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ON THE CONVERGENCE OF RATIONAL APPROXIMATIONS
OF SEMIGROUPS ON INTERMEDIATE SPACES

MIHALY KOVACS

ABSTRACT. We generalize a result by Brenner and Thomée on the rate of
convergence of rational approximation schemes for semigroups. Using abstract
interpolation techniques we obtain convergence on a continuum of intermediate
spaces between the Banach space X and the domain of a certain power of the
generator of the semigroup. The sharpness of the results is also discussed.

1. INTRODUCTION

At the core of this paper is the study of time-discretization methods for differ-
ential equations u(t) = Au(t), where A : X D D(A) — X is a linear operator with
domain D(A) in a Banach space X. Throughout the paper it is assumed that A
generates a strongly continuous semigroup (Cp-semigroup) T'(+) of type M; that
is, there exists M > 1 such that ||T'(¢)|| < M for all ¢t > 0l Many of the basic
methods used to analyse time-discretization schemes in a Banach-space setting go
back to Lax and Richtmyer [I8] (see also [I7], [21]). Often, the semigroup T'(¢)
is approximated by a product of operators []!_, r(r;A), DI, 7 = t, where r is
a rational approzimation method of order ¢ > 1; that is, r approximates the expo-
nential function to order ¢ > 1; that is, r(z) = €* + O(29%!) as 2 — 0 and r is
A-stable; that is, |r(z)] < 1 for Rez < 0. For example, the Backward Euler ap-
proximation method rpg(z) = le is of order 1 and, for every Cy-semigroup T'(-),
T(t)x = limp o rpe(LA) e = lim, oo (I — £A)""x for all z € X. The basis for
our investigations are the papers by Hersh and Kato [II] as well as by Brenner and
Thomée [3], where the following result is proved.

Theorem 1.1. If r is a rational approrimation method of order g > 1, then there
is a constant K > 0 such that for k=0,1,...,q+ 1, k # %1, we hav

I (£ A)e = T(t)al| < KMt=1® (L) D) akg|| >0, n €N, @ e D(Ab),

where ng(k) is defined as
k-3 if0<k<2

ks Gt <k<g+1.

(k) :==
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k=% then [P (£ A)x — T(t)a|| < KMtF=1a) (£)19®) 10 1 1)]| Ak ]| for all
n€Nandt>0. O

Since 14(0) = —%, Theorem [LT] suggests that for general x € X one cannot
expect convergence (rather a growth proportional to \/n) and that for x € D(AI*1)
the order of convergence is optimal (and proportional to % since 74(q + 1) = q).
In [2] and [4, Chapter 5] it is shown that for k # %1 the above rates are sharp for
the left-translation semigroup on L;(R) which means that the convergence rates in
Theorem [[LT] cannot be improved in general. However, the set of initial data that
corresponds to a certain speed of convergence in Theorem [[I]is not optimal. In
Theorem we will show that the estimates in Theorem [[T] remain valid if the
initial data is taken from the Favard space of order k instead of D(AF) and if || A*z||
is replaced by the appropriate Favard norm of x. If X is not reflexive, then the
Favard spaces are usually significantly larger than D(A*).

As proposed in [3] and [I1], we use the Hille-Phillips (H-P) functional calculus
in our analysis (for the original approach to the H-P functional calculus via regular
Borel measures, see [12]; for the reformulation in terms of functions of bounded
variation, see [14]). We recall the following basic facts about the H-P functional
calculus| A function « : [0,R] — C is in NBVI0, R] if it is of bounded variation
and normalized; i.e., a(0) = 0, and a(u) = % for all w € (0,R). The
space NBV := {a € (oo NBV[0,R] : sup;.q Va(t) < +oo} is a commutative
Banach algebra with multiplication defined by the Stieltjes convolution (ax 3)(t) :=
fot a(t —u) df(u) and norm ||a||7y = sup,so Va(t), where V,(f) denotes the total
variation of a on [0,t]. Let Cy := {z € C: Rez < 0} and G := {fo : fa(z) =
J S e*da(t), = € Co, o € NBV}. Then the operator ® : NBV — G defined
by ®(a) := f, is an algebra isomorphism, and if we set ||fo|| := ||&||7v, then G
becomes a Banach algebra. If a rational function r satisfies |r(z)| < M (z € Cy) for
some M > 0 (in particular, if r is A-stable), then r € G. Indeed, constant functions
and functions z — a—iz belong to the algebra G for Rea > 0. By developing r into
partial fractions, we see that r € G. Another important example of a function in G
is z — e*! for fixed ¢ > 0 since e*! = [ ** dH,(s), where the normalized Heaviside
function H; for ¢t > 0 is defined as

0 fo<s<t,
Hy(s):=4¢ 3 ifs=t,
1 ift<s,

and, similarly, Hy(s) := 0 for s = 0 and Hy(s) := 1 for s > 0. Now let A generate
a Cp-semigroup T'(+) of type M on a Banach space X. For f € G with f(z) :=
IS e da(t) (z € Cyp), let f(A)x := [;° T(t)x da(t). Then the map ¥ : G — B(X)
defined by ¥(f) := f(A) is an algebra homomorphism and ||f(A)|| < M||a||rv.-
This is, in essence, the H-P functional calculus.

