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A LEAST-SQUARES METHOD
FOR SECOND ORDER NONCOERCIVE
ELLIPTIC PARTIAL DIFFERENTIAL EQUATIONS

JAEUN KU

ABSTRACT. In this paper, we consider a least-squares method proposed by
Bramble, Lazarov and Pasciak (1998) which can be thought of as a stabilized
Galerkin method for noncoercive problems with unique solutions. We modify
their method by weakening the strength of the stabilization terms and present
various new error estimates. The modified method has all the desirable prop-
erties of the original method; indeed, we shall show some theoretical properties
that are not known for the original method. At the same time, our numerical
experiments show an improvement of the method due to the modification.

1. INTRODUCTION

The existence and the uniqueness of the standard Galerkin finite element method
for noncoercive problems with unique solutions were proved by Schatz [12] with the
restriction of small meshsize h. It is easy to construct an example which does not
admit a unique solution when the meshsize is not small enough. Thus, we can
deduce that the restriction is real, not a limitation of the analysis used.

One of the problems concerning the small meshsize is that it is not possible to
determine how small the meshsize should be to guarantee the existence and the
uniqueness of the approximate solution without actually knowing the true solution.

There are many methods which guarantee the existence and the uniqueness of
the approximate solution without the restriction on the meshsize. Most of them
introduce a new variable and transform the original problem into a first-order sys-
tem, which is then solved via a least-squares method. The known error estimates
require relatively smooth solutions. We refer to [Il [2, [3, 4 [7, 8, [IT] and further
references therein. In [5], least-squares methods were considered directly on the
second order problem.

Recently, Bramble, Lazarov and Pasciak [4] introduced and studied a new least-
squares method without a new variable involving a discrete computable H ~!-norm.
This method could be thought of as a stabilized Galerkin method in the sense
that stabilization terms are added to the Galerkin bilinear form to guarantee the
existence and the uniqueness of the approximate solution without any restriction
on the meshsize. The resulting linear algebraic system is symmetric and positive
definite.
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In this paper, we observe that we can weaken the strength of the stabilization
terms. As a result, we propose a new least-squares method. Since the stabilization
terms are artificially added to produce a coercive bilinear form, it might be con-
sidered desirable to weaken the strength of the stabilization terms. Our numerical
experiments show improvements due to the modification. Also, the new method
has all the desirable theoretical properties of the original method, and we obtain
various new error estimates including pointwise error estimates for our modified
method.

This paper is organized as follows: In Section Bl we define notation, place as-
sumptions on the problem which we are studying, and present some preliminary
results. In Section Bl we define a new least-squares method. In Section @ and [l
we state and prove global and local error estimates based on the Ls-norm such as
the energy norm. In Section [l a pointwise error estimate is established. Finally,
supporting numerical results are given in Section [7

2. PROBLEM FORMULATION AND PRELIMINARIES

Let Q be a bounded convex polygonal or polyhedral domain in R™ where n = 2
or 3. We shall consider the following second-order elliptic boundary problem:

(2.1) Lu=f in €, u=0 on ON.
The operator L is given by

(2.2) Lu=—-Au+b-Vu+cu=—-Au+ pu.

We assume that all the coefficients in the operator L are smooth.

Remark. The results in this paper are true for Lu = —div(AVu) + fu, where the
matrix A is symmetric, uniformly positive definite, and bounded.

We take W =H'! (Q), and H~1(Q) will be the dual of W.
For any u,v € W, we define the bilinear form

(2.3) A(u,v) = (Vu, Vo) + (Bu,v),

where (-, -) is the usual Lo inner product.

In this paper, we shall repeatedly use the fact that the bilinear form A is bounded
with respect to the norm in H*().

The weak formulation of 1)) is: Given f € H~1(Q), find u € W satisfying

(2.4) A(u,8) = (f,0) for all € W.
The adjoint weak formulation of (1)) is: Given g € H~1(Q), find w € W satisfying
(2.5) A0, w) = (g,9) for all € W.

We assume that the solutions of ([24) and (Z3]) are unique. Also, we assume that
for u and w satisfying (24]) and (23], respectively, there exists a positive constant
C independent of f and g satisfying

(2.6) [ull2 < Cl[fllo,  llwll2 < Cllgllo-

We give an alternative characterization of the norm in H~1(Q). Let D(-,-) denote
the inner product in W i.e.,

D(u,v) = (Vu, Vo) + (u,v) for all u,v € W.
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Let T : H=' — W be defined by T'f = u, where u is the unique function satisfying
D(u,0) = (f,0) for all € W, i.e., T is defined by

(2.7) D(Tf,0) = (f,6)  forall§cW.
Then
(u, Tu) = ||Ju||*, for all u € H1(Q).
Note also that
(2.8) lullivr = T fllivr < Cllflli—a for i = 0,1.
Let the operator £ : W — H~1(2) be defined by the identity
(Lu, p) = A(u, @) for all p € W.

