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RECONSTRUCTION OF MATRICES FROM SUBMATRICES

GEZA KOS, PETER LIGETI, AND PETER SZIKLAI

ABSTRACT. For an arbitrary matrix A of n X n symbols, consider its submatri-
ces of size k X k, obtained by deleting n— k rows and n—k columns. Optionally,
the deleted rows and columns can be selected symmetrically or independently.
We consider the problem of whether these multisets determine matrix A.

Following the ideas of Krasikov and Roditty in the reconstruction of se-
quences from subsequences, we replace the multiset by the sum of submatrices.
For k > ¢n?/3 we prove that the matrix A is determined by the sum of the
k X k submatrices, both in the symmetric and in the nonsymmetric cases.

1. INTRODUCTION

1.1. Problem statement. Let ¥ be an alphabet, and denote by X"*" the set of
n x n matrices over ¥. Call a matrix B € X¥** a submatriz of A € ¥"*™ if B can
be obtained by deleting n — k rows and n — k columns of A. If we delete rows and
columns symmetrically, then B is a principal submatriz of A.

Denote by My (A) and M;”™(A) the multisets of the (2)2 submatrices and the
(%) principal submatrices of A of size k x k, respectively. We consider the following

two questions.

Problem 1. For a given n, what is the smallest k£ such that every A € ¥"*™ is
uniquely determined by M (A), i.e. the map My, is injective on X"*"?

Problem 2. For a given n, what is the smallest k£ such that every A € ¥"*™ is

uniquely determined by M;”™(A), i.e. the map M;”™ is injective on XL"*"?

Notice that if k£ < ¢, then L+JB€M@(A) M (B) = (;}::)2 - My (A) and therefore
My(A) determines My (A). (Here |3 is the multiset union symbol.) So, if My is
injective, then M, also must be injective as well. Similarly, we can show that
M;™(A) determines M;”™(A). Hence, it is sufficient to find the smallest such & in
both cases.

Beyond their theoretical interest, Problems [[] and Pl have a connection with the
(vertex) graph reconstruction problem of Kelly [5] and Ulam [11]. For {0, 1} matri-
ces, the two variants of the matrix reconstruction problem (in the symmetric and
nonsymmetric case) are equivalent to the vertex reconstruction problems of ordered
ordinary and bipartite graphs, respectively.
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Marcus and Tardos [8], Tardos [10], Pach and Tardos [9] also settled a series of
conjectures and gave new proofs for related problems on 0-1 matrices and ordered
graphs.

1.2. Previous work. The one-dimensional analogue of our problems is the recon-
struction of sequences of length n from the multiset of subsequences of length k.
The problem was raised first in an information-theoretic study of Kalashnik [4]
about noisy deletion channels in which characters of a transmitted sequence are
randomly (but not necessarily independently) omitted.

The best known lower bound is due to Dudik and Schulman [2] who proved that
if k < e“V1°87 then there exist distinct 0-1 sequences having the same multiset of
the (}) subsequences.

The best upper bounds are based on the ideas of Krasikov and Roditty [6].
Assuming ¥ = {0,1} — which can be done without loss of generality — they
considered the coordinatewise sum of the subsequences of length k. Suppose that
(ag,ai1,...,an—1) and (bg,by,...,b,—1) are distinct 0-1 sequences such that their
subsequences of length k give the same sum, and let d; = a; — b;. Krasikov and
Roditty showed that for every polynomial p(x) with degp < k,

(1.1) Zp(i) -d; = 0.

(This observation links the problem to the famous Prouhet-Tarry-Escott problem
as well.)

In order to obtain an upper bound, Krasikov and Roditty combined this fact
with a result of Borwein, Erdélyi and Kés [I]: for every positive integer n, there
exists a polynomial p(z) such that degp < (% + 5)\/ﬁ and

(1.2) p(0) > p(D)[ + [p2)| + ... + [p(n)]-

Later, in [3], Foster and Krasikov showed that the constant 1 ~ 2.286 can be
replaced by 2+v/log2 ~ 1.665.

