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IDENTIFICATION OF SMALL INHOMOGENEITIES:
ASYMPTOTIC FACTORIZATION

HABIB AMMARI, ROLAND GRIESMAIER, AND MARTIN HANKE

ABSTRACT. We consider the boundary value problem of calculating the elec-
trostatic potential for a homogeneous conductor containing finitely many small
insulating inclusions. We give a new proof of the asymptotic expansion of the
electrostatic potential in terms of the background potential, the location of the
inhomogeneities and their geometry, as the size of the inhomogeneities tends to
zero. Such asymptotic expansions have already been used to design direct (i.e.
noniterative) reconstruction algorithms for the determination of the location
of the small inclusions from electrostatic measurements on the boundary, e.g.
MUSIC-type methods. Our derivation of the asymptotic formulas is based on
integral equation methods. It demonstrates the strong relation between fac-
torization methods and MUSIC-type methods for the solution of this inverse
problem.

1. INTRODUCTION

Inverse boundary value problems for partial differential equations, in principle,
are difficult to solve since they are both nonlinear and ill-posed. Recently new
solution methods such as linear sampling methods and factorization methods have
been developed which avoid the issue of nonlinearity. Basically, these methods
make use of some sort of symmetric or self-adjoint factorization

M =LFL*

of some (measurement) operator M. Then the idea, introduced first by Colton
and Kirsch [20] (sampling method) and by Kirsch [29] (factorization method) in
the context of inverse obstacle scattering problems, is to characterize the support
of an obstacle by the range of some operator related to M. These methods have
since then been applied to a variety of different applications; cf., e.g., the papers
[I7HI9,26] (sampling method) and [2528,31],[32,[34] (factorization method), and
the many references therein.

In order to handle the ill-posedness it is generally advisable to incorporate all
available a priori knowledge about the unknown parameter and to try to determine
very specific features. Embarking on this strategy the purpose could be to deter-
mine the location and size of diametrically small inclusions inside a homogeneous
background. This situation arises for example in mine-detection and nondestruc-
tive testing. For this special case reconstruction methods for inverse boundary

Received by the editor January 7, 2006 and, in revised form, May 15, 2006.

2000 Mathematics Subject Classification. Primary 35R30, 35C20.

Key words and phrases. Electrical impedance tomography, small conductivity inhomogeneities,
asymptotic expansions.

(©2007 American Mathematical Society
Reverts to public domain 28 years from publication

1425



1426 H. AMMARI, R. GRIESMAIER, AND M. HANKE

value problems, which make use of asymptotic expansions of the solutions of the
corresponding direct problems, have been developed during the last years. Among
these, MUSIC-type algorithms, introduced by Devaney [23], seem to be very stable
and therefore particularly useful for noisy data.

In this paper we consider an inverse boundary value problem for the Laplace
equation as discussed in [B[01T12][15124] in the case of small insulating inclusions.
We prove an asymptotic expansion of the corresponding measurement operator sim-
ilar to the asymptotic formulas in [24] but in a more functional analytic setting.
Our proof is based on a factorization of the measurement operator developed in
[T1] and on layer potential techniques. We expand the three operators occurring in
the factorization separately and use these expansions to calculate the leading order
term in the asymptotic formula for the measurement operator. This way of prov-
ing the asymptotic expansion points out the strong relation between MUSIC-type
algorithms and linear sampling methods explicitely (cf. also [16,30]). Moreover,
this method should be applicable to other inverse boundary value problems, where
a factorization of the measurement operator is already available; cf., e.g. [26].

For closely related works concerning asymptotic expansions and reconstruction
algorithms for inverse boundary value problems with diametrically small inclusions
based on such expansions cf., e.g., [TH4,[7HIOLI3][14}37], the monograph [6] and the
many references therein.

The outline of this paper is as follows. In Section 2l we introduce our notation
and review the factorization of our measurement operator, i.e. of the difference
of two Neumann-to-Dirichlet operators. Here and in the following three sections
we restrict our derivations to the case of a single inclusion. Preliminary results
concerning surface potentials are investigated in Section 3. In order to establish the
asymptotic expansion we require some technical estimates and identities; these are
found in Section[dl Then, in Section Bl we derive our main result on the asymptotic
factorization in the case of a single inclusion in Theorem and its corollary. The
case of multiple inclusions is treated in Section[@l Finally, in Section [l we comment
on how the asymptotics might be used in numerical computations.

2. FACTORIZATION OF THE NEUMANN-TO-DIRICHLET OPERATOR

Let Q Cc R%, d > 2, denote a bounded domain with boundary 9 of class C1®,
0 < a < 1. Suppose 2 contains a small inclusion D, := z + B, where B is a
bounded O domain containing the origin. Here, the point z € 2 determines the
location of the inclusion and B describes its relative shape. The inhomogeneity size
is specified by the parameter £ > 0 which is assumed to be small. We suppose that
the domain D, is well separated from the boundary, i.e. dist(z,9§2) > ¢y for some
constant ¢y > 0 and ¢ is sufficiently small. Let v denote the unit outward normal
to the boundaries 092, B and dD,, relative to €, B and D., respectively.

In this section several results are stated without proof; these can be found in
[T1] or references therein.

Given a conductivity distribution of the form

(@) 0, forx e D,,
o:(x) := _
1, forxeQ\ D,
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and a prescribed boundary current

fe HsV?00) = {¢ e H12(59) ‘ ¢ do = o},

[o19)

let u. denote the electrostatic potential in the presence of the inclusion Dy, i.e. the
unique solution

U € H! 5o (Q\ Dz) 1= {ueHl(Q\D_s) ‘ /aQuda=O}

to

(2.1a) Au, =0, in Q\ D.,
Oue

(21b) E = f, on aQ,
Oue

(2.1¢) o = 0, on 0D..

The background potential ug is the electrostatic potential for the same input current
f but without inclusions. That is, ug denotes the unique solution

ug € HX(Q) := {ueHl(Q) ‘ /{mu dcrz()}

to
(2.2a) Aug =0, in Q,
(2.2b) % =, on 9.

