspace of C°().

3.3. The three-dimensional Zienkiewicz element. The incomplete tetrahe-
dral element above is reminiscent to the three-dimensional Zienkiewicz element,
the element of Hermite tetrahedron of type (3’) in [§]. We shall now discuss this
element and its relevant questions.

For 0 <i < j < k <3, define

Yiji(v) = 6v(ar) — 2 Z v(ay) + Z Du(a;)(ar — asji)-
I=i.j,k 1=i,5,k
Define
Py(T) = {p € Ps(T) | ¢iji(p) =0, 0<i < j <k <3}
For the three-dimensional Zienkiewicz element, (T, Pr, ®r) is given as follows:

1) The element T is a tetrahedron.
2) The shape function space Pr = P§(T).
3) For v € CY(T), its degree of freedom vector ®7(v) is given by

.
Or(v) = (v(ao),Dv(ao),v(al),Dv(al),v(aQ),Dv(ag),v(ag),Dv(ag)) .
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The corresponding interpolation operator Iy is defined by

3

Mro =3 (302 =23 420 > Ahe)u(a)

=0 0<j<k<3
(3.12) i
1 1
+-= Z )\ZAj(l + A\ — )\j)Dv(ai)(aj — ai), Yo e C (T)
0<i#j<3

For the three-dimensional Zienkiewicz element, we can define the corresponding
finite element space Vjo as follows: Vi = {v € L?(Q) | v|r € Piy(T),NT € Ty, v
and Dv are continuous at all vertices of elements in 7;, and vanish at all vertices
belonging to dQ}. From [], we know that Vi, C H(Q).

3.4. The quasi-conforming tetrahedral element. The Zienkiewicz element is
not convergent in general. We will show in next section that the three-dimensional
Zienkiewicz element is also divergent for a special tetrahedral grid. In the two-
dimensional case, a convergent element was proposed by the so-called quasi-confor-
ming element technique in [25] [7]. Now we use the technique to give a new element
by modifying the three-dimensional Zienkiewicz element.

Let (T, Pr, ®r) be the three-dimensional Zienkiewicz element. Given a tetrahe-
dron T, and let II% be the linear interpolation operator with the function values at
four vertices as degrees of freedom. We define

1
Nij =span {1, 2 (Ai +A;)}, 1<d,j <3,

For p € Pr, define &?p € N (1 <4,j < 3) such that for any ¢ € N;j,

ii 1 dp dp 1 dq Op 0q Op
Ty — 1 ) 127,y - = = 4 22
(3.13) /anp 2 /q(HTaxiV] +HT8;U-VZ) 2 / ((%si Oz + Oz, axi)'

T orT T

Set
. T
(3.14) Er(p) = (3%11), 0Fp, 0%p, 07 p, 07’ p, 3%317)

For the quasi-conforming tetrahedral element, we use Er(p) to approximate E(p).
Define

NQS
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where Nyj = (1, 5(A + X)), 1 <4,j <3,

& N & 2611621 2£11€31 2821&31
I3 £ &3, 2612822 2812832 2822832
Hy = I3 £33 33 2613823 2613833 2823833
&11€&12 €21€22  E31€32  E12621 + E11&22 £12€31 + 11832 €228€31 + E21€32 ’
§11&13 01823 31833 &138or +&11€es 13831 +&11633 23831 + 21833
12613 22823 E€32833  &13822 + 12823 &13&32 +&12833 23832 + 22833
0 —32 0 0 032 0 O 0 0 0 O 0 0 00O
32 0 4 4 —-32 24 —4 —4 0 4 0 0 0 4 00
0 0 —32 0 00 0 O 0 032 0 0 0 0O
32 4 0 4 0 0 4 0-32—-424 —4 0 0 4 0
0 0 0 —32 00 0 O 0 0 0 O 0 0 032
] 32 4 4 0 0 0 0 4 0 0 0 4 -32—-4—-424
Q= 0 —16 —16 0 0 016 O 0 16 0 O 0 0 0 0}’
16 -1 -1 2 -8 4 4-1 -8 4 4 -1 0 1 1 0
0 —16 0 —16 0 0 0 16 0 0 0 O 016 0 O
16 -1 2 -1 -8 4 -1 4 0 1 0 1 -8 4-1 4
0 0 —16 —16 00 0 O 0 0 0 16 0 016 O
16 2 -1 -1 00 1 1 -8-14 4 -8-1 4 4
Ay
4 -10
A= ( _10 40 ) ’ 4 0
Ay
A= A ,
AQ:( 38 _128> 0 2 Az
_ _ A
and
1 0
0 B; 0
1 0
) s
MT - 1 0 )
0 BJ
0 1 0
0 BJ
then
(315) ET(p) = %SHTNAQMTQDT(]?), Vp € Pr.

