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ON THE CONVERGENCE OF HILL’S METHOD

CHRISTOPHER W. CURTIS AND BERNARD DECONINCK

ABSTRACT. Hill’s method is a means to numerically approximate spectra of
linear differential operators with periodic coefficients. In this paper, we ad-
dress different issues related to the convergence of Hill’'s method. We show
the method does not produce any spurious approximations, and that for self-
adjoint operators, the method converges in a restricted sense. Furthermore,
assuming convergence of an eigenvalue, we prove convergence of the associated
eigenfunction approximation in the L?-norm. These results are not restricted
to selfadjoint operators. Finally, for certain selfadjoint operators, we prove
that the rate of convergence of Hill’s method to the least eigenvalue is faster
than any polynomial power.

1. INTRODUCTION

In this paper we study a numerical method, henceforth called Hill’s method,
used to approximate the spectrum of the operator

p—1
(1) Sptp = 0+ > fi () O,

k=0
where v is in some appropriate space to be defined later. The coefficient functions
fr(z) are smooth, T-periodic functions: fr(z +7T) = fr(x), k=0,...,p— 1. This
is denoted as

(2) fr € C™(Sr).

Using Floquet and Fourier theory, our approximation starts by computing a
bi-infinite matrix representing a parameter-dependent symbol of S,. We make
the problem finite dimensional by truncating the bi-infinite matrix in both rows
and columns; we then compute the eigenvalues of the resulting finite-dimensional
matrix. Such an approach is commonly used. This is made more precise in the
following section. In modern terminology, this truncation may be called a Galerkin
approximation [2], though it is also called a projection method in [3].

In its full generality, Hill’s method was first developed in [6]. However, the
method appeared in more specialized contexts as early as 1886, when George Hill
published [10]. This paper detailed his investigations into the reduced three-body
problem, where an analysis of small perturbations led him to seek solutions to the
linear problem

2 o0
(3) L + [ 6o +2 Z 0, cos(2nz) | ¢ = 0.

dz?
n=1
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Here 0y, k = 1,2,..., are real parameters. In his analysis, Hill incorporated both
Floquet and Fourier theory, which led him to consider infinite-dimensional matrices
and their corresponding determinants. Hill used these determinants in a formal way,
and he attempted to approximate the spectra of the infinite-dimensional matrices
using the spectra of three-by-three truncations. Inspired by Hill’s work, a rigorous
theory on determinants of infinite matrices was initiated by Poincaré [I7] and von
Koch [22]. This in turn has led to a modern theory of determinants of operators
defined over Banach spaces. The treatise by Gohberg, Goldberg, and Krupnick
[9] provides an excellent introduction to both the classical origins and modern
developments of infinite-dimensional determinants, and our work relies heavily on
the material in [9] (see also [8] and [4]). However, we do not develop this theory
any further.

Instead, we focus on proving the validity of Hill’s truncation. This problem,
in turn, has its own deep and storied history. A wonderful introduction can be
found in [3]. Likewise, in the same reference, one can find a number of examples
where using finite-dimensional approximations to compute the spectra of infinite-
dimensional operators fails spectacularly. For our problem, however, we show that
for general S, Hill’s method never converges to spurious eigenvalues in compact
domains. In the case that S, is selfadjoint, we go further and show, again on any
compact domain, that Hill’'s method converges to the spectrum of S, restricted to
said domain. Furthermore, assuming the convergence of an approximate sequence
of eigenvalues to a simple eigenvalue, we show that the corresponding eigenvector
approximations converge to a true eigenvector in the L?-norm.

As shown in [6], Hill’s method is exact for constant-coefficient problems. By re-
stricting ourselves to a particular class of selfadjoint operators, which represent the
simplest case of non-constant coefficient equations, we show Hill’s method approx-
imates the smallest eigenvalue faster than any polynomial power. This restricted
class of operators includes classic problems such as Mathieu’s equation, and it rep-
resents a non-trivial and interesting body of problems for which Hill’s method is an
excellent approximation scheme.

Another, more abstract but also more general, approach for analyzing Hill’s
method can be found in the notes of G.M. Vainikko (Chapter 4 of [I3]). This
approach applies to a more general class of problems than just Hill’s method, and
once the approach is mastered, its application to Hill’s method can be viewed as
a corollary. The results in [I3] not only allow for establishing the convergence of
Hill’s method, but the rate of convergence can also be determined. The rate thus
found is identical to the one we establish in this paper. In the case of symmetric
operators, a convergence proof and rate can also be found in [7]. However, the
class of operators considered in [7] is far more restricted than in this paper or [13].
Furthermore, the rate of convergence obtained is far slower than what we or [13]
are able to show.

