MATHEMATICS OF COMPUTATION

Volume 76, Number 258, April 2007, Pages 573-595
S 0025-5718(06)01950-8

Article electronically published on December 27, 2006

A LOCALLY DIVERGENCE-FREE
NONCONFORMING FINITE ELEMENT METHOD
FOR THE TIME-HARMONIC
MAXWELL EQUATIONS

SUSANNE C. BRENNER, FENGYAN LI, AND LI-YENG SUNG

ABSTRACT. A new numerical method for computing the divergence-free part
of the solution of the time-harmonic Maxwell equations is studied in this paper.
It is based on a discretization that uses the locally divergence-free Crouzeix-
Raviart nonconforming P; vector fields and includes a consistency term in-
volving the jumps of the vector fields across element boundaries. Optimal
convergence rates (up to an arbitrary positive €) in both the energy norm and
the Lo norm are established on graded meshes. The theoretical results are
confirmed by numerical experiments.

1. INTRODUCTION

Let Q C R? be a bounded polygonal domain, f € [L2(2)]? and k& > 0. Consider
the variational problem of the time-harmonic Maxwell equations with the perfectly
conducting boundary condition:

Find uw € Hy(curl; ) such that

(1.1) (V xu,V xv)—k*(u,v) = (f,v) Vv € Ho(curl; ),
where (-,-) denotes the inner product of Ly(€2) (or [L2(£2)]?),
)= v |2 2, _ v Ou
H(curl; Q) = {v - L}J €L : Vxv=g2 — T LQ(Q)}
and

Hy(curl; Q) = {v € H(curl; ) : nxv =0 on 9N}.

Here the vector n denotes the unit outer normal on 9§2. We assume that k2 is not
one of the Maxwell eigenvalues and hence (I.I]) has a unique solution in Hy(curl; ).

The space Hy(curl; Q) admits the well-known Helmholtz-Hodge decomposition
[12 [15]

(1.2) Ho(curl; Q) = [Ho(curl; Q) N H(div®; Q)] & VHE (),
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where
-0 V1 2 81}1 81)2
B ) ={o = | | € [La@ s Voo =G+ 52 =0},

and the direct sum is orthogonal with respect to the inner product of [L2()]%.
According to ([2)), we can write

u=u+Vo,

where w € Ho(curl; ) N H(div%; Q) and ¢ € H}(Q). From () we see that w and
¢ satisfy the following equations:

(1.3) (V xw,V xv) -k (u,v) = (f,v)
for all v € Hy(curl; Q) N H(div"; Q),

for all ¢ € HJ ().

Since ¢ can be obtained from the Poisson equation (L)), we will focus on (L3)),
which will be referred to as the reduced time-harmonic Maxwell (RTHM) equations.
Under the assumption that &2 is not a Maxwell eigenvalue, the RTHM equations
have a unique solution in Hy(curl; ) N H(div’; Q). Note that the strong form of
the RTHM equations is given by

(1.5) V x (V x ) — Ku=Qf,

where @ is the orthogonal projection operator from [L2(£2)]?> onto the space

H(div’; Q). In particular, (LH) implies that the scalar function V x u € H' ()
and

(1.6) IV x ull g1y < Carll £llL.)-

Remark 1.1. The assumption that f € [L2(Q)]? is weaker than the assumption f €
H(div; Q) required for numerical schemes for the time-harmonic Maxwell equations.

In this paper we introduce a numerical method for the RTHM equations using
locally divergence-free Crouzeix-Raviart nonconforming P; vector fields [9]. Note
that a straightforward discretization of (IIT]) using such nonconforming vector fields
does not converge (cf. [15], page 200 and Table 2 below). Therefore a consistency
term involving the jumps of the nonconforming vector fields across interelement
boundaries is included in our discretization. We will show that the order of con-
vergence of our method is optimal (up to an arbitrarily small €) in both the energy
norm and the Lo norm, provided properly graded meshes are used. In the spirit
of [8], one can say that the results of this paper rehabilitate nonconforming nodal
finite elements for the Maxwell equations.

The rest of the paper is organized as follows. We introduce the space of lo-
cally divergence-free nonconforming P; vector fields in Section 2] together with a
description of the graded meshes necessary for recovering the optimal convergence
rates. The discretization of the RTHM equations is given in Section Bl where an
abstract discretization error estimate is also derived. The choice of the grading
parameters and the convergence analysis of our method on graded meshes depend
on the nature of the singularities at the corners of 2, which is discussed in Sec-
tion Ml Section [ contains four preliminary estimates for the convergence analysis,
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which is carried out in Section[Gl Results of numerical experiments are reported in
Section [ followed by some concluding remarks in Section []

2. LOCALLY DIVERGENCE-FREE VECTOR FIELDS ON GRADED MESHES

Let 7 be a family of triangulations of 2. We define the space V}, of locally
divergence-free Crouzeix-Raviart nonconforming P; vector fields [9] by
Vi ={v € [La(Q))* : vp =wv|, € [P(T)] and V-vr =0 VT € Ty,
v is continuous at the midpoints of the interior edges of 7j,

and n x v = 0 at the midpoints of the edges of 7}, along 9§}.

Remark 2.1. For a simply connected 2, there exists a completely local basis for V},
consisting of vector fields tangential to the edges of 7, and vector fields representing
rotations around the vertices of 7, [18, [I0]. For a multiply connected domain, the
basis of V}, involves vector fields along cuts that reduce 2 to a simply connected
domain, in addition to local vector fields. The dimension of V}, is =~ (4/3) x (the
number of edges in 7,) for a general polygonal domain §2.

