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ON THE IWASAWA M-INVARIANT OF THE CYCLOTOMIC
Z,-EXTENSION OF Q(/p)

TAKASHI FUKUDA AND KEIICHI KOMATSU

In memory of Professor H. Ogawa

ABSTRACT. We study the Iwasawa A-invariant of the cyclotomic Zz-extension
of Q(y/p) for an odd prime number p which satisfies p = 1 (mod 16) relating
it to units having certain properties. We give an upper bound of A and show
A =0 in certain cases. We also give new numerical examples of A = 0.

1. INTRODUCTION

Let k be a finite algebraic number field, ¢ a prime number and (y» a primitive
£"-th root of unity. There exists the unique intermediate field koo of Uy— o k(Cen)/k
such that the Galois group G(ke/k) is topologically isomorphic to the additive
group of the ring of /-adic integers Zy, which is called the cyclotomic Z,-extension
of k. Let k,, be the unique intermediate field of ko, /k with degree ¢ over k. Then
the class number of k,, is controlled by the Iwasawa invariants ps(k), Ae(k) and
ve(k) of koo/k, which were introduced by Iwasawa [10] and [I2]. Namely, if ¢~
denotes the f-part of the ideal class number of k,,, then

en = e(k)" 4+ Xe(k)n + ve(k)

for all sufficiently large n.

Iwasawa pointed out that u(k) always seems to be zero and Ferrero and Wash-
ington [2] proved that pue(k) is zero for any abelian number field & and any prime
number ¢. Furthermore, Greenberg [7] suggests the possibility that A\;(k) is zero
for any totally real number field £ and any prime number ¢, which is now called
Greenberg conjecture.

In 1986, the authors [4] provided a criterion of verifying Greenberg conjecture
numerically for a real quadratic field £ and an odd prime number ¢, and showed
numerical evidence for the conjecture by giving a considerable amount of examples
which satisfy A¢(k) = 0. At the end of the twentieth century, Kraft and Schoof
[15] and Ichimura and Sumida [9] developed a powerful computational technique
verifying Ay(k) = 0 for any odd prime number ¢ and any abelian number field k
with degree prime to ¢ based on a new idea of using cyclotomic units. In particular,
Ichimura and Sumida showed that A3(Q(y/m)) = 0 for all positive integers m <
10000. In 2003, Tsuji generalized the Ichimura-Sumida criterion to be applicable
to the case that ¢ divides the degree [k : Q.
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In 1973, preceding the work of Ferrero and Washington, Iwasawa [11] indicated
the importance of studying the cyclotomic Z-extension of k when k is a cyclic
extension of Q with degree ¢. In fact, he proved that pe(k) = 0 for such a k. It
is then considered a fundamental step to study Ay(k) for real quadratic fields k
from the viewpoint of Greenberg conjecture. It is essentially important to study
A2(Q(y/p)) for a prime number p. The first breakthrough was brought by Ozaki and
Taya [19] in 1997. They constructed certain families of infinitely many quadratic
fields k& which satisfy Ao(k) = 0 and, in particular, obtained the following result:

Theorem 1.1 (cf. Ozaki and Taya [19]). Let p be a prime number which satisfies
one of the following conditions:

(1) p=3 (mod 4),

(2) p=5 (mod 8),

(3) p=9 (mod 16),

(4) p=1 (mod 16) and 2" =1 (mod p).
Then X2(Q(y/P)) is zero.

After Ozaki and Taya [19], the properties of A2(k) for real quadratic fields k have
been studied by several mathematicians (cf. [5], [18]). The purpose of this paper
is to prove Theorem below and Theorem B.7] in §3l

Theorem 1.2. Let p be any prime number with p =1 (mod 16), €g the fundamen-
tal unit of Q(,/p), and € = a + b\/2p the fundamental unit of Q(\/2p), where a is
a positive rational integer and b € Z. Let 2° be the highest power of 2 which divides
p — 1. Then we have the following criteria concerning the Iwasawa A-invariant
A2(Q(y/p))-

(1) Ifa=1 (mod p), then A2(Q(/p)) < 2°72 — 3.

