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QUATERNIONIC MANIN SYMBOLS, BRANDT MATRICES,
AND HILBERT MODULAR FORMS

LASSINA DEMBELE

ABSTRACT. In this paper, we propose a generalization of the algorithm we de-
veloped previously. Along the way, we also develop a theory of quaternionic M-
symbols whose definition bears some resemblance to the classical M-symbols,
except for their combinatorial nature. The theory gives a more efficient way
to compute Hilbert modular forms over totally real number fields, especially
quadratic fields, and we have illustrated it with several examples. Namely, we
have computed all the newforms of prime levels of norm less than 100 over
the quadratic fields Q(v/29) and Q(v/37), and whose Fourier coefficients are
rational or are defined over a quadratic field.

INTRODUCTION

This paper is a generalization of [4] (see also the author’s thesis [3]). It presents
a new approach to the theory of Brandt matrices in order to compute Hilbert
modular forms. To give a brief discussion of this approach, let F' be a totally real
number field of even degree and narrow class number one—we will explain later
how those conditions can be relaxed—and let B be the unique (up to isomorphism)
totally definite quaternion algebra whose ramification is only at infinity. We let
I be an integral ideal in F'. By the Jacquet-Langlands correspondence, we know
that any Hilbert modular form of level 91 and arbitrary weight k£ comes from an
automorphic form of the same level and weight on B (see Section Bl and reference
therein). The algorithm in Pizer [12], which has been the most used so far when it
comes to computing modular forms on fields larger than Q is based on the knowledge
of the invariants of an Eichler order of level 91 in B, such as its class number,
representatives of its ideal classes, and the left or right orders of those ideals; see,
for example, Consani and Scholten [1], Pizer [12] and Socrates and Whitehouse [15].
The main disadvantage of this approach is that one needs to throw away almost
everything and start all over again when the level changes. Our approach, instead,
is based on using invariants of the quaternion algebra B itself. So, the knowledge
of the Eichler order becomes rather virtual. From a computational point of view,
this has tremendous advantages as one can store a huge amount of data from the
start, and the computations which are required for each level amount to finding
some local embeddings of a set of representatives of the types of B.

Though, the aim of this paper was primarily computational, some of the issues
we address certainly have some theoretical interest. Indeed, our approach to the
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Brandt matrices suggests that one can give a purely algebraic description of the
Hecke module S,]f(‘ﬁ), the space of automorphic forms of level 91 and weight k
on B. This leads us to the notion of quaternionic Manin symbols. The definition
of the Hecke module of the quaternionic Manin symbols has a lot of resemblance
to the one of the usual Manin symbols when F' = Q (see Merel [II] or Stein
[16]). Unfortunately, the only way one can relate this module to the holomorphic
part of the cuspidal cohomology of the Hilbert modular variety Xo(91) seems to
be by means of the Jacquet—Langlands correspondence. The similarities of the
quaternionic M-symbols with the usual M-symbols over QQ suggests that one could
implement them in a package similar to the Magma package of Stein [I6] @] for a
wide range of number fields, especially real quadratic fields. One of the applications
we have in mind for such an algorithm would be to gather more numerical evidence
about the Serre conjecture for totally real number fields.

As can be seen easily, the definition of the automorphic forms in this paper is
a special case of the theory of algebraic modular forms in Gross [7]. So, we think
that quaternionic M-symbols could also help in approaching those forms, at least
from a computational standpoint.

The paper is organized as follows. Sections[land Rlrecall preliminaries on Hilbert
modular forms and automorphic forms on definite quaternion algebras, together
with the Jacquet—Langlands correspondence which allows one to go from one side
to the other. In Section [B] we describe the Brandt matrices, and in Section Ml
we show how one can add a character to that definition. In Section Bl we define
quaternionic M-symbols and give their basic properties. The final two sections
give numerical examples on the theory we have developed; namely, we give tables
of all the eigenforms of parallel weight (2, 2) and prime level 91 of norm less than
100, whose coefficients are rationals or defined over a quadratic field, for the fields

F =Q(v29) and F = Q(v/37).

1. HILBERT MODULAR FORMS

We fix a totally real number field F of even degree g. We assume that the narrow
class number of F' is one. We let I be the set of all real embeddings of F'. For each
T € I, we denote the corresponding embedding into R by a +— a”. Also, we let Op
be the ring of integers of F, and § its different. For an integral ideal p of F', we
denote by F,, and Op, the completions of F' and OF, respectively, at p. We say
that an element a € F is totally positive if, for all 7 € I, a” > 0. We then denote
this by a > 0 and, for every subring A of F', we let GL3 (A) be all the invertible 2
by 2 matrices with coefficients in A, with totally positive determinant. We fix an
integral ideal M of F', and put

ro(m){7<2‘ Z)eGL;(oF):cem}.

Let k = (k;)rer € Z' be an integer vector whose components have the same
parity, k; > 2. Let H denote the Poincaré upper half-plane. We recall that I'o(91)
acts on the set of functions f : H! — C by

T - bT
f||E7(Z) = <H detfyfT/Q(cTZ.,- +d7)kr> f <<Z7—Zz7——td7—>_re[> .