To solve (2]]) approximately, we introduce the subspace W, C W indexed by h
in the interval 0 < h < 1. We do this by partitioning the domain €2 into a set of
triangles or tetrahedra 7 = {7}. Let h, denote the diameter of the triangle 7. The
mesh parameter h is defined to be

h = maxh..
T€T

We assume that the boundaries of two triangles or tetrahedra will intersect at either
a vertex, an entire edge, or a face. We assume that the triangulations are globally
quasi-uniform as defined in [6l (4.4.15)]. For some integer 2 < r, let W}, denote the
functions which are piecewise polynomials of degree less than r with respect to the
triangles, continuous on 2, and vanish on 0f2. There is a nodal basis associated
with the spaces and a corresponding averaged nodal interpolation operator, [15].

The following low order approximation and boundedness result can be proved.
Given ¢ € W, there exists ¢; € W}, and a constant C5 not dependent on h and ¢
such that

ST {n22e — ol -, + 6 — 6

€T

1.} < Callolt.

The argument which can be used to prove this result is given in [I5].

The approximation space W}, satisfies the following higher order approximation
property:
(2.9)

> (lle = d1l2 ., +h2 )6 — o1l

T, €T

r 1/2 r

Also, Wj, has the following approximation property based on the L,.-norm:

(2.10) 16 = d1lloc < Chllllwy -

We want to point out that the approximation space W} has the inverse property
[6], ie., for 1 <p<oo,1<g<o0,and 0 <m <1,

(211) ||1,[}||W117(7_) < ChmilJr%i%HwHW;n(T) for all 1/) € Wy, forn =2,3.

To describe the least-squares method, we shall need additional discrete norms and
inner products. For ¢ € W},, the discrete negative norm is given by

(2.12) l]|=1,n = sup (1/)7(15)
PEW), H(b”l

This norm extends to a semi-norm on H ~1(Q) which is bounded by the norm ||| _;.
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Also, we define a new discrete norm as follows:

1/2
(2.13) lvlly = (Z [[v |§,T> :

Let the operator Lp, : W — W}, be defined by
(2.14) (Lpv, @) = A(v, @) for all ¢ € W,

Before describing the least-squares method, we provide an equivalent discrete nega-
tive norm. As in the continuous case, the discrete negative norm can be alternatively
characterized in terms of a certain operator. Specifically, let T}, : H=1(Q) — W},
be defined by

(2.15) D(Tyf,0)=(f,0) for all 8 € W,
We state various properties which will be used later:
(2.16) 1Twflls < C|Ifll-1,
(2.17) I =T fls < CH o for i =0,1,
Let T}, be the finite element analogue of the operator T'. Then
(2.18) o)1, = (v, Thv) for all v € H™(Q),
(2.19) (v, Thw) = (Thv, w) for all v, w € L*(Q).
For § defined as in ([222)), we have
(2.20) |Bv]|—1 < C|lvlo for all v € W.

By combining (2Z.16) and (2.20), we have
(2.21) |Tn6v]1 < Cllvllo for all v € W.

The following lemmas play a fundamental role in the least-squares methods, and
Lemmas 2] and 2.2 were proved in Bramble et al. [4].

Lemma 2.1 ([4]). There exists a constant C independent of v € W such that

A(v, A(p,v
lv]]1 < C sup (v, ) =C|Ly||=1  and |jv]s < C sup (¢ )
pew [0l sew 9l
Lemma 2.2. There exists a positive constant ¢ not depending on h such that for
any ¥ € Wy,

NI < L2 g+ 3R, Lo)s + 3 b / 2,

where Y is the summation over all interior edges (or faces) and [1,] denote the
jump in the normal derivative v, across an interior edge.

We now improve the above inequality by weakening the strength of the last two
terms.