The relations between the applied boundary current f and the boundary voltages
te|oq and ugloa define two linear mappings

Ao HY2(09) — HIY?00), e uelsq,
and
Ao : HyY2(09) — HY*(09), 1+ uoloa,

called the Neumann-to-Dirichlet operators associated with the two boundary value
problems (1)) and (Z2), respectively. Here,

HY?(09) = {¢ € HY?(89) } /89¢ do = 0}.

These mappings are in fact isomorphisms between these spaces.

In the following we want to examine the difference of the Neumann-to-Dirichlet
operators A — Ag. Therefore we introduce two additional boundary value problems
and a diffraction problem: First consider the boundary value problem

(2.3a) Av, =0, in Q\ D,
(2.3b) 861;/5 =0, on A,
(2.3c) Ove = ¢, on 0D,,

ov
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which for ¢ € Hy /*(8D.) has a unique solution v. € H{ 50(Q\ Dc). Thus, we
may define

(2.4) L. Hy'Y?(0D.) — HY?(09), ¢ veloq,

which is a bounded linear operator that takes Neumann data on dD. and maps
them onto the associated Dirichlet values on 9. Recalling ([ZI) and [22)) we see
) du. o) _
that LE(i%‘aDE) =L (5 oD, %IBDE) = (ue — uo)|on-
A short computation reveals that the dual operator L? of L. is defined via the
solution of the problem

(2.5a) Avl =0, in Q\ D¢,
ovr

(2.5b) W —, on 09},
ov: _

(2.5¢) o 0, on 0D,

which for ¢ € Hy 1/ %(99) has a unique solution
vi € H}yp (Q\D;):= {uEHl(Q\D_E) ’ / uda:O},
aD,
through

(2.6) L:: Hy '?(09) — HY?(OD.), 4 — vl|ap..

Note that, apart from the normalization condition, (28] coincides with the bound-
ary value problem (21I), and hence L} f = —u.|op. + (1/]0D¢|) faDE ue do, where
|0D.| denotes the surface measure of 9D..

Next consider the following diffraction problem with inhomogeneous jump con-
dition:

(2.7a) Aw, =0, in Q\ 0D,
(2.7b) 68“;5 -0, on 9,
(2.7¢) [welop. = X
(2.7d) [awﬂ =0,

W Jop

which for x € HJ/? (0D ) has a unique solution w. with we|g\5- € H, 50 (Q2\ D.)
and w.|p, € H'(D.). Here, [-]gp. denotes the difference between the respective
traces from outside and inside the inner boundary dD.. Because of ([2.7d),

_ ow
(2.8) F.: H/?(0D.) — H; '/*(OD.), x+— — 5 lon,
is a well-defined bounded linear operator. Especially for
X i= —uclon, + (1/|6D5|)/ ue do
2] e
the function o
—Ue + ug, in Q\ D,
We 1= .
: uo — (1/10D¢|) [5p, ue do, in D,

is the solution to (7). Thus F(—uc|op. + (1/[0Dc|) [, ue do)=— Sl -
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Altogether we obtain the following lemma from [I1]:

Lemma 2.1. With L., L} and F; defined by 24), 8) and 2.3), respectively,
the difference of the Neumann-to-Dirichlet maps can be factorized as

(2.9) A —Ag = L.F.L:.

Moreover, we find that the factorization yields the following mapping sequence:

Ho_l/Q(('?Q) L? g/Q(GDE) F. 0_1/2(8D5) L. i/Q(('?Q)
with
L* ou
P el + /1002 [ e do G| G = o)l

3. SURFACE POTENTIALS

Throughout we denote by |z| the Euclidean norm of a point x € R%, by (z,y) the
scalar product of two vectors z,y € R?, and by wy the area of the (d—1)-dimensional
unit sphere. The function

1
—2—log|ﬂ:—y\7 for d = 2,
R o —y[>~¢, ford>3
d—2)wg "Y1 A=

is called a fundamental solution for the Laplace equation.
Let N denote the Neumann function for A in €, i.e. for all y € Q, N(-,y) is the
unique solution to

AgN(z,y) = —0y, for x € Q,
ON 1

=—— f Q
8V($)(x7y) |8Q|a orx €0 )

with the normalization [, N(z,y) do(z) = 0. Then N is symmetric in its argu-
ments in (2 x Q) \ diag(Q x Q), i.e.

N(z,y) = N(y,x) for (z,y) € (2 x Q) \ diag(Q x Q);
cf. [6]. For each y € @ and d > 2, the Neumann function N(z,y) has the form
(3.1) N(z,y) = ®(z —y) + R(z,y),
where R(-,y) is the unique solution of the boundary value problem
A, R(z,y) =0, for z € Q,
%(x,y) = _|81(2| +wid(x|; g’;(f)), for z € 09,

with [, R(z,y) do(z) = — [, ®(z — y) do(x). Since ® is symmetric, it follows
that R is symmetric in its arguments in  x . As a consequence, R(zx,) is a
harmonic function on €2 for all z € Q.