The key to the deeper results in [I3] is the notion of the aperture between
subspaces of a Banach space (see also Chapter 4 of [12]). We make no use of this
idea, or any other result found in [13]. Instead, we use a more direct and explicit
approach, which may be more natural or intuitive if one is interested in Hill’s
method in its own right, as opposed to regarding it as a special case of a more general
problem. Indeed, as mentioned above, Hill’s method led us to consider determinants
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of infinite-dimensional operators and the work of [9]. Thus, the methods presented
in this paper are new and hopefully insightful.

On a final note, our manuscript contains neither numerical illustrations of our
results nor examples where the method fails. There are two reasons for this. First,
many examples have already been demonstrated in [4]. Second, our results are pos-
itive results about the validity of Hill’s truncation. This implies the non-existence
of numerical counterexamples to what we prove, hence precluding any numerical
illustrations of the method’s failure.

Remark. e The form of the operator (Il is restrictive in that we equate the
coefficient of the highest-order derivative to one. Were the coefficient a
constant, this would not change our results. The effect of a non-constant
coefficient on our work is non-trivial. However, in many problems (linear
stability, scattering) the spectral problems that arise are of the form used
here (see the examples in [6]), although variations occur.

e Numerically computing the eigenvalues of a matrix is a non-trivial problem.
It is not a problem we consider in this paper. Our sole interest is in the
relation between the finite-dimensional approximations as obtained through
Hill’s method and the problem they are meant to approximate.

e The work in this paper focuses on spectral problems defined by scalar dif-
ferential operators ([Il). This restriction is made for ease of presentation.
Hill’s method, in essence a Galerkin method, works equally well for sys-
tems of equations or for problems with multiple independent variables [6].
Our methods of analysis used apply to the system case, but modifications
are necessary for the multi-dimensional case.

e Combining the ideas of Floquet decomposition and the truncation of matrix
representations of operators is frequently done when considering periodic
operator equations. Three contemporary examples of this can be found in
[19], [23], and [24]. Special mention should be made with regards to [24].

The outline of this paper is as follows. In the next section we present the details
of the method for the scalar problem. That section is also used to settle various
notational issues. Section 3 presents our proofs relating to the convergence of Hill’s
method. We break the section into two parts, the first dealing with non-selfadjoint

operators, the second dealing with selfadjoint operators in particular. Section 4

contains our proof of the convergence of the associated eigenvector approximations.

Again we emphasize that this result holds for general operators. Next, Section 5

presents our proof of spectral convergence for the least eigenvalue. Finally, the last

section summarizes our findings.

2. HILL’S METHOD

Hill’s method is discussed in great detail in [6]. In essence the method combines
a Floquet (or Bloch) decomposition with a Fourier expansion so as to reduce the
numerical computation of the spectrum of a periodic differential operator to the
computation of spectra of a family of (finite-dimensional) matrices. Before we
continue, we define some relevant spaces that will be used throughout the rest of the
paper. Let Lo (St) be defined as the completion of C (S7), the space of T-periodic,
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continuous functions, with respect to the L?-norm on the interval [—7/2,7/2]. Let
efiZTrnz/T

VT

so that for ¢ € La (St), we have the associated Fourier series

(5) d(x)= > onen(2),

n=—oo

(4) €n (1‘) = , ne Z,

T/2

(6) On = (d,e0) = \/LT / o(x)el (z)da.

-T/2
This allows us to associate with every function ¢ € Lg (St) its Fourier transform
" il
We define the Sobolev spaces H? (St) in a similar fashion, and in our paper, we
define the norm on H? (St) as ([2], p. 308)

2

~ 2p
0 ol =[] + = (%) )6

|E[>0

k

The Floquet-Bloch decomposition. First, we define S, over the Sobolev space
H” (R), with

(9) H”(R)={f€L2(R) y f’“(x)de<OO},
>

where f* denotes the k'" weak derivative of f. This makes S, closed and densely
defined. We can likewise turn the operator S, — X into a first-order differential
operator defined on H' (R; CP), where the notation means that the space H' (R; CP)
consists of CP-valued functions with one weak derivative, and for which the function
and its derivate have CP-norms that are both in Lg (R) (see [18] for more details).
Denote the first-order differential operator as S(z; \) = % — B(x; M), where B(x; \)
is a p X p matrix. By definition,

(10) o(Sp) = {A € C: S(x;\) does not have a bounded inverse} .