Lemma 2.3. There exists a positive constant ¢ not depending on h such that for
any Y € Wy,

clll? < NCnvll2yp + 12D R2(Le, L), + h* Y heqe / [Yy]%ds.
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Proof. By Lemma 2]
A, v)

vl

(2.22) cl[$lly < sup
veW
We write A(y,v) = A(Y,v — vy) + A(W, vr,), where vy, is the Ritz projection with
respect to (V, V), i.e.,
(V(v—wp),Vip) =0 for all v € Wy,.
Then using (2.14),

A(w’ U) = A(’Qb, v — ’Uh) + A('(/vah) = (V¢a V(U - Uh)) + (ﬁw7v - Uh) + (Ehwvvh)
(B, v —vn) + (Lath, vn).

Using the above equality with ||vp||1 < |Jv||1 and approximation property of v, in

@.22),

cllvlly < Rl + [[1Lrell-1,n,
ie.,

cllvllf < ILapl2yp + R[]l
By using Lemma in the above inequality, we obtain

I < NEwb P+ 12 L6, L), + 12 Y oo [[Pds. O

We now show a simple algebraic identity that will be of use in our development. It
does not change the original method. This equality is used to prove error estimates.

Lemma 2.4. For any v € W, € Wy,
A(v, ) + A(v, Tp(B — 1)) = (Lpv, TRLRY).
In particular, for ¢ € Wy,
AW, ) + AW, Th(B - 1)9) = (Laty, Tnlat) = [Lat |21 -

Proof. By using that T}, is symmetric (2.19), the definition of £ in [2I4) and the
property of Tj, in (Z19)),

(Lno, ThLpyy) = (Lath, ThLpv) = A(Y, ThLpv) = (Vp, VI Lyv) + (B¢, ThLyv)
= (¥, Lpv) — (U, TpLpv) + (B, ThLav) = (Lpv,¥) — (Lpo, Thth) + (Lnv, ThBY)
= (Lpv, ) + (Lno, Th ) — Thtp) = A(v, ) + A(v, Ta(8 — 1)) 0
By combining Lemmas and [Z4] we obtain the following lemma.

Lemma 2.5. There exists a constant ¢ > 0 not depending on h such that for any
Y € W,

o]} <A@, ¥) + A, Ti(B—1)9) +h* > h2(Lh, L) + B>y hege / [th,]%ds.



102 JAEUN KU

3. A LEAST-SQUARES FEM

We define a new least-squares bilinear form on W x Wj, by

(3.1) ST R2(L6, L) + 12 Y g / (6.1l )ds.

Note that for u € W satisfying (&1 with f € L2,
B(u, ) = (f,9) + (£, Tu(B = )9) + h* Y h2(f, Lip),  for all ¢ € W,

Define the approximate solution u; € Wj, by

(3.2) Blun,v) = (f:1) + (£, Tu(B— 1)) + 8> Y _h2(f, L), for all ¢ € W,

By Lemma[Z5] B(-,-) is coercive on Wy, x Wj. Hence the approximate solution
is uniquely determined.
We have the orthogonal property as follows:

(3.3) B(u — up, ) =0 for all yp € Wy,

Before we move on to our error analysis, we want to remark on the inequality
given in Lemma We use the following well-known trace inequality:

1
34 [ opas < ¢ (102 + ool ).
or T

By using Lemma [2.5] twice, the above trace inequality, and the inverse inequality
in @10,
clelf < A, v) + AW, Tn(8 — 1)¥)

SR L)+ b [

AW, ) + A, Th(B — 1)¥) + CR2(|]|3
A(h, ) + A, Th(B — 1))

+ %;ﬂ (A(¢a V) 4+ A, Th (B — 1))

+h? Z h'2r (L¢> Ly): + h? Z h‘r(e) /[%}2053)

< (1+29) (Aw,w + AW T8~ 1))

+ ht Z h?_([ﬂj), Ll/})‘r + ! Z h‘r(e) /[wv]zds> )

<
<

i.e.,

(e 191 < AG0) + AW T8~ 1)0)

SR L)+ S by [P,
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We can iterate the above argument as many times as we want. For each iteration,
while we have a higher power of h on the right-hand side, we have a smaller constant
on the left-hand side. This suggests that we will have bigger numbers in the error
as powers of h are getting bigger. We present numerics supporting this in Section

@
Our analysis is based on Lemma for simplicity.

4. GLOBAL ERROR ESTIMATE
The following theorem is essentially proved in [4].

Theorem 4.1. Let u € HY(Q) for2 <~ <r and let up, be the solution of the least-
squares method defined by B2). Assume that the triangulation is quasi-uniform
and h = max; h,,. Then there exists a positive constant C' not depending on u or
h such that

lu—wunlls < C(lw = urlly + hllu = urll3) < CHYHul,.