Tel
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Definition 1. A Hilbert modular form of level 9 and weight & is a holomorphic
function f : H! — C such that

fliy =17 forall y € Co(M).
Let f be a Hilbert modular form. Then
flz+p)=f(z) forallze H! peOp.

Therefore, f admits a Fourier expansion which, by the Koecher principle, is of the

form
f(Z) — Z aVEZﬂ-iTr(uz)’

ves—1!
with v =0 or v > 0. Also, since f is invariant under the action of matrices of the
€
0
a of F, we choose v > 0 such that a = (v)d and put

c(a, f) =ay.
This is a well-defined coefficient. For all v € GLJ (F), let a] be the first coefficient
in the Fourier expansion of f|,y. We say that f is a cusp form if aj = 0, for all
v € GLJ (F). We denote the space of all cusp forms by Sj(M).
The Petersson inner product on the space of cusp forms is given by
1 -
F9) = e [ ()
w(To(MONHT) Jrg o mr

form 501) , with e € O, we see that a, = N(¢)k/2a,2,,. For any integral ideal

where

d
du(z) = %, and y& = H yFr, forz =, +iy,.
Tel 77 Tel

Hecke operators. Let p be a prime ideal of F' such that (p, M) = 1, and 7, a
uniformizer of p . We write the disjoint union

1 0
v (0 ) o = [[ro(a
and define the action of the Hecke operators T}, on Si(9) by

FITy = Fle.

The operators T}, generate a commutative (finite) Z-subalgebra of End(Sg(MN)).
We denote it by T (M) and call it the Hecke algebra of level M.

Definition 2. A Hecke eigenform f is an eigenvector of T (91). We say that f is
normalized if ¢(Op, f) = 1.

It is a result of Shimura that, when f is a normalized eigenform, its eigenvalues
are given by the c(a, f), for a running over the integral ideals in F, and that they
generate a number field ([14]).

We denote by S2'4(M) the subspace of S (M) generated by all cusp forms of the

form f(dz), where d € M and f € Si(MM~1), for M a nontrivial divisor of N. We
denote the orthogonal complement of Sgld(‘ﬁ), with respect to the Petersson inner
product, by Sp*(M), and call it the subspace of newforms. We also let T (M)

be the part of Hecke algebra which acts on the space of newforms.
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2. AUTOMORPHIC FORMS ON DEFINITE QUATERNION ALGEBRAS
AND THE JACQUET-LANGLANDS CORRESPONDENCE

In this section, we let B be the unique (up to isomorphism) totally definite
quaternion algebra of center F' that ramifies only at infinite places (this is possible
because F' has even degree). We fix a maximal order R in B, and let Ry be
an Eichler order of level 91 contained in R. We fix a Galois extension K of F
contained in C, which splits B. We also fix an isomorphism B @ K = My(K)?,
and let j : B* < GLy(C)? be the resulting embedding.

We fix a vector k € Z! such that k, > 2 for all 7, with all the components having
the same parity. Set t = (1, ..., 1) and m = k — 2¢, then choose v € Z! such that
each v; > 0, v, = 0 for some 7, and m + 2v = nt for some nonnegative n € Z. For
every nonnegative integer a, b € Z, we let S, ,(C) denote the right My (C)-module
Sym®(C?) (the ath symmetric power of the standard right Mz (C)-module C?) with
the My(C) action:

z-m = (det m)’zSym®(m).
Then, we define
Ly =) Sm. v, (C).

Tel
We let G = Resp/g(B*) be the algebraic group obtained by restriction of scalars.
Via the obvious extension of j, G(R) acts on L. On the complex space of functions
f: GQ)\G(A) — Ly, we define an action of G(A) by

(flew)(9) = flgu)uz), g, u€ G(A).
Similarly, on the space of functions f : G(Ay) /f{;I — Ly, we define an action of

G(Q) by
(fle)(9) := f(vg)y, g€ G(A), v € G(Q).

Definition 3. The space of automorphic forms of level 0 and weight k£ on B is
SEO) = {f: G@\GA) — Li: flwu=f ueGR) xRy}
Equivalently, we can define the space of automorphic forms as
SEO) = {f: Gan)/RE — Le: flir=f. 7€G@].
Hecke operators. Take u € G(Ay) and write the finite disjoint union
We define the Hecke operator [R5uRy] by
[RyuRs): SPOU) = SEO0),
foe D e

Let p be a prime ideal of F' such that (p, 91) = 1, and 7, a uniformizer of p. We

let
., 1 0\ =~
= {R§t<0 WP>R§T}

The operators T}, generate a commutative (finite) Z-subalgebra of End(SE(‘JT)), we
denote it by T} () and call it the Hecke algebra of level 91.
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Let ug : B — Q4 be the composition of the norm map on B with the norm map
on F. We denote by pp a : Ba — Ry its natural extension to By. As in Taylor
[17], we can find a bilinear pairing