In addition to the H-P functional calculus, the proof of the error estimates for
time-discretization schemes on integer order Favard spaces given in Section Bl relies
on the study of the following Laplace-Stieltjes transform problem which is discussed
in [16] and [I5, Chapter 2].

3We recall the H-P functional calculus for bounded semigroups only, since the general version
of it is not needed in this paper.
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Assume that the functione rn(2) = [ € doy(s), an, € NBV, converge point-
wise to v(z) := f e**da(s), « € NBV, as n — oo. Does this imply the con-
vergence of an to a and, 1f yes, in what sense? If we assume that the speed of
convergence of 7, to v is known pointwise, can we say something about the speed
of convergence of a,, to « in various norms? Answers to these questions are given in
Sections 2land 3] for cases in which r,,(z) := r™(Z) and r is a rational approximation
method of order ¢ > 1.

In Section ] the Brenner—-Thomée estimates are extended to standard intermedi-
ate spaces between X and D(A*!). Using abstract interpolation techniques, opti-
mal order of convergence is obtained for almost all Favard spaces F,, 0 < a < g+1.
A similar procedure was carried out in [2] and [4] for interpolation spaces based on
L,(R). The latter studies inspired us to use the K-method when constructing the
various intermediate spaces, since when X = L,(R) a family of them coincides with
the appropriate Besov spaces considered in [2] and [4]. In Corollary we prove a
new stability result for the discrete orbits (£ A)x if « is taken from an intermedi-
ate space of order % between X and D(A). We also show how interpolation results
can be applied to obtain optimal error estimates for stable schemes. In the latter
case our result improves the estimate in [3, Thm. 4] on D(A%) and generalizes
[9) Thm. 1.7]. The sharpness of the estimates is discussed at the end of Section [
Finally, we mention that in a recent paper by Hausenblas [10] interpolation theory
and intermediate spaces are used to obtain various convergence results for spatial
discretizations of anlytic semigroups.

2. STABILITY

In this section we discuss a basic stability result due to Brenner and Thomée [3].
For a proof of the next theorem, see [I5, Thms. 2.2.2, 2.2.5] or [16].

Theorem 2.1. Let r( fo e** da(s), z € Cy, be an A-stable rational function
with « € NBV. Then there is a constant K > 0 such that ||o™*||rv < Ky/n
for all n € N, where o™* denotes the n-times Stieltjes convolution of o with itself.
Moreover, if |r(is)] = 1 for all s € R, then there is a constant L > 0 such that
[la™*||rv > Ly/n for alln € N. O

The first statement of the following theorem, due to Brenner and Thomée [3]
Thm. 1], is an immediate consequence of Theorem 1] (for the variable step-size
version, see [I]). The second statement is proved in [7] using Fourier multipliers.
Here, a simple and more elementary proof is presented. In the following we denote
by C(R), (Co(R), Cy(R)) the space of all continuous (continuous vanishing at oo,
continuous and bounded) functions f: R — C.

Theorem 2.2. Ifr is an A-stable rational function, then there is a constant K > 0
such that for all T > 0 and n € N we have ||[r"(TA)|| < KM+/n. If A is the
derivative operator on Co(R) with mazimal domain and |r(is)| = 1 for all s € R,
then there is a constant L > 0 such that ||r”(TA)H > Ly/n for all™ >0 and n € N.

Proof. Since r is A-stable it follows that 7( fo e**da(s), z € Cy, for some
«a € NBV and therefore r™(z fo e*s doz”* (s), n € N, z € Cy. By the H-P
functional calculus and Theorem 2T

oo
[ (T A)z|| < /O 1T (75)x|| dVan-(s) < Mlja™[|zv[lx|| < KMy/n||z|].
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To prove the second statement, let A be the derivative operator on Co(R) with
maximal domain and let |r(is)| = 1 for all s € R. Define

a™(t) ift>0,
G () = 0B if g =,
0 if ¢ < 0.
Then

e = | [T Tenraar ] 6= [+
:/_Oof(s+7t)dan(t).