Now let Vj,9 be the finite element space corresponding to the three-dimensional
Zienkiewicz element. Define

(3.16) @h(’l};“’wh) = Z / E‘T(U}h)TI(ET(’Uh)7 Yop, wp, € Vi
TeT), T

Instead of solving problem (2.6]), the new element finds @y, € Vi such that

(3.17) an(tn,vn) = (fivn),  Vop € Vpo.

The quasi-conforming tetrahedral element is a three-dimensional analogue of the
element proposed in [25] [7] (see also [33)]).
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For vy, € Vo and 4, € {1,2,3}, define 8,?% by
O vnlr = 8% (vlr), VT € T
Let II1 be the interpolation operator of the three-dimensional Zienkiewicz element.

Lemma 3.2. The quasi-conforming tetrahedral element has the following proper-
ties:
(1) Er(p) = E(p), Vp € P(T).
(2) There exist positive constants ¢1 and co independent of h such that
(3.18) ailplar <Y 10¢plor < calplar, Vp € Pr.
1<i,j<3
(3) There exists a constant C independent of h such that

(3.19) P s 81_',ZHTU‘ < Chlv|sr, Yve H3(T).
iTes 001 0,7

Proof. For 1 <i,j <3, any p € Pr and any g € N;;, Green’s formula gives

9%p 1 Op op 1 dq Op dq Op
2 - R R 9p 91 9P
(3.20) qaxié‘xj 2 /q(axiyj + Oz Vl) 2 / <8xi Oz + 0x; &Ei)
T oT T
If p € Po(T), then E(p) is uniquely determined by ([B:20). On the other hand,
P 9P p.

T@a:i B (91‘7;’
By [BI3) we obtain that Er(p) = E(p),Vp € Pa(T).

It can be verified that the rank of matrix @ is 12. Thus the rank of AQMr is
12, too. Let S be the subspace of R such that AQMrd = 0,¥d € S. Then the
dimension of S is 4. By conclusion (1) of the lemma, we have

S = span {®r (1), r(z1), Dr(as), Pr(xs)}.

If Er(p) = 0 for some p € Pr, then AQMr®r(p) = 0. It follows that p € Py(T).
Therefore, for all T € 7y,

(3.21) arrlpler < Y 10Eplor < aarlpler, Vp € Pr,
1<i,5<3

where a7 and aop are positive constants perhaps dependent on T. Now define

g(T) = Supp | ‘ Z |8’;"]p|0,T~
e o P2T 1<i<s

By BI5), BI) and the quality
3
p=3 (3828420 3 An)p(a)

1=0 0<j<k<3
J k#i
1
+5 D AN+ A= \)Dplai)(a; —ai), Vp € Pr,
0<i#£j<3

we can treat |05 plo.r and |plo.r as continuous functions with respect to Br and
@1 (p). Thus function g(7T') is a continuous function with respect to matrix By, say
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g(Br). By (32I) and the property of continuous function, there exist two positive
constants ¢; and ¢y such that

3.22 ma B , min Br) > ¢y,
( ) HBT\leg( T) < ¢ Bl 19( T) 1

where ||Br|| is a norm of matrix Br.
For T € Ty, define T = { @ | & = ||By|| 'z, Vo € T}. Then ||Bz|| =1 and