The following lemma is an immediate consequence of the triangle inequality, the
inverse inequality (211]), and Theorem 1]

Lemma 4.2. Under the same assumption as Theorem E.1],
W[l = unlly < Ch([lu — gl + hllu = wrl|3) < CRY|lull,.

We now state and prove L?(Q2) and H~1(Q) error estimates for the least-squares
method in the case of a quasi-uniform mesh and sufficiently regular solutions. We
want to point out that this is a new error estimate for this type of method.

Theorem 4.3. Under the same assumptions as Theorem ET],
lu = unllo < Ch||ull5.
Proof. We have

(4.1) lu—upllo= " sup  (u—up,¢).
$EL2,||llo=1
For each such ¢, let v be the solution of the adjoint problem:
A(z,v) = (2,9) for all z € W.
By taking z = v — up,
(u—up,d) = Alu — up, v).
Let w be such that

—Aw+pw = —Av+ov in{,
(4.2) w = 0 on 0f).
By 2.06),
(4.3) [wll2 < C|l = Av+vfo < Cllvfl2 < C|llo < C.

By applying T to both sides of ([{2]), we get
w+T(6—Dw=w.
Hence,
(u—wup,d) = Alu—up,v)=Alu—up,w)+ Alu—up, T(6—1)w)
(4.4) = A(u—up,w)+ Alu —up, Th(8 — 1)w)
+ A(u —up, (T —Tp) (6 — Dw).
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For the first two terms on the right, by using the orthogonal property (3.3),
A(u — up,w) + A(u — up, T (8 — 1w)
= A(u — up,w —wyr) + A(uw — up, Tp(B — Dw — wy)

S S CURORZIB R S 1= w)i(-wn)lds

=5 +12+13+I4>
where wy is the interpolant [15] of w in W},. We then have
Ll = A —up,w —wr)| < Cllu—uplliflw —wrl:
< Chllu—unlillwllz < Chllu —unly < CR[|ully.
By using (221,
(L = [A(u = up, Ti(8 = D) (w — wr))| < Cllu = un || Th (8 — 1)(w —wr)llx
Cllu—unllillw —wrllo < CR*ull,.
By ||wr||% < C||w||l2 < C and Lemma E2]
|Is| = |h222h2 (u—wup), Lwr);| < Ch4Z||u—uh||gT||w1||2T

T

< Ch4||u—Uhllz\|wllz < Ol llwlla < CRY*2|Jull,.

By using [w,] = 0, the trace inequality (34]), [29), Lemma 2] and Theorem [A.T]
B = 2 Ay [l = un).)(w = wi),Jds

(&

IN

< oy ( Jiw- uhwds) - ( Jitw- uu)VFds) -
< oy <¢lﬁ”“ ~unllun + V- uhnz,T)

-+ Vh|lw - w1||2,r>

1
' (\/E
s 1
< Ch Z <\/E||U — upl1r + Vh|lu - Uh||2,r) (\/E||w||277)

< ) (| -+ ) llwll2,7
< O (|lu—unlly + hllu = un3) wl2
< Ch7+2||“||7'
Thus,
(4.5) |A(u — up,w) + A(u — up, Th(B — 1)w)| < Ch7||ul|,.

Using ([ZI7) and (ZZ1)) for the third term on the right in (£4),
|A(w = up, (T =Th)(B - Dw)| < Cllu—up|1[(T = Tn)(8 — Dwll
(4.6) < Chllu—wunlillwlly < ChY|lull;.
By putting (£5) and (0] into (£4), we get
(u—up, @) < CR[ull.
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Hence, we conclude that
lu = unllo < Ch ||ull. 0
As for a negative norm estimate, we have the following.

Theorem 4.4. With the same assumptions as above and r > 3 and Q bounded in
RZ,

lu—un| -1 < CRY a4,
where o = min{2, 5 — e} with 0 the largest angle in Q and € > 0.

Note that the solution to (ZI)) belongs to H!T® where « is defined as above; cf.

[9].
Proof.
(4.7 lu—upll-1 = sup  (u—up,d).
peW,|l¢lli=1
The remaining proof is similar to that of Theorem d

5. LOCAL ERROR ESTIMATES

This section is motivated by the work of Nitche and Schatz [10]. Rather than
following the proof given in [10], we use the slightly varied argument given by
Wahlbin [I7]. The importance of the local H' error estimate is that it is essential
for our pointwise error estimates in Section [Gl

Theorem 5.1. Let D C Q, Dy = {z € R : dist(z, D) < d}, and Dg = Q) Dy
with d > Coh for Cy sufficiently large. With the same assumptions as in Theorem
(4.1,

.
P S Y
d

hi—unlin < CQm—x

v — unllo.p,
d

+C (1P |lu = xlI3,p, + hllu = Xl + lu = unllog + u = x

|O,Q) )

for any x € Wy,

The first three terms on the right in the above inequality are exactly the same as
the terms in [I0]. The last four terms result from the stabilization terms, and some
of them involve the global norm. We want to point out that they are “weaker”
terms compared to the first three terms.

