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NUMERICAL ANALYSIS OF A FINITE ELEMENT SCHEME
FOR THE APPROXIMATION
OF HARMONIC MAPS INTO SURFACES

SOREN BARTELS

ABSTRACT. This article studies the numerical approximation of harmonic
maps into surfaces, i.e., critical points for the Dirichlet energy among weakly
differentiable vector fields that are constrained to attain their pointwise values
in a given manifold. An iterative algorithm that is based on a linearization
of the constraint about the current iterate at the nodes of a triangulation is
devised, and its global convergence to a discrete harmonic map is proved under
general conditions. Weak accumulation of discrete harmonic maps at harmonic
maps as discretization parameters tend to zero is established in two dimen-
sions under certain assumptions on the underlying sequence of triangulations.
Numerical simulations illustrate the performance of the algorithm for curved
domains.

1. INTRODUCTION

Geometric partial differential equations and their analysis as well as numerical
simulation have recently attracted considerable attention among pure and applied
mathematicians. Motivated by interesting applications such as general relativity,
micromagnetics, liquid crystal theory, biophysics, and medical image processing,
significant progress has been made in the mathematical understanding of evolu-
tionary and stationary partial differential equations on, into, and between surfaces
within the last two decades. While the properties and approximation of solutions
of partial differential equations with values into surfaces with symmetries such as
the unit sphere are now relatively well understood, only a few results are available
in the case of a general target manifold.

In the so-called equal-constant setting in liquid crystal theory or in models for
ferromagnetic bodies of small diameter, the Oseen-Frank energy [35] 22 [42] [16], [28],
20, 3] or the Landau-Lifschitz energy [29, 18], respectively, reduces to the Dirichlet
energy

(1) E(v) = %/M Vol da,

and one is led to minimizing F among vector fields v: M — S? or v: M — RP2,
the two-dimensional unit sphere or the real projective plane. In this paper, we will
consider as a target manifold a compact, k-dimensional C? submanifold N C R"
without boundary. This excludes RP? but still allows for a variety of interesting
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applications. A weakly differentiable vector field u: M — N will be called a har-
monic map into N if it is stationary for E with respect to compactly supported,
tangential perturbations. This is true if u is a weak solution of the nonlinear partial
differential equation

d
(2) —Au = Z AN (u)[0yu; 0]

with the second fundamental form Ay on N and d:= dim(M); see, e.g., [40} 23].

The existence of global minimizers for ([Il) and hence of harmonic maps into N
follows with the direct method in the calculus of variations for nonempty sets of
admissible vector fields. The simplest choice of a nonflat target manifold already
reveals a variety of intriguing phenomena captured by the mathematical model (I):
If M is two-dimensional, then harmonic maps are known to be smooth; see [25] [33,
26l [37). In higher dimensions the picture changes drastically. For d = 3 harmonic
maps into the sphere are partially regular if they are energy minimizing or, more
generally, stationary with respect to spatial variations [211 [I0] 24]. Those results are
sharp in the sense that the function z — x/|z| is an energy minimizing harmonic
map into the sphere if d > 3 [30] [I1], 27, B9], and there exist harmonic maps into
S7~1 which are everywhere discontinuous if d,n > 3 [36].

The properties of harmonic maps indicate that approximation schemes have to
be developed carefully in order to deal with the limited regularity. The three
major difficulties in the numerical approximation are that numerical schemes have
to (i) cope with the critical nonlinearity in the right-hand side of (@), (ii) satisfy the
constraint u(z) € N appropriately, and (iii) lead to approximations of low energy.

The first issue (i) can be effectively solved by noting that Ay assumes values in
the normal bundle of N and restricting to test functions that are tangential along
the unknown w. This results in the equivalent weak formulation of finding a weakly
differentiable w: M — N such that

(Vu; Vv) =0

for all smooth vector fields v: M — R™ satisfying v(x) € Ty ()N for almost every
x € M and where (+;-) denotes the inner product in L?(M;R™). The practical real-
ization (ii) of the constraint u(x) € N is by no means a straightforward task. Even
for the simplest case N = S™~! one easily verifies that a continuous, piecewise poly-
nomial function wy, satisfies wy,(x) € S"~1 for almost every = € M, i.e., |wy| =1
almost everywhere in M, if and only if wy, is constant. Therefore, approximation
schemes relax the constraint, and finite element approximations are only required to
assume their nodal values in N. In this way, the constraint may be satisfied almost
nowhere, but for a bounded sequence of such finite element functions every weak
accumulation point satisfies the constraint almost everywhere. Ginzburg-Landau
approximations provide another way of imposing the constraint in a relaxed, practi-
cal way. This, however, requires the introduction of a small penalization parameter
and the solutions of the resulting regularized problem usually do not show the de-
sired sharp topological effects. Finally, the problem (iii) of computing harmonic
maps of low energy can be solved by discretizing gradient flows of harmonic maps
and choosing discretization parameters such that discrete energy laws are satisfied.

Given a regular triangulation 75, of M with nodes contained in A}, and a subor-
dinated lowest order finite element space S'(7,), the aforementioned ideas motivate
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the following definition: The vector field u;, € S'(7;,)" is called a discrete harmonic
map into N subject to the boundary data up if up|r, = up s, un(z) € N for all
z € N, and

(Vuh; V’Uh) =0

is satisfied for all vector fields v, € S'(7)" such that vy|r, = 0 and v,(2) €
Ty, ()N for all z € N},. Here, we included Dirichlet’s conditions on the possibly
empty subset I'p € M. It is our aim to iteratively compute discrete harmonic
maps and to show that sequences of discrete harmonic maps accumulate at harmonic
maps as the maximal mesh-size h tends to zero.

The approximation of harmonic maps into spheres started with the work [31]
that studied point relaxation methods. An energy decreasing iterative algorithm
that linearizes the constraint in each step has been introduced and shown to con-
verge in a continuous setting in [I]. Convergence of a finite element discretization
of that algorithm on weakly acute triangulations has been established in [6]. The
authors of [41] discuss parametric approaches for the approximation of p-harmonic
maps into spheres that lead to unconstrained discrete problems and successfully
employ them to denoise color images. An interesting saddle-point formulation for
the computation of discrete harmonic maps into spheres that leads to a separately
convex optimization problem has been proposed in [I4]. Various methods for the
discretization of the harmonic map heat flow into spheres have recently been devel-
oped and analyzed in [4] [9] 2].

Apart from the convergence result in [34] for discrete harmonic maps on planar,
regular lattices to harmonic maps into compact C* submanifolds N C R™ without
boundary, the author is unaware of algorithms or approximation results for discrete
harmonic maps into general target manifolds.

Motivated by the definition of a discrete harmonic map into a given surface N and
generalizing work of [I, [7, 4, [9] for N = S"~!  we employ the following iteration to
compute discrete harmonic maps of low energy. We denote by S} (75) the subspace
of 8'(7) consisting of functions that vanish on I'p if this set is nonempty and has
zero integral mean otherwise; mx denotes the nearest-neighbour projection onto N
which is well defined in a small, tubular neighbourhood of N provided that N is
C2.

Algorithm A. Input: triangulation 7j, damping parameter £ > 0, stopping crite-
rion € > 0.

(1) Choose u) € S*(T,)" such that ul|r, = up, and ul)(z) € N for all z €
Nh \ PD. Set i:= 0.
(2) Compute wi € Sh(T,)™ such that wi(z) € Tyi ()N for all z € Nj, and
(Vwﬁ; Vvh) = —(Vu%; Vvh)
for all v, € S5 (Tn)™ such that vy (z2) € Tyj ()N for all 2 € Nj,.
(3) Stop if || Vuw || <e.
(4) Define uit' € SY(T;,)™ by setting for all z € Ny,
upt (2) = mn (uf (2) + Kwj (2)).
(5) Set i:=i+ 1 and go to (2).

Output: uf = ul.
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Algorithm A can be derived by discretizing the H' gradient flow of harmonic
maps into N, and then « is a time-step size while w}, serves as an approximation of
the time-derivative. Another motivation of the iteration results from regarding w?
as a correction of the given approximation u}L and a linearization of the condition
it =l (2) + wwj(2) € N about i (2). In this case « is a damping parameter
which is needed to guarantee that the nodal values of the update uj, + kwj, belong
to Us, (V) so that Step (4) in the loop is well defined. The following theorem states
that the iteration is well defined and convergent if kK = O(hmin) With Ay, denoting
the minimal diameter of elements in 7},.

Theorem I. Suppose that N is C3. There exist h-independent constants C',C" > 0
such that if kK < C'hypin and € > 0, then Algorithm A is feasible and terminates
within a finite number of iterations. The output uj satisfies uj(z) € N for all
z € Ni, ullr, = up,h, | VUZH < C’”HVU?J , and

| (Vi Von) | < e[|V

for all vy, € SK(Th)™ such that vy(z) € Tyr ()N for all z € Ny,

The assumptions of Theorem I can be significantly weakened if N = 9dC for a
bounded, open, convex set C C R™ and if T}, is weakly acute. In this case, using
that mn:R™ \ C — N is nonexpanding, x can be chosen of order one and we have
C"” = 1. Tt is worth remarking that Algorithm A is globally convergent. While this
guarantees that any choice of u9 will lead to a discrete harmonic map into N, it
also explains that the iteration can be slowly convergent.