For any s > 3 there is a natural weak interpolation operator Il : [H*(T)]*> —
[P1(T)]? defined by

(2.1) (IIp¢)(me,) = é / ¢ds for i=1,2,3,

where m,, is the midpoint of the edge e; of T. It follows immediately from (21
and Green’s theorem that

(2.2) /VX (HTC)dx:/VXCdx V¢ e [HY(T),
(2.3) /Tv-(HTc)dx:/Tv-cdx Ve e [HY(T)2

Furthermore, given s € (1/2, 2], we have the following interpolation error estimates
[9):

(2.4) 16 = TrC ey + hip ™ |¢ - ¢ gmincsy 7y < Crh7 € (1)

for all ¢ € [H*(T)]?, where hy = diam T, and the positive constant Cr depends on
the minimum angle of T' (and also on s when s is close to 1/2). Here and below we
use C' (with or without subscripts) to denote a generic positive constant that can
take different values at different occurrences.

Since the solution w of the RTHM Maxwell equations belongs to [H*(2)]? for
some s > % (cf. [15] and Remark E1] below), we can define a global interpolant of
u by

(Hh'&)T = HT’I?LT VT € ’Th,
where g = 'tOL|T It follows from (Z3) and V - w = 0 that Il,u € Vj,.
In order to recover optimal order convergence for the finite element method

introduced in Section[3] the triangulation 7}, is graded around the corners ci, ..., cp,
of € so that
(2.5) hr =~ h®,(T) VT €Ty,

where h is the mesh parameter, u = (u1,...,uz), and
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FIGURE 2.1. A graded mesh on an L-shaped domain

(2.6) ®,(T) = TIj_y|ce — er|" .

The point cp is the center of T and py (1 < ¢ < L) is the grading parameter at the
corner ¢y, whose choice will be addressed in Section @ Observe that

(2.7) 0, (I)<1  VYTET.

To prevent the proliferation of constants, henceforth we also use the notation
A < B (or B 2 A) to represent the inequality A < (constant) x B, where the
positive constant is independent of the mesh parameter h and the parameter e
that appears in some of the elliptic regularity estimates. The statement A ~ B is
equivalent to A < B and B < A.

The construction of 7j, that satisfies condition (Z3]) is discussed for example in
[l 4]. (A graded mesh on an L-shaped domain is depicted in Figure 2] where
the grading parameter equals 1/3 at the re-entrant corner and 1 at all the other
corners.) Here we note that for a fixed p = (u1,...,pur), the family 7j, is regular
(i.e., it satisfies the minimum angle condition) and that (Z35)—(27) in particular
imply
(2.8) hr Sh VT €Ty,

(2.9) hp = hY/Heif ¢, € OT.

3. DISCRETIZATION AND AN ABSTRACT ERROR ESTIMATE

Before we discretize ([L3]), we first introduce some notation. The piecewise curl
of v € V}, is given by

(3.1) (thv)’T:vaT Vv e W, T ey,

the set of the interior (resp. boundary) edges of 7 is denoted by &} (resp. 52),
and &, = & UEL. We use m, and |e| to denote the midpoint and the length of an
edge e respectively.

Let e € E,i be shared by the two triangles Ty, Ty € 73, (cf. Figure BIl) and let n,
(resp. m2) be the unit normal of e pointing towards the outside of 77 (resp. Tz).
We define, on e,

(3.2a) [n xv] =n1 x vp |e + 1y X v, |

6,

(3.2b) [n-v] =ny - vp |, + 12 vp,|.
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e Ty
n
9
T

FIGURE 3.1. Triangles and normals in the definitions of [n x v]
and [n - v]

For an edge e € £!, we take n. to be the unit normal of e pointing towards the
outside of €2 and define

(3.3) [n xv] =n. xv|,

The discrete problem for the RTTHM equations is:
Find &;L € V}, such that

(3.4) an(Un,v) = (f,v) Vv eV,
where

ap(w,v) = (Vy X w, Vh X v) — k*(w,v)

(3.5) + Z /nx'w]] [n x v]ds

e€Ey ¢
+ Z / n - w][n - v]ds,
e€E}
(3.6) @, (e) = I |cp — me|* .
Observe that, by comparing ([2.6) and [B.6]), we have
(3.7) P, (e) ~ ,(T) if ecdT.

Remark 3.1. The term involving [n x w][n x v] also appears in discontinuous
Galerkin methods for the time-harmonic Maxwell equations [16], [I4]. However, its
role here is to ensure the consistency of the scheme ([B.4) and there is no need for
a penalty parameter.

We will measure the discretization error in terms of the norm || - ||, defined by
[@(e)]?
(3-8) oI5 = IV x vlIZ, @) + VL@ + Z el I x w117, )
ey
(D (e
+ Z €| H n- v]l”Lz(G)
ecE;}

Observe that
(3.9) vl 2.0 < llvlln Yo eV,
and ap(+,-) is bounded with respect to || - ||, i.e.,

(3.10) an(v,w) < (k* + 1)||v|[n]w|n
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for all v,w € [Hp(curl;2) N H(diVO;Q)] + Vi,. Furthermore, we have a trivial
Garding (in)equality,

(3.11) an(v,v) + (K +1)(v,v) = |||

for all v € [Ho(curl; Q) N H(div"; Q)] + V.
The following lemma provides an abstract discretization error estimate under
the assumption that (84 is solvable.