Following [20], we use the following decomposition of o(S,) (see also [0], [16]).

o 0,:(Sy) ={A € C:S(x; ) is Fredholm with zero index.}

® Tess(Sp) = 0(Sp)\opt(Sp)-
Since S, has only periodic coefficients, we need only compute oes5(S,) [20]. This
reduces to the following problem.

Theorem 1. X € 0(S,) if and only if the differential equation
d_u
(11) dz
uw(T) = e*Tu(0)
has a solution for some p € [0,27/T).
Proof. See [20], page 1001. O

=B(z;Nu, 0 <z <T,
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We transform the differential equation in Theorem [I] into

dy =
(12) % —B(l‘,)\,u)ﬂ), 0<z<T,
P(T) = 4(0)

via the transformation ¢ (z) = e~#*u(z). Note that B(z;\, ) = B(x; \) — ip. We
can then restate Theorem [ as

Theorem 2. ) € 0(S,) if and only if the differential equation

(13) = B\ )b, p € B (Sr:C?)

has a solution for some p € 0,27 /T).

It is easy to show that the pt"-order system in Theorem [ is equivalent to the
scalar problem

(14) Sg(ﬁ = )‘QS, ¢) € HP (ST) )
where
(15) Sho = e_i’”Sp (ei“xcﬁ) .

An explicit form for S! is found in [6]. Theorem [2]implies that we can write o(S))
as

(16) a(Sp) = Jo(Sp).

As implied by (I4)), for each value of u, o(S}) consists only of point spectra. We
approximate these point sets numerically for a fixed value of p.

The Fourier decomposition. To reduce the problem to linear algebra, we resort
to a Galerkin method [2] using the orthonormal basis e, given at the beginning of
this section. Of course, given any orthonormal basis {¢;}, we can generate a matrix
representation for any linear operator M with entries (My;, ¢i), (j, k) € Z?. Our
particular choice of basis reflects the boundary conditions of our eigenvalue problem
([d). We interchangeably refer to the bi-infinite matrix, with entries (S4 e;,ex), as
the Fourier transform or symbol of the linear operator S). We denote the symbol
(or Fourier transform, or bi-infinite matrix representation) of S as S”;,‘, where the
(n,m)*" entry of Sg is denoted by S’g’nm = (S em,en). We write the Fourier
transform of our eigenvalue problem (4] as

(17) Std = Ao
Finite-dimensional projection. The last step of Hill’s method requires the in-
troduction of the orthogonal projection operator Py onto the subspace spanned by

the Fourier modes from —N to N. The effect of Py applied to a periodic function
is truncation of the Fourier series, i.e.,

N
(18) Puo@) = " buen (@)
n=—N
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Likewise, the action of the symbol of Py, Py, will give
X 0, |n|> N,
(19) (PN¢> =93 .
" ¢n, |n] < N.
Define the (2N + 1) x (2N + 1) matrix S4%7 via

0 0 0
(20) PySiPy=| -~ 0 SKT 0 - |,
0 0 0

where the 7 emphasizes that 5’5{,7 is a truncation of a bi-infinite matrix. As a
matter of convention, for any operator A with symbol A, we define A}, in the same
fashion, namely

0 0 0
(21) PyAPy =] -~ 0 A%, 0
0 0 0

Likewise we introduce the shorthand A N = PNAPN.
Finally, we define the approximate eigenvalue problem

(22) SNTON = ANdN,
where the subscript N on Ay reinforces the order of the approximation. A more
detailed derivation is presented in [6].

3. PROOF OF CONVERGENCE

By the convergence of Hill’s method, we mean that the following two properties
are satisfied.

(1) For a given sequence {An}3¥_,, Axy € o(S47), and for any ¢ > 0, there
exists an integer M such that any Ay, N > M, is in an e-neighborhood of
some \ € o(Sh).

(2) For all A € o(S)), there exists some sequence {AN}F_;, AN € U(S;:N),
such that Ay — .

The first condition ensures that Hill’s method is accurate, but it leaves open the
possibility that the method may not produce all of ¢(S}). Likewise, the second
statement ensures that the method will faithfully reproduce all of ¢(S}'), but it
does not rule out that the method will produce spurious information. It is this
distinction that leads us to refer to the first condition as the “no-spurious modes”
condition.
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We are able to prove a slightly restricted version of the no-spurious modes condi-
tion for any operator Sf'. We modify the condition only by requiring the arbitrary
sequence {An}%_; to be confined to a compact subset of the complex plane. The
second condition is essentially proved in [I8], for selfadjoint operators. We have not
been able to improve upon this restriction. However, we present the outline of the
proof provided in [I8] for the sake of completeness.