The proof of Theorem I exploits the fact that Algorithm A can be understood as
a discretization of the H'! gradient flow of harmonic maps and that 7y is C? with
Drn(p)|r,n = id|7,~ for all p € N. Proving convergence of a sequence of outputs
of Algorithm A to a harmonic map into N as h,e — 0 is more involved and we
provide an affirmative answer if M is two-dimensional and the sequence of triangu-
lations satisfies a restrictive angle condition: (ﬁ) hso 1S said to be logarithmically
right-angled if for every € > 0 there exists hy > 0 such that for all 0 < h < hg
and every triangle K € 7j, with inner angles akx ; € (0,7), j = 1,2,3, we have
min;—i 2.3 log h;liln| cosag,j| < e. Sufficient for this is that for every h > 0 each
K € T, has a right angle.

Theorem II. Suppose that d = 2 and N is C*. Let (Th)h>0 be a sequence of
reqular, logarithmically right-angled triangulations and for each h > 0, let up €
SYTn)™ satisfy up|r, = up,n and up(z) € N for all z € Ny,. Assume that for each
h > 0 there exists e, > 0 such that we have

| (Vun; Vou) | < en || Von|

Jor all vy, € SL(Th)" satisfying vp(z) € Ty, ()N for all z € Ny,. If HVuhH <C,
UDp,p, — UD N LQ(I‘D;R”), and €, — 0 as h — 0, then every weak accumulation
point u € WE2(M;R"™) of (up)pso € WH2(M;R") is a harmonic map into N
satisfying u|r, = up.

The sequence (up)p>o can be constructed with Algorithm A, and Theorem I
implies that it satisfies the conditions of Theorem II provided that ||Vul|| < C for
all b > 0. This can be guaranteed if there exists a continuous, piecewise smooth
vector field u’: M — N with «°|r, = up. The asymptotic right-angled condition
allows the usage of highly graded, locally refined triangulations but is restrictive
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in the case of nonflat surfaces M. It can be shown that the condition is not nec-
essary if the sequence (up)p~o is uniformly bounded in W12+9(M;R™) for some
positive o. In view of this and the fact that harmonic maps are smooth if d = 2,
the angle condition appears to be a technical deficiency of the method of proof
rather than a necessary condition. A sufficient condition for the existence of a se-
quence of logarithmically right-angled triangulations is the existence of a sequence
of uniformly strictly acute triangulations; cf. Remark below. If N = S"~!is
the (n — 1)-dimensional unit sphere, then M does not have to be two-dimensional
and any sequence of regular triangulations leads to the assertion of Theorem II;
cf. [6]. Note that the existence of a harmonic map into N is implicitly assumed by
requiring that there exists a sequence of initial discrete vector fields (u%) >0 which
is bounded in Wh2(M;R™).

The proof of Theorem II follows ideas from [23] B4] and employs a discrete
moving frame to rewrite the discrete Euler-Lagrange equations as an equivalent
Hodge system. A discrete Coulomb gauge of the orthonormal frame leads to con-
nection forms that are discrete divergence-free if the underlying triangulation is
right-angled. Therefore, on general triangulations, a discrete Hodge (or Helmholtz)
decomposition of the connection forms that makes use of nonconforming finite el-
ement spaces leads to nonvanishing gradient contributions. To show that corre-
sponding terms in the Hodge system vanish as h — 0 we require the sequence of
triangulations to be logarithmically right-angled. The limit of the remaining part
can be, owing to a Jacobian structure, identified with weak concentration and com-
pensation compactness principles based on results in [32] together with the fact
that the set of (discrete) harmonic fields on M is finite dimensional.

The outline of this work is as follows. In Section[2lwe recall equivalent character-
izations of harmonic maps and provide some tools for the analysis of Algorithm A;
a proof of Theorem I follows in Section Bl In Section @] we prove Theorem II in a
periodic setting; the reduction of a general setting to the periodic one and hence a
full proof of Theorem II will be given in Section[Bl Finally, in Section [6l we provide
a numerical experiment discussing also modifications of Algorithm A for the case
of nonflat domains M. A brief review of weak compactness results for harmonic
maps is provided in Appendix [Al some auxiliary results from measure theory are
given in Appendix [Bl

2. PRELIMINARIES

Throughout this paper, M denotes a bounded, polygonal or polyhedral Lipschitz
domain in R%, d = 2,3. The k-dimensional submanifold N C R" is assumed to be
compact, without boundary, and C? regular.

2.1. Notation. We use standard notation for Sobolev and Lebesgue spaces and
write || -|| whenever || - || z2(as) is meant. The vectorial curl of a function v, denoted
Curl v, is defined as Curlv:= (—dyv,01v)T while the scalar curl of a vector field
¥ = (11,12) is defined as curly := 91ba — d21b1. The s-dimensional Hausdorff
measure of a set A C R? is denoted H*(A). The topological dual of a Banach space
X is denoted by X*.

2.2. Equivalent characterizations of harmonic maps. The following equiv-
alent characterizations of harmonic maps are important for the analysis of Algo-
rithm A.
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Proposition 2.1 ([23]). A vector field u € W12(M;R™) such that u(xz) € N for
almost every x € M is a harmonic map into N, i.e., it is stationary for

1
v»—)—/ |Vo|? ds,
2 /M

with respect to perturbations of the form wn(u+@) for vector fields ¢ € L™ (M;R™)N
WH2(M;R") that are compactly supported in M, if and only if one of the following
equivalent conditions is satisfied:
(i) for all v € Wy *(M;R™) such that v(z) € Tu@)IN for almost every x € M we
have

(Vu; Vo) =0;
(i) if (ei)i:L2 77777 . C WE2(M;R™) are such that the vectors e*(x),e*(z), ..., e*(x)
form an orthonormal basis for Ty, N for almost every x € M and if W=
S ebVu® and w = Y""_, el *Veh® then we have

k
(0% V) +Z (w7 -97;m) =0

j=1
for all € Wy (M)NL>®°(M) and i = 1,2, ... k.

The prerequisites of item (ii) in the proposition are satisfied if N is parallelizable
in the sense that there exist continuously differentiable vector fields

(3) e1,€2,...,e: N — R"

such that for all p € N the vectors (el(p)7 ea(p), ..y ek(p)) form an orthonormal basis
for T, N. Not every smooth submanifold N is parallelizable; e.g., the unit sphere S?
is not. A construction in [26] shows that every compact C* submanifold N without
boundary can be isometrically embedded into a parallelizable C® submanifold N
and there exists an isometric isomorphism J: N — N such that if u: M — N is
a harmonic map into N, then Jou: M — N is a harmonic map into K/'; cf. |26l
Lemma 4.1.2] and [25] [12] for details. For the subsequent analysis it is therefore
sufficient to assume that N is C*4.

2.3. Finite element spaces. Given a regular triangulation 7, of M into triangles
or tetrahedra for d = 2 or d = 3, respectively, we let A, C M denote the set
of all nodes in Ty (vertices of elements) and &, the set of all (d — 1)~dimensional
subsimplices of elements in 7y, i.e., edges of triangles if d = 2 or faces of tetrahedra
if d = 3. We define hg := diam(K) for all K € T}, and set h:= maxgeT;, hi and
hin := minge7;, hi; we write hg:= diam(E) for all E € &,. The lowest order C°-
conforming finite element space S*(73) subordinate to the triangulation 7y, consists
of all globally continuous, 7y,-elementwise affine functions and the space £°(Ty) is
the set of T,—elementwise constant functions on M, i.e.,

SY(Tn):= {én € C(M) : ¢ | affine for all K € T},
LO(Th) = {vh € L*°(M) : vp|k constant for all K € ﬁ}
For a subset I'ny € M which is either empty or satisfies H?~!(I'p) > 0 we set

Si(T) = { A €SHT) sonlrp =0} i T'p 20,
D {Uh€S(771):fM'Uhdx:0} if I'p = 0.
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The nodal basis (¢.:z € Nj,) of SY(T},) consists of the hat functions ¢. € S'(Tj)
which satisfy ¢.(z) = 1 and ¢,(2’) = 0 for all distinct 2,2’ € N},. We set w, :=
supp ¢, and h, := diam(w,) for all 2 € N}. For a function ¢ € C(M) its nodal
interpolant Z,¢p € S'(7y,) is defined by

Thpi= Y 6(2)¢-.

2ENG,

We also define an interpolation operator acting on continuous vector fields on M
by applying Z, to each component of the vector field. It is well known that there
exists a constant C' > 0 such that for every ¢ € C(M) with ¢|x € H*(K) for all
K € Ty, the approximation error satisfies for each K € Tp,

(4) h;(2"¢ _Ih¢||L2(K) + h;<1||v(¢ _Ih¢)||L2(K) < C||D2¢HL2(K)'

Moreover, I, is W1 stable; ie., |[VZuv|rery < C|Vv|lpeear for all v €
W1oo(M). We say that T, is weakly acute if the off-diagonal entries of the stiffness
matrix are nonpositive, i.e., if

K., = Ve, -V, de <0
M

for all distinct 2,2’ € Nj. If d = 2, then T}, is weakly acute if and only if every sum
of angles opposite to an inner edge is bounded by 7 and every angle opposite to an
edge on the boundary is bounded by 7/2. If d = 3, then a sufficient condition is
that all angles between faces of tetrahedra are bounded by /2. We notice that for
v, € SY(Tr) we have, cf. [7],

1
(5) IVou]* = =5 3 Kewrlon(z) = vn()P,
z,2' €N},

where summands with z = 2’ vanish. We will need a discrete version of a product
rule. Following [5], we know that there exists a linear operator A : SY(75) —
LO(Tr)4*? such that for all vy, w, € SY(T) the identity

(6) Vi, [vhwh] = A(vh)th + A(wh)Vvh

holds almost everywhere on M and for each K € T;, we have

@ @) ~ vilasall =y < Ol Ton]
Moreover, if d = 2 we have for all K € T, that

© A = ATy < C_minJeosaues | fonlo

where ag ~, v = 1,2, ...,d+1 are the interior angles of the triangle K. In particular,
A (vp)|k is symmetric for all v, € S*(73,) if and only if K has a right angle.