Proof. We first note that the desired estimate follows if we can show that

lello.ny  [lu = Uhllo,Dd>

d d
+C (*|lull3 p, + hllullie + u — un

IV =)o < C(Mhm+

o, + llullo,q);
then just write u — up = (u — x) + (x — up) for any x € Wj. By the triangle

inequality, the above inequality in turn follows if we can show that

llunllo,p,
d
+C (B |lull} p, + hllullio + llun

[Vunllop < C|lu

(5.1) h.oa +

lo.2 + [[ullo,g) -
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Now let w be a cut-off function which equals 1 on D, is supported in lND%, and
satisfies [w(y < Cd~!, where [ = 0,1,2. Then, by definition of A(,-),

IN

IVun g, lwVunll§ p, = (@Vun, wVup,)

= Alup,wup) — /(b Vup)wup, + c(z)w?uide
—2/(quh) - (upVw)dz
= Aup — u,w’up) — /(b - Vup)w?up, + co(z)w?uide

—2/(quh) - (upVw)dx + A(u, wup)
(5.2) = L+L+Iz+11+ 15
For I, by the orthogonal property (B3,

L = A(up — u,w?up)
= A(up — u,wup — ) — A(up, —u, Tn(8 — 1)1)

S, L)~ D e / wn — u),)[i6;)ds
= J1+J2+J3+J4,

where ¢ = (w?uy,)7, i.e., the interpolant defined in [15].

We state some of the inequalities needed. Note that the second inequality is
the superapproximation property; cf. [I0]. The proof can be obtained by using
Poincaré inequality and differentiating :

c
(5.3) 191l < —llunllo,p

h
(5.4 o =0l <€ (Sunlio, + gl ).

For Jy, using (&4) and 2I1),

il = [A(up — u,w’up — )| < Cllu— unl1,p, llw*un — ¥

h h
< Cllulh.oy + lunl o) (Gl + lolEo,
Junl.
< Td EHuhHl,Dd'

By the definition of T' ([Z7]),

Jo = A(u—up, Th(B— 1))
= (V(u—up), V(T = T)(B = 1)¥) + (B(u — up), Tr(8 — 1))
+(V(u—up), VI'(8 = 1)9)
= (V(u—up),V(Th = T)(B— 1)) + (Bu —up), Th(B — 1))
+(u—up, (B—1)¢) — (u—up, T (B — 1)3).
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Thus, using (Z17), (&.3), and ZI1)),

| o] < flu—wunllol(T = Th) (B = DYlla + lu — unll1,ol| Th(B — 1)¥lo.0
+Hu —unlloll(8 = Dloa + lu—unloelT(8 = 1)[o.q
Chllu — up, [Yll1 + Cllu — unllo.ell®ll1

< l1.0

< Cltllulun+ lonllon) (1020 + fovunfn,
+C (o + funloe) (522 4 o, )

< Junlfeo,

1
C <h2|u||%,9 + Jun g0 + Q2 + ||U||(2),Q> + EHWVUhH(Q),Dd'

Using that supp()) C Dy and by (211,

= S (G un), L), < OR f— wo 0

T TCDg

< OB Y Ju— unlla e < OB — o,
TCDy
: l[unllo,0

< (lulf o, + lunll o) (120022 4 v o,

. 1
< C(W Nl p,)? + unl ) + SVl o,

By the trace inequality ([34), the inverse inequality ([2.IT), the superapproximation
property (B3], and the arithmetic-geometric mean inequality,

i = 1023 by [ =), 1ds |

<ot 3 (it un),as) - (/ st)l/z

eCDy
1 1
g (s ) o)
< ng \/E” nll, [ nlle, \/E||1/’||1, ll4]]2,
<Ch? > (lu—unllrr + hllu—unll2r) ([],-)
TCDg

< CR? (lu—unl1,p, + hllu—unls p,) 1

unllo,p
o) (10020 4 v o,

< C (h?|lul|y,p, + PPl|ullb p, + B?|un

lunll§ o 1
<C <h4”u|%,Dd + (h3ully p,)% + Td + 6vauh\|<2),Dd-
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Thus
Junll3 p
nl < com&m+—7ﬁi