Given a bounded C%* domain D C R, we denote the single layer potential and
the double layer potential of a function ¢ € C(9D) by

(Spd)(x) = / Bz — y)dly) do(y), for z € RY,

oD
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and
o 9P (z —y) d
Pooa) = [ L Moty) oy, for &z € B4\ 9D,
Then we have the following trace formulas (cf., e.g., [33]):
0 * 1
(3.2) $SD¢’6D(x) = (( F §I+ ICE)(b) (z), for x € 0D,
+ 1
(3.3) DDQS’aD(x) - <( 51+ KD)QS) (2), for z € 8D,

where Kp is defined by
0% (x —y) 1 / (z —y,v(y))
K x) = / —_— do(y) = — —_— do
for z € 0D and K7, is the adjoint of Kp, i.e.
00(z —y) 1 / (y — =, v(z))
Kpo)(z) = / —_— do(y) = — I do
(Kpo)w) = [ i) dow) = - | HEEDo() oty
for x € OD.
Sp, Dp, Kp and K}, have continuous extensions
Sp : H™V2(D) — Hi, (RY),
Dpl|,, : H'/*(0D) — H' (D),
DD‘Rd\E : H'/?(0D) — Hj,.(R*\ D),
Kp: H'/?(0D) — H'?(8D),
Ki : HY2(0D) — H~Y2(aD),
and the jump formulas B2), (B3] remain valid for these operators; cf. [21L[35].
Moreover, Kp as well as K}, is compact [36] and 7%1 + Kp has trivial nullspace
in H'/2(0D) [6]. Hence, by the Fredholm alternative, —31 + Kp is invertible on

HY2(0D) and —LI + K3, is invertible on H~'/2(9D).
Since Kpl = f%, we get for each ¢ € H=1/2(0D),

1
/ (—=I+Kp)p do=— ¢ do.
op 2 oD
Thus, —31 + K}, maps Hgl/z(aD) onto H§1/2(8D).
Next we consider the following modified surface potentials: Let D be a bounded
C1® domain compactly contained in . For a function ¢ € C(9D) define

(Spo)(x) == | N 0)é(w) do(y). for z € ,
(DR @) (z) := /aD %Evy’)y)qﬁ(y) do(y), for x € Q\ OD.
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According to (B we obtain the following trace formulas:

sesbel, 0= ((#51+k0)0) @)+ [ 200 aoty),

Do, @ = (£ 57+ K0)o) @+ [ 270 o0) oty

for x € 9D. Define
OR(z,y)
3.4 R x) = / — do(y), for x € 0D,
(3.4) Roo)@) = [ ZEeboty) doy)
and let
K¥¢:=Kpo+ Rpo.
Then we obtain

(3.5) %qub‘:lj(x) - (( + %1 v (/cg)*)qs) (2), for = € AD,
(3.6) Dg¢ED(x) - (( + %1 + /cg)¢) (2), for z € 8D,

where (KN)* is the adjoint of K¥.
Recalling [B1]) and the mapping properties of the boundary integral operators
above we find that the operators

SN :H'2(0D) — H'(Q),
DY\, H'*(0D) — H (D),
DBl - HY2(dD) — HY(Q\ D)
are continuous and the jump relations (33]), (3.6) remain valid for these extensions.
The kernel of the integral operator R p is continuous, so
Rp : HY?(dD) — HY?(aD)
and the corresponding dual operator
RY : HY2(0D) — H™Y/?(9D)
are compact. Therefore the operators
KN - HY*(0D) — HY?(9D),
(K¥)*: H=Y2(8D) — H~Y*(dD)
are compact, too.
Lemma 3.1. The operators —31 + K¥ and —31+ (K¥)* have trivial nullspace in
H'Y2(0D) and H'/2(0D), respectively.

Proof. Let ¢ € H~'/2(9D) be a solution to the equation (—17 + (K¥)*)¢ = 0 and
define v := SN ¢. Then by (B.5)

ov |t 1 Nvs B
%‘GD_ <_§I+(KD) >¢—0,

and v is a solution to the Neumann problem

v v ‘

Av=0 m@\D, | -c 2
v in O v laq v

= 0’
oD
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where C := _\a_lm Jop @ do is constant. From the Divergence Theorem we obtain
C = 0. Thus we find that v is constant in Q \ D and therefore on dD. Since
Av = 0 in D we obtain that v is constant in D. From (B3] we see that ¢ =

+
—ov o T gv]  =0. Hence, ker(—31 + (K¥)*) = {0}.

ov oD
By the Fredholm alternative it also follows that ker(—iI + K¥) = {0} in
H'?(dD). O

Applying the Fredholm alternative and Lemma Bl we find that —37 + K} is
invertible on H'/2(9D) and —11 + (K)* is invertible on H~'/2(9D).
Since, for all z € Q, R(x,-) is harmonic in D, it follows that
OR(-,y 1
( ) dO'(y) =5
op Ov(y) 2

and we get as above that —1 7+ (KJ)* maps H§1/2(8D) onto H§1/2(8D). Also as

a consequence of this harmonicity, we find that the subspace of constant functions in

H'/2(dD) is contained in the nullspace of Rpp. Moreover, applying the harmonic-

ity of R(-,y) for all y € Q, we see that RY maps H~'/2(dD) into H§1/2(8D).

Therefore, in the following we may consider Rp and R}, as dual operators from
<1/2(6‘D) to H'/2(0D) and H~/2(dD) to Hgl/Q(aD), respectively.

K¥1=Kpl+Rpl=Kpl+

4. FIRST ESTIMATES

In the following sections we often have to deal with changes of coordinates.
Therefore we introduce some notation: Given ¢ € L*(0D,) and v € L*(0B) we
define ¢, (¢)" € L*(0B) and ¥, (v)¥ € L*(dD,) by

(4.1a) (8)"(€) = (&) == p(e€ + 2), for a.e. £ € OB,
(4.1b) ()Y (@) = d(x) = (2

respectively. The same notation will also be used for functions in H/2(dD.) or
H~Y2(0D.) and H'/?(0B) or H~'/?(dB), respectively. This makes sense, since
the corresponding Sobolev spaces on R?~! are invariant under such regular changes
of coordinates (cf. [35]). Moreover, we apply the notation to functions in H'(D,)
and H!'(B) in the same way.

In our estimates we shall use a generic constant C.