The Riesz representation theorem for Cy(R) asserts thatfl Co(R)* = NBV(R).
Therefore, ||@||cy )+ = Vo5 (Gn) = |[@™||7y. Since the total variation of a func-
tion on R is independent of shifting and positive scaling,

oo oo

~ . ,U—S
Ir*(rA)|[ = sup sup| f(s+ 7t) dén(t)| = sup sup| f(v) déu( )|
fECH(R) SER —o0 FeCH(R) s€ER —00
l1flI<1 [f11<1

=sup sup I/ f () dén("—2) = sup sup \(f,@n((');s)ﬂ

seR fecO(R) sER feCpy(R)
[1fl1<1 [I711<1

0o [~ ) — S oo [~ nx*

*sup||0<n( )||CO(]R)* :supV_oo(an(L)) =sup V> (an) = ||a™||Tv-
sER T sER T sER

Now, Theorem 2] gives the desired estimate from below. O

3. CONVERGENCE ON INTEGER ORDER FAVARD SPACES
Fora>0,a=1+p0, 8€(0,1],1 € NU{0}, the space
(T(t) - )A'z)

(3.1) Fo:={xecD(A): s 3

t>0

< 400}

is called the Favard space of order a (see, for example, [8]). An easy application
of the uniform boundedness principle shows that, for bounded semigroups, the
Favard space F, (k € N) consists of x € D(A*~1) for which ¢t — (T'(t)A* 1z, a*)
is Lipschitz continuous for all z* € X*. From the definition it is also clear that
D(A*) C Fy, for k € N. If X is reflexive, then D(A*) = F; (see, for example, [8,
Cor. 5.21] and [B, Cor. 3.4.11]). However, if X is not reflexive, then D(A) might
be significantly smaller than F;. An example is the left-translation semigroup on
X = Co(R). In this case A = L D(A) = {f € Co(R) : f' € Co(R)} and
Fi1={f € Co(R) : f is of bounded total variation on R}. Similarly, if X = L;(R),
then D(A) = {f € L1(R) : f is absolutely continuous on R and f’ € Li(R)}, while
Fir={f € L1(R) : f is uniformly Lipschitz continuous on R}. Another example is
the multiplication operator (M, D(Mq)) on X := Cp(R) defined by (M, f)(s) =
q(s)f(s), where ¢ € C(R) w1th € Cp(R). In this case it is shown in [20, Prop.

4We say that a function « is a normalized function of bounded variation on R (o € NBV (R))
if the total variation V°2 (a) of a on R is finite and « is normalized; i.e., a(—o0) = 0 and

a(t) = % for t € (—o0,0) (see [6, p. 10]).
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3.1] that D(M,) := {f € Co(R) : fqg € Co(R)} and Fy = {f € Co(R) : fq € CH(R)}.
For further concrete examples we refer to [20].
If x is in an integer order Favard space Fy, (k € N), then

k—1

(3.2) MP .= limsup (I@®) = DA™ =
t—0+ t
Observe that M¥ = ||A*z|| if x € D(AF). Also, if 2* € X* and = € Fy, then t
(T(t)Ak=1z 2*) is differentiable a.e. and |[(T(t)A* 1z, 2*)/| < M MPF||z*||. If A has
a bounded inverse on X, then F}, is a Banach space with norm M?¥ and D(AF) —
Fi. — D(A*~1) — X where the symbol — stands for continuous embedding and
where D(AF) is endowed with the graph norm ||z||p(ax) := ||2|| + ||A*z|| (see [15]
Thm. 3.2.3] and [13]). We note that F, (k € N) is also a Banach space under the
norms

H (T(t) — A1z
t

(3-3) |zll7, == llzllpar—1) + sup
te(0,00)

)

(T(t)—1)A* g
0) t

(see [5], [B]).
Let r be a rational approximation method of order ¢ > 1. Then r is given by
r(z) = fooo e** da(s) for some o € NBV, z € Cy, and if t > 0, then

or, if A has a bounded inverse, |[||z[||£, := sup,¢ (o,

(3.4) r"(Lz) :/ e** day(s), z € Cy, n €N,
0

t
n

where ay,(s) := a"*(%s). Note that o, depends on ¢. Since 7" (£z) — €' as n — oo
and e* = fooo e** dHy(s), one may suspect that «,, converges to H; in some sense.
Let I(F) [y, — Hy] denote the kth antiderivative of «,, — Hy; that is,

(3.5)  I®[a, — Hy(s) == /OS e /053 /052(04” — Hi)(s1)dsidsg -+ dsg, k€N.