(2) If a*> = —1 (mod p) and if e # 1 (mod 32), then A2(Q(y/p)) = 0.

Remark 1.1. Since g is a unit of Q(v/2p), Ng(,/zp)/0(ch) = a® — 2pb® = £ 1. This
means a? = +1 (mod p).

The proofs of Theorems and 3.7 are carried out in a different way from that
of Theorem [ Il The key idea is based on the property of units in k,,, which enables
us to evaluate the 2-rank of the subgroup of the ideal class group of k, generated
by primes lying above p.

As a computational application of Theorem 3.7 we show in §lthat X\2(Q(/p)) =
0 for all prime numbers p less than 10%.

2. NOTATIONS

We denote by Z and Q the ring of integers and the field of rational numbers,
respectively. For elements g1, go, ..., g, of a group G, we denote by (g1,92,.-.,9r)
the subgroup of G generated by g1, ¢92,...,9,. Let N be a normal subgroup of G.
We denote by G/N the factor group of G over N and by [G : N] the group index of
N in G. For a finite algebraic extension K over k, N, means the norm mapping
of K over k and if K is a Galois extension over k, G(K/k) means the Galois group
of K over k. If k is an algebraic number field, we denote by Q; and Ej the integer
ring of k and the unit group of k, respectively. For an element « of €2, we denote
by af); the principal ideal of € generated by a. We denote by (3~ a primitive
2"-th root of unity in the complex number field C. Let ¢ be a prime number and
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Zy the ¢-adic integer ring. We denote by A = Z;[[T]] the ring of formal power series
in an indeterminate 1" over Z;.

3. PROOF OF THEOREM

Let p be a prime number, n a nonnegative integer and k& = Q(,/p). We put
a, = 2cos(2m/2"*2). It is well known that the field Q(a,,) is a cyclic extension
over Q with degree 2". Since ay,+1 = v/2 + au,, we have Q(ay,) C Q(ap41). Hence
Qo = U~y Q(ay,) is the unique Zs-extension of Q, which is called the cyclo-
tomic Zs-extension of Q. We put k, = k(a,) and ks = kQs. Then ko, is the
unique Zo-extension of k. Let M, be the maximal abelian 2-extension of k, un-
ramified outside 2 and L,, the maximal abelian unramified 2-extension of k,,. Then
My = U,Zog M, and Lo = |J,—, Ly, are the maximal abelian 2-extension of koo
unramified outside 2 and the maximal abelian unramified 2—extension of ko, respec—
tively. Moreover, we put I,, = G(M, /L), Ino = G(Moo/Loo) = G(Mx/koo)
and Xoo = G(Loo/ks). As usual, we regard Xoo as a A = Zz[[T]] module, where
14T acts as a fixed topological generator v of G (ko /k). Then we have the following
exact sequence of A-modules:

(1) 1— I — X — Xoo — 1.

Since pa(k(v/—1)) is zero by [2] and since ¥ has no finite A-submodule by The-
orem 1 of [§], Xo is a finitely generated free Zs-module. Let A1), A(Xs) and
AM(Xw) be Zo-ranks of I, X, and X, respectively. Then we have

(2) )‘(xw) = )‘(XOO) + )‘(IOO)