Proof of @) -@). Given K = conv{zo, 21, ..., 24} € Th, 20, 21, ..., 24 € Ny, let hp =

|2y — 20| and 2, := hp_ 2y, v =1,2,...,d, where (x"’)vzl,lm,d denotes the canonical

basis in R%. Set Zp := 0 and define K = conv{Zzy, 21, ..., 24 }. Then, for the linear

mapping Fx : T +— 29 + G, T that maps the scaled reference element K to K such
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that Fx(zy) = 2z, for v = 0,1, ...,d, we set U}, := v, o Fg, Wy, := wy, © Fg, and
I [ﬁh@h] =1 [vhwh} o Fi. For v =1,2,...,d we have that

~ 1, R

Oy Ip, [0 wn] = E(vh(zﬁ,)wh(zﬁy) — 0 (20)Wn(20))

= o { (00) + 01(5)) (@ (33) - @ (50)

2h,
+ (@n(2,) + B (30)) (Bn(3) —ah(zo))}

=: A’Y’Y (’Uh)a wp, + A’YA/ (wh)5
Since Vv, = G;Tﬁi;\h, @) follows from setting
A(vp):= G, TA(,)G].
For v =1,2,...,d the mapping = — AY7(v) —v(x) vanishes at z = (27 +ZO)/2, and
thus a discrete Poincaré inequality and |G|, |G| < C imply ([@). Notice that
A(vp) — AT (vp) = (G = G1)A(0,)GT + GrA(31) (GT — G 1Y)
and
|G, — G| < C|Lixa — GLG|.
The last asserted estimate thus follows from the fact that for d = 2 we have
Gh = [hgll (Zl - Zo) hE2 (Zg — Zo)]
so that
’ngg—GhGﬂ:H < Ccos akl,

where a is the inner angle of K between the vectors z; — 29 and zo — zg. Since
we can interchange the role of the nodes we verify (g). O

0 COS Q)¢
COS Q)¢ 0

For d = 2 a sequence of triangulations (7@)}»0 is called logarithmically right-

angled if
. -1 .
%12% log hi, ;uph 7_1111,f2,3 |cosag | =0.

Remark 2.2. A sufficient condition for the existence of a sequence of logarithmically
right-angled triangulations is the existence of a sequence of uniformly strictly acute
triangulations. A triangulation 7j is called strictly acute if all interior angles of
triangles are bounded away from 7/2. A right-angled refinement 7; of a strictly
acute triangulation 7T} is obtained by connecting the vertices and midpoints of edges
of triangles in 7; with their circumcenters; cf. Figure [l This construction is also

possible when the domain M is curved and newly created nodes are projected onto
M.

We will frequently employ inverse inequalities, which assert that for v, € S*(Ty,)
we have, cf.; e.g., [I3],

(9) HVUhHLp(K) < Chillon]l oo x)
(10) lonllzeany < Chig*log hkil|onl s ary.
Ml < (X Aen@P) < Cllonl ary

2E€N
provided that Ay, <1 —C'.
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2y

FIGURE 1. Decomposition of a strictly acute triangle K into right-
angled subtriangles K1, Ko,..., Kg obtained by connecting the ver-
tices z1, 22, z3 and midpoints of edges m1,mo, m3g with the trian-
gle’s circumcenter z§f.

A discrete inner product is for v, w € C(M; R") defined by

(v;w), = /Mzh[u.w} de =) v(z)~w(z)/ ©. dz.

ZENh M

Finally, we notice that there exists a constant C = C(v) > 0 such that for all
Th-elementwise polynomial functions 1, € C(M) of polynomial degree at most v
and such that ¢y, (z) = 0 for all z € N}, we have

(12) ||¢h||L2(wz) < CthvwhHLQ(wz)'

2.4. Discrete Helmholtz decomposition on the two-dimensional torus.
Throughout this subsection we assume d = 2 and consider a periodic setting; i.e.,
we assume

(13) M =T? =R?*/7°.

We employ [0, 1]? as the fundamental domain of T?. A triangulation T, of T? is a
regular triangulation of (0,1)? such that for each node z € [0,1] x {0} U {0} x [0, 1]
there exists a node 2z’ € [0,1] x {1} U {1} x [0,1] satisfying z = 2’ + (1,0) or
z=2"+(0,1). Such two nodes are identified and we set

S(Th):={on € S'(Tn): vnl0.1)x 10y = vrlo.1)x (13 and val(o}x(0.1) = nl ()0 }-
Two edges E,E’ € &, such that E = E’ + (1,0) or E = E' 4 (0, 1) are identified.
For each edge E € &, let zg denote the midpoint of F and define

S#Nc(’ﬁl):: {vh € L>(T?): vy | is affine for all K € Ty,

and vy, is continuous at zg for all E € Eh}.

The elementwise application of the Curl operator to a function b, € S;’Nc(’ﬁl)
is denoted by Curly, by; i.e., for each K € T, we have (CurlThbh)\K = Curlby k-

Given ay, € S (Tp) and by, € S;’Nc(’ﬁl) an elementwise integration by parts reveals
that

(14) (Van; Curly, by) = 0.
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The space of discrete harmonic fields is defined by
Hy(Th;R?):= {Hy, € L2(T3)? : (Hp; Curly, wy,) = 0 for all wy, € S#Nc(ﬁ)
and (Hh;Vvh) =0 for all v, € 8;#(7})}
It is straightforward to verify that
Hy (Th; R?) = span{ H), € L(T;,)? : Hy, is constant on M }.

The following proposition provides an L? orthogonal decomposition of two-dimen-
sional, Tj-elementwise constant vector fields.

Proposition 2.3. Let wy, € L°(T3)%. There exist uniquely defined aj, € Si,g(ﬁ),
by, € S;&’NC(T;L), and Hy, € Hy(Tn; R?) such that Jypandz =0, [, bpdr =0, and
wp, = Vayp, + Curly, by, + Hp,.

Moreover,
e [* = [[Van[*+ | Curtas b + |12

Proof. Let ay, € 871&#(7}) be the uniquely defined function that satisfies [ aandr =0
and

(Vah;Vvh) = (wh;Vvh)
for all v, € S} (Tn). Let by be the uniquely defined function in S#NC(T;L) such
that [, by dz =0 and

(Curly, by; Curly, wy) = (wp; Curly, wy,)

for all wy, € S#Nc(ﬂb). Define Hj,:= wp, — Vay, — Curly, by. Then, using ([[4) and
the definitions of a; and by we find that Hy, € Hy (Th;R?). The orthogonality of
the decomposition is an immediate consequence of the construction. O

A Clément type operator Ay, : L'(T?) — S}, (T) is for f € L'(T?) defined by

-Ahf:: Z fz@za fz:: ,Hz(wz)il/ fdJ),

zEN}, Wz

where w, = suppy, for all 2 € Nj. The operator allows us to approximate a
function f € L'(T?) by a continuous function A,f € S%E(’ﬁl) such that for all

wp, € S;&’NC(’T;L) we have

(15) [Jwn — Ahwh”m(wz) = ChZHCUﬂThwhHLz(@)
for all z € NV}, and @, := Uye/\fmwz wy, and
(16) Hh7_—h1 (wh — Ahwh) H < CHCurlThwh ,

where hr, € L°°(T?) satisfies h, |k = hg for all K € T,. We refer the reader
to [15] for proofs.
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2.5. Projections onto surfaces and elementary differential geometry. For
a convex set C C R" it is well known that the orthogonal projection onto C is well
defined in the entire space R™ and Lipschitz continuous with constant less than or
equal to 1. In particular, if N = 9C, then the projection defines an operator 7y: R™\
C — N. If N is not the boundary of a convex set, then it is still possible to define
the nearest-neighbour projection my in the tubular neighbourhood Uy, (N):= {q €
R" : dist(q, N) < dn} of N for some dx > 0 provided that N is C?; mn obeys the
identity
g — 7 (q)| = dist(g, V)

for all ¢ € Us, (N). If N is C* for some ¢ > 2, then the mapping 7y : Us(N) — N
is C*~1, satisfies Drn(p)|r,n = idg,n for all p e N, and Dry(p)v =0 for v € R”
such that v L T, N. It can be shown that J, satisfies

-1
on = Cn( _max kznea}g,clm(p)\) ;

i=1,2,...,
where k;(p), i = 1,2, ..., k, denote the principal curvatures of N at p and Cy is a
constant that depends on the global properties of N.
It is straightforward to show that there exists wy > 0 such that for all p € N
and all 7 € T,N, s € R with |7| < 1 and |s| < wy, where up to a constant wy
equals d, we have

(17) p+ st € Us, (N).

If N = 0C for a convex set C C R"™, then my (p + ST) is well defined for all s € R
and we set wy := 0.

We finally notice that there exists a constant C' > 0 such that for all p,q € N
and v € R" satisfying v L T, N and |v| = 1 we have

(18) (p—q)-v<Clp—q|*

2.6. Weak limits of discrete vector fields into surfaces. The following lemma
shows that if a given sequence of finite element functions (up)n>o attains its nodal
values in a surface and if the sequence converges weakly in W2, then also the
weak accumulation points of the sequence attain their values in the surface almost
everywhere.

Lemma 2.4. Suppose that (up)n>o s a bounded sequence in W12(M;R™) such
that for each h > 0 we have up, € S'(Tp)" and up(z) € N for all z € Ny. Then,
every weak accumulation point uw € WH2(M;R™) of the sequence satisfies u(z) € N
for almost every x € M.