(,): Ly—C
such that
(za, ya) = pp(a)™(z, y), a € B*.
We then define a bilinear pairing on Sg(9) by

(f, 9) = Z pB, a(2)" (f(z), g(z)),
zEXE (M)
where R
Xg (M) = GQ\G(Af) /R

This bilinear pairing is not Hecke equivariant, but one can show that

(fleR{uRS], 9) = um,a(w)"(f, gleRRu™"RE]).
See Taylor [I7] for more details, see also Gross [7, Proposition 1.4] on how to obtain
such a symmetric positive definite bilinear pairing in general. Analogously to the
previous section, we define the spaces SEB’OM(‘J’() and SE’"W(‘I{), and the Hecke

B, new

algebra T, (M) using this bilinear pairing. By [7, Proposition 1.4], the pairing
is well defined up to scaling by a factor in Q7. So the space of newforms does not
depend on the choice of this pairing.

Since the ramification of B is only at infinite places, the Jacquet—Langlands
correspondence translates as follows.

Theorem 1 (Jacquet-Langlands). There is an isomorphism of Z-algebras
TEB, new (m) ~ Tgew (m)’
and a compatible isomorphism
SE,new(m) o~ Sﬁew(m)
of Hecke modules.

Proof. See Jacquet—Langlands [8, Section 16] and Gelbart [6], Chap. 9]. O

Theorem [I] asserts that one obtains all the newforms on GLy/F by computing
the ones that live on B*/F. Our next goal is to provide an efficient algorithm
which computes the latter space.

3. BRANDT MATRICES

We will now bring the Hecke module SE(M) in a form that lends itself better
to computation. We keep the notation of the previous section. Let h be the class
number of B, and let (g4 )1<a<n be a set of finite ideles that generate the right ideal
classes of R.

For each «, we let I, be the right R-ideal generated by g, and R, its left
(maximal) order. We assume, without loss of generality, that R; = R, and fix local
isomorphisms R, = My(OpF,). Via the resulting isomorphism RX =~ GLy(Op),
RX acts transitively on P1(Op/MN). We put Ry, o = gaRmgy !, and let oo, be the
point whose stabilizer is Rf;t o
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We define the space of automorphic forms of level 91 and weight k£ on the order
R, by
Sk(Ra, M) = {f: PYOr/MN) — L : fliy =1, vERL},
with
flev(z) = f(yz)y.
As in Definition [B, we can equivalently define the space Si(Rq, M) as
Sk(Ra, ) = {1+ RIG(R) x RX — Ly fleu = f, u € GR) xRy, }-

We will be using both definitions with no distinction.
We now define Hecke operators between such spaces. For each «, 3, let I, g =
Iafgl. Then, I,, 3 is an ideal in B whose left order (resp. right order) is Ry (resp.

Rjs). Now, take u € R, (gagﬁ_l) and write the (finite) disjoint union
Ry ouByy 5 = [[uRs 5.
and for each z € G(R) x RX, put
N(z,a, B,u) = {ul, : xu, = Y, for somery, € BX, z, € G(R) x f{;}
Take f € Si(Rg, M) and = € G(R) x RX, and put
FIeRS uRy pl@) = > flew (o),

vEN(z,a, B, u)
where we choose v, € B* and z, € G(R) x f{; such that zu, = v,x,, and put
fleww (z) = f(z).
If 2w, = yx, = 7,7, then 7,1y, € R. And, since f is left Rj-invariant, we
see that f(x,) = f(z). So, f|ru,(z) is well defined. Furthermore, multiplication
to the right of the w,’s by elements in R 3 does not affect their cosets, and
multiplication to the left by elements in R;t ., Will induce a permutation of those

cosets. As a result, we get that f|p[R3 ,uRg 4] is well defined and belongs to
Sk (Ra, ). Thus, we have a map

Ry uRy 5]t Se(Rg, M) —  Sk(Ra, M),
[ - f\l@[ﬁé,auﬁag},

which we call the Hecke operator [f{;l Oéulfigx? 5]. We can now state the following
result.

Theorem 2. The map

h
SEO) — P Sk(Ra, M),
a=1
foe (fa)as

where
foz(x'ooa):f(mga)’ mEjov
is an isomorphism of Hecke modules.
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Proof. We first recall that every element in SE(‘II) is completely determined by its
values on the finite set

GQ\G(A)) /R, = BX\B* /R,

Now, since B has class number h, we can write the disjoint union
h
B* = J] B gaR,
a=1
hence
A A h A A
BX\BX/R} = B*\ (H BxgaRX> /RS
a=1
h A~ A~
- IIB" (BxgaRX) JRE.
a=1
Now, it is not hard to verify that the map
B*\B*g R*/Ry — RI\RX/R3 ..
1902 = RI(garga RS o

is a bijection. By recalling that R acts transitively on P'(Op /M) with the stabi-
lizer of 0o, being R;t) o» We can rewrite the above bijection as

BX\B*g R*/Ry — RI\P'(Op/M),
Ygar —  (gagy') - 00a.