We set 1O[a,, — Hy] := a,, — H; and define
k+3 if k< 1,
(k+1)4 if G <k

The following theorem shows the convergence of «,, and its antiderivatives to H;
and its antiderivatives in Li (R4 ); see [I5] Cor. 2.3.2, Thm. 2.3.4] and [16].

flq(k) == nqe(k+1) = {

Theorem 3.1. Let r be a rational approximation method of order ¢ > 1 given by
B4). Ifk=0,1,...,q, k# Q;zl, then there is a constant K > 0 such that

(3.6) 119 o, — ||y sy < K700 (£)10) 0 e N ¢ >0,

If k= %", then

BT P — Hllpy,) < K0 ()14 1), neN, £>0,

i
Moreover, for k=0,1,...,q, we have lim,_, o, I [an, — H](s) = 0. O
Theorem Bl provides the core of the proof of Theorem below which is our
first extension of Theorem [[L.T] In Theorem the same speed of convergence is

obtained on Fy as Theorem [ 1l predicts on D(AF). In particular, we obtain optimal
order of convergence on F,; instead of on D(A%*1) and a convergence rate of ﬁ

on Fi instead of on D(A). The basic difference between our approach (which leads
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to convergence estimates on Favard spaces Fj, ) and the one of Brenner and Thomée
in [3] (leading to convergence estimates on D(A*)) is that we use the convergence
of a,, (and its antiderivatives) to H; (and its antiderivatives) in Lq(Ry), while
Brenner and Thomée prove and use that the inverse Laplace—Stieltjes transforms
of the functions

r(Lz) — et

Z —
o)

converge to 0 in the total variation norm.

Before we proceed, recall that if f € Cla, b] and a(s) = [To(t)dt (a < c<b)
with ¢ € Lq[a, b], then fa f(s f f(s)p(s)ds (see for example [23] Thm.
I-6a]). More general, ifO < s; <oo,¢ €R for 1= 1 ,N,and f = g—|—2£\;1 ¢ Hs,
with g € Cy(Ry) and a(s) = [ ¢(t)dt (0 < c < oo) Wlth ¢ € L1(Ry), then

(3.8) / £(s) da(s / (s

Indeed for R > 0, fOR fo s)ds and hence [ g(s)da(t) =
fo s) ds, since g is bounded and «a is of bounded variation on [0, oo) Finally,

/0 " H (@) dals) = o) - [ al)dH.. (o)

~a(e0) ~alsi) = | °° os)ds = [ . (5)0(s)ds

Theorem 3.2. If r is a rational approximation method of order ¢ > 1, then there
is a constant K > 0 such that for k=0,1,...,q+1, k # %, we have

|7 (£ Az — T(t)z|| < KMt ®) (L) O Nk 4 >0 neN, 2 € .

7™ (L Az — T(t)z|| < KMt ®) ()P 4 1)ME £>0, neN, z € F.

Proof. For t = 0 the statement is obvious. For k = 0 the estimate follows from
Theorem [Z2] Let k£ > 1 and fix ¢ > 0. The H-P functional calculus and (3.4) yields

(A = T)ea) = [T} dlans) — Hi(o)]
0
Since (T'(-)z,z*) € Cp(R4) and a,(00) = r™*(0—) = 1, it follows that
(" (A = T0)eo%) = [ {T(5)ra%)dlan(s) — Hils)
0
= (T (o) = H[Y = [ (o) = Hu(s)) AT (9.7
-/ " (an(s) — Hy(s)) d{T(s), ")
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Since r(z) = [, e*!da(t) is an A-stable rational function, the partial fraction de-
composition of r shows that r™(z) = [ ** da™*(s), where a”*(s) = " (c0)Ho(s)+
Bn(s) and B, (s) = > ¢js"ie~*i%. Therefore, by (B.8),

(" (A = T(t)r,2") = /Ooo(an(S) — Hi(s)) d(T'(s)x, 27)

= [ (@)~ B A (T (5).a%))
0

= / 19ay, — Ht](8>%(<T(S>I7.’L‘*>) ds.

0

If € Fy, then one can integrate by parts (k — 1)-times. By Theorem 3]

o] k
(" Ay =T} = | [ 10D, = H)(6) G (T(5)a.a%)) ds

|1 e — ) (T(6) 45 0a%)) ds
0

< JT*Yay, — Hy]||L, (r., €SS SUP4~g

d k—1 *
(T4 )

< 5D = il ey MM J2
< KM (L) DN o] = arth e ® (£) O agk )

t t
where the last inequality holds if k # %1. Ifk = %1, then Theorem B.] shows
that |(r"(£ A)z — T(t)a, )| < KM= (£)795) 10 4 1)MF||2*||. Finally, the
desired results follow from the Hahn—Banach theorem. O

As shown in [I3], Prop. 1], one can derive Theorem B2l from Theorem [Tl directly.
However, the above proof of Theorem includes a simple and transparent proof
of Theorem [[.T] and does not require additional arguments.