+C (R2||ullf o + [ulld o + llunlld o + (73 p,)?)
h 1
+O<llunli b, + FlwVunls o,

Using the arithmetic-geometric mean inequality, we can easily obtain the following
inequality:

unlld, o 1
[To| + [I3] + L4 + [I5] < C <||U|%,Dd + Td + 5||Wvuh||(2),pd-

By putting the estimates for Iy, Iz, I3, I4, and I5 into (5.2)) and using a kick-back
argument with sufficiently large C, we can conclude that

lunllf.o
IVurllgp < € <IIUIIiDd e

+C (Rl g + [l + el + Pl 5,)?)
h
+C = unll o,

Iterating the above argument for HVUh”a p, With Dag and using the inverse in-
equality (ZTIT]), we get

113 D,y

IVupll§p < C (lu”%,ng + W)

+C (W*|lullf o + lull o + llunl o + (Bllull3 p,,)?)

1 2
JFCW lunllo, pyy-
Now changing the notation back from 2d to d, we obtain the inequality (51). Hence
the theorem is proved. O

6. POINTWISE ERROR ESTIMATES

From now on, our space will be in R?, i.e., n = 2. We will closely follow the
work of Schatz and Wahlbin [I4] for the standard Galerkin method. However, the
use of the nonlocal operator T} in our present method complicates the analysis.

Without loss of generality we assume that diam(Q2) < 1. Let

dj =277 for j =0,1,2,...,

and for fixed x set

Q? = {yEQZdj+1<‘y—$‘<dj},
QJ/ = {yGQ:dj+2 < ‘yfl" <dj_1},
Q;, = {yeQ:idjpa<l|y—z[<dja}.

We shall now define two functions ¢*(y) and ¢¥ (y). Here ¢”(y) may be thought of
as a smoothed Green’s function with a singularity at z, and g7 (y) € W)}, its finite
element approximation. We now give some facts that will be needed for the proof
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of pointwise estimates. For d > 0 and any fixed € €, By(z) will denote the
intersection of €2 with a ball of radius d centered at x, i.e.,

Bi(z) ={y € Q: |ly — z|| < d}.
Define

! (u —un)(y)

1w = vn |l Ly(Bon (o))
0 otherwise .

(6.1) n if y € Bap(x),

For fixed = € Q, g*(y) is defined to satisfy
(6.2) A(v,g%) = (n,v) for all v e W.
By the a priori estimates (2.0)),

(6.3) 19 lwz) < ClinllLae) <
The finite element approximation g7, (y) € W}, is taken to be the unique solution of
(6.4) B(¢,g" —g7) =0 for all ¢ € W,.

= Q

We state and prove two inequalities concerning g* and gy, which will be used later.

Lemma 6.1. Let g* satisfy [©2). Then

1
lg"ll < O -

Proof. By the a priori estimate (2.8]), ||¢%|l1 < C|n||-1. By definition,

Inll-x =" sup  (n,9).
peW,||¢lli=1
By Holder’s inequality,
1 1
(,0) < |mllz,llllz,,  where 24 = =1.

By Sobolev’s inequality,
¢, < Cpllolh = Cp,
so that
(n,¢) < CplinllL,-
Choose p = 1n%. Again, by using Holder’s inequality, the fact that supp(n) C
Bop, (), and choosing ¢/ = 2, with ﬁ + % =1, and by (63),

q7

1
7

Inllc, = (/ |77|qu> gc(/ 1dm>
BQ}L(I) th(z)

Chiilnl, < Chi's~".

_1
/ ] da:
Bap (z)

Note that 2/p'q = 1 —2/1In(1/h). Thus, h(2/P'D-1 = p=2/(/h) < . Hence, we
can conclude that ||n||-1 < C1In(1/h). We thus have the desired inequality. O

IN

Lemma 6.2. Let g° and g7 satisfy (€2)) and (64). Then

3/2
1
lg* = gillwi ) < Ch (m E) .
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Proof. Let M >> 1 be a constant which will be chosen later on to be sufficiently
large. For convenience we shall choose M to begin with so that for some integer J

Mh=2"".
Note that since M > 1

1 1 1
J:1HQM+1H2—§1HQ—.

h h
Then, using Cauchy-Schwartz inequality, Theorem 1] and (63)),
J
9" = gilwiy = 9" = gElwy Bancey + D 19" = gillwa o)
§=0