3.1. Proof of the no-spurious-modes condition. Our proof of the first con-
dition relies upon one major theorem. Before proving this theorem, we need to
develop and explain the basic machinery necessary for our proof. First, for nota-
tional ease, we define the operator S' as

eD (Sl) =HP(S7), S'¢ = Sho.

We now provide a brief introduction to the theory of determinants of operators
on a separable Hilbert Space, say H. This material was developed in [9], and we
reproduce it here only for completeness or to clarify some points made in [9]. Let
B (H) denote the space of all bounded operators from H into itself. Let F denote
the space of finite-rank operators. For our purposes, it is not sufficient to use the
operator norm induced by the norm on H, say ||-||. Instead, we need to introduce
a new norm ||-||7, where Z denotes a subalgebra of B (H) such that F NZ is dense
in Z and

(23) I <Cllz

where C is a constant. Thus Z is an embedded subalgebra in B (H). Likewise, if
the space of finite-rank operators is dense in Z, this implies every element in Z is
compact. Next, define the trace of K € FNZ by

24 e (K) = 3"
k=1

and define the determinant of I + K as

n

(25) det T+ K)=J[ 1+ ),
k=1
where n is the rank of K and Ay are the eigenvalues of K.

The issue at hand is whether we can find some continuous function that will
serve as an extension of the determinant, which has only been defined on FNZ. A
necessary and sufficient condition for this (see [9]) is if the trace is a bounded linear
functional in the Z-norm, i.e.,

(26) [tr ()| < M[|K]|z

holds for all K € FNZ, where M is a constant independent of K. If this condition
holds, then for K € Z, we know there exists a sequence of finite-rank operators Ky
such that

(27) Jim [[Ky — K|z =0,
and we can define the Z-determinant of I + K as

(28) dety (I + K) = 1\}51100 det (1 + Kn) .

Using the above definitions, one can prove [9]:
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Theorem 3. (I+K) ™" exists if and only if dety (I+K) # 0.

A space well suited for our purposes was developed by Gohberg et al. [9]. Define
the subalgebra  via:
! /2
Anm‘ < 00

(29)
For A € Q, we have the corresponding norm [|A||;, defined by

1/2
o0 2 /
I E nm‘ )
n,Mm=—00

where A,,,, = (Aem,en), and e, is defined as in @)). If A € Q, we see that

Z Anmm <||¢>|\2 Z Z

m=—0o0 n=—0o0 m=—0oo

N=<cA4A€B(Ly(S7)) : max| lim

M—o0

M
> Am
n=—M

(s

n,m=—00

(30) [|All = max

M
lim E A
M — o0 nn
n=—M

(31)  [|Agl) = Z

n=—oo

nm’

and therefore ||A]|, < [|A||- The next lemma easily follows.
Lemma 4. For all finite rank operators A, we have
(32) [tr (A)] < [[Allg, -

Proof. Given that A has finite rank, let v, ..., %, be an orthonormal basis for the
range of A. Then we may write A as

(33) A:ZW (A ).

It is clear that

(34) tr (Yr (A, Y)) = (Ag, )

and therefore

(35) = (A, ) -
k=1
Since 9y, € Lo (St), we can expand vy as
(36) Y = Z Drje;.
j=—o00
Note that

(37) (Aej,e;) Z i (Aej, ) .
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Therefore we can rewrite the trace of a finite-rank operator as

n

> (A, i)

k=1

tr (A)

n

oD g (Aej, )

k=1j=—0c0

o0

oD g Ay, )

j=—o0 k=1

oo

Z <A€j,€j> .

j=—o0

(38)

Thus from the definition of |||, we have the result. O

Similarly, we have
Lemma 5. FEvery finite-rank operator is in €.

Proof. We know that the trace of a finite-rank operator, say A, is bounded, and

oo
thus from the previous lemma we know that Z Ajj| < oo. Likewise we have
Jj=—00

2

Ziﬁlk (Aej, )

Y lAejen)® = Y
J.k

gk li=1
< ( y) S5 ey, A
k1= Jj l=1
(39) < nZ || At |5 < oo,

where AT denotes the adjoint of A. Therefore every finite-rank operator is in Q. O

Lastly, we need to show that F is dense in 2. We do this, and also establish a
useful result for our main theorem, in the following lemma.