Lemma 3.2. Let u € Ho(curl; Q)N H (div’; Q) satisfy (L3) and let wy, be a solution
of B4). It holds that

| — anln < (2k% +3) inf [lu— vl
veV,

weV;,\{0} |w][n
+ (K + 1) — un| . 0)-

Proof. From ([B9) and (BI1)) we have
ah(va ’U)
[oln

(v,v) ap(v,w)

<

+ (K +1) <
ol ™ wevingoy llwlia

[vlln = + (K + Dlvl o)

for all v € V4, \ {0}. It follows that

(3.13) loln < sup @)
weV,\{0} lwlln

Let v € V}, be arbitrary. Using (89), B10) and (BI3) we find

= unlln < lu—vlln + v —unlln

+ (K + Do), Vv E Vi

o
aplv —up,w
§H1(l—v||h+ sup M
weV, \{0} |wn

+ (K + D)lv — | 1,0
o a ’EL—’EL ,w
< (2k* +3)||lu — vy + sup an(t = Up, w)
weV;,\{0} |w][n
+ (B + 1) — | ),

which implies (312). O

In what follows we consider k to be fixed and simply write (B.12]) as

@ —upllp < inf [l —wvll,+ sup + [l — w2y @)-
veEV),

wevinfor  lwln
Remark 3.3. The first term on the right-hand side of (812]) measures the approxi-
mation property of V}, with respect to the norm || - ||5. The second term measures

the consistency error of the nonconforming discretization. The third term addresses
the indefiniteness of the RTHM equations.
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FIGURE 4.1. Q5 and Ny s

4. SINGULARITIES OF THE RTHM EQUATIONS AND GRADING PARAMETERS
Since Qf € [L2(Q)]? and V - u = 0, elliptic regularity and (CH) imply that
(4.1) u € [H?(Q))%,

where Qs is the domain obtained from § by excising d-neighborhoods (cf. Fig-
ure 7)) at the corners of €, and

(4.2) @l r2(05) < Csl fll La(0)-

The regularity of u stated in (1)) allows optimal approximation by the piecewise Py
vector fields in V}, away from the corners of €2. Therefore the choices of the grading
parameters py for 1 < ¢ < L are determined by the nature of the singularities of u
at the corners of Q. Details of the discussion below can be found in [2] [7].

Let (r,0) be the polar coordinates at ¢, such that the two edges of 2 emanating
from ¢y are given by § = 0 and 8 = wy, where wy is the interior angle of 2 at cy,
and

- vl )= 20 [T ]

In the d-neighborhood (cf. Figure [AT])

(4.4) Nes={zx€Q: |z —cg <0}

of ¢; in 2, we have a singular vector field representation for w
Jo

(45) u:uR—’—ZK&jd)E,j‘
j=1

The precise form of the representation (€H]) can be divided into several cases. In
the first case we have

(4.6) Jo=0 and up=wuc[H (Nps)® if w < g
where € is any positive number, and

(4.7) |l g2—e(ves) < Crell fllLo@)-

In the second case we have

(4.8) Jo=1 and wup e [HX(Nys))? if g<wg<7r.
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Furthermore, it holds that

(4.9) kel + lwrllm2v, ) < Cell £l La)-
In the third case we have
(4.10) Jo=2 and up e [H> “(Nys)? if m<w < gw,
where € is any positive number, and
(4.11) ko1l + kel + gl 2-c(v, ) < Crell fll @)
In the final case we have
(4.12) Jo=3 and ug e [H*(Nys))? if gﬂ <wy < 2m,
and
(4.13) (el + kel + ksl + 1urllmzon, ) < Cell Fllac@)-

In the first case where w, < 7, there is no need for a graded mesh around ¢, and

we can take py = 1. For the other three cases we take uy to be less than 57, i.e.,

2(.4)[ )
the grading parameters py for 1 < £ < L satisfy

e =1 if wp < g,
(4.14) - - " N -
— if wp> .
HES o0, L)
The key observation is that, for w, > %, {@3) and @I4) imply
(4.15) Z / lce — x\4(1_‘”)|D2'¢z’j|2 dx < oo,
T

TET,, TCNy s

2
0%v; 2
where |D?v|* = g ( ! ) , because
4 O0x;0xy,
— J
,7,k=1

1
/ pA=ne) 20 /0)=3) gy < 50 if e < T .
0 2wy

Remark 4.1. The singular vector field representation ([EZ5) implies % € [H*(Ngs))?

for any s < Z-. Therefore u belongs to [H*(€2)]2 for any s < minj<p<y, 2. In

particular, we can choose s to be strictly greater than %

Remark 4.2. In the case where wy > 7, since 2uy < wlw it follows from well-known

results [L3, (IT] for the singular vector fields ), ; that w € [H*(N;s))? and, in
view of (X)) and [ER)—-EI3), the following regularity estimate is valid:

(4.16) HU”H?M(N,Z,J) < ||f||Lz(Q)~

Remark 4.3. When w is larger than 7 /2, the solution w does not belong to H?(Ny,s)
since 7/wy < 2 (cf. Remark[.T]). This is the reason why local refinement is required
when wy > 7/2. Otherwise the results in Lemma and Lemma will fail to
hold, and the optimal error estimates for the energy norm and the Lo norm in
Theorem are no longer valid.
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5. PRELIMINARY ESTIMATES

In this section we establish some preliminary estimates that are needed for the
convergence analysis in Section We assume that a positive é has been chosen.
Let 7 ¢ be the set of the triangles of 7; that share the corner ¢, as a common
vertex. Without loss of generality, we may assume that h < § and hence T €
The = T C Ny, where Ny s is the neighborhood of ¢; defined in ([@4]). We will

use the notation 7,¢ = UEL=1 Tne and 7" = Ty, \ 7, in the proofs of the first two
lemmas.

Lemma 5.1. Let u € Hy(curl; Q) N H(div%; Q) be the solution of (L3). It holds
that

(5.1) e — T Ly) < Ch® || fllLaey — forany €>0.