by (I)). Hereafter, we denote by A\ the Iwasawa invariant As(k) of the cyclotomic Zs-
extension of ko /k. By definition of Ag, we have A\, = M(X ). Let 2° be the highest
power of 2 which divides p—1. We have A\(X.) = 2°72—1 for s > 2 by [14} Theorem
1] and [25]. If s < 3, then Ay = 0 by Theorem [Tl So we assume s > 4. Now, there
exist distinct prime ideals p1,pa, ..., pos—2 in ks_o with \/pQx,_, = p1p2 - pos—2
and the ideal p;Q, generated by p; in Q, is a prime ideal of k,, for any integer
n > s — 2. Since 2 does not divide the class number of Q(as_2) (cf. p. 186 in
[23]), there exists an odd integer ¢ such that p?' is a principal ideal of ks_o for
1 <i <2572 We denote by cl(pi€2,) the ideal class of k,, containing the ideal
piQy,, and by p, the 2-rank of a subgroup (cl(piQy,, ), cl(p5Q%, ), ..., cl(ph—2Q%,,) )
in the ideal class group of k,. The 2-rank of the ideal class group of k,, is stable
for sufficiently large n because of us(k) = 0 and p,, is also stable. More precisely,
there exists an integer N > s — 2 such that Ay = p,, for all n > N by [13 pp. 272,
287] and [0, Lemma 3.3]. Thus we have proved the following:

Lemma 3.1. Notations and assumptions being as above, the following four asser-
tions hold:

(1) A = MXo).
(2) MXoo) = AM(Xoo) + AlLso).
(3) MXo) =252~ 1.

(4) The 2 rank of the ideal class group of ky is stable and A\, = p, forn > N.

Let o be a generator of G(ks/Qu) and [, a prime ideal of k,, lying above 2.
Then we have [,17 = a,Q, (n > 1), (1,19)%" =20 and [,, # [7. We denote by
L, the unit group L}, of , for simplicity. Let k,(, be the completion of k,, at
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[y 0 the unit group of ky,y, and U, = Qf x Q. We embed E,, in U, by the
injective homomorphism
(3) p:Ey,>em (g,67) € U,.

Then we have

G(Mn/Ln) = Un/ @(En)

by class field theory, where ¢(F,,) is the topological closure of ¢(E,) in U,. Now,
we need the following lemma:

Lemma 3.2. The element (1,—1) of U, does not belong to ¢(Ey,).

Proof. Let e1,e3,...,&on+1_1 be fundamental units of k,. We assume (1,—1) €
©(Fy). Then there exist 2-adic integers x1, xa, ..., Tgn+1_; with

(1,-1) = £ (e1,€7)** (€2,9)% - - - (Egn+1_1,E9nq1_q) 2" -1,

Hence we have
2n+1 -1 2n+1 1

H e =1 and H (e7)* = 1.

i=1 i=1
Let v be a generator of G(k, 1, /Q2), where Q3 is the 2-adic number field. Then we
have

ont+l_q ) ont+l_q )
[T ) =1 and J[ ) =1
1=1 =1

for 1 < j < 2". This means

ontl_q ontl_q

Z T 10822(€Zj)2 =0 and Z Li Ing(Eémj)z =0,

i=1 i=1
where log, is a 2-adic log function. Therefore, we have
1 =+ = Ton+1_1 =0

by Leopoldt conjecture, which was proved in [I]. This is a contradiction. O

Remark 3.1. Using (1,—1) & ¢(Ey), Ozaki proved in his thesis that A, = 0if s = 3.

Let C;, be the unit group of Q(ay,) and V;, the unit group of Qa(cv,). We put
Wo={u€eV,:u=1 (mod 4a,) }. Then we prove the following lemmas.

Lemma 3.3. We have V,, = (3)C,W,,.

Proof. Since the maximal 2-extension of QQ unramified outside 2 is Q,, the maximal
2-extension of Q(a,) unramified outside 2 is also Qu,. Hence we have G(Qoo/Q(cv))
~V,/ C,, where C,, is the topological closure of C, in V,,. Since V,, / C, is gen-
erated by 3C,, as a topological group and since W, is an open subgroup of V;,, we
have V,, = (3)C,W,,. O

Lemma 3.4. We have Ng,(a,)/0,(v) =1 (mod 213 for any element u in W,,.