It is easy to see that the relations ([I) and ([2) are mutually exclusive, as by
permuting the sequences one can assume that dy # 0. Hence, if

k> (2 10g2+6>\/ﬁ,

then every 0-1 sequence of length n is determined by the sum of its (Z) subsequences
of length k.

Contrary to the case of sequences, the reconstruction problem of matrices has not
been extensively studied. We refer only to a result by Manvel and Stockmeyer [7],
who proved that for n > 5, every matrix A of size n X n is reconstructible from
M (A).

n—1

1.3. New results on matrices. The answers in Problems [Il and [2] are obviously
the same for all alphabets consisting of at least two symbols. From now on we
assume, without loss of generality, that ¥ = {0, 1}.
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The lower bound by Dudik and Schulman can be applied to matrices as well.

Suppose that the sequences (aq,...,a,) and (b1,...,b,) have the same (2) subse-

quences, and consider

ai as ... ap by by ... b,

ai as ... ap by by ... b,
A= . . ) and B =

ai as ... ap by by ... b,

These matrices obviously satisfy My (A) = My(B) and M;"™(A) = M™(B).
Therefore, the smallest values of k in Problems [l and 2] are greater than ecviegn.

In this paper we focus on the upper bound and generalize the ideas of Krasikov
and Roditty. For an arbitrary matrix A € {0,1}"*", define the sums of submatrices
(with multiplicities) of A as

Sk(A)= > B and S¥™A)= > B
BeMj(A) BeM;¥™(A)

Replacing in Problems[Iland2lthe maps M}, and M;™ by Sy, and S;”™, respectively,
we ask the following simplified questions as well.

Problem 3. For a given n, what is the smallest k such that every A € {0,1
is uniquely determined by S (A), i.e. the map Sy is injective on {0,1}"*"?

}an

Problem 4. For a given n, what is the smallest k such that every A € {0,1}"*"
is uniquely determined by S;™(A), i.e. the map S;”™ is injective on {0, 1}"*"?

Similarly to Problems [l and [ it is sufficient to ask the smallest possible values

of k, since Sy(A) = w and S (A) = w for k < (.
L—k L—k

In Section 2] we prove the analogues of equation (I for matrices. Then, in
Section [B] we prove the following results.

Result 1 (Theorem BI). (a) If k < %/%, then the map Sy is not injective
ogy(n
on {0, 1}™*™.
(b) If k < n’’2__ then the map SpY™ is not injective on {0,1}"*™.

\3/ log,(n+1)

Result 2 (Theorem B2). If n is sufficiently large and k& > 38n%/3, then both Sy
and S;™ are injective on {0, 1}

From Result [2] we immediately obtain the following corollary:

Result 3. If n is sufficiently large and k& > 38n%3, then both Mj and M;*™ are
injective, and every matrix A € X"*™ is uniquely determined by My (A) as well as
by M>™(A).

The main tool, which is the analogue of relation (2], is proved in Section B3l

2. REPHRASING THE RECONSTRUCTION PROBLEM

In this section we generalize equation [I.I]) for matrices. The generalizations are
different for the symmetric and nonsymmetric cases.
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2.1. The nonsymmetric case. In the case of nonsymmetric deletion, we prove
the following fact.

Lemma 2.1. Let A, B € {0,1}"™*™ be two arbitrary matrices and let D = A— B =
(dij)1<ij<n be their difference. The following two statements are equivalent:

(a) Sk(4) = Sk(B);
(b) if p(x,y) is an arbitrary polynomial with real coefficients such that deg, p < k
and deg, p < k, then

(2.1) > D wlig)-dij =0.
i=1 j=1
The proof is a combination of the following two observations.
Lemma 2.2. Define the polynomials (B,(x) = (z_l)( ") for 1 < u < k. Let
A,B € {0,1}"*™ be arbitrary matrices and let D = A — B = (d;j)1<i,j<n- Then

for each 1 < wu,v <k, the (u,v)th entry in the matriz S,(A) — Sp(B) = Sk(D) can
be expressed as

= ZZﬁua)ﬁv(j)dij.