Proof. For almost every z € M set fy(z):= dist(up(z), N). Then, f(z) = 0 for
all z € N}, and for every K € Tj,, x € K, and z € N}, N K we have

1 1
fh(x):/o %fh(z—ﬁ—s(x—z))ds:/o Vin(z+s(x—2)) - (z—2z)ds.

Therefore,
| fn(2)| < ChKHVdist(-,N)HLOC(Rn)

Vuh|K’
and hence
1fnll < Ch||Vuy]|,

which implies f5(x) — 0 for almost every € M. Since a subsequence of (up)p>0
converges weakly in W12(M;R™), hence strongly in L?(M;R"), and in particular
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pointwise almost everywhere, we have by continuity of the distance function that
fu(z) = dist(un (), N) — dist (u(x), N) for almost every x € M. This implies that
u(z) € N for almost every z € M. O

The next lemma states that if u, € S1(7;,)" satisfies uy(z) € N for all z € Ny,
then the partial derivatives of uj, are almost tangent vectors to N.

Lemma 2.5. Let up, € S*(Tn)" be such that up(z) € N for all z € Nj,. For all
2z €Ny, K €Ty, and v € R" such that z € K, v L T, (»)N, and |v| =1 we have
2

87uh|K -V S ChK|Vuh\K| .
Proof. With Fi as in the proof of [@)—(8) in Subsection 23] set @y, := up o Fk.
For o = 1,2,...,n we have that Vujy = GETVﬂ% and, if z, € R? denotes the y-th
canonical basis vector in R,

Oy = Vufl w2y = (G 'a,) ' Vilp

This yields that

8.Yuh~1/:§:8,,uﬁua (G, 'zy) ZVAQ .

a=1

Now, for each component agﬂg of @ﬂﬁ for § = 1,2, ...,d, we verify that
> dsugv® = Z hpt (@5 (Zs) — Ty (20))v™ = hig) (Wn(Z5) — n(20)) - v
a=1
Noting v L T, )N and using ([I8) we infer that
i my ~ a Clm iay a2 a2 o2
hKl (uh(25) — uh(zo)) v < C’hEHuh(z(;) — uh(zo)| = ChEW’&;uh| < C’hK‘Vuh| .

On combining the previous estimates, using that G;l is bounded h-independently,
and incorporating the identity @ﬂh = GEVuh with a uniformly bounded matrix
Gy, we verify that

67uh 4 S ChK]Vuhf
on K, which finishes the proof. O

3. ITERATIVE APPROXIMATION OF HARMONIC MAPS
The following proposition provides equivalent characterizations of discrete har-
monic maps. Its proof is straightforward.

Proposition 3.1. A vector field up, € S*(Ty)" is called a discrete harmonic map
into N subject to the boundary data upp if unlr, = up,p, un(z) € N for all
z € Np, and uy, is stationary for

1
Vp > —/ |Vvh|2das
2 S
among all vy, € S*(Tp)"™ such that vp|r, = upp and vy(z) € N for all z € Nj,.
This is the case if and only if uy, satisfies up(z) € N for all z € Ny, and
(19) (Vun; Vop) =0

for all vy, € S(TR)™ such that vy(2) € Ty, ()N for all z € Ny If up p(z) € N for
all z € Ny NT'p, then there exists a discrete harmonic map into N subject to the
boundary data up p.
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Algorithm A introduced above realizes an iterative solution of (I9) by a lineariza-
tion of the constraint u,(z) € N about an approximation u}(z). In the following
we analyze its feasibility and termination.

3.1. Feasibility. In the case that the target manifold IV is not the boundary of a
convex set, then mild but dimension-dependent conditions on the damping param-
eter k ensure that the projection of the update onto N in Step (4) is well defined
in each iteration.

Lemma 3.2. Given any up € S*(Tp)"™ satisfying up(z) € N for all z € Nj, \ I'p,
there exists a unique wy, € SE(T)"™ such that wy(2) € Ty, ()N for all z € Ny, and
(th; Vvh) = —(Vuh; Vvh)
for all v, € S5(Tn)™ such that vy (2) € Ty, ()N for all z € Nj,. There exists a

constant Cn, 1, > 0 such that the function wy, satisfies

lwnll o= ar) < O b log bty ||V |-

In particular, if K < wy (C’OC’NmL)ilh%i_l log h;liln for Cy:= ||Vuh||, then
dist (up(2) + kwp(z), N) < oy
so that wn (un(2) + kwi(2)) is well defined for all z € Nj,.
Remark 3.3. Recall from Subsection that wy = oo if N = 9C for a convex set
C C R™ so that in this case the projection in Step 4 is always well defined.

Proof. The set
Lp:={vn € SH(T)"™ s vn(z) € Ty, ()N for all z € Ny, }

is a subspace of S} (7,)". The Lax-Milgram lemma guarantees the existence of a
unique wy, € Ly such that

(Vwp; Vup) = —(Vug; Vop)

for all v, € Lj, and such that HthH < ||Vuh|| A Poincaré inequality and (I0)

show that

1-d/2
If kK <wp (COC)_lhfrl/i?l log h_i., then we have by definition of wy in (I7) for all
z € N} that

1ogh_1 HthH

min

lwa Lo ary < Ch

dist (un(z) + kwn(z), N) < o,
which ensures that my (us(2) + £wp(2)) is well defined for all z € Nj,. O

3.2. Stability and termination. Slightly more restrictive conditions on the
damping parameter x and regularity of N are required to ensure uniform bound-
edness of iterates of Algorithm A in W12(M;R"). The inductive argument in the
proof of the following theorem is adopted from [4].

Theorem 3.4. Suppose that N is C3. There exist C',C" > 0 such that if k <

C'humin, then we have for J € N and iterates u), u}, ...,u#‘l and wj , wi, ...,w,{"'l

of Algorithm A that

J
(20) (1= O )n S|V + 2| <
1=0

1
vu®
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The constants C',C" > 0 only depend on Cy := HVu% , N, and the geometry of
Tr. In particular, if K < hmin/C"” and € > 0, then Algorithm A terminates within
a finite number of iterations and the output u} satisfies uj(z) € N for all z € Ny,
umFD = UD,h, and

(21) |(Vup; Vo) | < e[ Vo]
for all vy, € SK(Th)™ such that vy(z) € Tyr ()N for all z € Ny,

Proof. Owing to Lemma and the assumptions on x we have that all steps of
Algorithm A are well defined. Using that 7y is twice continuously differentiable
in a neighbourhood of N, recalling that D7y (p)|r,n = id|r,n for all p € N, and
employing the fact that N is compact so that |u} (2)] < C for all z € Nj,, we verify
that the identity

" (2) = v (uh (2) + wwj (2))
= mn (uf,(2)) + £D7w (uf,(2))wh (2) + O(‘wal(z)F)
= uﬁl(z) + wal(z) + (9(|mu}l(z)}2)

is satisfied for all z € N},. We define ’I"ZJFI = (uﬁfl — UZ) — mufl and deduce from
the last estimate that

|ritL(2)| < OR?|w(2)]7,

with a constant that only depends on N. From this estimate and ([I]) we derive
the bound

(22) I3 17 < On* ok agary

Owing to the first equation of Algorithm A we have, upon choosing vy, = w} =

K Hupt — ud) — k717 and employing the binomial identity b(b — a) = (b —

a)?/2+ (b* —a?)/2,
HVw}'IH2 = —(Vuj,; Vw},)
= —ﬁ_l(VUZ; V(u?‘l — uﬁl)) + ﬁ_l(VuZ; Vr;fl)
= nfl(V(uf{H - u%), V(uffl - u%)) - Hﬁl(VuZH; V(UZ'H - “Z))
+ n_l(Vu’;L; Vrffl)
_ ; iz 1 ; a2 1 1112 i 2
= r IV =) = oo V@R =) | = o (1Y = Vi)
+ nfl(Vuﬁ-L; VT;;H),
or equivalently,
(23)
i||2 1 i+11|2 il 1 i+1 iy||? -1 i i+1
Vb4 I = [T = o9 = )+ 5 (T v,

To bound the first term on the right-hand side we note that, according to the
definition of T;LH,

1 . ) ) ) ) )
SV =) = SV =) /w|* < x| g ]|+l v



APPROXIMATIONS OF HARMONIC MAPS INTO SURFACES 1277

An inverse estimate, the bound (22, and the Sobolev estimate HwZHM(M) <
C’HszH show that

VP < ot < Cn gt o agan < O8] [Vui ]

min min min

Suppose that HV“H‘ < Cp (which is, by definition of Cj, satisfied for i = 0). Then
we clearly have HVw}LH < Cp and hence
n*1|\v7~2+1]|2 <CC? Sh;?n||Vw§L||2.

The previous estimates yield that

(24) —Hv )| < (1 CO3R2 R ) k|| V.