Proof. Let v,, be the normalized additive a,,-adic valuation of Q(«;,) and v a gen-
erator of G(Q(ay,)/Q). At first, we prove

vp(al —ap) <2741 for1<i<2”—1

n
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n—1
by induction on n. We have vy(a] — an) = va(20y) = 2" + 1. Hence we

have vi(a] — a1) = 2 + 1. We assume v,,(a), — ) < 2™ + 1 for m < n and
1<4<2™—1. Since o = a,,_1 + 2, we have

Un (0‘21 —an) + vn(azl tan) = v, (agﬂl - O‘i)
= Un(O‘ZL—l —ap-1)
= 20, 9(a) | —au_1) <2"+2

for 1 <7 <2"—1and: # 2’?—1. Hence we have vn(azi —ay) < 2"+ 1 for
1 <4 < 2"—1 noting that v, (o} +a,,) > 1. Therefore, we have Ng,(a,)/0,(u) =1
(mod 27*3) by (1) of Corollary 1 to Proposition 11 of Chapter XII in [24]. O

Lemma 3.5. Let Fy be the prime field of characteristic 2, G a cyclic group of order
2" generated by v, and V = F3[G]| the group ring of G over Fo. Let iy, ia,... 4,
be integers with 0 < 47 < i < -+ < 4. < 2" — 1 and v an element of V with
v =" f 42 4. p Ay Ifrois odd, then V is generated by {y'v :0 <i < 2" —1}
over [Fs.

Proof. Let f be a function of G into C such that f(v%) = 1 for i = iy,1s,...,4, and
that f(y%) = 0 for i # iy, s, ..., 1., where i is an integer with 0 <7 < 2" — 1. Then
we have

on 1
det(f(v'7))o<ij<an—1 = H Z X(¥)f() =r"" =1 (mod Con — 1)
veG i=0
by [23], p. 71], where G is the character group of G. O

Recall that ¢ is the isomorphism of F,, into U,, defined by (@]).

Lemma 3.6. Ifn > s—2, we assume that p}Qy., is not principal in k,,. Then, for
any unit € of ky with Ny, jq(a,)(€) = 1, there exists an element c of C, such that
p(ec) is a square in U,.

Proof. Since Ny, /q(a,)(€) = 1, there exists an element « in Qp, with e = a7~
First we assume n > s — 2. Since prime ideals p1Q, ,p2Q%, , ..., Pos—28,, are the
prime ideals in k, which are ramified in k,, over Q(c,), we may assume that a2,
is a product of the finite number of p;2, . Since each p; 2, is conjugate to P12y,
over k and not principal in k,, Lemma leads to a conclusion that a2, is a
product of an even number of p;Q, . Hence we have

(4) Ni,jo(a)=+1 (mod 2"?)

by p = 1 (mod 2°) and s > 3. Now we have aa® € C,W,, or aa® € 3C,W,, by

Lemma 3.3l If we assume aa? € 3C,W,,, then we have

(5) No(an)/olaa?) = £ (1 + 2"+2)  (mod 2"*3)

by Lemma B4 which contradicts ). Hence we have aa® € C,W,. Since any

element of W, is a square in Q (cf. [23, Exercises 9.3]), there exists an element ¢

of C,, such that both ec = aa”¢/a”® and ¢ = aa”c/(a”)? are squares in Q° .
Now, we assume s — 2 > n. If aa® € 3C,W,, then (@) again holds, which

contradicts p = 1 (mod 2%). Hence aa® € C,,W,, and a similar argument leads to
the conclusion. O
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Let E2 be the set of squares of units in k, and let ¢y, ca, ..., can_1 be fun-
damental units of Q(a,). Since p1Qk,, P2k, , - .., Pas—28, are ramified in kj,
over Q(ay,), elements cyE2, coFE2?, ..., con_1E? of E,/E? are independent
over Fy = Z/27Z. Hence there exist units 7y, ..., 72n in E, such that elements
MmCnE2, ..., 12nCrE? of E,/C, E? are independent over Fy. Then we can prove
the following:

Theorem 3.7. Let m be a rational nonnegative integer with m < 2572 — 2 and
€1,E2,"** ,Em unit in k, such that lenEg,sgCnEg, ... ,5anE,21 are independent
over Fy in B, /CoE2. If Nk, jg(an)(€i) = 1 and if Ny, sk, (i) = £1 for 1 <i<m,
then Ay <2572 —m — 2.