It then follows that f uniquely determines the vector (f,)a, and vice versa. There-
fore, the map

h
St — P SkRa, M),
a=1

[ (fa)a

is an isomorphism of complex vector spaces, the inverse being obtained as follows.
For any h-tuple (fu)«, we define f by

f(')/gafC) = fa((gaxgojl) : Ooa)'}/il, v e G(@), T e RX.

It remains to prove that this isomorphism is compatible with the Hecke action.
To this end, take u € R, with u # 0, and write the disjoint union

Riug = [T R
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Then, the ath component of the form f under the action of the Hecke operator
[RyuRsy] is given by

f"E[R:;tUR;JOz(x) = Z flew (294) = Z f(zgauy)

h
= Z Z f(xgauu)

B=1 TGau, EBX ggﬁz;

[
M=

> fa(garvgs')gp)

LyeN(z, a, 8, gaugy ')

h
=y > folk(garvgs ) (@)

B=lveN(z, a, B, gaugy ")

B

I
E

Fole[R3:, agaugs 'R 5l(x).

T
I

This completes the proof. O

From now on, we fix a prime q such that (q,9%) = 1. (We simply let ¢ = (1),
when the class number of the quaternion algebra B is 1.) By making use of the
strong approximation theorem, we choose the ideal I,, such that N(I,) is a power of
q, for each a = 1,..., h. Now, let p # q be a prime ideal of F' such that (p, M) = 1,
and 7, a uniformizer of p. For each «, 3, put

N(u)

N(a, B,p) := {Ue-[algl : W :WP}/R§7
@B

where we let R act by multiplication on the left. The action of Hecke in terms of
global elements translates as follows:

T3P Se(Rs, M) —  Sg(Ra, N),

fo= > flw

u€N(a, B, p)

When applying to an element x € P*(Or /M), the summation must be restricted to
the u’s whose action is nondegenerate. The operators Ty B generate a (finite)
Z-submodule TER‘“Rﬁ (M) of Hom(Sk(Ra, M), Sp(Rs, NM)). The computation of
the action of TE(M) amounts to the computation of the action of the collection

Ra, R -
(T, 7 (M)).

We will now describe the Brandt matrices. To this end, let us fix a fundamental
domain

Sa:{x?,i:]_, -~'75a}

for the action of RX on PY(Or/MN), where s, is the cardinality of S,. Recalling
that each element in Si(Rq, 91) is completely determined by its values on the set
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Sa, we get an isomorphism of complex vector spaces
Sa
e
Sk(Ra, M) — EPL,,
i=1

o= (@)
where I'{" is the stabilizer of z{ and LZ? is the space of I'{*-invariants. To compute

the Brandt matrix of T;“’B, we let N(z¢, x?, p) be the subset of N(«, 3, p) given
by
B _ . _ B
N(zf, 2}, p) = {uuxf‘ =7, - @ for some 7, ERE}.
Now, take f € Sg(Ra, M). Then, we have

PP (zf) = Y fleu(ed) =) fluaf)u

-y Y st

=1 yeN(z®, 22, p)

i T

j=1 u€eN(z, :L’?, p)

= Y f@) Yo vlu

i=1 ueN(zg, 2%, p)

So, we define the Brandt matriz of the operator T,;l’ﬁ to be BS’B = (b;;), where the
entry bj; is the linear operator

r? re
bji : LE] — LE s

(A A g fy;lu

ueN(z$, zf, p)
Remark 1. One can verify that the definition of the Brandt matrices is independent
of the choice of the fundamental domains S, 1 < a < h.
4. BRANDT MATRICES WITH CHARACTER

To develop the theory of Brandt matrices with character, let us start with the
observation that by replacing Uy (1) = f{;;% by U (1), the theory we just presented
in Sections 2] and Bl will work through, especially, Theorem [2] will still hold, and we
will get the following isomorphism of Hecke modules:

h
SE(UL(M) = P Sk(Ra, U1 (M),

with the obvious definitions. Now, the space Si(Rq, U1(M)) will just be the set of
functions

f:Hi(M) — L such that  fley = f,
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where
Hi(MN) := {(a, b) € (O/MN)? with ged(a, b) € (O/N)*}.
The natural action of (O/M)* on H1(N) induces the following action
(u-f):=fluz) uwe (O/N)* and z € H1(N)

on Si(Ra, U1 (91)). We would like to decompose Si(Re, U1 (MN)) under this action.
To this end, let us fix a set S of coset representatives for H;(M)/(O/9)*. We
would like to observe that, though there is a bijection between S and the projective
line we considered before, we would like to make a marked distinction between the
two. We fix a character x : (O/M)* — C* and define the twisted projective line
by x to be

P (O/M) := H1(M)/ ker(x),
ie., (ua, ub) ~ (a, b) <= wu € ker(x). Note that, for the trivial character, we get
the usual projective line. Also, note that there is a canonical map Pi(@ /N —
PL(O/M) which is not RX-linear in general. We define the space of automorphic
forms of level Uy (M, «), weight k and character x to be

Sk(Ra, M, x) := {f : P;(O/‘ﬁ) — Ly such that f|py = f}.
Now, take f € Si(Ra, M, x) and put
flu-2) = x(u)f(z), ue(O/M*, zes.