4. CONVERGENCE ON INTERMEDIATE SPACES
GENERATED BY THE K-METHOD

In this section we show that Theorem extends to all Favard spaces F,, with
a € [0,q+ 1] (and not just « € N). Let p € [1,00), k € N, and a € (0,k). As in [5]
Def. 3.1.1] define subspaces of X by

A1) Xowy = (o liellny = el + [ [~ (Rl20 - 15l %] < oo},

Similarly, for p = oo and « € (0, k],

1
(4.2)  Xakoo = {z: [[x]lak,co = [l2][ + sup : (t—al[T(t) —I]k:cH) < oo}
t

€(0,00

The spaces X, k., are Banach spaces and D(A*) — X, , — X (see [5, Prop.
3.1.3]). Moreover,

(4.3) DAY — Xjpoo (I=1,...,k),
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which can be seen as follows. For x € X we have ||[T'(t) — I|™z|| < (M + 1)™||z||,
m € N. If x € D(A'), then

t ot t
[T(t) —I]l:c = / / / T(s1 + s2 +---+55)Alxdsld52--- ds;
0o Jo 0
and hence ||(T(t) — I)'z|| < M||A'z|[¢'. This implies that
I[T() — Fl| < |[T@) — [T () — D'l < (M + 1) M || At
< (M4 DR Azt 1=1,... k.
Therefore, by combining the estimates above,
[T (t) — 1" < (M + 1) (|[«]| +[|A'2||) min(1, ')
= (M + 1)* min(1,t")||2||par), © € D(A), 1=1,... k.
Thus, the statement (£3)) follows from

1
lzllk,00 = llz]| + sup (yl\[T(f)—l]kﬂfH
t€(0,00)

<1+ (M +1)")|zl|lpay, € DAY, 1=1,... .k

In order to be able to state our main result, we recall from [5] (see also [19])
some definitions and relevant facts from the theory of intermediate spaces and
interpolation.

If X7, X, are Banach spaces continuously embedded in a Hausdorff topological
vector space X, then (X1, X2) is called an interpolation pair. Moreover, X1 + Xy :=
{z =21 +x2: 21 € X1, 2 € X5} with the norm

lall s == __int _ (llzally +[foslla),

T1+xo=x

the intersection X; N X5 with the norm

2]l nx, = max({[z]]1, ||||2)

are Banach spaces (see [5l Prop. 3.2.1]), and X; N Xy — X; — X1 + Xo — X
for i = 1,2. Let X < X be a Banach space satisfying X; N Xy — X < X + Xo.
Then X is called an intermediate space (of X7 and X»). In most applications we
have X5 «— X1 «— X = X. In this case X1 N X5 = X5 and X; + X5 = X; and an
intermediate space X of X, and X, satisfies X9 — XX 1.

There are several ways to construct intermediate spaces. One of them is the
K-method where K : Ry x (X1 4+ X2) — Ry U{0} is defined by

K(t,x):=  inf  ([lzafls +t]|222)-
r]E€Xq,v0€X9
T1+xTo=1

Let 6 € (0,1) and p € [1,00). Then
1
* /1 Prat]»
0,p,K = |:/ (t_QK(t’x)) ?:| < OO}
0

is an intermediate space of X7 and X,. If 8 € [0,1], then

(Xl,XQ)Q’p’K = {:L‘ e X1+ X ||:E|

1
(X1, X2)0,00, ' ={r € X1+ Xo: ||2]|g,00,K := €58 supt>0|t—9K(t,a:)| < oo}
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is also an intermediate space of X; and X5 (see [B, Prop. 3.2.5]). We remark that the
order of X; and X is important, as we have (X1, X2)g p.x = (X2, X1)1-0p,x, 0 €
(0,1).

Let Xa 41, be defined as in (@I) and (£2). It follows from [5, Thm. 3.4.2]
that for 0 < a< ¢+ 1 and 1 < p < oo we have

(44) Xa7q+l7p = (X7D(Aq+1)) < K-

a+1P

Let [a], {a} denote the integer part and the fractional part of @ € R, respectively.
If a ¢ Nand 0 < [a] <k < q for some k € N, then

(45) Xagt1p = (D(A[a])aD(A[a]+1)){a},P,K = (X7D(Ak+1>)ki+17p7K = Xo,kt+1,p-
The equalities in (L) and ([@4]) denote set equalities as well as isomorphisms of
Banach spaces with equivalent norms (see the proof of [5 Thm. 3.4.6]). It is also
shown there that the norm || - ||a,m.p 00 Xo m,p (Where m is either k41 or ¢+ 1)
is equivalent to the norm

(4.6)
1
2] |ap == Hx”D(A[a]) + UOOO (t{%}H[T(t) - I]A[a]w\l)p %} ! , p €l 00),
||| patel) + SUPse(0.00) (7T IT(E) — TJAZ]), p = oc.
Observe that ||| - |||a,p does not depend on g or k. If = 1,2,...,¢, then [@H) is
no longer valid. Instead,
(4.7) Xagtip = (D(Aa’l),D(AO‘“))%%K.