Proof. 1f pt is principal in k,, then Ay = 0 by (4) of Lemma BIl So we assume
p! is not principal in k,. We identify k,, with Q2(cy,). Since g; € V,, and since
Nos(an)/0s(€i) = N, ko (i) = £1, we have &; € C,, by class field theory. Since
there exists an element ¢, in C,, with ¢;¢, € V2 by Lemma and since V,,/C,, ~
Zs, there exists an element ¢/ € C,, with g;¢; = (c//)?. Hence we have (g;¢},£7¢}) =
((c})?, (¢} /e:)?). Since (cf, ] /ei) = (1, 1/e;) (mod @(En)), (¢, ] [ei)p(En) is an
element of the inertia group of I7 in G(M,,/k~) whose order is two. Hence the 2-
rank of the torsion part of Ioo G(Mso/M,,)/G(Mso/M,,) is greater than m+1 because

(1,-1) € ¢(E,) by Lemma This shows our assertion by Lemma [311 O

After these preparations, we can now conclude our proof of Theorem
(1) We assume a = 1 (mod p), which implies a? — 2pb® = 1. We note that the

greatest common divisor of a + 1 and a — 1 is 2. We put g = ¥ “;rl V2 4+ ab+1 /P-
Then we have €2 = ¢f,. If a =1 (mod 4), then

a+1a—1:(b)2

2 4p 2

implies &1 € Q(v/2p), which is a contradiction. Hence we have a = —1 (mod 4).
Then v/a+ 1/2 and b/+/a + 1 are rational integers, which imply that ¢, €1 and
14 V2 are fundamental units in Q(,/p, v2) by [16]. Since Ny, /g(a,)(e1) = 1 and
Ni, k(1) = —1, we have A\ < 252 — 3 by Theorem 3.7

(2) We assume a? = —1 (mod p), which implies a? — 2pb?> = —1. Let hy be
the class number of k. We note that hj is odd. Hence the order of the ideal class
containing (I; N Q(y/2p))"** is two in the ideal class group of Q(y/2p) by the genus
formula. This shows that cl(["*) is nontrivial in the 2-Sylow subgroup A, of the
ideal class group of k,,. Since 2 # 1 (mod 32), the order of

B, ={a€ A, |ad =a for any element 7 € G(k,/k) }
is less than or equal to 2. Hence we have B,, = (cl(I%)). This shows A\, = 0 by [7].

4. EXAMPLES

It is important to see how large an m we can choose in Theorem [3.7] for a
number of numerical examples in order to deepen our understanding of Greenberg
conjecture. So we examine the largest m in Theorem Bl We calculated certain
subgroups of

(6) E,/C,E?
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for 1 < n < 7. Since the degree [k7y : Q] = 256 is large, special techniques are
required for the calculations. In this section we explain our particular algorithms.

4.1. Integral basis. The first task is a construction of an integral basis of k,. It
is well known that powers of a, form an integral basis of Q(«,). Since the discrim-
inant of k is prime to that of Q(c,), an integral basis of k,, is easily constructed by
[T'7, Propositon 17 in Chapter III].

4.2. Unit group. The next task is a construction of unit groups C,, and E,,. Since
the group E,,/C,E? in Theorem B.1] has 2-power order, subgroups of C,, and E,
with odd indices are enough for our purpose. Since the methods for C,, and FE,, are
the same, we restrict our interest to E,,.

Let » = 2"*1 — 1. We use a cyclotomic unit 1 + a,, of Q(a,), a cyclotomic unit

§ = No)/ka (G = 1)

of k,, and the fundamental unit ¢y of k, where f = 2"*2p is the conductor of k,.
We denote by v the element of G(k,/k) such that ) = 2cos(107/2"2) and start
with El, = (=1, 6y,01,...,60,_1), where

(1+ay)” 0<i<2m—2
;=T o 1<i<r_2,
€0 1=1r—1.