Lemma 6. If A€ Q, then lim [|[A— PyAPyllg =0.
N—o00

Proof. Tt is clear that

(40) |4 — PyAPyllo < ||(I = Px)Allg + || Py AL = Py)llq -
With
1/2
(41) |- Py)Allg =max | | 3 A, | D Z nm\
[n|>N [n|>N m=—o0
and

(42) IPvAt =Pl = 0 Y [

[n|<N |m|>N

the result follows, since ||Al|, < oo. O
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This shows that for A € €, we have

(43) deto (I +A) = A}im det (I + PvAPy),
—00

where

(44) det (I + PyAPy) = det (f}v + A;V) .

For omitted proofs and more details on this material, the interested reader is advised
to consult [9].
Finally, we need two key facts about operators of the form I + K, where I is the
identity and K is compact.
e | + K is a Fredholm operator.
e i(/+K)=0.
Note that for any Fredholm operator F,
(45) i(F) = dim(ker(F)) — dim(ker(FT)),

where F'' again denotes the adjoint of F. For the proof, see [21].
With these tools in hand, we prove the following theorem. This theorem will be
the engine to drive the proof of the no-spurious-mode condition.

Theorem 7. Let v € p(S'). Then there exists some constant M. such that for
N> M, vep(Sy).

Proof. Define the operator B : Ly (St) — Lo (St) via
(252) ", A0

(46) (B¢)n = )
i_p/l;[}Oa n= Oa

where 1[)” are the components of the vector 1& € lg, and B is the symbol of B. B,
when applied to S' — «, is introduced to nullify the growth along the diagonal of
S1—~. Clearly H? (Sp) C R (B). With v € p(S1), we have that S —~ is a bijection
from H? (St) to La (St) by definition. Therefore, we define the operator A whose
symbol is B(S' — 7), noting that H? (Sz) C R(A).

Now consider computing the matrix product of B and (S’l — ). Clearly this
operator is the extension of A, and we will show that it is a bounded operator on
lo. Therefore, it must be the unique bounded extension of A [I8]. We refer to the
extension of A as A to economize on notation. Given that Onm 1s the Kroenecker
delta function, the terms of A are then

(47)
2\ P mnyp M o 2m\F
< T > (Z (,U,+ T) *7)5nm+z.fk,n—mz <N+ T) TL7£O,
k=0

p—1
(17 =) om + D _frrompFi* P n=0.
k=0

See [6], equation 17, for an explicit derivation. Therefore, for n # 0,

. T A 1 1
(48) A'rm =1+ — (pﬂ - pr—l,O) E +0 ( > 5

2 n?
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which shows that

M
(49) ]\/}gnoo Z (A,m - 1) < 00.
n=—M
Likewise, we have also shown that
> . 2
(50) 3 ’A,m - 1‘ < .
n=-—oo
For n # m and n # 0, we have
2
~2 T\ (22 27rn
Anm‘ o 2mn
(Qm) (; ot

(51)

IN
A
S
oL
\/
A
/—\
)
>q
3
"
DN
=

while for n = 0 we have

2 2p _ 2

~ o 1 ~

(52) AOm < 2 _1 Z k.—m/| -

Therefore

(53)
R 9 p—1 T 2p 27N 2k e’} p—1 ) 9
| = — o .

S i < (X (o) |+ T ,
m##n,|n|>0 [n|>0 k=0 m=—o00 k=0

The above shows that
R 2
(54) Z ‘Anm - 6nm‘ < o0,

and therefore A — T € Q. Let K = A — I, and so K is compact. It is then
clear that A € B (L2 (St)), and that A is Fredholm. Therefore the range of A is
closed. We know H? (St) C R (A), H? (St) is dense in Ly (St), and so together
these facts imply R (A) = L (Sr). Hence dim (ker (AT)) = 0, and i (A4) = 0, so
dim (ker (A)) = 0. Therefore A is a bounded bijection from Ls (S7) to Lo (St),
which means A has a bounded inverse by the Open Mapping Theorem.

Knowing that A has a bounded inverse and that A € €, it follows from Theorem
Bl that detg (A) # 0. We have

detg (A)

lim det (I + PnK Py)

(55) = lim det (IN +KN)

N—o0

and thus there exists a constant M., such that for N > M,, det (IA]V + f(}v) # 0.
Since PNB = B]:’N,
(56) %y = BR (S8 —In),
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which means that B]:G (S}VT —~I ~) has trivial kernel. Since By has trivial kernel,
we know that

(57) ker (837 —yIv) = {0},

and therefore v € p(Sy™ — vIx) for N > M, O
Given this theorem, we prove the following corollary.

Corollary 8. If Ay, € 0(5’11\,;) and Ay, — v, then v € o(S1).