The second term on the right-hand side of (23) is bounded using ||Vu}, || < Co, the
inverse estimate (@), and (22]) by

(25)
(Vuh,vrurl) < [ﬁ‘/*1||vu;—l|| Hvriﬂn < k10, "V?“i+1|| <k 100h;nln||7“l+l||
< 1 Colinint [ gy < 7 C OO [T |

The combination of (23) with (24) and (25) implies, upon using xh_i < C’, that

min

7 1 i
(1= Crhb) [IVi]” + o (Vi |* = [ Vai ") <

This estimate shows that ||Vu2+1H < Cp and hence justifies the above assumption
that HVu}LH < Cy. Therefore, it implies 20)). If the algorithm does not terminate
within a finite number of iterations, then we have ||Vw§1|| >¢gfori=0,1,...,] and
every I € N, which contradicts (20]). O

3.3. A sharp refinement for convex targets. If N = OC is the boundary of
a convex set, then Algorithm A is well defined for all choices of k. Provided that
the underlying triangulation 7 is weakly acute and x < 2, Algorithm A is also
unconditionally stable, owing to the fact that the projection 7y is nonexpanding.
Notice that the following assertion holds without any regularity assumptions on N.
Proposition 3.5. Suppose that Ty, is weakly acute, k < 2, and N = 9C for a
bounded, open, convex set C C R™. Then, for J € N and iterates ul,uj, ... ui"’l
and w},wi, ... ]H of Algomthm A we have

; 1
k(1= r/2) Z [Veh|* + IVail ) < Sl vud]”

1
2
In particular, Algorithm A terminates within a finite number of iterations and u;,

satisfies ([21)).
Proof. Since HVU)}LHQ = —(Vuz; Vwﬁb) we have
1 i ivy2 _ L i|2 i i K i|2
§HV(uh + kwj)||” = §HVuhH + K (Vuy; Vwy,) + 7HthH
1 . .
= S|Vl = £ (1 = w/2) [ Vi ||

Employing the fact that for weakly acute triangulations we have that K., < 0 for
distinct 2,2’ € N, noting that ul (2) + rw} (z) € C for all z € N, and recalling
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that the projection 7y : R™\C — N is Lipschitz continuous with Lipschitz constant
less than or equal to 1, we infer with (B) that

. 1
[V P =5 Y K

ult (z) —ujt (2) |2

z,2' €Ny
1 ) ) ) )
D) Z K. |mn (uf,(2) + kwp (2)) — 7 (uh (27) + swj,(27)) |2
2,2’ €N},
1 ) ) , .
S—3 > Koo |(uh(2) + mwh(2)) — (uh(2)) + mwj,(2)) ‘2
2,2’ €N},

IV Cu, + )|

where we have used that summands with z = 2’ vanish trivially. A combination

)

of the estimates implies the asserted bound after summation over s = 0,1,2,...,J.
The statement about termination of the algorithm now follows as in the proof of
Theorem [3.4] O

Weak acuteness of a triangulation is not a technical detail to ensure stability of
Step 4 in Algorithm A for N = 9C and 0 < k < 2. The angle condition is sharp in
the sense of the following example, which is a refinement of an example from [7].

1.015

Ky P K; 1010
. Ko 9 s Ks | 8 L o0s 5 HVﬁiH ‘
K, K 210 Ks : HV(u‘i + nwf)H
K Ky 1.000

0.995
1 0.0 0.2 0.4 0.6 0.8 1.0

FIGURE 2. Triangulation in Example which is weakly acute if

and only if 3 > 1/2 (left). H' semi-norms of uf + muf and its
B

nodal projection ), onto the unit sphere in Example (right).
Example 3.6. Let 0 < 8 < 1, k > 0, M := (0,1) x (0,8), and let T, be the
triangulation of M shown in the left plot of Figure[2l There exist ug, wﬁ € SY(Tw)",
n > 2, with ug(z) € S~ ! and wf(z) € Tug(z)S"_1 for all z € N}, such that for
ﬂg € SY(Tn)" defined through ﬂﬁ(z) = Tgn-1 (uf(z) + muf(z)) for all z € N, we
have
IVl < 1|9y + wwy) |

if and only if 7, is weakly acute, i.e., if and only if § > 1/2.
Proof. Let up,wy, € S*(Tn)"™, n > 2, be the functions satisfying

ul(z) = (1,0,..,0) for j =1,2,....8,

ul(z9) = (=1,0,...,0), ub(z10) = (1,0,...,0),
and
wl(z) =0 for j=1,2,..,9, w)(z10) = (0,8—1/2,0,...,0)/x.
The assertion then follows from straightforward calculations; cf. the right plot of
Figure 2 O
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4. WEAK ACCUMULATION OF PERIODIC DISCRETE HARMONIC MAPS IN 2D

We aim at adapting the weak convergence result for harmonic maps into par-
allelizable, finite-dimensional manifolds of [23], summarized in Appendix [A] below,
to a finite element setting following ideas in [34] for the analysis of a finite differ-
ence scheme on planar lattices. The main idea is to establish a discrete version of
item (ii) in Proposition [Z1] with a good choice of the orthonormal frame, analyze
corresponding perturbation terms, and employ the arguments of [23] to perform
the limit passage. For that we assume in this section that M = T? is the two-
dimensional torus with fundamental domain [0, 1]2. A reduction of the general case
M C R? to the periodic setting will be discussed below in Section Bl Recall that a
subscript # indicates periodicity of discrete functions.

4.1. Discrete Hodge system. We begin with an equivalent characterization of
discrete harmonic maps similar to the one given in Proposition 2.1

Definition 4.1. Let uy, € S#(ﬁ)" be such that up(z) € N for all z € N},. Suppose

that (ej,)._, s C©Sy(Tn)™ is an orthonormal frame for

u, 'TN := {wh € S#('ﬂ)” cwp(2) € Ty, ()N for all z € Nh};

ie., for all z € N}, the vectors €} (z), i = 1,2,...,k, form an orthonormal basis for
Ty, (yN. For i,j = 1,2, ...,k define w}), @}/, 9,9, € L>(M;R?) by

n
ij . T 17 VRl w R
wh.—EA , wh—gtheh,
a=1
and
. T o o o
E Al (e ") Vuy, 9y, = e Vuy,
a=1
where A is defined in ().

Up to error terms, the characterization of harmonic maps given in Proposition 2]
holds also in the discrete setting. Notice that we do not assume that N is orientable
in the following lemma; continuous unit normals are only required to exist locally.

Lemma 4.2. Suppose that u, € Sy(Tp)" satisfies up(z) € N for all 2 € N,
and let (e%)izl s 1 C S;#(ﬁ)" be an orthonormal frame for u,:lTN. Then, for
1=1,2,....,k and all n, € S#(Th) we have

End

(Vun; VI [nneh]) Z wzj,??h + (95 Vn) + [A1 4+ Az + As] (uns €h,mn) s
=1
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where the error terms A1, As, A3 are defined by

Ay (uh,eﬁmh) = Z (Vu%; [A(nh) - nhI] Ve;.{a)v

a=1
2 k
Mol chom)i= 35 (20 & ) — @ el Ovuns midich),
v=1j=1
. 2 n .
A3 (U'h7 6;7,777}1) = Z Z (Ih(l/fb & Vﬁ)a’yuh;nha"/eZ)v
y=14=k+1

and where (v},),_ Sy (Tn)"™ is such that for all z € N}, the vectors

en(2), e ef(2), v (2), oo V1 (2)

form an orthonormal basis of R™.

Proof. Fix 1 <i < k. Employing (6) we have that
(Vuh,VIh nheh Z Vuh,VIh 77h€h ])
a=1
- Z Vu; Ve ®) +Z Vui; [A —mI]Vep®) Z Vi Aey ™) V)
a=1 a=1 a=1

= Z (Vug; mVer®) + Ay (un, €, mn) + (95; Vo).
a=1

The choice of the vector fields (62)1:1,2 VVVVV , and (Vﬁ)ezk-ﬂ,..i,n and properties of
nodal interpolation yield that
k ) ) n
Oyup, = ZIh [e3 @ €] |Oyup + Z I [Vﬁ ® Vﬁ]@wuh
Jj=1 t=k+1

almost everywhere in M. Therefore, we deduce that almost everywhere in M we
have

k n
Dup, - el = Z (Ih [e{b ® ei]&yuh) -0yel + Z (Ih [Vf; ® I/f;] (%uh) N

Jj=1 l=k+1

For each j = 1,2, ...,k we rewrite the corresponding contribution to the first sum
on the right-hand side of the last equation as

(Zulef, @ ef)oyun) - orei, = ([eh @ ef]Oyun) - Dsel,
+ ({Tld @] - & @ e Joun) - orei
= (0yun - €],) (0ye}, - €3,)
+ ({Tled @] - ¢, @ ] Jorun) - Oreh
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This implies that

n

2
Z (Vu;mn Ve, ) = Z (0yun; mo~e})

a=1 y=1

2
Z Oyup, - €5 Mpdyey, - ei)

Il
u M?r

(um €, mn) + Az (un, ef,, mn)

(el " Vuns el " Vel ) + Aa(un, el nn) + Az (uns €l )

|
-M?

<
Il
_

I
'M”

(’ﬂh wh anh) + AQ(uhaeémnh) + A3(Uh7€2a77h)
1

J

and proves the lemma. ([l

4.2. Coulomb gauge for the orthonormal frame. The next lemma shows
that an optimal choice of the frame (62)1:1 5 Guarantees that wy’ is discrete
divergence-free for 1 < 4,5 < k up to perturbations. These perturbations vanish

identically if each K € T, has a right angle.

Lemma 4.3. Let (eﬁl)i be minimal for

=1,2,....k

(gfi)i:w, &5 Z/ |ve h| dz

among all orthonormal frames (’éﬁ) ok for ungN. Then,

i=1,2,..

max ||V(3hH < C(l + HVuhH)

7=1,2

and if wzj from Definition L1l is defined with such an optimal orthonormal frame,
we have for all ¢, € S 4(Th) that

(wh 7v¢h) = A4(€,}L.L,€"i,(bh) + A5(e,}ime‘}ia¢h)7

where
As (el €, 0n) _%i{ Ver®; [A(gn) — AT (61)] Vel®)
~ (V65 [A(on) - AT(60)] Vey?) |
and
Sofehoclon) = 5 3 {(A7(657) ~ A ()] 975 0n)

+<M%¢%—A@Wﬂv¢%vmn.