According to an idea of Zassenhaus [2I, p. 66], we examine whether the index
(E, : E!) is odd and enlarge E/ if (E, : E!) is even as follows. First we check
whether v/ is contained in k,, using the method in 3l If v/fy € k,, we replace 6
by V8. So we may assume that /8y € k,. Next we find a prime number ¢ which
splits completely in k,,/Q and satisfies

£—1
0,2 £1 (mod L),

where £ is a prime ideal of k,, lying over ¢ (we fix arbitrary 1). For 1 <i <r —1,
we set

0 if 9:%1 =1 (mod L),
a; = 1
1 if6,7 #1 (mod L),

(2

and put g = 60, n; = 0,05 (1 <i<r—1). Then E], = (-1, no,m,...,n—1) and

nenyt - m o € ke (0<e; <1)

implies eg = 0. Hence we can reduce the number of trials finding a square from 2"
to 271, Repeating this procedure, we can enlarge E!, within r trials.

Finally, we obtain a subgroup E,, o = (=1, 10,71, - - ., 7r—1) of E,, with odd index
(En : Enp). Since Ny, /,(§) = 1 (note that 2 splits in k/Q), the above algorithm
automatically leads to Ny, /() = £1for 0 <7 <7 —2.

4.3. Square root. Let r = 2"*! — 1 and {vg, vy, ..., v} be an integral basis of
k,. When an integer 3 of k,, is square in k,, we wish to obtain /3. Namely, we
want to determine z; € Z such that (3_; z;v;)% = B. It is difficult to solve the
system of simultaneous equations

(7) doapf =B (0 €Gkn/Q)
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approximately for large n (e.g. n > 4) because of the ambiguity of the sign of /3

(VB = /B or /B° = —\/B37). There is another method of Fincke and Pohst [3],

[20, p. 33] based on the algorithm for finding small vectors in a lattice. But it does

not fit our purpose even for small n because the coefficient of the quadratic form
n+1l__

20 €Gkn /Q) 187171 Z?:o ! zjv7 |2 are very small for our targets. So we proceed

as follows:

(1) Prepare prime numbers g, ¢1, ..., £y which split completely in k,,/Q.

(2) Let 8 be a totally positive integer of k,,. If 3 is not square in k,, modulo some
l;, then /B ¢ ky,. Otherwise we search z; € Z such that (3_; z;v;)% = B.

(3) Calculate the minimal polynomial f(X) of 5 over Q.

(4) Factorize f(X?) over Z. We assume that f(X?) splits into g; (X )g2(X).

(5) Determine /37 = ++/F° mod ¢; (¢ € G(k,/Q)) using g;(X). Namely,
we choose /B mod ¢; so that g1(v/B7) =0 (mod ¢;) and g1 (—/B") Z 0
(mod ;). If g1 (£ /%) =0 (mod ¢;), then we skip this ¢;.

(6) Solving the simultaneous equations () modulo ¢;, construct 3; = 3, x;;v;
(l‘z’j S Z) such that 512 =7 (mod boly - fz) and 2|1‘7,]‘ < Lloly---¥4;.

(7) Find i such that §; = 8;11.

(8) Compare 37 with 3. If 32 = 3, then /f is found.

In many cases, f(X?) splits into two factors and we can eliminate the ambiguity
of v/B7 mod ¢; using a factor of f(X). If f(X?) remains irreducible (i.e. degf <

2™), we get /(362 for an appropriate § € k,, and set /3 = /362/6.

We make two technical remarks. For small n, we can determine the sign of v/3°
so that g1 (v/B7) = 0 and get /3 directly solving the equations () approximately.
If n is large, then coefficients of g1 (X) are large and the calculation becomes slow
because of high precision. For example, we need an accuracy of more than 10°
digits for n = 7. So we switch approximate calculations to congruence calculations.