As before, the equality of the above spaces is understood as sets and as Banach
spaces with equivalent norms. In this case we can also define a norm on X, 441,p,
which is equivalent to || - ||a,q+1,p and is independent of ¢, by

iz :
with obvious modification for p = oo (see [5, Thm. 3.4.6]). The main point of the
reduction equality ([@5) is that the spaces X, 4+1,, can be viewed as intermediate
spaces not only of X and D(A*!) but also of X and D(A**!) for [a] < k or,
most importantly, of D(Al) and D(Al*+1). Since for each of these interpolation
pairs one of the spaces is contained in the other, the spaces X, 441, are really
intermediate spaces “between” the two. We also mention that for the noninteger
order Favard spaces F, defined in ([B.1]), it follows from ([@3H]) and (@8] that the set
equality

(48) Fo= Xa,[a]+m7oo = (XaID(A(H_l))##X%K

> 1 2 fa—1 pdt %
ap = ||7]|lpae-1) + ; SIIT@) = 1°A% 2] , P € [1,00),

holds for 0 < aw < g+1, a ¢ N, m € N. The integer order Favard spaces F, cannot
be regarded as intermediate spaces of X and D(At!), except for a = g+ 1. They
can be identified with intermediate spaces of X and D(A®). More precisely,

(4.9) Fo=Xoa00 = (X, D(A) 1,005, @ €N,

as [0l Thms. 3.4.3, 3.4.10] show.
Next we discuss the Riesz—Thorin interpolation theorem. Let (X7,X3) and
(Y1,Y3) be two interpolation pairs (in X and Y, respectively). Let

T e B(Xl + X0, Y1 +}f2)
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such that the restriction of T' to X; (i = 1,2) belongs to B(X;,Y;), i.e
1 Ts||i < Mil|il]s, i =1,2.
Then the restriction of T' to (X1, X2)ep.x (0 € (0,1) if p € [1,00) and 6 € [0, 1] if
p = 00) belongs to B((Xl, X2)op, 5, (Y1, 5/2)9,,,,1() and
(4.10) 1Tlo,p,5c < My~ M3 ||zllo,p,xc @ € (X1, X2)op,i5-

For the proof see [5, Thm. 3.2.23].

Next we take the function n,(k) defined for integers 0 < k < ¢ + 1 and extend
it to the interval [0, ¢ + 1] using linear interpolation between the points (k,n4(k))
and (k+1,n.(k +1)).

If ¢ is odd, then we get

_Ja—3 f0o<a<
al@) = {aq% it <o <g+l.
If ¢ is even, then the number %1 is not an integer, and therefore
o—3 fo<a<i
m(@) =1t DR - (G- ) Hf<a<,
ay if 2 <a<q+1

Now we have everything in place to extend Theorem [[T] to the intermediate spaces
Xags1p for 0 <a <g+1.

Theorem 4.1. If r is a rational approzimation method of order q > 1, then there
is a constant K > 0 such that for 0 < a < g+ 1 and v € X, ¢41,, we have

" (£ A)e = T(t)z|| < KMtn ™" [|z[llap, t >0, n€N, 1<p < oo,

if q is even and o # 2 M or if q is odd but o ¢ [%1,%} If q is odd and
ae (% ! q+3)\{q+1}, then

[ (£ A)z — T(t)al] < KMton~ ) [In(n + )]~ =0l ||2]|lap, t >0, neN.