Proof. We can write

(5.2) lu —Tpul|7, o) = Z lw = Trul|7, ) + Z lw = Trull7, 7).
TET; TeTy;

We have, by (24) (with s =2), 23), (1) and (£2),

(5-3) > lu = Trulf, g < I, @)
TET,), TZUiy Ne.s

On the other hand, near a corner ¢, of  we can use (£5) to obtain

o o
> llu—Trullf, g
TeT;, TCNy,s

h>

(5.4) S Y [l - Trael?,
TET}Z;,TCNgv(s

Je
+ 3 e P ey — ety 13,

Jj=1

The estimates ([Z4]) (with s =2 —¢), 28), 1), @E9), EII) and EI3) imply

(5.5) > lur —Trusl?, @y < Ch* (£,
TeT:, TCNy,s

for any € > 0.
Note that ([23) and the regularity of 7;, imply that

co—cr|=|cg—x VeeTeT! and T C Nys,
h ,
and hence

(5.6) ®,(T)=|cp—a|' ™™ VzeTeZ}] and T C Nygs.
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Using (24)) (with s = 2), (23), ([£I3) and (E8) we obtain the following estimate
for the term involving the singular vector fields:

Sl Il S Y. bl

TeT, TCNy,s TeT;, TCNys

(5.7) ~ h* Z [(DH(T)]4|¢EJ|3{2(T)
TeT;i, TCNy s

h>
~nt Y / e — x| * 1) | D2, S|P dx < B
; T
TeT;, TCNy,s

Combining (@9), @11), @I13), E3)-E.5) and (1), we arrive at

(5.8) >l —Tgullf, ) < Ch* || fl7,)  for any e >0.
TeT}!

It remains to estimate the second term on the right-hand side of ([&2)). For the
case where wy < 7, it follows from (2.4) (with s = 2 — ¢) and ([.5)-(@.1D) that

o o —e . ™
(5.9) Z lu—Trull7, ) < Ch* | fl7,  if we < 3
TETh,e

For the case where wy > T, since u € [H?*(Q)]? (cf. Remark E.2), we obtain from

@) (with s = 2u,), 29) and (@I0]) the estimate

(e} (e} 4
(5.10) Z [ = Trul?, iy S BN FIZ,0) = PHIFIT, 0
TeTh ¢

if wy > 7/2. Combining (5.9) and (510), we have

(5.11) > lu—Tpulff, o) < Ch* || fl3,)  for any e > 0.
TeTy

The estimate (5.]) follows from (5.2)), (5.8)) and (BIT]). O

Lemma 5.2. Let u € Hy(curl; Q) N H(div%; Q) be the solution of (L3). It holds
that
2
I

5.12) 5 (20

ecéy, |6|

for any € > 0, where [[IOL — Hh’a]l is the jump of u — I,u across the interior edges
of T, and I[’lOL - Hh’&ﬂ = u —IIyu on the boundary edges of Tr,.

I[U - Hhuﬂ||i2(e) < CehZ_CHfH%g(Q)

Proof. Let e € &, and 7, be the set of the triangles in 7, having e as an edge. We
have

1 o o _ o o
(5.13) HII[[ —Thu] (7, S Y lelHu—Tru|, .
TeT.

If T € 7. belongs to 7;', we can use the trace theorem (with scaling) and the
Bramble-Hilbert lemma [3], [5] to obtain

(5.14) el llu — Hrully, ) < hy’llu—rullf, ) + [u — Truli o,

< |u = TpufF o).
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If T € 7. belongs to 7j ¢ and w, < 7, then we have, by (2Z4) (with s =2 —¢),
(.3) and @),

(5.15) el ~Mlu = Trull?, ) < hp®llw — MrulZ, o) + [ = Drulf, o,

2(1—e)( 0
< Chit )|u|§12—e(T)

for any € > 0.
On the other hand, if T" € 7. belongs to 7, and wy > 5, we have, by the trace

theorem (with scaling) and (Z4]) (with s = 2uy (cf. Remark [£2])),

le|Hlu —Trul7, ) S hp’llw —Tru|?, o
(516) + hgﬂ(min@ﬂz,l)*lna — HT&&{“““(?MJ)(T)
2(2up—1),0
< hT( He )‘uﬁ[?w(T)'

It follows from B1) and (EI3)-(EI6) that

s el e e,

ey |e‘

<C{ Y @)~ Tl g,
TET;

(5.17) + 3 > @ (PRl o

W <TTET, .

30 PR s |

we>5 T€ETh ¢

for an € > 0. As in the proof of Lemma [5.I] the three terms on the right-hand side
of (BI7) can be analyzed as follows.
We can write the first term as

D [®u(T))P [ — Tl o
TeT;

(5.18) = > [@,.(T)*|u — Truff o
TeT,T¢UE | Neys

+ ) [@,.(T)]*|u — Trulf -
T€eT}, TCUf_, Nes

It follows from (Z4) (with s = 2), 1), 1), 1), (@I) and (@2) that

(5.19) > [, (1)) — Hrulf iy S KNI, 0
TeT} T¢Uf | Nes
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Near a corner ¢, of 2, we can use ({3) to obtain

> [@uMPlu - Trulin
TeT;{, TCNy,s

(5.20) S (@M |[ur — g i
TeT;{, TCNy,s

Je
+ Z | ;| [V, — HT%bz,jﬁ{l(T)]-
j=1

From Z4) (with s =2 —¢), 3), @71), (@7), (E9), (@I1), (EI3), we have

(5.21) Yo [Pu(DPlur —Trugli g S CR | £l7, )
TE?%;TCAQJ

Furthermore, (24) (with s = 2) and the arguments in the derivation of (57) imply
that

Z [©. (TP 1%y ; — Tty 413 ()

TET,:",TCNL(;

(5.22) N Z [(I)#(T)]2h%|¢£,jﬁ12(T)
TEeT, TCNy,s

~BE Y [ Ru(D)) e he ey S P
TeTi TCNy s

Combining (&), (@9), (EI1), ETI3), and (BI8)-(5.22), we arrive at the estimate
(5.23) Y @) |u — Trulfn gy < Ch* | £117,0)
TeT}!

for any € > 0.
Next we bound the second term on the right-hand side of (G.I7) using the esti-

mates (2.7), 2.8) and @.3)-@.1):
(5.24) Yo Y @R ulde ey < CRFIR o)
we<Z TET,

for any € > 0.
Finally we derive from (2.5]), (2.9) and (£I6]) the following estimate for the third
term on the right-hand side of (B.17):

(5.25) ST @@ PR i o

we>5 TETh .