Proof.

divjy oo diyj,

(kD)= > >

1<i1<i2<...<ip<n 1<751<j2<...<jr<n dikjl o dikjk e

> > > > di,j,

1< <y —1 <ly Gy <Oy 1 <o < <N J1 <o <Jo—1<Jw  Jo<Jo+1<...<Jjp<n

N — 1y Juv—1 n— ju
1<u—1)<k’—u><v—1><k‘ )J lezlﬂ“ R

M:

n
tu=1jy
n

Il
—

M:

tu=1jy

d

Lemma 2.3. (i) The polynomials B, (x) (1 < u < k) form a basis of the linear
space of all polynomials with degree less than k.

(i) The polynomials B, (x)By(y) (1 < u,v < k) form a basis of the linear space
of all polynomials in two variables which have degree less than k in each variable.

Remark. The first statement was also proved and used in [6].

Proof. (i) The number of polynomials 3, (x) is k¥ which matches the dimension of
the linear space of polynomials with degree less than k. So it is sufficient to prove
that polynomials 3, (z) are linearly independent. Suppose that A, (1 < u < n) are
real numbers, not all zero. We have to show that

k
D AuBulx) #0
u=1
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Let ug be the first index for which \,, # 0. Substituting z = ug, we have A, =0
for u < ug and B, (ug) = 0 for u > up. Hence,

k n—u
UZ::I ,\uﬂu(uo) = Auoﬂuo(uo) = )\uo <k — UZ> 7& 0

Statement (4¢) follows from statement (7). O
Proof of Lemma [Z1l (b) = (a). For each pair 1 < w,v < k of indices, apply
Lemma and property (b) on the polynomial py,(x,y) = Bu(x)B,(y). Since the

degree of p,, is less than k in each variable,

:ZZQu ﬁv ZZPWZ] ]:O'
=1 j= =1 j=1
This holds for each pair (u,v), so Sk(D) =0 and Sk(A4) = Si(B).
(a) = (b). Let p(z,y) be an arbitrary polynomial with deg, p,deg, p < k. By
Lemma 23] there exist real numbers A, ., (1 < u,v < k) such that

k k
y) = Z Z )\u,vﬂu(x)ﬁv(y)'

u=1v=1
Then, applying Lemma [2.2]

n n n n Ok
ZZ i,7) dij ZZ ( Z u’uﬂu B )) d; ;
i=1j=1 i=1 j=1 \u=1lv=1
k k k
:lel)\u,v lelﬁu 51; z lel)\u’v():
u=Lv= g J u=1v=

O

2.2. The symmetric case. In the symmetric case, the diagonal, the upper triangle
and the lower triangle of the matrix S”™(A) are determined only by the diagonal,
the upper and lower triangle of A. For this reason, instead of a single family of
equations like (Z1]), we have three distinct families for the elements in, above and
below the diagonal, respectively.

Lemma 2.4. For arbitrary matrices A, B € {0,1}"*" and D=A—B=(d;j)1<i,j<n,
the following two statements are equivalent:

(a) SY™(4) = SP™(B);

(b) for arbitrary polynomials p(x,y) and q(x) with degrees degp < k — 1 and
degq < k,

> op(ig)-diy =0, Y pi,4)-di; =0, and > q(i)-di =0,
1<i<j<n 1<j<i<n j=1

In order to obtain a simpler necessary condition, we can replace these three
families by a single one.

Corollary 2.5. Let A, B € {0,1}"*" and D = A—B = (dij)1<i,j<n- If SP"(4) =

Sy (B). Then
ZZP(Z'J) dij =0

i=1 j=1



1738 GEZA KOS, PETER LIGETI, AND PETER SZIKLAI

for every polynomial p(x,y) with total degree degp < k — 1.

Proof. Let p(x,y) be an arbitrary polynomial with degp < k — 1 and let ¢(z) =
p(z,x). Then degq < degp < k and

Zzp” Zpl] dw"'z du"‘zplj di; =0+ 0+0.

i=1 j=1 1<j j>i
(I

For proving Lemma 2.4] we show the analogues of Lemmas and 2.3
Lemma 2.6. For every pair 1 <u < v <k, define
(2,1) r—1\(y—x—-1\/n—y
uv (s = .