For bounded C** domains D C R we use the following norm on H'/2(9D) (cf.,

e.g., [21]):

5 ), for a.e. x € dD,,

||¢HH1/2(6D) = 1nlf ||UHH1(D), fOI‘ all (b S H1/2(8D).
u€H" (D)
ulap=¢

The dual space H—1/2 (0D) shall be equipped with the corresponding dual norm:

19l -1/200p) = sup M, for all ¢ € H71/2(8D),
¢ecH/?(8D) ||¢HH1/2(6D)
¢#0

where (-,-)op denotes the duality pairing between H'/2(9D) and H~'/2(9D).
The following lemma examines the scaling properties of these norms under
changes of coordinates as in ([@.1l):



ASYMPTOTIC FACTORIZATION 1433

Lemma 4.1. Suppose 0 < € < 1. Then there exist constants ¢ and C' independent
of € such that for each ¢ € Hi/z(aDs) and Y € Hgl/z(aDs),

d=2 o » d—2
(4.2) e 2 c|dllgiz@op) < 9lla2opy <2 10la2on),
d .7 d ~
(4.3) €2 ||¢HH*1/2(BB) < H¢HH*1/2(6DE) < €ZC||¢HH*1/2(BB)-

Proof. Let ¢ € H§/2(5‘D5) and ¢ € H;”Z(aDE). By change of coordinates, £ :=
I=2 we observe that for all u € H!(D.),

lulZs . = / (Ju(@)]? + |Vou(z)?) d

€

= Ed/B (|u(5§ +2))* + 8%|V§u(£§ + z)|2> d¢
=<t [ (1P + L iveato) ae

Thus,
d—2| ~
lullz (p.) < € 2llallzn s
since we assumed that 0 < ¢ < 1, and therefore
a2 -
9l 1200y <€ 2 1Bl mrrzom)-
The Poincaré inequality (cf. [22, Chapter IV, Section 7, Proposition 2]), implies
that there exists a constant ¢ independent of ¢ such that for all u € H(D,),
e 2ellillin gy < e PIVelZzmy = IVaullizip,y < lullfnp.):
Hence,
d—2 . a
e 2 |9l gieop) < 9lla120D0.)-
For the dual norm we obtain by change of coordinates, applying (2],

Wlamopy =  sup oo oo STl donl

= d—2, -
oe2op,) |9lm/20p.) ~ gen2on.) €7 |0l mieom
$£0 440

% sup ‘<¢a ¢>8B|

sen/?(o) [0l mi2(am)
¢#0

-
=€ = e2 Yl g-1/2(0m)

and in the same way

e, d)os|

d—2 ~
p€H'/?(8D,.) € 2 CH¢||H1/2(BB)
$#0

N [ Y 7

=C €

[l -1r20p.) <

P

R - =e2C[Ylg-1/2(0m)-

sen/oB) 19l 12 (am)
¢#0

Here we put C := ¢ L. O

In the next lemma we investigate the scaling properties of the integral operators
Kp. and K7, :
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Lemma 4.2. Let ¢ € H'/?(0D.) and ¢ € H-Y/?(0D.). Then
Kp.¢=(Kpd)’  and  Kp = (Kpi)".

Proof. By change of variables, § := =% and n :=

(58]

(Kp.6)(x) = — /a ) @=y200) 40y doy)

o Jop,” Te =l
- Wid oB s 5\55 in;”?(d >)¢(E77 9 do(n)
= [ i) ao)
= (K5g)(©)-

The second identity follows in the same way. ([

Next we will estimate the norm of the operator Rp_ € L( 1/2((’9D5)7 HY2(0D.,)).

Lemma 4.3. There exists a constant C' independent of € such that for each ¢ €
1/2(8D ),
IRD. Ol r1r2(op.) < €*Clldllmrzop.)-
Proof. Let ¢ € o2 (8D.). By Rp.¢ we denote the extension of Rp_¢ to H*(D.)

which is obtained canonically via ([34]). Then, since R and V. R are uniformly
bounded near the centre of the inclusion,

2

IRD. 6220, = | 1f Nl | < IRp. 6l o)

ueH(D,)
_ /D 5

ulpp.=Rp. ¢

OR(z,y)
/E)DE T()éf)(y) do(y)

2

OR(z,y)
+ /D |- /w o) do(y)| dr
OR(z,y)|*
S/DE (/3D< “ovly)
OR(z,y) 2 2 -
v. 2 )do<y> [, 1wl da<y>> d

<e™'C||9l720p.) /D 1Ldz < 271C)6)1 22 op,)

€

with a constant C that is independent of €. Moreover, applying the Sobolev Imbed-
ding Theorem and Lemma ET] we find

IolZ20m.) = ¥ 0ll720m) < 5d710“¢||§11/2(53) < 5C||¢H%(1/2(3D5)

with a constant C that is independent of e. Combining these two estimates yields
the assertion. O
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Therefore, we have Rp. = O(e?) and
1

1 1
—§I+ICNE =51 +Kp. +Rp. = 5T+ Kp. + O(e?)

in £( 1/2(8D ), H/2(0D.)), as ¢ — 0, where the remainder estimate O(c?) is in
terms of the operator norm in £( 1/Q(é)Ds), H'Y?(8D.)). By duality we find that
also R}, = O(e?) and

1 1 1
(4.4) f§I+(ICgE)* = 51+ Kb, +Rp, = =51 +Kp, +0(e%),
in L(H-Y2(0D.), Hy "/*(8D.)). For L(H;/*(0D.), Hy "/*(9D.)), the latter re-

sult also holds.
In the following we consider —17 + Kp, and 1T+ (K3.)* as operators in

L(H;'*(0D,), Hy "*(8D.)). From Lemma B2 we obtain for all v € H, /*(9D.)

that
1 i 1 O\ )Y
1 ! 1 1\
(o) o (L) )
2 < 2
Therefore, applying Lemma [Tl and Lemma [£2] we find that
-1
|50y

and

—1
e L
oD.  eHI'%(dD.) ||7/’||H—1/2(8D5)
0
d —1 A
520”((§I+IC}35) v)
S Sup — H 1/2(03)
YeH/2(0D,) ez|[Yllg-12(0m)
P#0
1 «\—1 7
H(_5]+’CB) wHH*1/2(8B)
=C sup =
JeH;Y/2(0B) 101 fr-1/20m)
$£0

)

—1
_C’H( 1+;<B)
oB

where ||-|lap. and ||-||op denote the operator norm on £(H. 1/2(8D ), Hgl/z(aDe))

and L(H, Sl *(0B), Y %(OB)), respectively, and the constant C is independent of
€.