~ 3 B e iy S P F ).

we>% TETh ¢
The estimate ([.12) follows from (EI7)) and (G23)—(E25). O
Lemma 5.3. It holds that
el @) 2n = e 1000 S P lirey Y€ HY(Q),

ey
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where
1
(5.26) Ny = —/ ndx
T Jr,
is the mean of n over T,, one of the triangles in Ty that has e as an edge.

Proof. This is the consequence of ([2.1), (B.7), the trace theorem (with scaling) and
the Bramble-Hilbert lemma [3]:

Z ‘€| 2”77 77TeHL2(e)

ecéy,
S > @D (I~ i,

ecéy,

S Z 2hT|7I|Hl(T) ~ h? |77|H1 O
e€&y

%Q(Tc) + hiln = 7y, |12Hl(TE))

Recall that @ is the orthogonal projection from Lo(Q) onto H(div’; Q).
Lemma 5.4. The following estimate is valid:
(5.27) lv—QullL,) Shlvln Yv e [Ho(curl; )N H(div%; Q)] + V.

Proof. Let v € [Ho(curl; Q)N H(div"; Q)]+ V}, be arbitrary. Since v —Qu belongs to
VH} (), the orthogonal complement of H(div®; Q) in [Ly(2)]?, we have by duality,

v—Qu,V
(5.28) lo - Qula@y = sup 2= 9eVW)
neri@\oy IVl
(v, V)

= sup —
nert@nfoy IVillza)

Let n € Hy(Q) be arbitrary. Since V- v = 0 on each triangle T' € 7, we find
using integration by parts and the fact that on each e € &} the jump [n-v] is a
linear polynomial that vanishes at the midpoint,

(v, V) = > /v Vi dz

TeT),
(5.29) = nn - v]ds
%/
= =1, )[n-v]ds,
Dl

where 7, is defined in (5.26]). It then follows from the Cauchy-Schwarz inequality,
(B8) and Lemma 53] that

(0. < [ 3 lell@ute) 2~ i, o)
6651
(5.30) X [Z [, |i)] [[n ]|||2L2(e)r/2
EESi

S hlnlar @ llvlln = BlIVAllLy@ llvlls-
The estimate (527) follows from (B28) and (530). O
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6. CONVERGENCE ANALYSIS

In this section, following the approach of Schatz for indefinite problems [17], we
prove the well-posedness of the discrete problem (4] and estimate the discretiza-
tion errors. We begin with three lemmas that provide estimates for the three terms
on the right-hand side of (3.12).

Lemma 6.1. Let u € Ho(curl; Q) N H(div’; Q) be the solution of (L3). It holds
that

(6.1) viél‘ﬁh [ —v|ln < [l —Thuln < Ch* || fll L,

for any e > 0.
Proof. According to (B.8]), we have

|w —Iyul; = ||Vh X ("Oi - Hh&)HZL @ T [ — Hh&HQLz(Q)

(6.2) + Z || nx (u-— Hhu)]l”Lz(e)
ecly

+ Z n - (u— )7, .-
ec&}
The second term on the right-hand side of ([6.2]) has been estimated in Lemma [5.1]
and the third and fourth terms can be estimated using Lemma Therefore it

only remains to estimate the first term.
Observe that ([222)) implies

(6.3) Vi x (Mpa) = 19 (V x w),

where H?L is the orthogonal projection from Lo(€2) onto the space of piecewise
constant functions with respect to 7;,. It then follows from (L6]), (Z8), (63) and a
standard interpolation error estimate [6] [5] that

(6.4) IV % (w = Tha)[7, ) = IV x & — IV x w)[|7, )
S B2V x 1i\%ﬂ(ﬂ) S h2||f||%2(9)-
The estimate ([G.I]) follows from (6.2)), (6.4]) and Lemmas 5.1l and O

Lemma 6.2. Let u € Ho(curl; Q)N H (div®; Q) be the solution of (I3) and uy, € Vi,
satisfy B4). It holds that

(6.5) sup —ah(u — U, w)
weV,\{0} [w|

Proof. Let w € V}, be arbitrary. We have, by (L3), (32), (B3), (33), and integra-
tion by parts,

< Ch| fll o)

(6.6) an (s, w) = Z/qu (V x w) dz — k(& w)

TeTy

(Qf,w) + Z /(V x w)[n x w] ds.

ecéy,
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Subtracting (B4 from (6.6]), we find
(6.7) an(t — up, w) = (Qf — f,w) Z qu [n x w]ds.
e€lp
The first term on the right-hand side of (6] can be estimated using Lemma 5.4
< F @ QW — wllzy @) S AlIFllLa lwlla-

The second term can also be estimated by arguments similar to those in the
proof of Lemma [5.4l Since w is continuous at the midpoints, we can write

Z/qu nxw ds_Z/qu— (V x ), n x wlds,

ecép e€&p

where (V X u)T is the mean of V x % on T, one of the triangles in 7;, that has
e as an edge. It then follows from (L6), (3.8), the Cauchy-Schwarz inequality, and
Lemma 53] that

ec&y
PR 1/2
< [ZH NIV x i = (V x ), I o)
ecéy,
[®,.(e)]? 1/2
x [ e <l
ecéy
S AV xulgg)llwln S RISl L@ llwlls,
which together with (6.7) and (G8]) completes the proof. O

Remark 6.3. The analysis carried out in Lemma explains why the straight-
forward discretization,

(6.9) (Vi X Up, Vi X 0) — k2 (Up,v) = (£,v) Vv eV,

without the consistency term fails to converge (cf. [I5], page 200 and Table
below). Indeed, we can see from (5:29) and (6.7) that both [n - w] and [n x w]
appear naturally in the consistency analysis of the method. For the Poisson problem
the jumps of nonconforming P; functions can be controlled by the piecewise H'!
norm using the continuity at the midpoints. But for the Maxwell equations the
piecewise H (curl) norm is not strong enough to control [n - w] and [n x w], even
with the continuity of w at the midpoints.