& Y u—1)\v—u—1/\k—v
If A,B € {0,1}™*™ are arbitrary matrices and D = A — B = (di;)1<i,j<n, then for
each 1 <u,v <k, the (u,v)th entry of S;"(D) is
> (i, §) - digif u < s

1<j

(SP™(D)),, = D Buli) - dis if u=w;
i=1

uv

Z’Yuu(j;i) “diy  ifu>w.

j<i

Proof. If u = v, then

1121 11k

(ST = 2

1<i1<iz<...<ix<n d:

i1 il wu

> X Y d

=1 01 <1 <oy oy <y 1 <o <

n — ZU
1<u_1)< ) Gy by Zﬂu n-

11k

I
M:

<.

u

If u < v, then

1191

(SP™(D),, = > :
1<ig<iz<...<ip<n \ ¢ dikik

= Z Z Z Z dii,

Gy <ty 1<01<0 <liyo1<by tu <bug1 <o <ly—1<ly Ty <bp41<...<ip <N

) i [ O

Ty <Boy 1<j

i1

The case u > v can be proved similarly. (I

Lemma 2.7. The polynomials vy (z,y) (1 <u < v < k) form a basis of the linear
space of polynomials in two variables with total degree less than k — 1.
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Proof. Again, the number of polynomials matches the dimension which is %kz(kz— 1),
so it is sufficient to prove linear independence.
Let Ay (1 <u < v < k) be real numbers, not all zero; we have to show that

> Awuo(z,y) #0.

1<u<v<k

Let (uo, vg) be the first pair of indices in lexicographical order, for which A, 4, #
0. This means that \,, = 0 in every case when u < wug, or u = ug and v < vg.
Substituting x = ug, y = vo, we have 7, ,(ug,vo) = 0 for u > ug and v—u > vo—uo.
The only case when Ay yyuv (to,v0) # 0 is u = ug, v = vg. Therefore,

n — 7
Z )\uv'Yuv(uOv UO) = )\ugvo')/uovo (Uo, UO) = )\uovg (k} B vs) 7é 0. O

1<u<v<k

Proof of Lemma 24l Similarly to the nonsymmetric case, Lemma [2.4] follows from
Lemma and Lemma 271 O

3. PROOFS OF THE RESULTS

3.1. Lower bounds. By simple applications of the pigeonhole principle, we can
obtain lower bounds for the smallest values of k in Problems [3] and [l

n2/3

Theorem 3.1 (Result m). (Z) Ifk' < m
{0,1}™*™ such that A # B but Sip(A) = Sk(B).

() If k < %/%, then there exist matrices A,B C {0,1}"*™ such that
og,(n

A+ B but SP™(A) = S¥™(B).

, then there exist matrices A, B C

Proof. (i) For an arbitrary matrix A € {0,1}"*™, S;(A) is the sum of (2)22 subma-
trices, so each entry in S;(A) is a nonnegative integer, not exceeding (7). Hence,

()

S (,an 4 1)k2 S (n+ 1>2k3 < 2n2 _ |{O7 1}n><n‘

‘{Sk(A): A€ {01

There are fewer possible values of Si(A) than 0-1 matrices, so the map Sy cannot
be injective.

(i7) Similarly to the nonsymmetric case, each entry of S;"™(A) is at most (})
and therefore

{spm(a)s Ae {0,130}

k2
: (@ “) <+ 1M <27 = [{o,137].
O

Remark. With more careful computation the conditions can be improved to k <

s/3 n2/3 3z n2/3 . . .
<\/; 6) Vfiomn and k < (\/5 E) Vfiom respectively, without any change in

the order of magnitude.
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3.2. Upper bounds. As mentioned in the Introduction, we prove the following
upper bound for the smallest & for which the maps S, and S;”™ are injective.

Theorem 3.2 (Result B)). If n is sufficiently large, k > 38n%/3, and A, B €
{0,1}™™ are two distinct matrices, then Sk(A) # Sk(B), and S;"™(A) # SP™(B).

The main tool for proving the theorem is the following result.

Lemma 3.3. For sufficiently large n, for an arbitrary nonempty set H C {1,2,
...,n}? there exists a point a = (a1,a2) € H and a polynomial p(z,y) such that
degp < 37.5n/% and

(3.1) plar, as) > > p(z,y)l.