Our next remark is related to congruence solutions of equations (). Let o =
ay, +w, where w = (1+,/p)/2. Then k,, = Q(«). We prepare the (r+1) x (r +1)
integer matrix B such that

Z..a") = (v vy -+ vy)B.

laa
Ifg= Zj bj’Uj with bj € Z, then
B7mod l; = (v§ vy ---v7) (b by---by)
(8) = (1a®a® ---a")B ' by by---b,) (mod &).

Since the entries of B are very large for large n, the calculation of B! takes a long
time. So we solve a system of linear equations each time modulo each /;.

We get 4% mod £; by (§) and choose /3° mod ¢; using g1(X). Then we get
VB mod 4 =3 j z;07 mod ¢; by solving a system of linear equations

ijaj” =/B° (mod ;) (o€ G(k,/Q))

and get /3 mod £; = 37, y;v; mod £; by

(vova1-yr) = (zo 21+ 2,)'B.

The remainder is a straightforward application of the Chinese Remainder Theorem.
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4.4. Minimal polynomial. If the degree [k, : Q] = 2"! is not too large (e.g.
n < 5), then the approximate calculation of

(9) )= I x-p)

c€G(k,/Q)

works well. But the size of coefficients of f(X) grows rapidly (e.g. 10* digits for
n = 7), and the high accuracy of approximation makes calculations slow. This
phenomenon is caused by a property of § being a product of units in &,.

So we calculate f(X) modulo each ¢; and construct f;(X) € Z[X] such that
fi(X) = f(X) (mod £ty - - - ¢;) and all the absolute values of coefficients of f;(X)
are less than £ply - -+ ¢;/2. If f;(X) = fi+1(X), then f;(X) is very likely to be f(X).
Of course it is not guaranteed that f;(X) = f(X); but we do not need to worry
whether f;(X) = f(X) if we find /3 using f;(X).

In general, f(X) is not always irreducible. If f(X) is square-free, then f(X) is
the minimal polynomial of 5. When f(X) is not square-free, f(X) = g(X)™ with
irreducible g(X) € Z[X] and m > 2. Then ¢g(X) is the minimal polynomial of 5.

4.5. amod ¢;. The minimal polynomial f,(X) € Z[X] of & = «,, + w over Q is
easily obtained by an approximate calculation similar to (@). A rational prime
¢ splits completely in k, if £ = 1 (mod 2"*2) and (p/f) = 1. We build a finite
set L = {{p,41,...,¢n} consisting of an appropriate number of such ¢ satisfying
det B # 0 (mod ¢) and f,(¢) # 0 (mod £).

Let ¢; € L and g; be a primitive root of ¢;. If z; is a rational integer satisfying
7 =g " (mod £;), then 2 cos(27/2"2) = 2 + 2, ! (mod £;) for some prime
ideal £ of Q(av,) lying above ¢;. We also find 2o € Z such that zo = w (mod Ls)
for some prime ideal £y of k lying above ¢; by solving 2% = p (mod ¢;). Then
o = 21 + 29 (mod L) for some prime ideal £ of k,, lying above ¢;. We abbreviate
this congruence as a = z1 + 29 (mod ¢;).

We prepare a table of a” mod ¢; (¢ € G(k,/Q),0 < i < N) and a table of
vjmod/; (0 <i<N,0<j <2 —1)in order to verify quickly that a given
8= Zj z;v; is not square in ky,. But we do not prepare a table of v§ mod ¢; (o €
G(k,/Q), 0 <i < N,0<j<2"! 1) because it requires 256 times the amount
of memory as for n = 7.