From this estimate it follows that ||(—3/+ K}, )~*|lap. < C, with a constant C
that is independent of e. Together with ([@4]) and a Neumann series argument (cf.,
e.g., [33]), we thus obtain

1 -1 1 -1
(—51+(ng)*) =(—§I+IC},E> + Pp.

with Pp. = O(%) in L(H, ?(0D.), Hy "*(0D.)).
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5. ASYMPTOTIC EXPANSION

Now we consider the boundary value problem (23) and the operator L. from
@4). For ¢ € Hy "/*(9D.) we define v. € H. 5(2\ D.) by

1 -1
ve = Sp. <—21—|— (/Cgs)*> ¢.
Then v, is a solution to (23] and on 9 we have

won= [ N (=57 (65)7) " 0) ) dot)
[t (= 57+ K5,) ) ) 4ot

oD
+ / N(y) (Pp.6) (4) do(y).
OD.

Recalling (£3) we can estimate the last term on the right hand side as follows:

2

N(,y)(Pp.9)(y) do(y)

dD. H1/2(6Q)
2

< ‘ N(9)(Pp.9)(y) do(y)

D, H(0Q)

2
<C (gé% -~ N(z,y)(Pp.¢)(y) do(y)
2
+ 11?2%)((2 /g)DE VN (z,y)(Pp_¢)(y) do(y) >

2 2
< C||PDE¢||H_1/2(8DC) <;T€l%§(] ||N(LIZ, ')HH1/2(6D€)

2
) )
H1/2(dD,)

< CEd_1€2d||¢||%If1/2(8D€) < Ce4d_1||¢3||i1*1/2(83) ’

oN

axj

4+ max max
1<j<d z€0Q

where the constant C' is independent of £ and ¢.
Using the Taylor expansion we obtain for z € 92, z € Q and n € dB as ¢ — 0,

1 .
N(z,en+z) = Z 75‘7|8§N(x,z)n7,
li1=0 """

where j = (j1,...,J4) is a multi-index (cf. [35, p. 61]). Thus, recalling Lemma .2
and the fact that — 37+ (K3,)* maps Hgl/Q(é‘Ds) into Hy /2 (0D.), we obtain the
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following asymptotic formula:

1
elon =t [ Nen2) (= 414K5.) " 0) e+ 2) dota
+ 024 7)

=e?V,N(-,2) /

OB

0((=57+K5)6) ) dot) + 04

The last term is bounded by Cgd*! H(Z§||H—1/2(BB) in Hi/Z(aﬂ), where the constant
C is independent of € and ¢.

Definition 5.1. Define

(5.1) L:H,"*0B) — HY?09),

L= V,N(-,2) /

o

i (( - %I + /C*B)1<ﬂ> (n) do(n).

Then L is a bounded linear operator, and we have shown the following asymptotic
formula:

Proposition 5.2. For all ¢ € Ho_l/Q(aDs),
(5.2) L.¢=cLo+ Erg,

as € — 0, where the operator Ep is bounded by Ce™' in the norm of
L(Hgl/z(aB), §/2(3Q)), and the constant C is independent of €.

Remark 5.3. By duality, in E(Hgl/z(aﬂ), <1/2(83)), the adjoint operator Ej is
O(g9+1).

Next we return to the diffraction problem (2.7) and the operator F. from (2.8).
Given y € Hi/Q(c")‘DE) we define

We 1= Dgsx.

Then w, is a solution to (2.7) and from (3.6) we obtain
_ 1
ws|8D5 = <21+’Cg5> X-

For ¢ € H'/?(0D.) we consider the interior Dirichlet problem

(5.3) Aw=0 1in D, w=¢ ondD.,
and the corresponding interior Dirichlet-to-Neumann operator,
- ow
Y.: H/?(0D.) — H; '*(dD.), Y.p:= 7 o,

Since w, solves the diffraction problem (27, we obtain
Oow,

1
=T, (—-I+K5 )x
ov < 2 +’CD5>X

We define the interior Dirichlet-to-Neumann operator Y : HY/2(9B) — H, "/*(0B)
on OB in the same way as YT.. These Dirichlet-to-Neumann maps are bounded
linear operators. Next we take a closer look at the scaling properties of T..

9D,
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Lemma 5.4. Let ¢ € H'/2(0D.). Then
e (T9) = Tep.

Proof. Suppose w is a solution to (5.3). By change of variables, { := 2%, we find
that w satisfies

Ag(§) = 2Aw(z) =0, for a.e. £ € B,
ow ow
G = gau(x) (z), for a.e. £ € 0B,
w(§) = w(x), for a.e. £ € 0B.
Hence, R
(Tilon)(6) = 5165 = <5123 (@) = <(Yewlon, (o).
for a.e. £ € 0B and x =€ + 2z € OD.. O

Lemma 5.5. There exists a constant C' independent of € such that for each ¢ €
2/*(0D.),
[(TeRp.0) M rr-172(08) < EUl_lC”SZ’HHI/Z‘((‘)B)-

Proof. Let ¢ € H§/2(8D5). Using Lemma [54] the continuity of T, Lemma [£.1] and
Lemma 3] we obtain

IR, @) -120m) = &~ TR, Pl -1/2(08)
< e 'C|Rp.¢lmreom)
2—d
<e'Ce™7 | Rp.ellmizop,)

_4d
<eg 2 CEd”SOHHl/?(aDE)

IN

d o, d=2
e2Ce > ||90||H1/2(aB)
= 5d_10||¢||H1/2(aB)7
and the constant C' is independent of € and . O
Note that from the previous lemma and ([£.3) it also follows that
3d_ .
HTERDEX”H—UZ(aDE) <ez 10||X||H1/2(83)7
with a constant C' that is independent of € and x. Therefore, applying Lemma [5.4]

and Lemma 4.2 we can calculate

1
:T(——I ICN)
aD. € 2 + &b, X

1
= TE( — 5[ + ICDE)X + TERDEX

(T (( _ %I n /CDE)X)A>V INGIES )

(T( - %I—I— ICB)>2>V +O(¥).

ow,

v

M | =

™ | =

The last term is bounded by Ce ¥ ~! Xl 17258y in H§1/2(8D6), where the constant
C is independent of € and .
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Definition 5.6. Define

(5.4)  F: HY*0B)— H,"*(0B),  Fp:=-T <—%I + ICB> 0.