(z.y)eH, (z.y)#(a1,a2)

We prove this lemma in Section 3.3

Proof of Theorem B2l Let D = A— B = (d;j)1<i,j<n and apply Lemma 33 on the
set H = {(i,j) € {1,2,...,n}* : d;; # 0}. By the lemma, there exists a point
(a1,a2) € H and a polynomial p(x,y) such that degp < k — 1 and relation (B.1])
holds. Then

Zzp(iaj)dij = Z p(i, j)diz| > plai,az) — Z lp(z,y)| > 0.

i=1 j=1 (i,j)eH (z.y)eH\{(a1,a2)}
Hence, 37, >0, p(i,j)dij # 0. By Lemmas Z1] and 24 this implies Sy (A) #
Sk(B) and S;Y™(A) # S;7™(B), respectively. O

3.3. Proof of Lemma [3.3l

Lemma 3.4. For arbitrary real numbers A, M > 0 there exists a polynomial f(x)
with real coefficients with the following properties:

(a) £(0) = M, X
(b) |f(z)] < min (M, P) for all x € (0, A] and

(c) deg f < /TVAVM +2.

Remark. This lemma and this polynomial come from a previous paper [1], but the
proof has been arranged in a different way to make generalizations easier, such as
in Lemma

Proof. Let k = {4 VAVM —‘ + 1 and consider the Chebyshev polynomial T (x).

Let ug = cos g which is the largest root and u; = cos 7 which is the largest local
minimum (see Figure [I]).

The polynomial we seek will be constructed as
14w
9 =T (uo ) : 33) M

fx) =cg”(x);  g(z)= . C T 2oy

Obviously, f(0) = M and deg f = 2(k — 1) < /7vVAVM + 2, so properties (a)
and (c) hold.
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FIGURE 1. Construction of polynomial in Lemma [3.4]

To estimate g(0), notice that

! / .
T/ (cost) = — (Tio(cost)) _ (cos kt) _ ksinkt
i sint sint sint

for all 0 < t < w. Then

s e T 7 \2 41.2 s
1+’LLO ’ 1+COS@ ]’CSIH§ 2*%(@) k 2k -7
0) = T, = . > : =T > Mv
9(0) = = Tiluo) A sng o A ”

_ M
therefore ¢ = 7o < 1.

For all z € (0, A], we have ug— 1202 € [—1,1] and | Ty (uo — 252x)| < 1. Hence,

Tk(uo—l’L—A"":c))2< c 1

X

(3-2) [f(z)] = ¢ <

In the interval [ug, ug], by the convexity of the function T (z), we have |Ty(x)| <
Ty (uo)(x —ugp). For z € [—1,uq] we have T} (ug)(x —up) < —1. Therefore |Tj(x)| <
|} (uo)| - (up — x) holds in the entire interval [—1,up]. Then, for all = € (0, A],

(3.3) |f(x) =c <Tk(u0—W> <ec (W) — ¢g2(0) = M.

T T

Estimates (8:2) and (33)) together provide property (b). O
Lemma 3.5. For arbitrary real numbers A, B, M > 1, there exists a polynomial
f(x) with real coefficients such that

(a) f(0) =M,

1

(b) |f(z)] < min <4M, P) forallz € [-A,B], z # 0 and

(c) deg f < TVABM + 2.
Proof. Without loss of generality, we can assume A > B. Let k be the smallest odd

integer which is not less than %\/ ABM and consider the Chebyshev polynomial
Ti(z). Let w = arccos ’gjr—g and let ug = coswy be the largest root of Ty (z) in the

interval [—1, ijr—g]. Since k is odd, ug > 0. Similarly to Lemma[34] the polynomial

we seek will be constructed as
1
Tk (UO + ZUO 33)

= ca?(x ) = C= —F5—.
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Again, properties (a) and (c) are obvious. For all z € [—A, B] we have ug+ 1’;‘"":5 €

sin <sinw+7r< 1 (AB)2+ il 2 ABJr %T <3 B
w - — = —,
0 k= A+B IJABM A+B ' JABM A
1+u 1 k IJABM
19(0)] = 2| T} (ug)| > + - ——— > 2 > VM
A A sinwg A-3./B
A
and
M 1\ 1
4 = g 1.(2) = =
(3. 10l = i@ <1 (1) =%