Proof. Suppose in contradiction that v € p(S*). Then, by Theorem [7, we know for
some value M that v € p(Sy7) for N > M. Then

|y =7 = [[Bresy -m By,
< ||Brsy-m |55,
(58) < ||Bxsy -m|, |3,

Following the notation in Theorem [7], B?\}(g}\f —v) = In+ [A(]TV Likewise, per our
convention, let Ky denote the Iy operator such that K7 is the (2N +1) x (2N +1)
truncation of KN, and KN = PNKNPN = PNKPN. From Theorem [7, we know
that K is compact, and therefore Ky converges to K in the uniform operator
topology. Clearly

(59) [ + B3| < ||+ &)

)

2

and we know that I + K has a bounded inverse. This implies that

©0) ||+ En) ], <[+ R0 ][ B - R

Since Ky converges uniformly to K, there exists L such that ||(I+K)~*(Ky — K)||
< 1/2 for N > L, and therefore

(61) |7+ + &) Ry - )| <2
Finally, we know that
A 1
(62) | = —
‘ ‘ 2 d ('Y, 0.(5]1\}7'))
where
(63) d(y,0(Sy7) = inf |y—s|.

This implies that

&l,1 2
(64) d(v,0(Sy") = 7= —
S Ll o

for N > S. Hence, if v € p(S'), there can be no subsequence Ay, € J(S}Vj)
converging to ~. O

Now we can prove the restricted no-spurious-mode condition.
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Theorem 9. Let D be some compact set in the complex plane, and let {\n}3_,
be a sequence contained in D with Ay € J(S}\}T). Then for all € > 0, there exists

some integer M such that A\ is in an e-neighborhood of some value A € D Na(St)
for N> M.

Proof. Suppose instead that there exists a subsequence Ay, such that d(Ax,, D N
a(SY)) > € > 0. However, since D is compact, ~,; must have a convergent subse-
quence, and this subsequence must converge to some element in o(S*) by Corollary
Bl Hence our original assumption cannot hold, and the theorem is proved. (I

3.2. Proof of the second condition. We were able to prove the first condition
under quite general assumptions. Specifically, it was not necessary to impose that
S1 was a selfadjoint operator. We are unable to prove the second condition without
making this assumption. However, it should be noted that for non-selfadjoint oper-
ators, we have been unable to find numerical examples where the second condition
appears not to hold.

Our proof relies on a number of results from [I§]. To apply these, we need the
following lemma.

Lemma 10. PyS'Py converges strongly to S*.
Proof. Let ¢ € H? (Sr). Then

||SIQ/J*PNSIPN1/}||2 = ||PnS! (I*PN)w*F(I*PN)Sl”(/}Hz
1™ (1= Pw) ¢, + |1 = Pw) S™|,
O|\(I—PN)¢H2,p+||(I—PN)SI¢||2-

This must become arbitrarily small as N — oco. Therefore the lemma is proved. [

(65)

IN A

The results we need from [I8] will now be stated for the sake of completeness.
Proofs of the lemmas and theorem can be found in [I§], pages 290-292.

Definition 11. For any linear operator T, if v € p(T), the resolvent operator of T
is defined as

(66) R (T) = (T —) "
Lemma 12. If T is a selfadjoint operator, then

1
67 R.(D)||, = ———=,

where d(’% U(T)) = insto‘(T) |7 - S|'
Lemma 13. If T is selfadjoint and Im(v) # 0, then

1
(68) |[Ry (D), < T

Definition 14. Given a linear operator T' with domain D (T'), a core of T is a
subset D C D (T') such that
(69) Tlp =T,

where T'|p is the smallest closed extension of T'|p.
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Our operator S! is closed over H? (St) [I5]. Therefore H? (St) is a core for S*.
Likewise, each of the finite-rank operators PyS! Py is continuous, and consequently,
closed on HP (St). This makes H? (Sy) a common core for S' and PyS!Py. We
can then use

Lemma 15. Let PyS'Py and S be selfadjoint operators on a common core D. If
Py SYPy converges strongly to S* on D, then R, (PnS'Py) converges strongly to
R, (8%) if Im(y) # 0.

Finally, given the above lemma, we use the following theorem.

Theorem 16. Let PyS'Py and S' be selfadjoint on a common core D. If
R, (PnS'Py) converges strongly to R.(S') for Im(vy) # 0, and if a < b and
(a,b) C p(PnyS'Py) for N sufficiently large, then (a,b) C p(S*).