J
< CMh-hlg*|lwz) + Zdeg"” = drllwi)

§=0

J
< CMh+ Zdjllgm = ghllwia,)-
3=0

By Theorem B with x = (¢%); and the approximation property (239]), we have

9" = gnllwi o,

llg® — X”LQ(Q') g — QZHLZ(Q’.)
< C <||9IX||1/V21(Q;)Jr d. —+ d. ’
j j

31, h x
+C (9" =Xl ar + bllg” = Xlwaco
g™ = xllza0) + 19" = ghllLae)

xr 1 X T xr
< 0 (s g, + 10" = il ) + CHl g
By definition of ¢®, it is an A-harmonic function on Q;, ie., A(¢g”,¢) = 0 for
supp(¢)) C Q;/, for  =0,...,.J. Thus, by local regularity estimates,

(6.5) I hwsiogy < 70" bz
Here,
J
19" = gnllwi) < CMh+ Zdjllg“’ = drllwz )
=0
J J
<CMh+C dihllg* lwz ) +CY lg" = il o))
=0 =0

J
xT 1 xT xT
<CMh+C Y hlg” Iy +Cn ) 29" = gillae)
=0

1 1
SCMHE+CMMEVNMWWNW

< C’h(ln%)3/2. O



A LEAST-SQUARES METHOD FOR ELLIPTIC PROBLEMS 111
We shall use the above to prove our main result of this section.
Theorem 6.3. For any fized x € Q,
1
|(u = up)(z)| < Ch(ln 5)3/2 (e = wrllwy, + Bllu = ur3) -

Proof. For any ¢ € W}, the triangle inequality, inverse inequality (211]), and (Z.10)
yield

[(u=un)(@)] < [(u=29)(@)]+Ch Y = unll Ly (B (2))
< J(u—v)(2)]
+CR (19 = tll Ly (Ban @) + 14 = Unl Ly (Ban(2)))
< Cllu=Yllp (Ban ey + Ch7HIw = unll 1y (Ban (2))
< Chllullwy, +Ch™Hu = un Ly(Bay (2))-

By writing (u —up) = (v — ur) + (ur — up), we obtain
[(u—un) ()] < Chllu—ur|lwr + Ch™Hu — upll 1y By (2))-
By definition of 7, ¢* and B(:,-) with the fact [¢Z] = 0, we have
h™Hlw = unl LB
= (u—up,n) = Alu—un,g%)
= A(u—up,g") + Au — up, Ta(B = 1)g") — A(u — up, Th(B — 1)g")
= B(u—un,g") —h* Y B2(L(u—un), Lg*)r — A(u— up, T(8 — 1)g")

(6.6)

=L+ 1+ L.
By the orthogonal property (3.3),
I, = B(u— up, g%)
= B(u—un, 9" — g5) = Blu— x,9" — g)
=A(u—x,9" = g) + Alu = x, Th(B — 1)(9" — g3))
12 S0 LG = )+ 23 e [ = 0" — g lds

=J1+ Jo + J3+ Jy,

for any xy € W}, For the simple presentation of our result, we choose xy = u;.
By Lemma [6.2]

[Nl = [Alu—ur,g" — gy)l < Cllu—urllwe llg* — grllwy
1
< Oh(in " — sl
By (Z2ZI)), Theorem [£3] ([63]), and approximation property (2.9,
|Jo| = [Au—ur, Th(B = 1)(g" — gx)| < Cllu — |1 | T (8 = 1)(g" — gr)llx
Cllu—urllillg® = gillo < Ch?*|u—usllillg®lla < Chllu —ur|s.
By Lemma [£2] and (6.3]),

[Jsl = [B* Y RI(L(u— ), L(g" = gi)-| < Ch*u—uill3llg” - gil3

IA

< OR?|lu—ugllzh?|lg%ll2 < Ch?|lu—url3.
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By the trace inequality (3.4)), Lemma[£2 approximation property (Z9), and (6.3,

Tl = 1o [l (o - g)uJas

1
< Ch3 Zr: ((ﬁ”u - UI”I,T + \/EH’U, - U‘I”Qﬂ')

1

- (ﬁllgz — gllr + Vhlg® — gi |2,7>)
< Cw Z (lu = urllir + hllu —urllo-) (19" = g lli7 + Rllg™ — g ll2,+)
< Oh? (Jlu—urll1(]lg" — gl + hllg” — g7 l|%))
+Ch? (hllu — url5 (g% — grlls + hllg® — g2 |1%))

< Ch?|lu—uyll1 - hllgllz + CR*|lu —ug|| - hlgll
< Ch?|lu—ur|y + Ch3|lu — ur|}.