Remark 6.4. Even though our analysis relies on the fact that || - ||, defined in
B8) includes the normal jumps, it is still possible that a discretization without
the normal jumps would converge. For example, we can replace the bilinear form
ap(+,+) in (3.4) by the bilinear form

(6.10) ap(w,v) = (Vy, x w, Vh X 'v) — k*(w,v)

Ly @ /nxw”nxv]]ds.

ecéy, €



588 SUSANNE C. BRENNER, FENGYAN LI, AND LI-YENG SUNG

The resulting scheme in fact converges. Numerical results can be found in Table [7.3]
below, where the norm || - ||, is defined by

611) ol = V0 x 02,00 + [0l + 3 ¢ (|” I x o1l o)

e€&y
But we will not analyze this scheme in the current paper.

Lemma 6.5. Let u € Ho(curl; Q)N H(div®; Q) be the solution of (I3) and uy, € Vi,
satisfy B4). It holds that

(6.12) % = wnll o) < Ce(B* N Fllraey + R <lu — anlln)
for any € > 0.

Proof. We will establish (612]) by a duality argument.
Let z € Hy(curl; Q) N H(div’; Q) satisfy the RTHM equations

(Vxv,Vx2z)—k(v,2) = (v,u—u,) Vo e Hy(curl; Q)N H(div’%Q),

which can also be written as

(6.13) an(v,2) = (v,u—uy) Vo e Hy(curl; Q) N H(div’; Q).
The strong form of ([GI3)) is
(6.14) V x (Vx2z)—kz=Q(u—u)
and we have the following analog of (L6l):
(6.15) IV % 2|m1(0) S [t = o)
From (GI3]) we have
(6.16) (W, w —up) = an(u, 2).

On the other hand, it follows from (6.14]) and integration by parts that the following
analog of (G.6]) holds:

(6.17) an(tn, 2) = (10%, (w— uh Z / (V x 2)[n x uy] ds.

ey
Combining (6I6) and (6I7), we find
e — wnl} ) = (4 — wn) — (wn,uw — up)
(6.18) = an(u —up, 2) — (wn, (I — Q)(u —up))
—i—Z/sz [n x u,] ds.
e€ly

We will estimate the three terms on the right-hand side of ([G.I8]) separately.
We can write the first term as

(6.19) an(t — Up, 2) = ap(w — Up, 2 — 1y2) + ap (@ — up, [1,2),
and from (3I0) and Lemma (applied to 2) we immediately have the following
estimate:

o]

(6.20) an( — up, 2 — Mpz) < Cllw — wpl|p)|z2 — Opz|s

< Cehlieni)" - ah”hH& - &h”Lz(Q)'
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From (67 we can rewrite the second term on the right-hand side of (G.I9]) as

(6.21) an(t — up, 1,2) = (Qf — f,1,2) + Z/qu [n x II,2] ds.

eclp
Since z € H(divo; ), we have Qz = z and, by Lemma [51] (applied to 2),

(Qf — £,11,2) = (£,QIz — 10, 2)
(6.22) = (£,Q(z — 2) — (2 — 2))
<N Flla ) ITnz — 2 £y
<N F o) (Ch*llw — |y ()

We can rewrite the second term on the right-hand side of ([G.21]) using the nota-
tion introduced in (5.20]):

Z/(VX&)[anhZ]]ds:Z (Vxu—(Vxu)g)[nxI,2]ds
ecEy ¢ ec&y €
*Z quf an)TE)[nx(thfg)]]ds,

ecly

since m x I,z is continuous at the midpoint of any edge e € & and vanishes
at the midpoint of any edge e € &£, and [n x 2]] = 0. It then follows from the
Cauchy-Schwarz inequality, (ILG]), Lemma (applied to %), and Lemma [5.3] that

Z (V x w)[n x 2] ds

e€&, V¢
o oy 1/2
) 2
< [ 3 llen(@] I %= (3 x Dl o)
= h
[@u(@) e 12
(6.23) [ 2 S = Al
eelyp

< Ce (Y x |1 0y) (€| — w1y (0)
< Ch®™ || £l oo 1w — wn o)
Combining ([GI9)—-(6.23) we find
(6.24)  an(u—un,2) < Cc(h® | Fllaq) + 2" Nlw — tnlln) & — anla e
Next we estimate the second term on the right-hand side of (6I8) by Lemma[G 2t
(6.25)  —(un, (I - Q)(t —up)) = (& — un, (I — Q)(t% — up))
< Ol — wn | Lo (Rl — wlln),

where we have used the fact that (I — Q)u = 0

Finally we estimate the third term on the right-hand side of BI8). Since n x
is continuous at the midpoints of the interior edges and vanishes at the midpoints
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of the boundary edges, and [n x 1(1]] = 0, we can write, following the notation in

(m)7
> [(Vx2)[n xuy]ds

ey €

(o]

-y /E(VX;f(VX;)Te)[nX (4 — )] ds.