Proof. Let e1,es,....,ex : N — R™ be continuously differentiable vector fields such
that for every p € N the vectors (61(p)7 ea(p), ..y ek(p)) form an orthonormal basis
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for T, N and let €;,€s,...,€;: R"™ — R"™ be compactly supported, continuously dif-
ferentiable vector fields such that e;(p) = €;(p) for all p € N and 1 <4 < k. Then,
the family (Ih [Ei o uh])z is an orthonormal frame for u;ITN satisfying

=1,2,...k
|VZh[e" o us] Z H?(K)|| VT, [ Ouh]Hiw(K)
KeTy,
<C Y HE)|V[E oun] [} i,
KeTy,
< D e [T < €

where we have used W stability of Z,,. Since the optimal frame is minimal among
all possible frames, we thus deduce that HV@ZH < C(l + HVuhH) for 1 <4 <k.
Given any S, € Si(Tn)*** satisfying Si(z) € SO(k), the family (Eﬁl)i:mw’k
defined by €} := 7, [2521 Sgei] is again an orthonormal frame for u;lTN . Hence,
since (e%)izl
for

(26) Shl—> /‘vzh[z:sﬂ ,;Hde

Jj=1

is minimal, the constant mapping Iyxx € S;L('ﬁl)’”k is minimal

among all S;, € 871#(771)’“” satisfying Sy (z) € SO(k) for all z € A,. Noting that
T, SO(k) = so(k) = {r € Rk : v = —riifor i, j = 1,2,...,k}, we have for all
rp € S#('E)kx’“ satisfying rj(2) € so(k) for all z € N, that

k k

%;/M‘VI;L[Z kxk-ﬁ-srh h}Q

j=1
=3 (veh vm [ Y xied])
j=1

(Ve VI [}/ e ])

e=0

M- Rl

N
Il
-

I
M-
M=

~
<
Il

—
Q
Il

-

3
3

I
:M?r

-
<
Il

—
Q
I

—

[(Ve™ AG)Ve) + (Tep: Al Veil) )

I
M=
M=

{(vei e sy wep)

-
<.
Il
-
Il

_

|’—‘Q

F (e [AGY) — AT ()] Vel®) + (AT () Ve v .

where A®Y™ (r ij) = {A(r} ) + AT () )}/2 Upon noting that ry, is skew-symmetric
almost everywhere in M and that A(rh ) depends linearly on rh , we infer that

k n
S (Ve AV (r)) Ve ) = 0.

i,j=1a=1
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Recalling the definition of w,ilj we thus deduce that

k n

O S { V) £ 5 3 (Ve [AG) - AT()] V) } =0

ij=1 a=1
Given ¢, € S;E(ﬁ) and 1 < 4,5 < k with ¢ # j, we define rj, € S;('E)“k by

setting rzj = ¢p, r{f = —¢p, and ij, = 0 for (¢',5") & {(4,7), (4,7)}. Then,
ry(z) € so(k) for all z € NV, and [27) yields that

Wil sVén) — (w's Vén) + 24 (el e, dn) =0,
( h h h
or equivalently,
S 1, . .
(@i Vn) = Aa(chs el 6n) + 5 (Wi +wh's Ven).

Notice that almost everywhere in M we have that

0= VI, -e]] szh epen”]
> {ac
> {are
+i{[ (64) = A7) 9ol + [Alel) - AT e}

n

= ol +apl = 3 {[AT () - Aer) | Vert + [AT () - A | Vet

a=1

Vel + A(ed )ve;’;“}

“)Ver” + AT (ch*) Ve |

Q

The combination of the last two identities implies the lemma. (I

4.3. Bounds on the error terms. We next incorporate discrete Hodge decom-
positions of the connection forms wh in Coulomb gauge and provide bounds on
various error terms.

Lemma 4.4. For 1 < 4,5 < k let aﬁf € Si,g(ﬁ), sz € S;NC(E), and Hflj €
Hy(Th; R?) be the components of the discrete decomposition of wzj according to
Proposition 23l Define b := Apby! € 8} (Tn). Then, for all ny € Sy, (Th) we have

Mx-

(Vuh, VIh 77h6h { Curlgflj -ﬁi;nh) + (H,? -Ei;nh)} + (192; Vnh)
j=1
+ A1,2,3 (uha e;w 77h) + Z A4,5 (62, e%v WL)
j=1

k
+ Z {61 Uh s eh,7 eha Wh) + 62 (U'h7 eh,7 eha nh)}

j=1
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where 1/)% =G [mﬁi] € S#(Th)” is uniquely defined through [, 1/)% dz =0 and

(Von; Vur) = (Fhmm; Von)
for all vy, € S#(ﬁ)" We abbreviated A1 23:= Ay + A + A3 and Ay 5:= Ay + A5
with the error terms from Lemma and Lemma B3, respectively, and the terms
©1 and O9 given by
C'_')1 (’LLh, 62, 6;15 77h) = ([w;lj - wh ] ﬁha 77h)
©s (up, €}, egl, M) = ([Curlnbhj — Curl bﬂ -Eil;nh).
Proof. Owing to the definitions of azj and Q/Jj we have

(Vail - Toim) = (Vail: Vi) = (@} V) = Aas (cho ] ])-
According to Lemma we thus have

k ¥ . .
(Vun; VI [nrer]) = Z @7 - Tnsmn) + (95 Vin) + Av s (un, €h, )

Jj=1

Ead

=57 () Thimn) + (9 V) + Avo,s (uns €y, n)

=

<

k
+ Z 61 (Uh, e’}iw e;“nh)

j=1

I

{(Curlgﬁf -Ei;nh) + (H,? 'ﬁiﬁﬁh)} + (192; Vnh)

<
Il
Ja

+ A1 2.5 (uns €), ) + Z Ays (ei,eﬂﬂbi)

i,j=1
k
+ Z {@1 Uh s eh7 eha Uh) + @2 (’U,h, eh,7 eha Uh)}
Jj=1
which proves the assertion. ([
Lemma 4.5. Suppose that there exists C > 0 such that for all h > 0 we have

[[Vup|| < C and max;—19,.  ||Vei|| < C. For 1 <i <k there exists fi € S#(ﬁ)
such that for all np, € 871#(7}1) we have

k
(28) (f'}l“ Tih)h = A1,2,3 (Uh, e;lm 77h) + Z {91 (’LLh, eﬁw egp 77h) + 92 (Uh, 67};17 6;‘74, Uh) }
j=1
and
(29) (f;iz;nh)h < Clnnll Loe (12)-

Moreover, for all n, € Sy(Tn) we have

(30) (fiibmh) CthnhHLw(ﬂrz) +C Z h. rn2ax HvehHLw wzﬂhzz
ZG./\/’}L

),
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where for each z € Ny,

iz 3= max {[|Vun| 2 ) 1V 2y o [ VR 2

|| Curly, bi! | " ||Cur17hy bik

wz)?

L2(@,) " ||L2(Qz)}'

Proof. One directly verifies that the right-hand side of (28]) defines a linear func-
tional on S} (75) (in 7). Hence there exists f; € 871‘#(771) such that (28) holds for
all gy, € S# (T1). To prove the asserted bounds for f} we estimate each contribution
to the right-hand side of ([28) separately. Without further notice we will employ
the assumed bounds for HVuhH and HV@M.

(i) According to the definition and properties of the matrix A(nh) provided in (@)—
[®) we have

A (uny €, mm) < Cllnml| Lo (12,
as well as
Aq(up, eh,mn) < ChHVnhHLOO(TQ).
(i) Since |e} | < 1 almost everywhere in T? we have

Ao (un, €, mm) < Clinpll Lo r2).

The discrete Poincaré inequality (I2) yields ||Zp (6% ® ei) - ei ® eiLH L2y S

C’th@?LHLoo(wZ) |V6.ZLHL2(UJZ) so that

2k
Ao (up, €}, mn) = Z nn(z) Z ([Zn(c) @ e]) — eb @ el 10, un; 9.0,¢h)
2EN} y=1j=1
<C Y he|Veh | ey i n (2],
2ENR

(i) Since |vf| < 1 almost everywhere in T? we have
As(un, epymn) < Cllimllpos r2)-

Lemma [2.5] implies that ’Vﬁ . 8Vuh| < C’hK|Vuh‘2 on each K € Tj, so that

A3(Uh7€2a7lh) <C Z hz|‘ve,}iL’|L00(wz)’yi7Z7i |77h(z)|
ZGNh

(iv) With the definitions of @/, wi/, and ¥, and (@) we verify that
o o o
O1 (un, ehs ey ) = (@5 — wi ;)

n .
=3 (k" Vel — AT(e) Vel md)
a=1

< Clnnllpe (2



1286 SOREN BARTELS

Incorporating (@) we find that

O (un e eomn) = D m(2) (@ —wils0203)

2EN},
<C Z _max A (e*) — eIl Loo (wn) VeinLQ(WZ)HeiHLOO(Wz) vuhHLQ(wz)h]h(z)‘
ZENh """
<C Y Vbt lin ()]
2EN},

(v) Owing to inverse estimates, ([5), and the definition of b} we have that
HCurlThsz - Curlgﬁle < C’HCurlTthjH < Cllw| < C.
Therefore, we deduce that
S} (uh,eﬁl,e%,nh) = (Curlnsz - Curlgilj;nh@i) < Clnnllpes (r2).-
Using that

n

curl ( h'l?h Z {Curl M- (el Vug] + np[Curlel ] - Vug}

we infer with a T,-elementwise integration by parts that
(31)
O2 (up, €}, efl,nh) = (CurlThsz - CurlEZj; mﬁi)

n
= — Z {(sz —gﬁj; Curlny, - [efl’o‘Vu?{]) + (sz —gﬁj; Nh [Curl efl’o‘] . Vug)}

+ ) / (b7 —B7) () - ¢

KeTy
where 7k is a unit tangent to K for each K € 7. For the first term on the
right-hand side of [BIl) we have by ([I8) and with HCurl nh”Lw(T?) = HVr]hHLDQ(TQ)
that