It is not hard to see that f, is a well-defined element of Si(Ra, U1(MN)) lying
in the x-eigenspace. Conversely, any y-eigenvector of the action of (O/91)* on
St (Ra, U1(MN)) will determine an element of Sk(Ry, M, x) by the relation above.
Thus, we have proved the following result.

Theorem 3. The map
Sk(Ra, (M) — D Sk Ra, N, ),

X
o= (fox

is an isomorphism of complex spaces in which the x-eigenspace corresponds to

SE(ROH n, X)'

By making use of the theorem above, one can develop the theory of Brandt
matrices with character mutatis mutandis.

5. QUATERNIONIC M-SYMBOLS

In this section, we define quaternionic M-symbols and give their basic properties.
The content of this section was largely inspired by Stein [16], and of course, Merel
[11] and Manin [I0]. We keep the notations of the previous section, except that
we put some integral structure on L. We choose a generator mq of q and let
Opq) = (’)F[W—lq] and Ok (q) = Ok (q) ® Op,q)- The integral stucture on Ly is
obtained by letting Ly (O, (q) be the Ok (q)-submodule of L obtained by replacing
C by Og(q) in the definition, where Ok is the ring of integers of K. So, for each
Ok (q)-2lgebra A, we now define

Lg(4) = QS (A),

Tel
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with the right action now restricted to Ma(A)f. We fix an isomorphism j : B® K =
My (K)! such that j(R® Ok ) = Ma(Og)*.
We consider the product of O (q)-modules

Ok, () [PH(O/M)] x Li(Ok ()
and define a left action of R* on it by
v (2, v) = (yz, vy,
We let M (R, N, Ok (q)) be the largest torsion-free quotient
Ok ([P (O/M)] @ L(Ok (q)) /(& — 7z, ¥ € RY).

We see from that definition that replacing R by a conjugate order will give an
isomorphic Ok (q)-module. So, we can make the following definition.

Definition 4. We call My(R, N, Ok (q)) the Ok (q)-module of quaternionic M-
symbols of weight k and level 9 attached to R.

With obvious definitions, we see that for any subring Ok q) C A C C,
Mg(R, 9, A) = Mg(R, N, OK,(q)) POk (q) A
Let m = Y, x; @ v; be an element of My(R, N, C), with z; € P1(O/MN) and
v; € Li(C). We define the support of m to be
Supp(m) = URX:EZ-.

Then, we define the map
fm: PHO/M) — L,
vi’y;la T = 7Y;iTyq S Supp(m)a

Tr

0, else.
It is not hard to see that f,, is an element of Si(R, N).
Proposition 4.

MR, N, Ok, (q)) —  Se(R, N, Ok (),
m = fm
is an isomorphism of Ok (q)-modules.
Proof. We only need show that
MR, M, C) — Sp(R, M),
m = fm

is an isomorphism of complex spaces, but this is not very hard to see from the
definition. |

Definition 5. The O 4)-module of quaternionic M-symbols of level 9 and weight
k attached to B is defined by

h
ME(‘J?, OK,(q)) = @M&(Ra, ‘ﬁ, OK,(q))~
a=1
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We now define the action of Hecke on this module by
Tpag : ME(ROM mv OK7(q)) - ME(Rﬁa ma OK,(q))a
[@]a = Z [u- g,

uEN(e, B, p)

where [z], denotes the class of @ € Ok )[P*(O/MN)] @ Lr(Ok () in the module
Mg (Ra, N, Ok (q))- We get the Hecke operator T, on MEB(‘II, Ok) by piecing
together all the T, s,

Theorem 5. The map
MEO, Ok () — S (O, Ok (q)):
(ma)a = (fma)a

is an isomorphism of Hecke modules.

Proof. This is a restatement of Theorem [2]in light of Proposition [l O

Remark 2. 1) The analogy between our quaternionic M-symbols and the Manin
symbols, for F' = Q, is clearly transparent from the definition. Further, the same
way the Manin symbols give a purely algebraic description of the holomorphic cus-
pidal cohomology of the modular curve which lends itself very well to computation,
so do our quaternionic M-symbols. In our case however, one needs to resort to the
Jacquet—Langlands correspondence in order to prove that the holomorphic cuspi-
dal part of the cohomology of the Hilbert modular variety Xo(0M) is given by our
quaternionic M-symbols, whereas in the rational case, one disposes of the so-called
Manin trick. One of our goals is to implement the computation of the module of
quaternionic M-symbols into a package similar to the Magma package of Stein [9]
for M-symbols, at least for a wide range of quadratic fields.