Then F is a bounded linear operator, and using Lemma [£.1] we obtain the fol-
lowing asymptotic formula:

Proposition 5.7. For all x € H§/2(8D5),
(5.5) Fox ="' (FX)" + (Erx)",

as € — 0, where the operator Ep is bounded by Ce in the morm of
L( <1/2(6‘3), ;1/2(83)), and the constant C' is independent of €.

d—1

Next we consider the asymptotic behaviour of the operator L* from (2.6). Let
¢ € Hy/*(0D.) and ¢ € Hy /*(09Q). For X € {Q, B, D.} we denote by (-, -)ox
the duality pairing between H§/2(6X) and H, '/ (0X) and use Proposition (52 to
calculate

<¢7L:¢>8D5 = <Le¢7¢>ag

(s'Lé+ Erd.v)

<q3, e + EZ¢>BB

= <¢a 5(L*¢)v + El_d(Ezw)v>8D€ )

where L* : H{l/z(aﬁ) — <1/2(3B) is the dual operator of L.
Recalling Remark [5.3] we obtain the following asymptotic formula:

Proposition 5.8. For all ¢ € HO_I/Q(@Q),
(5.6) Lt = e(L*)" + &'~ (BLy)",

as ¢ — 0, where the operator E} is bounded by Ce*' in the norm of
L'(H{lﬂ(aﬂ), <1/2(83)), and the constant C' is independent of €.

Now we calculate the operator L* explicitly. Let ¢ € Hy Y 2(8B) and ¢ €
HyY %(99). Recalling the definition of the operator L from (5.J) it follows that

(L) 5,
= [ ([ n((-5+x5)"0) @ dotn) v aote)

o0

= (/C?QVyN(x,z)z/J(x) da(x)> ~/aBn (( - %I - K%)_lcﬁ) (n) do(n)
~ ([ 9V o) ao)) - [ o@((~ 37+ Ka) 1) (6 aote)

a0
Note that in the last line of this computation 7 is the surface variable on 0B and
therefore (—31 + Kp)~'n is defined componentwise for this vector-valued function.
Since N is the Neumann function for

(5.7) Av=0 inQ, % =1 on 99,
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with [,,v do = 0, we have that

Velo) = [ VN 2)ie) dofa),
i.e. that
(5.8) L = Vo(z) - (( - %I n ICB)_l"?) :

where v is the solution of (B.7).
Now we put our results together and obtain the main result of this paper:

Theorem 5.9. Let f € Hgl/z(aQ), then
(5.9) (Ac — Ao) f = LFL* f + O(e?t)

m Hi/Q(f)‘Q), as € — 0.  More precisely, the last term is bounded by
C’Ed*leHH_l/z(aQ), where the constant C' is independent of € and f.

Proof. From Proposition we obtain
Lif =e(L*f)Y +e " UEBLf)".
So by Proposition 5.7,
F.Lif = (FL'f)Y +e(BpL* f)" + e YFELf)Y + &'~ Y(EpEL ).
With the help of Proposition B2, we find for the factorization of (A. — Ag)f of
Lemma 2.1 that
(Ae —Ao)f = L.F.L'f =c’LFL*f + ELFL*f + "Y' LEpL* f
+eE EpL*f+ LFE; f+ ¢ *ELFELf +ecLEpE;f + ' "*EL EpFE;} f.
Now the assertion follows from the estimates in Proposition (.2, Proposition .1,

Proposition (.8 and the continuity of the operators L, F, and L*. O

Figure[lillustrates the factorization A; — Ao = L. F. L% from Lemma 2] and the
leading order term LF L* in the corresponding asymptotic factorization A, — Ag =
edLFL* + O(¢4*1) from Theorem

Finally let f € H§1/2(8Q) and let ug be the solution to (Z2). We want to
calculate LF'L* f explicitly: Since [22) and (571) coincide, we obtain from (5.8)
that

1 —1
L*f = Vuo(2) - (( S+ Kn) n) .
Thus, by applying (5.4),
FL*f = —Vuy(z) - Tn = —Vuo(2) - v(n),

where v denotes the unit outward normal to 0B, because 7; is the unique harmonic
function on B with Dirichlet data 7;|gp for 1 <i < d. We deduce from (&1 that

LFL*f
— VNG [

0
= —VyN(-,2) - MVug(z),

(=57 +K8) " 0 Tu) ) () dota
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FIGURE 1. Sketch of the factorization A, — Ag = L. F.L* (above)
and of the leading order term LFL* in the corresponding asymp-
totic factorization A, — Ag = e?LFL* + O(¢4t1) (below).

where the matrix M € R%*4 is given by M := (Mij)g,jﬂ with

M= [ (=574 55) 0 ) (0 doto

fori,5 =1,...,d. M is the so-called polarization tensor of Pdlya-Szegt correspond-
ing to the insulating inhomogeneity D, = z + ¢B. It is a symmetric and negative
definite matrix that depends on the relative shape of the inhomogeneity D.; cf.

[6.124].

We obtain the following corollary:
Corollary 5.10. Let f € Hgl/Q(aQ) and let ug be the solution to 22). Then,
(Ac — Ag) f = =€V N(-,2) - MVug(z) + O(e?t)

m Hi/Q(E)Q), as € — 0.  More precisely, the last term is bounded by
Ce™ | fll zr-1/2(00), where the constant C is independent of € and f.