Using the Cauchy-Schwarz inequality, (3.8)), (6.13) and Lemma (3] (applied to ;),

we obtain
zlﬂVx%Mxﬁﬁﬁ
ee&, V¢
Ly o S ) 1/2
<[ D2 Ieli@u(@) 2V x 2 = (V x ), I3, 0]
e€&h
o, (e 2 o o 1/2
(6.26) X [ > [’T%H[[Uh - U]|||2L2(e)}

e€&y,
< CR|V X 2|1 (o ||un — ulln
< Chlju =ty 0 [t — walls.
The estimate ([612) follows from (18] and ([624)—(E26). O
We are now ready to prove the main result of this paper.

Theorem 6.6. There exists a positive number h, such that the discrete problem
B4) is uniquely solvable for all h < h., in which case the following discretization
error estimates are valid:

(6.27) o —anlln < O\ fllioy  for any €>0,
(6.28) [ = wnlpy@) < Ch® | fllzay  for any €>0.

Proof. Assuming wy, satisfies (34)), it follows from ([ZI2) and Lemmas 6.1 and
that

(6.29) |l —wnlln < Ch* (| £l o) + It — unlln) for any e > 0.
By choosing an €, > 0, we deduce from (6.29) that, for h < h, = 1/(2C,, )Y/ (1=&),

| — |, < Ce, B (

| FllLa) + 1w — wnlln)

< Ce h' ™ Fllpaoy + Ce. bl [t — |
< el [ fllacay + 51— ol

and hence

(6.30) % — wp [ < 2C, 2| £l Lo(0)-
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Therefore, any solution 2n € Vj, of the homogeneous discrete problem
(6.31) an(zZn,v) =0 YveV,

which corresponds to the special case where f = 0 = ;,, will satisfy the following
special case of (G.30):
IZnlln < 0.

Hence the only solution of (631)) is the trivial solution and the discrete problem
(B4) is uniquely solvable for h < h,.

The energy error estimate (6.27) now follows from (G30), and the Ly error esti-
mate ([G28)) follows from Lemma [6.5] and ([@.27]). O

7. NUMERICAL EXPERIMENTS

In this section we report the results of several numerical experiments that cor-
. . o o
roborate our theoretical results. Besides the Ly error ||u —up ||z, o) and the energy

error ||t — ||, we have also computed the error in the |- |eu Semi-norm defined
by
‘v|curl = ||vh X UHLz(Q)'

In the first experiment we check the convergence behavior of our numerical
scheme (34) on the square (0,0.5)? with uniform meshes, where the exact solu-
tion is
(7.1) u = [y(y — 0.5) sin(ky), z(x — 0.5) cos(kz)]

for k = 0, 1, 10 and 20. The results are tabulated in Table [[Jl They agree
with the estimates (6.27) and ([G28). Observe also that finer meshes are needed
for computing satisfactory approximate solutions when the wave numbers become
larger.

In the second experiment we check the behavior of the scheme (G that does
not have the consistency term. The results in Table confirm that this scheme
does not converge.

In the third experiment we test the convergence of the scheme ([BA4]) with the
bilinear form ap(,-) replaced by the bilinear form ap(-,-) defined in (EI0). Com-
paring Table [T and Table [Z.3] (where || - || is defined by (6.11))), we see that this
scheme converges but it does not perform as well as the original scheme.

In the fourth experiment we apply our method to a problem on (0,0.5)% with
k =1 and where the right-hand side f is given by

(0,1) x> 0.25, y > 0.25,
)o@ x < 0.25, y > 0.25,

(7.2) flz,y) = (-1,1) 2 <0.25, y < 0.25,
(1,0) x> 0.25, y < 0.25.

The convergence rates in Lo(£2), computed by subtracting the numerical solutions
from consecutive grids (h = 1/10, 1/20, 1/40 and 1/80), are reported in Table [[4l
They agree with the estimate ([6.28]).

Since our numerical scheme is designed for the reduced time-harmonic Maxwell
equation (L)), its performance should not be affected by the addition to the right-
hand side of a gradient term VG where G € HZ (). In the fifth experiment we add
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VG, where

(7.3) G(z,y) = zy(x — 0.5)(y — 0.5) sin(x + y),
to the right-hand side

(7.4) f=Vx(Vxu)—u

of the problem in the first experiment (with & = 1) and compare their performance.
The results are reported in Table [[5] which demonstrate that indeed the perfor-
mance of our method does not change if terms from VHE(Q) are added to the
right-hand side.

TABLE 7.1. Convergence of the scheme (B.4]) on the square (0, 0.5)?
with uniform meshes and exact solution @ given by (ZI)

h —Hu 2 A PTG order Jw — un|n - | order [u — upfeun — U |ourt order
HUHLQ(Q) "u”h |u|curl
k=0
1/10 4.28e—02 — 2.89e—01 — 1.70e—01 —

1/20 9.68e—03 2.15 | 1.42e—01 | 1.02 8.52e—02 1.00
1/40 2.29e—-03 2.08 | 7.05e—02 | 1.01 4.25e—02 1.00
1/80 5.56e—04 2.04 | 3.50e—02 | 1.00 2.12e—-02 1.00
k=1
1/10 3.83e—02 — 2.70e—01 — 1.64e—01 —

1/20 8.64e—03 2.15 | 1.33e—01 | 1.02 8.14e—02 1.00
1/40 2.04e—03 2.08 | 6.60e—02 | 1.01 4.09e—02 1.00
1/80 4.95e—04 2.04 | 3.29¢e—02 | 1.01 2.05e—02 1.00
k=10
1/10 3.69e—01 — 8.41le—01 — 4.07e—01 —

1/20 9.30e—02 2.80 | 3.46e—01 | 1.28 1.98e—01 1.04
1/40 1.13e—02 2.23 | 1.67e—01 | 1.05 9.89e—02 1.00
1/80 2.68e—03 2.08 | 8.27e—02 | 1.02 4.93e—02 1.00

k=20
1/10 1.20e+4-02 — 1.14e+02 — 3.28e+01 —
1/20 2.59e—01 - 5.95e—01 - 3.51e—01 -