Z (b;f —alj; Curlny, - [efl’aVuﬂ)
a=1
< Ch||hz! (0 = B IV0]] e oy b | o g [[ V|

< ChHVnhHLw(W

The second term on the right-hand side of ([BI]) is estimated by

n

> (5 =B [Conlef”] - V) = 3 Dm0 ~ s [Cuif] - Vi)

a=1 zeN} a=1

<C Z 17 (2)] ||ij b”HLz(wZ)
2EN},

<C > |Tih(z)|thcurlanme(@)
ZG./\/’}L

V6%|‘L°°(wz) (w2)

Vepll

vuh”Lz(wz)'

(WZ)
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Notice that the vector field mﬁi =My eh “Vug has continuous tangential

components across interelement boundaries and b;f is continuous so that the bound-
ary contributions to the right-hand side of ([BI]) can be recast as

Z/ (07 =) ( nhﬂh cr dt = Z/ [b7]( nhﬁh -7 dt.
KeTn Eecgy,

Since b;f € S#NC(E), the jump [b;f]|E across E is affine and vanishes at the

midpoint of F, where b;lj is continuous so that [ 5 [bm dt = 0. This enables us
to subtract an arbitrary constant cx € R? from the second factor and to employ
a Poincaré inequality on E and discrete trace inequalities to estimate a typical
contribution to the right-hand side as

(32) / (9] () - 7 dt = / 59] () — ) - 75 dt
E E
< Chil|O[67] /0t o oy e T — e L2 e

< Onyf* | Curtrs b | o ey 1 19 0B | o s

with Kg € 7T, such that E C 0Kg. Noting that |V(nhﬁi)| < |V77h‘ |5?1| +
iy |Ve§;| |Vuh’ we verify with the above estimates that

3 / (b =57 (a0, - 7xc it

KeT,

z€NL

|Curlys b/ || o o [ Veb] 2, 0 (2)]-

A combination of the estimates derived in (i)-(v) proves the statement. O

4.4. Convergence as h — 0. With the preparations of the previous lemmas, we
can investigate convergence behaviour of the different quantities as the maximal
mesh-size decays to zero.

Lemma 4.6. Let (7;L)h>O

triangulations. Then, with v, = Gy, [n;ﬁﬂ as in Lemma B4 for ny, € Sisﬁ (Tn) such
that [|ny]| Lo 2y < C for all h > 0, we have

|As(el,eh,vn)| + | As (el eh,n)| = 0

be a sequence of regqular, logarithmically right-angled

as h — 0.
Proof. Owing to the definition of A4 and (&) we have
As(ehsehs ) < C||Vep | [|Veh [ [|Alen) — AT@n)]| o 2

< C||Veh|[Verll sup  min | cosaes| [¥nl=cre)

The inverse estimate (I0) and Poincaré’s inequality guarantee that

H'(/)hHLOC T2) < Cloghmlnvah

and the definition of 1, provides the estimate

[Veon || < |99l < C-
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The combination of the estimates and the definition of logarithmically right-angled
triangulations proves the asserted limit for A4. The same arguments lead to the
assertion for A5 (where the uniform bounds He}LH Loo(T2) < 1 may be employed for

a more direct proof). O

Lemma 4.7. Let 1 < i < k and f}L IS S#(E) be as in Lemma 5. There exist
(tf)LEN C R and (yf)LeN C T? such that Y, [ti|?/3 < C and for an appropriate
subsequence (which is not relabeled) and every n € C°°(T?) we have, as h — 0,

(fiiZum), = > _tin(y)).
teN
Proof. We define F}, € C(T?)* by setting for all n € C(T?),
Fu(n):= (fi;Znn),-

Since F}, is uniformly bounded in C(T?)* there exists F' € C(T?)* such that (for a
subsequence) we have Fj, —* F in C(T?)*. We fix § > 0 and define

Tsp:i={z€Ny:h. ]=15112axk HVe?LHLOO(WZ) >4}

Then, using that thVeleLw < C’HV@?LHB(%) for each z € N}, we infer that

(wz)

zEN}, L2
k k
<0 Y Y IIVelllpa,, < €O Y |IVa | < 0o
zEN} j=1 : j=1

e., the cardinality of the set Y5 is uniformly bounded with respect to h and
therefore, for an appropriate subsequence which is not relabeled, we have

5 .0 §
Ysp—= Y5 = {xl,xz, -~-wa5}

as h — 0. With Ff:= Fh(cpz) € R for each z € N}, we have
Fu)= > Fin(z)= > Fn(z)+ > Finlz) = F,0)+ F,»n).
ZEN, 2€YTs.n 2€NR\T5,1
With the estimates of Lemma we infer that
|ELR ] < ChV ooy +C D0 b VeR]] ey i
ZGNh\T(yyh
< CthnHLoo(Tz) + CV(SH’r]”LOO(?l'?)

n(2)

In particular we have (after passage to a subsequence) that Fg L = FY in C(T?)*

as h — 0 with Fy € C(T?)* such that HFSQHC(W)* < C6. For F};, we have that

| E ] < CR|Vl| gy +C D i zaln(2)]-
z€Ts,n

An application of Lemma [B.2] shows that for a subsequence we have F? sh—" F? 5 =

ZLélpLé s as h — 0 for p? € R such that ZL L 1212/3 < C independently of 4.
We thus have

|F - F} < C4.

locr)-
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Employing Lemma [B] we verify the assertion. O

Lemma 4.8. Suppose that (up)n>o is a bounded sequence in W12(T?;R"™) such

that up, € Sy (Tn)™ for all h > 0 and up(2) € N for all z € Ny, For each h >0 let
(e};)izl o 1 be an orthonormal frame for u;lTN which is optimal in the sense of

Lemma B3 so that max;=1 2k ||V6§L|| < C. Then, for every accumulation point
1,2 (2.
u € WH2(T%;R™) of the sequence (up, h>0
is not relabeled in the following, we have:
(i) u(z) € N for almost every xz € T? and

up —u in WHAH(T% R™);
, C WH2(T?R™) such that

and an appropriate subsequence, which

(i) there exist (ei)i:1 9

ez —¢e in Wl’z('JI‘Q;R")
and (ei)i:1,2,‘..,k: is an orthonormal frame for u'TN, i.e., for almost every x € T?
the vectors €' (z),e*(x), ...,e*(x) form an orthonormal basis for Ty )N ;

(iii) for w¥:= 3 TVet € L2(T?%R?) we have
wzj, wﬁj —~ W ip L2(T2;R");

(iv) for 9*:= e"TVu € L*(T?%* R?) we have

L0, =0 in LA(T%R2);
(v) there exist b9 € W12(T?) and HY € L?(T?;R?) such that for aZj, /l;;f, and H,ij
as in Lemma 4 we have

al = 0in WYT?), b — b7 in WHA(T?),  HY — HY in L*(T%R?)

and w¥ = Curl b + H.
Proof. (i) For every accumulation point u € W12(T?;R™) of the bounded sequence

(uh)h>0 there exists a subsequence which we do not relabel such that u, — u in

Wh2(T?% R"). Lemma 24 then implies that u(z) € N for almost every = € T2.
(ii) Since each sequence ((32)}1>0 is bounded in W1:2(T?; R"), each of them admits

a weak limit e/ € WH2(T? R") of an appropriate subsequence. By successive
extraction of subsequences we may assume that the same subsequenc_e converges
weakly for each 1 <i < k. For 1 <4,j <k with ¢ # j we have efl(z) . eib(z) =0 for
all z € MV, and the discrete Poincaré inequality (2] proves that

lei - el < ChlIV (e, - ep)|| < Chlie, " Vej, + " Vep|| < Ch,

where we have used that |e} |, |e}| < 1 almost everywhere in T2 and || Vel ||, [|[Ver || <
C, independently of h. Hence, €} -e}, — 0in L? (’JI‘Q) and in particular, _eﬁl(x)-ei(m) —
0 for almost every z € T?. Since also €}, (z) — €'(z) and e} (x) — €’(z) for almost
every € T? we deduce that e’ - ¢/ = 0 almost everywhere in T2. Similarly, using
that |ef (z)| = 1 for all z € N}, we estimate

lleh? = 1| < Ch|V|eh 2] < Chlle} " Vey|| < Ch,

which implies |e}|? — 1 in L?(T?) and hence |e’| = 1 almost everywhere in T?. It
remains to show that for £ = k+1,...,n we have e’ - (VZ o u) = 0 almost everywhere
in T2. Since v* is locally C* and e} (z) — e’(z), up(x) — u(z) as h — 0 for almost



1290 SOREN BARTELS

every x € T? it suffices to show that for every 6 > 0 and almost every x € M there
exists hg = ho(z) such that for all h < hg we have

lef, (z) - v (un(2))] < 6.
Fix § > 0 and define for h > 0,
Yunim {2 € s [Vl + 96kl g > )

Then, card Y5, < C62 for all h > 0 and hence Yspn = Ts = {x‘ls,xg, ...,x‘zé} for

2§, a9, ...,29 € T? as h — 0. For each = € T?\ T there exists hg such that for

every h < hg there exists z& € N}, \ Y5, such that z € wzz. Then we have, using
that e, (2) - % (un(2)) = 0 for all z € Ny, that

|5 (@) - v (un(@)] = |eh(2R) - [V (un()) = v (un(2R))]
+ [eh () = e @)] - v (un(@))|
< HD#HLDO(BhO(u(w)))|uh(x) - uh(z,‘f)| + |€§1(fo) - 62(53”

< OV o + IV

wzﬁ))