To finish proving property (b) we show that
Ty (x)

T — Ug

(3.5) < 2|Tx (uo)

for all x € [-1,1],  # up. Let u3 = coswy and us = cosws be the two neighboring
local extrema of Ty (z) around ug (see Figure ). Consider an arbitrary point
x € [-1,1], © # up. If Tp(z) = 0, then inequality (B3 is trivial. Otherwise,
choose the point y = cos¥ € [u1,us] such that z and y lie on the same side of wug
and |T;(y)| = |Tk(x)|- Then 0 < |y — ug| < |x — ug| and by Cauchy’s mean value
theorem, there exists £ € (wa,w;) such that

Tk () < Ty (y) — Tk (uo) cos kv — cos kwy
T—ug| Y — U cos v — coswy
—ksin k& k sin wy ,
= . < = — [T} (uo)-
—sing sin woy sin woy
Since w < wp < § and we = wo — g,
: 3 ™ s s s
S11 Wo S wop — 2% % % TVAD 1
: > : =l-—2>21-"2>1-—"=—>
Sin wy SIn wo SIn wo Sin w 2Av AéB’ 2
+

and inequality (3.0 follows.
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Fi1GURE 3. Construction of P, in Lemma

Applying inequality (B.5) to polynomial g(z),

Ltug | Te(uo+ H22) | 14w /
o)l = 1 — "0 5[} ()| = 29(0)
and
(3.6) |f(x)|—M(M)2<4M
' 9(0) '
Inequalities (34]) and (3.6]) prove property (b). O

Lemma 3.6. For sufficiently large n there exists a convex lattice polygon P, with
the following properties:

(a) P, contains a square of size n X n in its interior, with horizontal and vertical
stdes;

(b) the side lengths of P, lie in the interval [n'/?,2n'/3];

(c) the sides of P, do not contain any lattice point other than the vertices.

Proof. Denote by N(R) the number of lattice points (x,%) on the disk 2% +y? < R?
which are visible from the origin (i.e.  and y are relatively prime). It is well known
that
. NR) ©6
AR

Let Ry = n'/3 and Ry = 2n'/? and consider the lattice vectors (x,7) where x
and y are relatively prime integers and R} < 2% + y? < R3. Choose these vectors
to be the sides of P,; i.e. sort the vectors by direction and arrange them such that
they form a convex polygon (see Figure[B). Obviously, properties (b) and (c) hold.

The perimeter of P, is at least

(N(R2) — N(R1)) - Ry > (g - 5) R3R, — <g + s> RS = (1?8 - 55) n > 4v/2n.

By the symmetry of P, property (a) follows. d

Lemma 3.7. Let £ be an arbitrary line intersecting P, and let {1 and {5 be the
two supporting lines of P,, parallel to {; denote the distance between £ and £; by
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FIGURE 4. Estimating min(d;,ds) in Lemma [3.7]

d; (i=1,2). Assume that ¢ has a common point with a side S of P, such that the
angle between ¢ and S is ¢ = arcsinn~'/? (see Figure @). Then

min(dl, d2) < 15711/3.

Proof. Without loss of generality, we can assume that dy < dy. Consider the
side vectors of P, which lie completely or partially between the lines ¢ and /;.
Translating these vectors to start from the origin, the endpoints lie in a region D
which is bounded by two concentric circular arcs of radii Ry = n'/% and Ry = 2n'/3
and two radii of the same circles. The central angle of the arcs is 2¢ (see Figure [H]).