2) From a computational point of view, the module MB(MN, Ok, (q)) can also
be used in approaching algebraic modular forms as defined in Gross [7]. Indeed,
let G/Q be a reductive group satisfying the conditions in [7, Proposition 1.4], and
U C G(Z) a compact open subgroup. In most interesting cases, the quotient
G(Z)/U will often have a nice description as a flag variety over a finite artinian
ring. So, knowing the class number of (G, one can give a description of the space
of algebraic modular forms of level U similar to ours, and get the Hecke operators
as acting on a disjoint union of such flag varieties. In fact, a similar approach was
adopted by Pollack in his thesis [13] in order to compute coset representatives for
G(Q)\G(Ay)/U, except that for the description of Hecke action, he went back to
the adelic setting.

6. ALGORITHMS FOR REAL QUADRATIC FIELDS

We will now explain how the discussion in the previous sections can be used for
explicit computation of Hilbert modular forms on real quadratic fields. In order
to do so we need some preliminary results. We assume for the rest of this section
that F' = Q(v/D) is a real quadratic field of narrow class number one, where D is a
square-free positive integer. Let v; and vy be the two real places of F. We assume
that F' has a fundamental unit € with v1(g) > 0, v2(e) < 0 and N(¢) = —1.
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6.1. Choosing the definite quaternion algebra. To start our algorithm, we
need a totally definite quaternion algebra B of center F' with Ram(B) = {v1, v2}.
The following lemma will help in that choice.

Lemma 1. Let p be a positive prime in Q that is inert or ramified in F', and B the
quaternion algebra
1. —

>

F

Ju

b

—-2,—p
F

if p=5 mod 8,

i)

=)

(=572) if p=3 mod4,
(=5%")

(

—2=9) if p=1 mod 8,
where q is a positive prime in Q with ¢ = 3 mod 4 and (B) =—1. Then B is

the unique (up to isomorphism) totally definite quaternion algebra with Ram(B) =
{U17 U2}'

Proof. Let Boo,, be the unique (up to isomorphism) quaternion algebra defined
over Q which is ramified only at co and p. By Pizer [12], Proposition 5.1], there is a
canonical embedding of B, , into B. Therefore, B can only ramify at primes that
lie above oo and p. But B clearly ramifies above the two primes v; and vy. And,
since p is inert or ramified in F and Ram(B) must have even cardinality, we see
that Ram(B) can only consist of {vy, ve}. O

Remark 3. To kick start our algorithm, we need to exhibit a maximal order R in
B. There is a result in Socrates and Whitehouse [15] which does this. The proof
which is valid only for quadratic field with discriminant D = 5(8) is essentially
computational in nature. One can always write an easy algorithm which searches
for the basis of a maximal order. As a starting point, if we need a quaternion
algebra B in which the prime p is inert, we can take the basis of the quaternion
algebra Bo, , given by Pizer [I2] Proposition 5.2], and look for a maximal order
in B such that the transition matrix to its basis is in Hermite normal form. Then,
we only need to do an efficient search for coefficients in the finite field Fp .. We see
that one needs to choose p as small as possible.

6.2. Computing representatives for the (right) R-ideal classes. Once we
have chosen the quaternion algebra B and the maximal order R, the steps of the
algorithm follow more or less the ones in Pizer [I2] and Consani and Scholten [IJ.
We recall some of the results in those two papers, which can be very useful.

Proposition 6. Let I and J be two right R-ideals. Then, I and J belong to the
same class if and only if there is an element v € I.J such that N(v) = N(I)N(J).

Proof. See Pizer [12, Proposition 1.18], and Consani and Scholten [I, Proposition
8.1]. O

Remark 4. We can use this proposition to search for ideals in the form I = aR,
where a is an ideal in some quadratic extension K = F[a], where o € B — F. That
we can always find representatives of ideal classes in this form follows from [I5]
Theorem 7.2]. The search can be made more efficient by first comparing the theta
series of the ideals. This is discussed at length in [I5 Chap. 7], see also [1I, 12].
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6.3. Computing the Brandt matrices. The computation of the global elements
in I, g necessary for the calculation of the Hecke operators relies on the efficiency of
the algorithm that represents an element of F' by the quadratic form that gives the
scaled norm of an element in B. Again, we refer to Pizer [12] sec. 6] and Consani
and Scholten [I], sec. 8], and Socrates and Whitehouse [I5, Chap. 6 and 7]. We
only add that there are now many procedures in Magma which facilitate working
with lattices (see the pages on lattices in [9]).

6.4. Computing the local embeddings. The computation of the local embed-
dings is fairly easy. This amounts to finding basis elements in M2 (O/N) satisfying
the same relations as the ones by the elements in the basis of the corresponding
maximal order. Most of time, the denominators of the basis elements are units in
O/M, so we can just take a basis of My (O /) satisfying the same relations as i, j.
Otherwise, we need to do the same work starting with a basis of the maximal order.