This is exactly the formula derived in [24]; cf. also [5[6].

Remark 5.11. Note that our way of writing the polarisation tensor M differs from
that in [24]. But the two expressions are equivalent except that their sign is dif-
ferent, as we will show next: In [24] Friedman and Vogelius define functions ¥;,
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j=1,...,d, which are the unique solutions to the exterior problems
AY; =0, in RY\ B,
ov;
(5.10) 5‘—1/] = —vj, on 0B,
() — 0, as ] — oo.

Then they define the polarisation tensor M := (Mij)f,jzl by

N = / Vi) (nj + 5(n)) do (),
oB

fori,j=1,...,d.

Now let 1 < 4,7 < d. If we define ¢; := (—%I—!—ICB)_lnj and u; := Dp¢;, we
obtain from the jump relation ([B.3)) that u;|;5 = n; and u;|p is the unique solution
to

Au=0 in B, ulyp = nj-

Buj

Ouy |~
Therefore, u;|p = 7; and we have =<

op = 0 |gp = V3 OP OB. Thus, —ujlgap
solves (5.10), and from the uniqueness of solutions to (5.10) we get u;|ga\5 = —¥;.
Again from (B.3) we obtain that ¢; = u;|55 — u;l55 = —n; — V;|op. This gives

Nty = /a ) oy + 9, (0) o) = = | s dota)

oB

= [ i (31 x) ") @ avte
= —/BB ;i (( — %I+ICE)_1V¢> (n) do(n) = —M;; = —M;j,

where we used the symmetry of M. Thus M = —M.

6. MULTIPLE INCLUSIONS

In this section we extend our results to the practically important case of finitely
many well separated small inclusions. By that we understand cavities D, ; =
2i +eB;, where B; is a bounded C'™® domain containing the origin, and 1 <1 < m.
The total collection of inclusions thus takes the form D, := |-, (z; +€B;). The
points z; € Q, 1 < i < m, that determine the location of the inclusions, are assumed
to satisfy

|z — 2| >co Vi#j and dist(z;, 0Q) > ¢

for some constant ¢y > 0, and the value of € > 0 is assumed to be sufficiently small.
The piecewise constant conductivity distribution is again given by

(@) 0, forx e D,,
o:(x) := _
1, forzeQ\D,.

)

Basically the results and their proofs for a single inclusion from the previous
sections can be adopted with few minor modifications which we will comment on
now.



ASYMPTOTIC FACTORIZATION 1443

The factorization of the Neumann-to-Dirichlet operator from Lemma 2] can be
generalized as described in [I1]. Therefore, it is convenient to set 9D, = 0D, 1 X
- X 0D¢ ,, and to interpret the relevant Sobolev spaces accordingly as product
spaces, e.g. Hflm(@Dg) = $1/2(8D5,1) X oo fol/z(aD&m). Then the operator
L. is again defined by [23) and ([24]), where the inner Neumann boundary condition
should be understood componentwise, i.e. % = ¢; on 0D, ;, for 1 < i < m and

d=(d1,...,0m) € H§1/2(8DE). For the corresponding dual operator L} we again
consider the boundary value problem (23]), whose solution v is unique up to an
additive constant. If we fix an arbitrary solution v} and, for 1 < ¢ < m, define
C = faDE vz da/|8Ds,i\, then the dual operator of L. is given by

L:: Ho'V?(09) — HY(0D.), ¢ (vf]op., — c1y- s 0E|op. . — Cm)-

The definition of the operator F remains unchanged if the boundary conditions on
dD. are interpreted componentwise. Then the factorization of A. — A stated in
Lemma 2. holds true in the case of multiple inclusions; cf. [I1].

Now we generalize the asymptotic expansions from Section [ to the case of
multiple inclusions. First we again consider the operator L. from (Z4]). For ¢ =

(b1, Im) € H§1/2(8D5) we define v, € Hiag(Q\D_s) by

m
,_ N
Ve 1= g SDN_ai,
i=1

where a := (a1,...,a,) € Hy? (0D;) solves the system of integral equations

9 N
95D, m
9 oN

6D5,1 8D5,1 ai ¢1
28y L+ (K5, ) S
, — a
Ov~Dc oD, 2 ( Ds,z) Ov S Dem aD. 2 | = ¢2
9 N 9 oN AT (KN ) am bm
ov< Dc 8D, m Ov S De 2 9D m 2 D¢ om

=:A

Since the small inclusions are assumed to be well separated from each other and
from the boundary 02, we can estimate the nondiagonal entries of the matrix A,
using the regularity of Sgs pi away from 9D, ;, for 1 <i < m.

Lemma 6.1. There exists a constant C independent of € such that for each ¢ =
(P15, m) € H§1/2(8D5) and 1 <i#j<m,

0
H 53131,1.%

< 5d_10||<Pi|\H—1/2(aDs,i)~

OD<illu-1/2(oD. ;)
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Proof. Let ¢ = (p1,...,pm) € H§1/2(8DE) and 1 <i # j < m. Using Lemma [T]
and the regularity of S gg .pi away from 9D, ; we obtain

2 Nj
».,)

<erol (2ol )

)"
8D5,j

2

0
—SsN i
Hay Da'lgo (‘)DE,]‘

<ol (2o

H=1/2(0D. ;) H~1/2(dB;)

2

L2(0B;)

=<0 285, 01

0D, ; 1L2(8D, ;)

—eo [ | B D) ao) dote
<< [ 1% .,

9D, ;

)H@iH?{—l/?(aDivi) do(z)

< eCe’?|pillf-1120p, ) <20 pilYi-1/200p. -

Here (-)"7 denotes the usual transformation from (I]) applied to the j-th inhomo-
geneity D, ;. ([

= 0(e%Y) in L(H, ?(0D.,), Hy '/*(0D. ;)), for 1 <

Therefore, %Sgsy oD,
1 # j < m. We deduce that

7

—5 I+ (KD, 1 0 N 0
0 0 —%I+ (/Cgm)*
=:B

with respect to the maximum row sum of E(HJI/Z(GDE)Z-),H§1/2(6D57j))-norms,
1 <4, j < m. Thus we obtain that A~! exists, and A~! = B~ + O(ad’l) with
respect to the same norm.