For I, using ([63]) and Lemma 2]

L] = [B*) h2(L(u—un),Lg"),| < Ch*lu—un3]lg"]2

IN

CR®llu—uply < Ch*(llu—urlly + hllu —urll3).
For I3,
Is = —A(u—up,Th(B—1)¢")
= —A(u—up, (Th =T)(B-1)g") = A(u —un, T(B — 1)g%).
Using the definition of T (7)) and T}, (213,
A(u—up, T(B—1)g")
= (V(u—upn),VT(B - 1)g") + (B(u —un),T(B — 1)g*)
= (u—up, (B=1)g") = (u—un,T(B-1)g")
+(B(u—un), T(B—1)g")
= (u—un, (B=1)g") + (8= 1)(u—up), T(B - 1)g%).
Thus, using 2.17)), 2I6]), Theorem ] and Lemma [6.1]
Is| < llu=un|o[[(T = Th)(B = 1)g"llx
Flluw = unllollg®lly + llu — unllo[|T(8 — 1)g"|l1
< Chllu—unllillg®llx

1
< Chlln oy )(llu = wrlly + hflu — url3)-
By combining Iy, I, and I3 in (G.86]), we can conclude that
1
|(u = un)(z)] < Ch(In 5)3/2 (lu = urllwz, + lu = sl + hllu = ur]3) -

Since ||u — uzll1 < |lu — us|lwy , we obtain the statement of the theorem. O

For the error estimates for V(u — up) we can follow the argument given in [I3].
We state our theorem without proof.
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Theorem 6.4. For any fized x € Q,

1.
[V(u—up)(2)] < C(In E)‘W (Ilu = urllwz + hllu = urll3) -

7. NUMERICAL RESULTS

We include here numerical results for a test problem. Let @ C R? be a square do-
main with corners (0,0), (1,0),(1,1),(0,1). Consider the following model problem:

—Au—30u = f in €,

(7.1) u = 0 on 01,

with the exact solution
u = (z — 2?)sin(ny).

Note that we choose our model problem so that the problem is indefinite.

For approximation, we use a regular grid of triangles and a subspace W} of
continuous piecewise linear functions defined with respect to this triangulation.
Specifically, we portion the square into N x N smaller squares and then into two
triangles by connecting the lower left and upper right corner vertices. Functions in
W), vanish on 9. We present the convergence behavior based on ([8:2) in Table
[[1l A seven-point quadrature rule [I6] which integrates exactly polynomials of up
to degree five was used for the computation.

At the end of Section Bl we discussed using different powers of h in our bilinear
form, i.e., we can take our bilinear form as follows:

B(u,v) = A(u,v)+ A(u, Tp(8 — 1)v)
ST R (L L) 1S g ][,

where n > 1. We include numerics for n = 0, 2,4, 6,8, co in Table for H'-norm
with our model problem. Note that n = 0 corresponds to the method proposed by
Bramble et al. [4] and n = 2 corresponds to the method based on ([3:2)). We denote
n = oo when we remove the last two terms, and the least-squares method coincides
with the Galerkin method as explained in [d, Remark 3.2].

The numerics confirms Theorems F1] and in this paper and shows the im-
provement due to our modification. We note that the least-squares method behaves

better than the Galerkin method for h = 1, 1.

TABLE 7.1. Convergence behavior.

h Discrete Ly error | rate | Maximum norm error | rate
1/4 0.0595 - 0.1111 -
1/8 0.0037 4.01 0.0113 3.30
1/16 0.0021 0.82 0.0058 0.96
1/32 6.1190e — 4 1.78 0.0016 1.86
1/64 1.6255e — 4 1.91 4.2759¢ — 4 1.90
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TABLE 7.2. Convergence behavior for varying power of h for the
H'-norm.

h n=0|n=2|n=4|n=6|n=8|n=0c
1/4 | 0.4542 | 0.3022 | 0.3355 | 0.4176 | 0.4239 | 0.4244
1/8 1 0.3916 | 0.1182 | 0.1338 | 0.1341 | 0.1341 | 0.1341
1/16 | 0.2560 | 0.0593 | 0.0599 | 0.0599 | 0.0599 | 0.0599
1/32| 0.1103 | 0.0291 | 0.0291 | 0.0291 | 0.0291 | 0.0291
1/64 | 0.0358 | 0.0144 | 0.0144 | 0.0144 | 0.0144 | 0.0144
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