Remark 5. The implementation of the algorithm proceeds as in [4]. The main
difference between our algorithm and the modular symbol algorithm for classical
modular forms resides in Step 1 which is not needed when working with the matrix
algebra M5(Q). The computations in Step 1 can, however, be performed and the
results stored in a database for each quadratic field. Our algorithm then becomes as
efficient as the modular symbols one. One of our goals is to create a huge database
of quadratic fields that can be used in a package similar to the Hecke package of
Stein [16] in Magma.

7. NUMERICAL EXAMPLES

In this section, we present two numerical examples on real quadratic fields. We
think that the algorithm given here should be easy to rewrite for any totally real
number field of narrow class number one. In the computations of this section,
the results in Socrates and Whitehouse [I5] were very helpful, especially the one
relating the type number and the class number of certain quaternion algebras over
real quadratic fields. We have chosen two quadratic fields with the prime 2 inert
in them. So, the unique (up to isomorphism) totally definite quaternion algebra
ramified only at both infinite places is the Hamilton quaternion algebra B. We
consider its canonical basis {1, 4, j, k}, with i®> = j2 = —1, k = ij = —ji. For any
quadratic field F' of discriminant D, we will let wp be a generator of its maximal
order OpF.

7.1. F = Q(v/29). From Socrates and Whitehouse [15], we know that B has class
number h = 2. We chose the maximal order whose basis is given in Socrates and
Whitehouse:

L+i+j+k i+wagj—+ (1+ws)k
2 ’ 2

The two representatives of the ideals classes we chose were

R:=(

Y j? k>'

I : =R and Iy:= (9 ~+ dwag, 19 + wag +6’L)R

See Table 1 for the list of all newforms of level a prime of norm less than 100 and
whose coefficients are rational or defined over a quadratic field. The levels and the
forms are listed up to Galois conjugation.



TABLE 1. Hilbert modular forms of weight (2, 2) on F = Q(v/29).

HILBERT MODULAR FORMS

n 1 (4,2) (7,0 + lwag) 9,3)
Np [ » a(p, f1) [alp, f1) | _alp, f1) | alp, /i)
4 2 -1 -1 —1 3 — lws
9 3 1 5 —4 -1
5 1+ lwag -3 1 2 0+ 2ws
5 3+ lwag -3 1 2 0+ 2ws
7 7 + 3wag 2 —2 —1 —1 — 2ws
7 5+ 2wag 2 —2 2 —1 —2ws
13 4 + 1(4}29 -1 -1 —6 -1
13 5 — lwag -1 -1 4 -1
‘T( (13, 5 — 1w29) (29, -1 + 2(4}29) (53, -2 — 3(4}29)
N(p) [ p a(p, f1) alp, f1) [ alp, f2) a(p, f1)
4 2 -1 —1 —2ws 0 —2 + 2ws
9 3 —4 —3 — 2ws 0 2 — 2ws
5 1+ lwog -3 -1 0+ 2ws 0—lws
5 3 + 1(.4)29 2 —1 2 — 2w5 2
7 7 + 3wag -3 0+ 2ws 0+ lws 2
7 5 =+ 2wag -3 0+ 2ws 1—1ws 2
13 4 4 lwag 4 —1+ 2ws 4 4
13 5 — lwag 1 —1+ 2ws 4 —2 4 2ws
N (59, —4 4+ 30.129) (67, —10 — 30.129)
N(p) ‘ p a(p, fl) ‘ a(p7 f2) a(p7 fl) | a(p7 f2)
4 2 —1 1+ lws -3 0+ lws
9 3 5 4 5 —1 — 2ws
5 14 1wag 0 0 — 2ws -1 -1
5 3+ lwag 0 2 -3 2 — 2ws
7 7 + 3wag —1 3 — lws —4 -1+ 1ws
7 5 =+ 2wag 5 0+ 2ws 2 —1 —1ws
13 4 + lwag —1 —4 + 2ws -3 —5 + 3ws
13 5 — lwag —4 —3 — lws 7 —3 + 4dws
n (677 —10 — 3u)29) (71, -9 — 2&129)
Np | » a(p, fs) a(p, f1) | alp, f2)
4 2 —2 + 2ws 3 -1+ lws
9 3 0+ 2ws 1 -3
5 1+ lwog 2 1 3
5 3+ lwag 0—lws 1 —1 4+ 1ws
7 7 + 3wag 0— 1lws —2 —1 4+ 3ws
7 5+ 2wag —2 — 2ws 2 0+ 2ws
13 4 + lwog —2 — 3ws 3 2 — 4ws
13 5— 1(4}29 —2 + 2w5 -1 1 + 1(.05

1053
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7.2. F = Q(v/37). Again, from Socrates and Whitehouse [I5], we know that B has
class number h = 2. The chosen maximal order was

I+i+j+k i+wsrj+ (1+wsr)k

R:= , , 3, k).
( 5 5 Js k)
The two representatives of the ideals classes we chose were
1+i+j+k
=R and Ib:i= 34wy 2— IR

2

See Table 2 for the list of all newforms of level a prime of norm less than 100 and
whose coefficients are rational or defined over a quadratic field. The levels and the
forms are listed up to Galois conjugation.