Proof. If a # 1,2,...,q, then Xq 441, = (D(Al)), D(ARF)) oy, by @F).
Using Theorem on D(AlY) and on D(AlCIF1) together with the observation
that MF = ||A*z|| < ||#]|par) if @ € D(AF), we apply the Riesz—Thorin inequality
([@IT0) to the intermediate spaces (X1, X2){a}px = (D(A["‘]),D(A[o‘]“)){a})p)}{
and (Y1,Y2)1a},p.x := (X, X){a},p,x = X with equivalence of the respective norms
following from [5, Prop. 3.2.5]. This gives, for [a] # %, and © € X4 g41,p,

17" (5 A)e = T@)z]] < Cllr*(FA)z = T(O)zl|(a) p.x
< C(KMt[a]—nq([a])(L)nq([a]))l—{a}(KMt[a]+1—nq([a]+1)(L)nq([a]+1)){a}|||$”|ap
= f{Mtanfnq([a])+{a}(nq([a])fnq([a]ﬂ))|||T/|Hap_

The evaluation of the exponent —n,([a]) + {a}(ng([e]) — ng([a] + 1)) yields the
desired estimate. If [a] = qil , then either on D(A[®) or on D(A*1), we have to
include a factor of In(n + 1) in the estimate according to Theorem This shows
the result for a € (4F, ££2).

If « =1,2,...,q, then we use [@1) to identify the spaces X, 4+1,. We take

(X1, X2) 1 i = (D(A*71), D(A*T))1 ) g and (V1,Y2) 1 g = (X, X) 1 i = X
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in the Riesz—Thorin inequality (ZI0) with equivalence of the respective norms. This
yields, for z € Xq g41,p,

[ (L A)z — T(t)z|| < Cllr" (L A)x — T(t)x||%7p_K
< O(KMta—l—nq(a—l) (i)nq(a—l))%(KMtOH-l—??q(OH-l)(L)’?q(a'i‘l))%mxmap

— KMtanfé(nq(afl)‘i’nq(a‘Fl))|||x|‘|a P

The evaluation of  (n,(a—1) +ng(a+1)) at a =1,2,...,q, o # &, % if v is even
and a # %1, ‘1'5—3 if a is odd, gives the desired result. O

Let us consider the Favard spaces F,, defined in (B1]) with the norm

H$|| = |||$Ho¢,oo 1f0‘¢N7
“ [|z]| £, if o €N,

where ||| - |||a,00 and || - || £, are defined as in (£6) and B.3). We set Fy := X and
l|z|lo := ||z||. For the convenience of the reader we reformulate Theorems and
ETif x € F,.

Corollary 4.2. Let r be a rational approzimation method of order ¢ > 1. If
0<a<q+1, then there is a constant K > 0 such that for x € F, we have

[[r" (L A)z — T(t)z|| < KMt“n~"||z||,, t >0, neN,
if q is even or if q is odd but o ¢ (%1, %) If q is odd and o € (%1, %), then

+1
-4

Hr"(%A)x —T()x|| < KMto‘n_"q(a)[ln(n +1)] _O“H:CH(X, t>0, neN.

Proof. For a ¢ N the statement follows from Theorem ET] using (£]). If o =
0,1,...,q9+ 1, then Theorem implies the desired inequality, noting that M <
Nz|la, @ =1,...,¢+ 1. O

Note that if A has a bounded inverse, then the norm || - ||, is equivalent to the
norm |[|z[|[a = Sup;e(g,00) [[t=8(T(t) — I)A*z||, k = 0,...,q, a = k+ 3, B €
(0,1]. As a corollary we obtain the following stability result for the discrete orbits
r(LA)z.

Corollary 4.3. If r is a rational approzimation method of order ¢ > 1, then

lr (£ A)a|| < KM(1+t2)|||z]]]5 0 @ € X3 441, 1<p<o0, >0, neN. O

For stable methods, such as the Backward Euler method, solely from the error
estimate on D(A?"!) we obtain optimal error estimates on X, 411,00 for all 0 <
a < g+ 1 and also on D(A*) (k= 1,2,...,q) including the case a = %1.

Corollary 4.4. Assume that r is a rational approzimation method of order ¢ > 1
and that ||[r"(£A)|| < C for some C > 1 and all n € N. Then there is a constant

K > 1 such that, for all0 < a < qg+1,

o _q
||7""(%A)x —T(t)x|| < KMtatt (i)aq“ [1Z]|la,g+1,000 >0, n €N, € Xo ¢4+1,00-

n

In particular, if v € D(AF) (k=1,...,q+ 1), then

(4.11) [P (L A)a — T(t)z|| < KMta+1 (£) T2 par), >0, neN.