(3.23) alplyr < Y, 102plgs < calplysr VP E Py
1<i,5<3

Given p € Pr, let (&) = p(||Br||), VZ € T. Then

(3.24) 1Bl 7 = | Bzl ?[plz.z-

On the other hand, by BI3) we have, Vg € N;;, 1 <1i,j < 3,

g~ 1 1 Op op 1 dq Op  0q Op
Js — — 1 I R _
/qafp* 2/ i1 7oz," 1T gz Vi ) 2/(8@ oz, | oz axi)

T oT

T
- 2n;ﬂy/q(n%§%~f+“T§m )
)=

B 8q 8p 8q dp
2||Br|| 33:, dx; 33:] Ox;
T

1 -
GOX .
1Bzl /q TP
T

/ §03p = || Br|’ / §dfp, Vg€ Ny.
J J

Hence

By the fact that (%jp € N;j, we obtain

075 = |Br|? o,
and it follows that
(3.25) 107 Blo,7 = |IBr ' *10plo,r-
By 323), 324) and (3:25]), we obtain (3.1]).

Using the first two conclusions of the lemma and the interpolation theory, we

can prove (319)). O

3.5. Remarks. In the coding for real computation, one prefers to use the de-
grees of freedom at the element vertices than ones at the relative interior of el-
ement edges and facets. In this sense, the incomplete cubic tetrahedral element,
the three-dimensional Zienkiewicz element and the quasi-conforming tetrahedral
element seem better than the cubic tetrahedral element. Although the interpo-
lation error (or the approximation error) of the cubic tetrahedral element is one
order higher than those of the incomplete cubic tetrahedral element and the quasi-
conforming element, the error of these elements, to solve the boundary value prob-
lem of fourth order partial differential equation, are all the same order (see the
next section). As for the three-dimensional Zienkiewicz element, it is divergent and
cannot be used.

Using a nonconforming element in real computation for problem (Z]), one needs
to derive the second order derivatives of the shape functions and to write these
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derivatives in a form with respect to the vector of degrees of freedom. For the
quasi-conforming tetrahedral element above, this has been given by (B3], though
the description of the element looks more complicated than ones of the cubic and
incomplete cubic tetrahedral elements.

4. CONVERGENCE ANALYSIS

In this section, we discuss the convergence properties of the new elements in pre-
vious sections. Toward the end of this section, we show that the three-dimensional
Zienkiewicz element is not convergent in general.

First, let us derive the error estimates for the interpolation operator.

Theorem 4.1. Let Iy be the interpolation operator corresponding to the cubic
tetrahedral element, the incomplete cubic tetrahedral element, and the three-dimen-
stonal Zienkiewicz elements. Then there exists a constant C' independent of h such
that

(4.1) v —pvlpr < CR " "|v|,r, 0<m<r Yve H(T),

where v = 4 for the cubic tetrahedral element and r = 3 for the other two elements.

From Lemma 3] and the argument [2I] for the Morley element, we can show
the following lemma.

Lemma 4.2. Let Vyo be the finite element space of the cubic tetrahedral element

or the incomplete cubic tetrahedral element. Then there exists a constant C inde-
pendent of h such that for v € H3(Q) N HZ(Q) with A%v € L*(Q),

(4.2) lan (v, vn) — (A%v,v)| < Ch(|v]3.0 + h||A%V]0.0)|vn

Now let w and wp, be the solutions of problems ([Z4]) and (26]), respectively.
Combining Theorem 1] and Lemma 2] we get the following theorem.

2,0, VUR € Vio.

Theorem 4.3. Let Vi, be the finite element space of the cubic tetrahedral element
or the incomplete cubic tetrahedral element. Then

(43) T s — 0 = 0,

and there ezists a constant C independent of h such that

(4.4) lw = unllz.n < Ch(lulz.q + Rl fllo.)

when u € H3().