Drawing a unit square around the endpoints of the vectors, these squares do not
overlap and they lie in a region denoted by D’ in Figure[ll The central angle of this
region is less than 4¢ and its area is less than ((Ra+1)? — (R; —1)?) - dp < 15n!/3.
Therefore, the number of sides of P,, which have at least one endpoint between the
lines ¢ and /¢, is less than 15n'/3. Since the side lengths of P, do not exceed 2n'/3
and the angles between ¢ and the mentioned sides do no exceed arcsin n~=1/3, this
implies d; < 15n/3. O

FIGURE 5. Regions D and D’

Proof of Lemma B3l Let H C {1,2,...,n}? be an arbitrary nonempty set. Trans-
late the polygon P, provided by Lemma [B.6] to polygon P/ such that the set H
is contained in P/ and at least one point of H lies on the boundary of P/. By the
choice of the side vectors, any side of P) may contain at most two lattice points;
if a side contains two lattice points, they must be the two endpoints. Since set
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t(:) by

F1GURE 6. Construction of the first polynomial in Lemma

H cannot contain all vertices of the polygon P/, there is a side S which contains
exactly one element of H. Let a = (a1, a3) be this element.

The desired polynomial p(z,y) will be constructed as a product of two polyno-
mials p; and py. To construct the first polynomial, rotate the side vector of S by
90 degrees such that it points inside P); let this vector be u = (uy,us); by the
construction of P,, the coordinates u; and wus are relatively prime integers and
n'/? <|u| < 2n'/3 (see Figure [)).

Let f,(t) be the polynomial provided by Lemma 4] for M = 19 and A = 2n*/3
and define

g1(z,y) = ur(z — a1) +uz(y — az), pi(z,y) = fi (gl(fﬂ,y))-

For each integer k, let ¢; be the line where gi(x,y) = k. Line ¢, is the ex-
tension of side S and the distance between lines t; and tgyq1 is 1/[u| for ev-
ery k. Since the diameter of set H is at most Vv2n and lu| < 2711/3, we have
gi(H) c{0,1,2,..., [2v2n*/3] }.

To construct the second polynomial, take a unit vector v which encloses an angle
¢ = arcsinn /% with u. Let ¢ be the line through (a1, az) which is perpendicular
to v and let /1 and ¢5 be the two supporting lines of the set H, parallel to £. Let
d; be the distance between £ and ¢; (i = 1,2). We can assume d; < dy. Moreover,
by Lemma B7, we have d; < 15n1/3 and ds < v/2n since the diameter of H is at
most v/2n (Figure [7).

FIGURE 7. Construction of the second polynomial in Lemma [3.3]
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Let f2(t) be the polynomial by Lemma for parameters A = max(dy,1),
B = max(dy, 1) and M = 1 and define

g2(z,y) = vi(x — ar) + va(y — az), p2(7,y) = fo (92($ay))~

For an arbitrary integer k, consider the lattice points on line t;. The lattice
points are distributed uniformly; the distance between the consecutive pairs is |ul.
Hence, the values go(z,y) on these points form an arithmetic progression lying in
the interval [—dy, do] with difference |u|/sing > 1.

Since |f2(t)| < min(4,1/¢?) in the interval [—dy, dz], this implies

[max(dy,d2)]

1 2
z, <2 min |4, — | <84 —.
(m,y)%;{ﬂtk Pty i;) < h2> i 3
Now let
p(z.y) = pi(z,y) - p2(z,y).
Then
plar,az) = fi(0) - f2(0) =19-1=19
and
[2v2n*/?]
> py)l= > D Ip@y)l- ez y)
(z,y)€H, (z,y)#(a1,a2) k=1 (z,y)ecHNty
[2v2n*/?] [2v2n*/?] 1 2 2 2
S YRTICTED SENCEND Dl CREA) Py PR ey
k=1 (z,y)EHNLy, k=1

< 19 = p(ay, aq),

so the polynomial p(z,y) satisfies (B.1)).
The degree of the polynomial is

degp = degp; + degps < <\/E\/ 2nA/3/19 + 2>

+ (7\/15n1/3 V2n + 2) < 37.5n%/3. 0

4. SUMMARY

We proved that if & > ¢n?/3, then every matrix A € {0,1}**" is uniquely
determined by Mj(A) and M;”™(A). To prove this, we simplified the problem,
replacing the multisets by the sums Si(A) and S;"™(A). We also showed that
the smallest values of k, for which Si(A) or S”™(A) determines the matrix A, is

between (2 (%) and O(n%?). These results indicate that the exponent 2/3
is sharp in the simplified problem, pointing out the limitations of the presented

method.
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