Now, calculating along the lines of Section Bl we obtain the following asymptotic
formula:

m 1 ) . N
Ve, =8d;VyN<-,zi>-/aBin <(— ST+K3) as;)(n) do(y) + O().

Here again, (-)"¢ denotes the transformation from (&I applied to the i-th inclusion
D.;. The last term is bounded by Ce?** max g l-1/2(58,) In HY? (092), where
m

the constant C' is independent of £ and ¢. Therefore, if we define

(6.1) L:HyY?0By) x -+ x Hy "*(0B,,) — HY*(0),

i ivym.,m o ((=57+x5) ") (0 dota,

Proposition remains valid in the case of finitely many well separated small
inclusions.
Now we return to the diffraction problem (7)) and the operator F. from (23).

For x = (x1,---,Xm) € Hi/g(aDE) we define w, = >, Dgﬂ.sz Then, for
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1<i<m,

ow,

ov

1 m

=Te, (—51 + /Cgm) Xi+ Te (Dgwxj)‘
j=1
i#i

where Y. ; is the interior Dirichlet-to-Neumann operator on 9D, ;. Asin Lemmal5.5]
and Lemma we can estimate

‘(Te,i . (Dgs,ij) ’aDw)
<otey

Jj=1
J#i

d—1 A
<e™C max XV mron,),

aD. ; oD, ;

H_1/2(6Bi)

(P5..)]

OPeillm/2op.,:)

where the constant C' is independent of € and x. Therefore, if we define

(6.2) F:HY*(0By) x -+ x HY*(0B,,) — Hs *(0By) x - -+ x Hy "*(0B.,),

1 1
F((pl, .. .7(pm):= (—Tl (—§I+K31> ©1y.e =L <—§I+/CBM) (pm> ,

where T; is the interior Dirichlet-to-Neumann operator on 0B;, 1 < i < m, Propo-
sition 5.7 remains valid in the case of finitely many well separated small inclusions.

Calculating along the lines of Section [ we find that Proposition 5.8 remains
valid in the case of finitely many well separated small inclusions, too, and that the
adjoint operator

L*: HyY?(00) — HY?(0By) x -+ x HY*(0Byn)

of L is given by
(6.3)

L= (Vv(zl)- (( - %I+ IcBl)ln),.. Vu(zm)- (( - %I+ icBm)ln» :

where v is the corresponding solution of (B.7]).
Thus we obtain:

Proposition 6.2. Theorem[5.9 holds true in the case of finitely many well separated
small inclusions, if L, F and L* are given as in (61)), [©2) and [@3]), respectively.

For 1 < i < m let M? denote the polarization tensor corresponding to the i-th
insulating inclusion D, ; = z; + €B;. In the case of finitely many small inclusions
Corollary (.10 reads as follows:

Corollary 6.3. Let f € H§1/2(3Q) and let ug be the solution to (Z2). Then,
(Ac —Ag) f =D VyN(-,2) M'Vug(z;) + O(=*H)
i=1

n Hi/z(aﬁ), as € — 0.  More precisely, the last term is bounded by
C’ad“HfHH_l/z(aQ), where the constant C' is independent of € and f.
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7. DETERMINING THE LOCATION OF THE INCLUSIONS

In this section we again restrict ourselves to the case of a single inhomogeneity
D, = z + ¢B, although we mention that the whole theory also works for multi-
ple inclusions. Moreover, we assume that the boundary 0D, of the inclusion is
connected.

The main assertion of the factorization method is the range identity

(7.1) R((A: = Ao)'/?) = R(Le),
from which we conclude for the test function
gy,d :dvyN(7y)|aﬂa dERdv

the following characterization of the inclusion D,:
(7.2) yeD. ifandonlyif  g,4€ R((A: — Ag)'/?).
Since A. — Ag is a compact operator (with a range space that is dense in H§/2 (092)),
the correct way of implementing ((Z.2)) is via the Picard criterion, i.e. an (infinite) se-
ries has to be checked for convergence. We refer to [ITL28] for details and numerical
implementations.

On the other hand we have shown the asymptotic formula (G.9)), i.e. for small

values of € the operator e*LFL* is a good approximation of A, — Ay, and hence
R(A: — Ao) = R(LFL*). After defining the linear operators

G: R HY*(09), Ga:=a- V,N(-2)|s0,

H: H;'0B) - RY, Hp:= / n((—%[—i—/CE)_l(p) (n) do(n),
oB

an easy computation shows that their dual operators are

G*: HyY?(00) > RY, G*¢ = Vu(z),

H*: R = HY?(0B), H'a=a- <—%I + icB)_ln,
respectively, where v is the solution of (5.1 and n denotes the surface variable on
OB. Then, from (G.I)) we find that

L=GH, L*"=(GH)"=H*G*, and LFL*=GHFH*G".
Recalling the calculations after Theorem we see that
HFH* =—-M,

where M is the polarization tensor corresponding to the insulating inclusion D, =
z+¢eB, ie.
LFL* = -GMG*.

In [I2] it has been proven that
R(LFL*) = R(G).
Therewith one can show that
(7.3) Y=z if and only if Gy.d € R(LFL™).

Note that R(G), i.e. R(LFL*), is finite dimensional. Hence, instead of using the
Picard criterion to check an infinite dimensional range condition we can resort to
more familiar techniques from numerical linear algebra and compute, e.g., the angle
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6, between g, ¢ and the range R(LFL*) =~ R(A; — Ag) in order to implement (7.3)
instead of (T.2). We refer to [12128] for details and numerical implementations.
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