Proof. See [18], page 290. O
Theorem can be modified to accommodate subsequences, since the strong
convergence of PyS'Py to S' also holds for subsequences. This lets us prove the

second condition. Suppose the second condition were false. This implies that there
exists A € o(S') such that

(70) A\ o(Sy )) >¢

for j sufficiently large. Suppose further that A # 0. This implies that the disc
By(e) = {z€ C:|z— A <€} is a subset of p(g}\,:), which implies that By(€) C
p(PnS'Py), where € < e. Therefore, by Theorem [ By (¢) C p(S'). This is a
contradiction, which implies the second condition for A # 0. If A = 0, we need only
pick some ¢ € p(S') and repeat our steps for S* — c.

4. CONVERGENCE OF EIGENFUNCTIONS

We assume in advance that the approximate eigenvalues, Ay € J(S}\;T)7 converge
to some A € o(S'). Given Ay € o(Sy7), there exists a (2N + 1)-dimensional vector
% such that

(71) SN On = Andn, ||oa

We prove the following proposition.

=1.

Theorem 17. If Ay € o(Sy7) converges to A € o(SY), then there exists a vector
¢ such that a subsequence of ¢ converges to ¢ in ||-||, and S'¢p = \¢g.

Proof We extend the vectors ¢ W to vectors ¢N so that PN¢ N = qu Given that
Nl = 1, by Alaoglu’s theorem [14] there exists a vector ¢ such that some
subsequence of ¢N, denoted as QSN, converges weakly to (b Using the operator B
from the proof of Theorem [l and noting that B commutes with the projection
operator Py, we get

BPyS'Pyon
PyBS'¢n

= Py +K)dn
(72) = ¢n+ PyKon.

AnBon
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B is a compact operator since

~ _2p A~
laes-mil, < X (%) |of
[n|>N

A . 27N\ P
This implies that HBPN — B‘ ‘2 < (WT) , and so B is a uniform limit of finite-

rank operators and is therefore compact. B compact then implies that Bd; N — Bo.
Likewise, since K is compact, we have K¢y — K¢, Py K — K uniformly, and

(74)

ki -], = Ko - ], k]
2 2 2

which implies Py K (;;N - K qAS Therefore, we have

(75) ¢N — ABo — K.

Our weakly convergent sequence ¢y has been shown to converge strongly. This
implies that

(76) on — o,
and using (7)),
(77) (I 4+ K)¢ = AB¢.

We still need to show that the function ¢, corresponding to the symbol QAS, is in
D (S 1), and that it is an eigenfunction. There are two cases to consider. The first
is A\ # 0. This implies that S! is invertible, and we showed in Theorem [7] that the
operator I + K is invertible. If [ + K is invertible, then

(78) (I+K)"Y(BSY) =1

where BS1 denotes the extension of BS!. Likewise, if S* is invertible, Athgn fqr
¢ € La (S7) there must exist some ¢» € HP (S7), with symbol v, such that St = ¢.
This implies that

¢ = M +K)'Bo
= AI+K)"'BSY
= M+ K)"'BSY
(79) = M\,

and therefore ¢ is an eigenfunction of S*.
The second case to consider is A = 0. In that case let c € p (Sl) so that the
operator S' — ¢ is invertible. Repeat the steps for the A # 0 case. O

If we assume that the eigenvalue A is simple, then we see that every subsequence
of ¢ converges to some unit multiple of ¢ since we claimed every sequence of
approximate eigenvectors ¢y has a convergent subsequence. We can then say,
upon appropriate rescalings, that the sequence is convergent. The general problem
for non-simple eigenvalues appears to be rather difficult, and we do not address it
here.
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5. RATE OF CONVERGENCE

Before proceeding, we need two technical lemmas. The first lemma is from [I],
page 69. We include the proof for clarity.

Lemma 18. If ¢ € C* (S7), then ||(I — Pn)¢||, = O(NP) for all integer values
of p> 0.

Proof. Since C* (St) C HP (Sy) for arbitrary p, we can write

=Pl = 3 ||

In|>N

- (%
(&

bn

2

n

) 2 (7))
V()
)

2

n

2rN
T 2p
(50) < (55) IIB,.
Therefore
(81) (I = Px)élly =0 (NP), p>0. O

The second lemma relies upon a restriction of the selfadjoint operator S! to the

form

p—1
(82) St =0+ adk + f(a),

k=1
where the ¢; are constants. We denote the constant-coefficient differential operator
as Df'. This restriction greatly simplifies our work since the operator Py commutes
with Dy We now prove our second technical lemma:

Lemma 19. If ¢ and ¢ are the approrimate and true eigenfunctions, respectively,
of the operator D + f(x), then convergence in ||-||, implies convergence in ||-||, .
for all positive integers k.