TaBLE 2. Hilbert modular forms of weight (2, 2) on F' = Q(v/37).

N 1 (47 2) (11,5— 1(4)37)
Np) [ » a(p, /1) | alp, /i) [alp, i) [alp, f2)
4 2 0 -1 1 3
3 3+ 1lwsr —1 —1 4+ 1wy 1 -1
3 4 — 1(4)37 -1 -1 + 1(,U21 2 2
25 5 6 1+ 3wa1 —1 -9
7 11 — 3wsr 3 —2 3 -3
7 8 4+ 3ws7 3 -2 —5 3
11 4+ lws? -3 2 — lwa1 4 0
11 5— ].(.U37 -3 2 — 1(4)21 —1 —1
N (25, 5)
NEp) [ p a(p, f1) | alp, f2) | alp, fs) | alp, fa)
4 2 0 0 4 -1
3 3+ lws7 -3 1 1 0+ 2ws
3 4 — lwsy 1 -3 1 2 — 2ws
25 5 1 1 —1 -1
7 11 — 3ws? 1 -3 1 0+ 2ws
7 8 + 3ws7 -3 1 1 2 — 2ws
11 4 + lwsr 1 1 -3 4 — 4ws
11 5— 1(U37 1 1 -3 0 + 4(U5
N (37, -1+ 2&)37) (41, 5+ 3&)37)
Np) [ p alp, 1) [alp, f2) [ alp, f3) | alp, /1)
4 2 —4 0 0 -3
3 3 + 1&)37 1 -3 2 -1
3 4 — lws? 1 -3 2 -1
25 5 —10 —6 —6 -3
7 11 — 3ws? -1 -1 3 — 3ws 0
7 8 4+ 3ws7 —1 -1 0+ 3ws 0
11 4 + 1(,037 3 ) 0 6
11 5— 1(4}37 3 —5 0 0
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n (53, =7+ 3(,037) (67,—11 + 4W37)
Np) [ p a(p, 1) [alp, f2) | alp, f3) a(p, f1)
4 2 1 -3 2 0
3 3+ lwsy 2 2 2 -1
3 4—1(.«137 -1 —1 2—10.)5 1
25 5 —2 6 —2 + bws 2
7 11 — 3(.037 5 -3 0— 1(.05 -3
7 8 + 3ws7 0 0 2+ lws -1
11 4 =+ 1(U37 5 -3 0 + 4&)5 3
11 5— 1(4)37 3 3 -5 + 1(4)5 5
N (71, 2+ 3&)37) (737 14 — 3&137) (83, 1-— 3&)37)
Np)|  »p a(p, f1) [ alp, o) a(p, f1) a(p, f1)
4 2 —2 -1 —2 -1+ 1lws
3 3+ lwsy 0 0 -3 —1
3 4 — lwsr 2 2 3 1+ 1ws
25 5 -3 6 4 —4 + 6ws
7 11 — 3ws7 —4 4 0 2
7 8 + 3ws7 1 —4 4 —4 + 1ws
11 4+ lws? 5 4 4 —1 + 4ws
11 5 — lwsz 0 6 3 24 lws
N (837 1-— 3W37)
NONEE: al(p, f2)
4 2 -3+ 1lws
3 3+ lwsr -1
3 4 — 1(4)37 1 + 1(.05
25 5 4 — 6ws
7 11— 3W37 —2
7 8 + 3wsr 0+ lws
11 4+ lws? 3 — 2ws
11 5— 1&)37 0-— 1(,05

Remark 6. One very amusing and pleasant thing which confirmed that our com-
putations were correct was the level one forms appearing in all subsequent levels
as oldforms. Since, those forms can be found elsewhere, this was a proof that the
algorithm was working. Indeed, the level one forms correspond to elliptic curves
with everywhere good reduction, and they can be found in several places (see, for
example, Darmon and Logan [2]). We give them below; Eag is the one defined over
Q(v/29) and Es; is the one defined over Qv/37.

Eag: y? +ay + (2 +wa)’y =2°

and
Es7: y* +y = 2%+ 227 — (19 + Swsy)z 4 (28 + 11wsy).
Remark 7. Our final remark is that it could be better to implement a variant of

this algorithm if we know more about the cuspidal representation associated to the
form we are looking for. For example, if we know that this representation is special
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or supercuspidal at more than two primes, say p and q, we could choose instead the
quaternion algebra B to be ramified at both places at infinity and the two primes p
and ¢. This will have the tremendous advantage of cutting down the dimension of
the space we are looking for. This trick could have been used in [I] for example. In
the same way, one can implement a variant of this algorithm over field of odd degree
by adding an extra prime to the ramification of the quaternion algebra. Using the
Hamilton quaternion algebra over Q, for example, would give all forms that are
new at 2. This can be seen as a variant of Pizer [12].
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