4.6. Subgroup calculation. It is enough to construct the subgroup

En,l = {6 S En ‘ Nk"/(@(an)(é) = ]., Nkn/k(g) = :l:].}

of E,, in order to see how many independent units there are in Theorem 3.7
We may assume that we find positive 7; € F,, such that

Cn = (=1,m0,M,..., Nan_2),
E, = (=1,m0,M,..., Nan_2, Non_1, Nan, ..., Non+1_3)
with properties
Ny, k(i) = +£1 (0<i< ol _3),
Ny, ji(mant10) # 1.
First we find 1 € E,, which satisfies Ny, /q(a,,)(n) = —1 and Ny /x(n) = £ 1.
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Let t =2" — 1, u=2""!1 — 2 and let

t—1
Ny, jo(amy () =+ [ 0" (0<j<u—1)
=0

with a;; € Z. Then, the norm of
u—1
17 ez
§=0

from k, to Q(ay,) is equal to £ 1 if and only if z = *(xq, z1,..., 24_1) is contained
in the kernel of the linear map ¢ : Z* 5 x +— Az € Z*, where A = (a;;). Let v be
the dimension of Ker ¢ and {wg, w1, ..., wy—1} a Z-basis of Ker+. Then the above
n exists if and only if [T, N, /q(a,.)(1:)* < 0 for some w; = *(zq;, 15, ..., Tu—1,5)-
In this manner we find n € E,,. Now, for 0 < j < wv—1, set ¢; to be 1 or 0 according
to [1; Nk, /(an) (7:)7% < 0 or not. Then

u—1

Eni1=(-1,n% anij [0<j<v-—1).
i=0

The index (E, : Epna C,E?) is easily calculated using the Hermite normal form of
the integer matrix. Since (E, : C,E2) = 2%" | if (E, : E,10,E?) = 29, then there
are 2" — d independent units in Theorem [B.7]

4.7. Tables. We calculated E,; (2 < n < 7) for k = Q(y/p), where p is a prime

number less than 10* which satisfies p = 1 (mod 2%) and 2" =1 (mod p). We
denote by m,, the maximal number of independent units in Theorem 3.7l Namely,
m, = 2" — d, where (E, : EmlC’nEfL) = 24 Let 2° be the highest power of 2
dividing p — 1. Once m,, has attained 2°~2 — 2 for some n, then we do not need
to calculate my, for kK > n+ 1. Our calculation summarized in the following tables,
together with Theorem [T} shows that A\2(Q(,/p)) = 0 for all prime numbers p less
than 10%.

For k = Q(+/4481), which is the most difficult example, our algorithms with
Pentium 4 2.0 GHz handled k5 in 4 minutes, kg in 45 minutes and k7 in 11 hours.

2*[p—-1
p | ma2 m3 p ma M3 p ma M3 p Mo M3 My

113 2 3089 | 2 4721 2 7793 | 2

337 1 2 3121 | 2 4817 | 2 8081 | 2

593 | 1 2 3217 1 2 5233 | 1 2 8209 | 2

881 | 1 2 3313 | 2 5297 | 2 8273 | 2
1201 2 3761 | 2 5393 | 1 2 8369 | 2
1553 | 2 4049 | 1 2 6353 | 2 9137 | 1 2
1777 | 2 4177 | 2 6449 | 2 9521 | 1 1 2
2129 | 1 2 42731 0 2 6481 | 2 9649 | 2
2833 | 2 4657 | 1 2 7121 | 1 2
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[1]
2]
3]
[4]
[5]
[6]

(12]
(13]
[14]

[15]

2°|lp—1
p | m3 Mgy Ms p m3 My M5 Mg p m3 1My
353 | 6 3361 | 5 5 5 6 8161 | 4 6
1249 | 5 6 4001 | 5 6 8609 | 5 6
1889 | 3 3 6 4513 | 6 9377 | 4 6
2273 | 6 6689 | 5 6 9697 | 5 6
2593 | 6 7393 | 6
2657 | 6 7841 | 4 6
20||p—1
p | my M3 p myg  Ms p my p my p my
577 | 13 14 | 1601 | 14 3137 | 14 | 4801 | 14 || 7489 | 14
1217 | 14 2113 | 13 14 || 4289 | 14 || 5569 | 14 || 9281 | 14
27||p -1 2 |lp—1
b ms Mg b ms Mg My p ms Mg p | me mr
1153 | 30 4481129 29 30 || 6529 | 30 257 | 62
2689 | 29 30 || 4993 | 30 9601 | 28 30 || 9473 | 61 62
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