Proof. We have PyS'én = Dion + Py f(x)¢n. As shown in the previous section,
if approximate eigenfunctions ¢ converge to ¢ in the ||-||, norm, then

(83) Jim [Py f(2)on — F(@)sl, = 0.
—00

This implies that

(34 Jim [[Doy = Dpof|, =0,

which means that ¢ converges to ¢ in the graph norm associated with S, i.e
. 1 1
(85) Jim (lon — oIl + [|STon — S'¢]],) =

The graph norm associated with the operator S! is equivalent to the pt* Sobolev
norm [I5], which implies that

(86) Jim[[éx = 9], =0
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Convergence in ||-||, , implies d:¢n — 9x¢ in |||y, and thus 9, (D én + f(z)dn)
converges to 9,5'¢ in [|-||,. This implies that ¢y converges to ¢ in M2 py1

Proceeding this way, we see that ¢ converges to ¢ in ||-||,, for all integers k >
0. O

Finally, we need the following min-max theorem [I1]:

Theorem 20. Suppose the selfadjoint operator S' has least eigenvalue \g > —oo.
Then

_ : 1
(87) Ao = \|wl|I|12f=1 (S, 9),

where v is understood to be in the domain of S*.
Using Theorem 20] and our technical lemmas, we prove the next theorem.

Theorem 21. Let A = mino(S') > —oo, A simple. Then there exists a sequence
AN = A, Ay € o(SyT), and

(59 v A= O(N9), g2 1
Proof. By Theorem 20, we have

— 1
(89) A= ||1bl|r\12f=1 (Sty, ).

Define the sequence {A\n}%_; via

(90) A= inf (SRR,

195 ]1,=1
where 1[)]\, € C2N+1, Let 1&1\/ denote the extension of 1&17\[, ie. PNJJN = @N. We
can equivalently define Ay as
(91) )\N = inf <Sl¢N,¢N>.

llvnll,=1
This shows that Ay > An41 Nz N . Si~nce the An’s are a monotone sequence,
they must have a limit, say A\. Suppose A > ). Since we know that A\ € o(S?)
and that S* is selfadjoint, by our second condition for convergence, we know there
exists a sequence vy € o(Sy7) such that y5 — A. This implies for N large enough
that yx < A, but this would imply that yy < Ay, which is impossible. Therefore
A=AXand Ay — A
Let ¢ > A1, ¢ # 0. We can alter our definition of Ay to

(92) Aw= i ((S*Pxp, Prip) + (I — P )i, ) -

We introduce this alteration in order to take infimums over the same domain. Let
each eigenvalue \y have corresponding eigenvector ¢, and let A have eigenvector
¢. We showed in Section 4 that ¢ — ¢ in ||-||,, so we can restrict ourselves to the
set

(93) En = {d;j}j>n-
Assume that A > 0, which implies Ay > 0. Consider the difference
1 1 1

1
OO XA TR R (S P Pt + o0 = P )
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‘We have

(95) (S, ) = (S'Pyip, Pxvo) + Ry (¥),
(96) Ry () = ((I — Py)¢, S"Pyyp) + (S, (I — Py)y),
and so

(97) 3 3o € ol R () + (T = Pa)u )
(98) AN — A <sup|—=Ry (¥) + c((I — Pn)Y, )]

En

Using Cauchy-Schwarz,

(99) IRy ()| < (||S"Pae||, + ||S™¥|],) 1T = Pn)ell,
(100) (I - Pn)v,y)| < clllly ||(I — Pa)ell,.

Given the result of Lemma[I9 we bound (| ’SlPNw’ ‘2 + HSlw‘ ‘2) by some constant
M. Since Ey is closed, there must be some vector ¢ € En such that

(101) Sbglpl—RN () + (I = Pn)y, )| < (M +¢) [[(I = Prn)okll, -

Knowing that each ¢ is smooth, Lemma [I§ implies

T q
(102) AN =A< (M +¢) (W) oKl ,

for all ¢ > 0. Lemma [I9 shows that [|¢k|[, , — [[¢[l5,- So, for a given e, there
must be some value L such that ||¢xll,, < (1 +€)[[¢[]y, for all K > L. Hence,
for N > L, we have

(103 M =2 O+ 9049 (o) ol

In the case that A <0, pick « such that a + A > 0. Likewise we see that

(104) at+A = i 1<(Sl+a)¢,¢>,
=
(105) a+Ay = inf ((S'+a)yn,dn)
llynll,=1
Then we repeat our argument from above. O

Note, in the case that inf o(S') = —oo, but supo(S!) < oo, we can apply the
theorem just proved to the operator —S?.
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