Proof. By the generalized Poincare-Friedrichs inequality (see [24]), we have
th||§’h < Cap(vp,vp), Yop € Vi

That is, ap(+,-) is uniformly Vje-elliptic. From the well-known Strang Lemma (see
8] or [22]),

. ap(U, Wy ) — Wh
(4.5) lu—upllan < C | inf ||u—wpll2n + sup | an(u, wn) = (f,wn)] )
wWh€Vho wp €Vio wp #0 ||wh||27h

When u € H3(Q), we obtain ([@4)) directly from (@), (I), and {2).
For general case, we obtain from Lemma 3.1l and Green’s formula that

821}h
(4.6) > / =0, Vou € Vi, 1<i,j <3.
TeT, T 5‘x18xj
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Then the patch test is passed on each 7;,. Because the assumption of Theorem 4.7
in [20] is satisfied, we obtain ([4.3)). O

Now let H}L be the interpolation operator corresponding to the linear conforming
element for the second order partial differential equation and 7;. For the cubic
tetrahedral element and the incomplete cubic tetrahedral elements, we can also
consider another finite element method: to find u, € Vjo such that

(4.7) an(@n,vn) = (f, o), Yop € Vio.

For the finite element solution @y of problem (@), we can obtain its convergence
and the error estimate.

Theorem 4.4. Let Vyg be the finite element space of the cubic tetrahedral element
or the incomplete cubic tetrahedral element. Then

(48) Tim [l — i

2,n =0,

and there exists a constant C independent of h such that
(4.9) [l — anl2,n < Chluls.q
when u € H3(Q).

For the convergence of the quasi-conforming tetrahedral element, we can follow
the method used in [32] or [33]. We give the result without proof.

Theorem 4.5. For the quasi-conforming tetrahedral element, problem [BIT) has
a unique solution up and

aQU ..
(4.10) lim [|u—npllon+ . |5om— — Oun| =0,
h—0 1<15<3 81'18.%'] 0,2
and there exists a constant C independent of h such that
_ 62’11, ij —
(4.11) he=tnlan+ Y |5opge — 0| < Chlulsg
1<4,5<3 v ’

when u € H3(L).

It is known that the Zienkiewicz element is not convergent for general meshes
in two dimensions (see [20]). As an analogue in the three-dimensional case, the
three-dimensional Zienkiewicz element has the same divergence property. Now we
show that it is divergent for a special grid.

In Figure 3, a cube is divided into eight sub-cubes, and then each sub-cube is
divided six tetrahedrons, where the tetrahedrons not represented by dashed lines
are symmetric with respect to the centric point of the cube.

Now let Q be the cube [—1,1]3. For k = 1,2,---, let 73 be a triangulation of
defined as follows. First, 2 is subdivided into equal cubes with side length hj, = 2/k,
and then each cube is subdivided into tetrahedrons such as the one shown in Figure
3. The cases of £ =1 and k = 2 are shown in Figures 3 and 4, respectively.
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FIGURE 3 FIGURE 4

Theorem 4.6. The three-dimensional Zienkiewicz element is divergent for trian-
gulations T,.

Proof. Let Viy be the finite element space of the three-dimensional Zienkiewicz
element on 77. Let v, € Vig be the function such that vy, is 1 at the center point
of Q and vanishes at other vertices of all elements in 77, and Duvj, vanishes at all
vertices of all elements in 77. It can be computed that

2
3 Fon 8 493

2 )
TeT Taﬂj‘ 3

82
Z/a gh —0, 1<i<3,i<j<3.
TeT, Li0Lj

That is, the three-dimensional Zienkiewicz element does not pass the patch test.
On the other hand, for 7} the number of the patches reduced from 7; is k2, and the
number of elements in 7, is 48k3. By Theorem 6.1 in [26], we obtain the conclusion
of the lemma. O

5. CONCLUDING REMARKS

In this paper, we proposed and analyzed several tetrahedral complete or incom-
plete cubic finite elements for fourth order elliptic partial differential operators.

More work needs to be done for constructing other types of nonconforming ele-
ments. One noticeable element that is missing from our work is a three-dimensional
extension of the Morley triangular element in two dimensions that only makes use
of quadratic polynomials (although the cubic tetrahedral element, a Ps-element
in three-dimensions, may be viewed as a 3D extension of the P>-Morley element
in 2D). As it turns out, in three and higher dimensions, the construction of the
P>-Morley element is possible, but it no longer uses the element vertices as part
of the degrees of freedom. We will report an extension of the Morley element in
any dimensions in [28]. Another type of element is the hexehedral nonconforming
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element that may be extended from rectangular nonconforming elements in two
dimensions. We will report these extensions in any dimensions in [27].
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