1
n
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Proof If @« = g+ 1, then the statement follows from Theorem B.2] and (IIQI) Since
lr(LA)|| < C for all n € N, there is constant K > 1 such that |[r"(LA)z —
T(t )x|| < KM||z|| for all z € X. By Theorem B.2]
| (L A)x — T(t)z]] < KMt(%)quHD(AqH), t>0, neN, zc DA,
Now, for 0 < a < g + 1 consider the intermediate spaces

(X1, X2) 2 oo,k = (X, D(AT)) 2 ook = Xagt1,00

and (Y1,Y2) 20K = (X,X) 200K = = X (with equivalence of the respective
norms). By the Riesz—Thorin inequality (£I0), for 0 < o < ¢ + 1, we have

[ (£ Az — T(t)al| < (KM)77 (KMt(2) )77 [[2]|a.g41.00
= KMt (1) T |2l agt100, >0, n €N, 2 € Xagi1.00
From (&3) it follows that if x € D(A*) and k = 1,...,q, then
[P (£ Az — T(t)al] < KMEw (£) 7 ||| g 0

The estimate in ([{IT) is an improvement of the inequality in [3, Thm. 4] for
the stable case for k = qgl, as it does no longer contain a factor of In(n + 1). It
also proves and generalizes [0, Thm. 1.7], where the same result is shown for the

Backward Euler method on D(A).
Finally, we briefly discuss the sharpness of Theorem [3.2] Theorem [J]and Corol-
lary For f € L,(R) let
al N
ANf = —1)N-t -+1h), heR
h f ;( ) l f( + )7 € R,
be the Nth right difference of f, and let
wN(tafap) ‘= Sup (HA f||p) € (0,00),
he(0,t]

denote its Nth modulus of continuity. For p € [1,00), N € N, « € (0,N), and
€ [1,00), the homogeneous Besov spaces B(a, N, s,p) are defined as

B(a,N,s,p) :={f € Ly(R) : /jo(\hl AR fllp)® oo}

Ih\
and
B(a, N,00,p) :={f € Lp(R) : Sup(\hl A fllp) < oo}, a € [0,N].

The Besov spaces B(a, N, s,p) are Banach spaces under the equivalent norms

510 = 1Al QR lAR A1)

00 d
£ 1180, N,s.p) = \|f||,,+(/0 (t_o‘wN(t,fap))S%) )

with the usual modification for s = oo (see [3, Prop. 4.3.5]). Let Wy ,(R) be the
Sobolev space of order N with the norm || f||w , &) := |[f|[p+[|DY f]|,, where DV f
denotes the Nth generalized derivative of f. The Besov spaces are intermediate
spaces of L,(R) and Wy ,(R), more precisely, we have that

B(a,N,s,p) = (L*(R), Wy p(R)) & s,

ol
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with equivalent norms (see [5, Thm. 4.3.6]). This means that if we take X := L,(R)
and Af := f’ with maximal domain, then by the above and (&3],
B(aa q+1, S,p) = (LP(R)’ Wq+1’p(R))q%,S>K = (XvD(Aq—‘rl))ﬁil,&K = Xa,g+1,s-
For ¢ € N fixed, define

a—|i -1 fo<a<(¢g+1)5 -2
(412) 77%;0(0‘) :{ q 2 P if 1 1 1 <2 <p 1
Sy if(g+Dlz —pl<a<q+1l
Note that 7,,1(a) = n4(c) if ¢ is odd and also if ¢ is even and « ¢ (2, %) If

X = Ly(R) and Af := f’ with maximal domain, then for a rational approximation
method r of order ¢ > 1 with |r(is)| =1 (s € R) we have

(4.13) e~ M2 < sup{|[r™(LA) f = T() fllL, @) 1FllBaqr100p < 1}
if0<a<g+1and
(4.14) cen” ) < sup{[|r(LA) f = T() fllz, @) IDFfI] <1}

ifk=0,1,2,...,9+ 1 as [2 (5.6)] together with [2] Lemmas 2.9, 2.11] show. The
choice p = 1 in ([AI3) yields that the general convergence estimate on Xy 441,00
that holds for all Banach spaces X and generators of bounded semigroups cannot
be better than

(4.15) lr™ (£ A)x — T(t)a|| < Con™ " |[z]||a,00, @ € Xagii,co

Therefore, our estimates on X, 411,00 in Theorem T] and, correspondingly, on F,
if @ ¢ N in Corollary B2} are sharp for 0 < a < ¢ + 1, provided that o ¢ [2, %}
if ¢ is even and « ¢ [q;zl, %3] if ¢ is odd. We remark that if ¢ is odd and « €
(q%l, %1) U (%1, q;r—3), then Theorem E.1] and Corollary are almost sharp in
the sense that the estimates contain an extra factor of (In(n + 1)) only. Similarly,
(@14)) shows the sharpness of TheoremB.2on D(A*) for k = 0,1,...,q¢+1, k # %1,
and also the sharpness of Theorem and Corrollary on integer order Favard
classes since D(AF) C Fy and MF = ||AFz|| if © € D(A¥). Finally, we remark
that if |r(is)| < 1, s # 0, and some more detailed information is known about the
behavior of s — r(is), our results can be improved by an order up to % for a < %;

for details see [3].
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