1/40 6.49e—02 1.99 | 2.59¢e—-01 | 1.20 1.59e—01 1.14
1/80 1.85e—02 1.81 | 1.25e—01 | 1.05 7.60e—02 1.06

TABLE 7.2. Lack of convergence of the scheme ([6.9]) on the square

(0,0.5)% with uniform meshes and exact solution w given by (ZI)
with k=1

(o) o
h Hu_uh”Lz(Q) |’B, _'&h|curl

order order

||&||L2(Q) |&|Curl
1/10 3.06e+01 - 4.76e—01 —

1/20 3.07e+01 0.00 4.61e—01 0.04
1/40 3.07e+01 0.00 4.58e—01 0.01
1/80 3.07e+01 0.00 4.56e—01 0.00
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TABLE 7.3. Convergence of the scheme without the normal jumps

on the square (0,0.5)2 with uniform meshes and exact solution w
given by () with k =1

h llw = vall L@ _c,uhHL2(Q) order [l = unlln — U I order [ — upoun — U fcurl order
oy Il e
1/10 9.84e—02 - 3.31e—01 - 1.53e—01 -
1/20 2.37e—02 2.05 1.63e—01 1.02 7.65e—02 1.00
1/40 5.85e—03 2.02 8.11e—02 1.01 3.83e—02 1.00
1/80 1.45e—03 2.01 4.05e—02 1.00 1.91e—02 1.00

TABLE 7.4. Ly convergence of the scheme (3.4) on (0,0.5)? with
k =1 for the piecewise constant right-hand side f given by (2]

[n — el @)

5.4221e—04 | 1.2497e—04

2.9973e—05

order

2.12

2.06

TABLE 7.5. Comparison of the performance of the scheme (3.4
on (0,0.5)? with k& = 1 for the right-hand sides f and f + VG,

where f is given by (4) and G is given by (Z3)

h_|

rhs = f ‘

rths = f+ VG

||’Z’ - ’Z’hHLz(Q)

1/10 | 0.00087267620454
1/20 | 0.00019666340210
1/40 | 0.00004658328299
1/80 | 0.00001133188254

0.00087256448490
0.00019665421702
0.00004658320683
0.00001133212653

lu — |

1/10 | 0.03
1/20 | 0.01
1/40 | 0.00

1/80 | 0.00

990964283043 | 0.03991029627634
966030958140 | 0.01966043731358
975737119215 | 0.00975742801172
486057731557 | 0.00486060921228

93

In the final experiment we check the convergence behavior of our scheme on
the L-shaped domain (—0.5,0.5)2 \ [0,0.5]? with corners (0.5,0), (0,0), (0,0.5),
(—0.5,0.5), (—0.5,—0.5) and (0.5, —0.5). We take k£ = 1 and the exact solution is
chosen to be

(7.5)

by

o(r) =

ooy (T2/3 cos (29 _ g)¢(r/0.5)),

where (r,0) are the polar coordinates at the origin and the cut-off function is given

1

0

~16(r — 0.75)3
x [5+15(r — 0.75) + 12(r — 0.75)?]

r < 0.25,

0.25 <r <0.75,

r > 0.75.
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The meshes are graded around the re-entrant corner with the grading parameter
equal to 1/3. The results are tabulated in Table and they agree with the

estimates ([6.27) and (G.28).

TABLE 7.6. Convergence of the scheme ([B4) with graded meshes
on the L-shaped domain (—0.5,0.5)%\ [0, 0.5]? with k = 1 and exact

solution  given by (T3

h —Hu _OuhHL?(Q) order 7Hu — wnn order 7@ — W Jourt order
||u||L2(Q) Hullh |u‘curl
1/4 1.44e4-02 — 1.88e+01 — 7.77¢—00 —

1/8 3.81e+01 1.92 | 7.39e—00 | 1.35 4.41e—00 0.82
1/16 3.35e—00 3.50 | 2.24e—00 | 1.73 7.87e—01 2.49
1/32 6.88e—01 2.28 | 1.09e—00 | 1.03 4.34e—01 0.86
1/64 1.51e—01 2.18 | 5.51le—01 | 0.99 2.34e—01 0.90

8. CONCLUDING REMARKS

We have presented a nonconforming nodal finite element method for the two-
dimensional (reduced) time-harmonic Maxwell equations. Even though we have
only discussed the perfectly conducting boundary condition, the scheme can be
readily generalized to other boundary conditions (such as the impedance boundary
condition [15]). However, the regularity of the solution and the error analysis of the
scheme on graded meshes are then more involved and will be addressed elsewhere.

This method can be adapted for time-harmonic Maxwell equations in axisym-
metric domains in three dimensions. It can also be extended to general three-
dimensional domains, where the construction of the locally-divergence basis is more
complicated (cf. Section 9.3 of [I0]).

Since our scheme computes approximations to vector fields in the space
Ho(curl; Q)N H(div®; Q) that is responsible for the determination of Maxwell eigen-
values under the perfectly conducting boundary condition, it is also suitable for the
computation of Maxwell eigenvalues. We have observed in preliminary numerical
tests that the eigenvalues of the discrete operator converge to the Maxwell eigen-
values and there are no spurious eigenvalues. One can also take advantage of the
theory of fast solvers for nodal nonconforming finite element methods to design
fast solvers for the scheme ([B4), or the theory of error estimators for nodal non-
conforming finite elements to develop adaptive versions of ([84]). These topics will
be treated in our ongoing projects.

More importantly, our work in this paper shows that it is possible to design
convergent nonconforming nodal finite element methods for electromagnetism. We
expect that other new methods in this direction will be discovered.
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