< C(HvuhHm(uZm) + Hve§l||L2(wzm))

h h

< 0y,

which proves the statement. ‘
(iii) For all n € C°°(T?;R?) we have, using e}, — €’ in L?(T% R") and Ve}* —

Vel in L?(T?%R?), a = 1,2, ...,n, that
(efl’o‘VeZ’a — el avehe; 7])

@) —wim) =D
a=1
n . . .
= Z { [e{b’a — ej’o‘]VeZ’a;n) + ([Vefl’a — Vej’o‘] - ebe; 77)} —0
a=1

as h — 0. Therefore @) — w¥ in L*(T?R?) as h — 0. Using
|A(el™) — 1| < Ch|| Ve,

we find that A(ei’a) — /2T in L?(T?%;R?**?) for a = 1,2,...,n and thus also
wy — W in L*(T%R?).
(iv) This follows exactly as the assertion in (iii).
(v) For ¢ € C(T?) and ¢p:= Zn¢ € S} (Tn) we have

(Vays Vo) = (Vay; Von) + (Vay); V[é — én])
and the second term on the right-hand side vanishes as h — 0 owing to uniform
boundedness of a;’ in W'?(T?) and nodal interpolation results. By definition of

ailj and Lemma E3] we have
(Vail; Von) = (w5 Vén) = Aa(ehs e, én) + As (e, e, dn).-
The definition of A4 and A5 and the estimates for the operator A in Subsection 2.3]
imply
|As(eh eh n) + As (el e o) | < CRVeL [ [Veb || [Von] e ary
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and thus azj —0ash — 0. Since H fj is a bounded sequence in a finite-dimensional
space there exists H% such that, for an appropriate subsequence, we have H,ij —
H% in L*(T%R?). Since ||Curly; b)/|| is bounded uniformly we find, using (I8),
that bj/ —gzj — 0 in L?(T?) and EZJ — b for some b € WH%(T?) (and an
appropriate subsequence). For every ¢ € C°°(T?;R?) and vy, := Z,%) we find with
an elementwise integration by parts as in the proof of Lemma that

(w3 vn) = (Curlg b3 vn) + (H39m) + (Vai; vn)
—(bflj;curlwh) + (H,ij;wh)
+ % [ 10 - corede+ (Vaii)

Ecéy,

where cp € R? is an arbitrary constant vector for each E € &,. Arguing as
in ([B2), passing to the limit for h — 0, and integrating by parts, we verify that
w¥ = Curlb¥ + HY. This finishes the proof of the lemma. ]

The following result is based on P. L. Lions’ concentrated compactness princi-
ple [32]. For a discussion of the assertion in the considered periodic setting we refer
to [23].

Lemma 4.9 ([23] Equation (2.4)]). Suppose that (bp)r>0, (€n)n>0 and (fr)r>o0 are
bounded sequences in WY2(T?) with weak limits b,e, f € WY2(T?), respectively,
and assume that ey, is bounded in L>°(T?). Then, there exist (s,),en C R satisfying
>en s < C and (,).en C T? such that for (a subsequence and) all n € C*°(T?),
we have, as h — 0,

(Curl br; ethfh) — (Curl b; ean) + ZsLn(xL).
teN

4.5. Statement of the main result. We are now in a position to prove the as-
serted weak convergence result for a sequence of periodic, almost discrete harmonic
maps.

Theorem 4.10. Let (7}1)}»0

triangulations of T? and let (up)n>o be such that for all h > 0 we have uj, €
Sy (Tn)", un(z) € N for all z € Ny, and

be a sequence of reqular, logarithmically right-angled

[ <

Suppose that there exists a sequence (ep)p>0 such that e, — 0 as h — 0 and for all
vp € Sy (Th)"™ satisfying v (2) € Ty, ()N for all z € Ny, we have

(Fun: Fon)| < e[ .

Then every weak accumulation point of (up)p>o C WH2(T?;R™) is a harmonic map
into N.

Proof. We let u € W12(T%R") be a weak accumulation point of (up)n>0, and
we do not relabel the corresponding subsequence so that up — u as h — 0. Let

n € C=(T?) and for h > 0 set 1, := Zyn. For each h >0 let (e}),_,, , bean

orthonormal frame for u,?lTN which is optimal in the sense of Lemma 3l Then,
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Lemma [£4] and Lemma imply that
(Vun;VZy[mney))

k y .. _ .
= > {(Cortb - Thsm) + (- Trzm) b+ (94 V)

k
+ Z Ays(eh. e, 97) + (fis ﬂh)h-
j=1
With the limits 6%, H%, 97 and w® of appropriate subsequences identified in Lem-
mas 7 [£8] and [£9] and since ¢, — 0, we find that
k

0=>" {(Curlbij i) + (HY .ﬂj;n)} +(95Vn) + > sn() + Yty

=1 (N LN
and w¥ = Curl bij + H% so that

Z Tedin) + (05 V) = sn(@) + Y tn(y,).

j=1 LeN 1N

The left-hand side of this identity belongs to L'(M) + H (M), which does not
contain Dirac measures; see [23] for details. Therefore, s, =t, = 0 for all « € N and
Proposition 2.1] implies that the weak limit u is a harmonic map into N. O

5. REDUCTION OF THE GENERAL CASE TO A PERIODIC SETTING

In this section we discuss the generalization of Theorem [£I0lto general domains.
The key ingredient in the proof is a discrete version of a periodification argument
from [23].

Theorem 5.1. Suppose that M = M C R? x {0} is a bounded Lipschitz domain in
R? with polyhedral boundary and assume that (Th)h>0 is a sequence of logarithmi-
cally right-angled, regular triangulations of M. Let (uh)h>0 be such that for each

h > 0 we have u, € SY(Ty)", un(z) € N for all z € Ny, Un|rp, = up,h, and

Let (Eh)h>0 be such that e, — 0 as h — 0 and for all v, € SL(Th)" satisfying
vp(2) € Ty, ()N for all z € N}, we have

[(Funs Vo) < [

Then every weak accumulation point of (up)nso C WH2(M;R™) is a harmonic map
into N with u|p, = up.

Proof. Let u € W2(M;R™) be a weak accumulation point of the sequence (uy,) 0"
Then, Lemma [Z4] implies that u(xz) € N for almost every € M. Moreover, weak
continuity of the trace operator yields u|p, = up. It remains to show that u is a
harmonic map, i.e., that
(Vu; Vo) =0

for all v € WOI’Q(M;R") satisfying v(z) € Ty ()N for almost every x € M. Given
some fixed § > 0 it suffices to prove this identity for all v € VVO1 2(Q; R™) for all
cubes @ C M with sides of length at most § and parallel to the coordinate axes.
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We fix such a cube @ and may assume without loss of generality that @ = Qy/4(a)
is centered at @ = (1/4,1/4) and has sides of length 1/4. Also, we may assume
that Qy/2(a) C M. For h sufficiently small we consider the cube Q1 /2_2,(a) and

introduce the subset 7, of the triangulation 7Ty by setting
Th—{KEE KN Q12-2n(a) #0}.

Then, T}, covers Q1/2—2n(a) and is contained in @y /5(a); cf. the left plot of Figure Bl
To reduce the current situation to the periodic setting discussed in the previous
section, we (1) extend 7, to a regular triangulation 7, of (0,1/2)2, (2) extend
up|,7, to a function uy € SY(Tn)™ such that @y, (z) € N for all z € N}, the nodes of
the triangulation 7y, and such that HVﬁhHLQ 0.1/2)2) < C, and (3) reflect 4y, across
the lines {1/2} xR and R x {1/2} in order to obtam a periodic function on [0, 1]2
which we can apply the theory of the previous section. Since the test functions will
only be supported in @), where the extended and the original triangulation coincide,

it is not necessary to guarantee that the extended triangulation is logarithmically
right-angled (outside of Q).

L cdoo__oye |
Q@) \\\kz | |
\’ K Nk
% ‘ 3 _\ &‘\
% /A
S Qip-on(@)
—t
2h
0 12

FIGURE 3. Cubes Q/4(a) and Q1/2_25(a) for a = (1/4,1/4) and
typical triangles of the subtriangulation 7~}L (left). Typical scenarios
in the extension of the triangulation Tn (shaded) to a triangulation
of (0,1/2)? (middle and right). The angle « is not critical in the
left plot and is critical in the right one.

Step 1. The task to extend T to a regular triangulation of (0,1/2)? is simple if
Tr is a uniform triangulation consisting of halved squares with sides parallel to
the coordinate axes. The general case is slightly more involved and, in order to
guarantee shape-regularity of the extended triangulation, we discuss a few typical
scenarios. Consider first the situation depicted in the middle plot of Figure Bl
and assume that the angles «, 8 are not critical in the sense that they satisfy
/24 ¢o < o, < 7/2 — ¢y with a uniform (small) constant ¢y > 0. We then
introduce the new triangles K 1, IN(Q, IN{S, I~(4 as shown. A typical critical angle « is
depicted in the right plot of Figure Bl In this case, we connect the points A and C
to obtain a new triangle K3. We can then proceed as in the previous case. Next,
we examine a typical situation at a corner of the cube Q;/5_o,(a). Again, the
construction of the extension depends on the angle @ defined in Figure dl In the
left plot a satisfies —7/2 4+ ¢p < a < /2 — ¢g and we introduce the new triangles
Kl, Kg, Kg, K. The case of a critical angle is depicted in the right plot of Figure @
We connect the vertices A and B to introduce the new triangle K5. We are then in
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, - , L | =
FI1GURE 4. Typical scenarios in the extension of the triangulation
T» (shaded) to a triangulation of (0,1/2)2 at a corner. The angle a
is not critical in the left plot and is critical in the right one (left and
middle). Reflection of the triangulation 75, of (0,1/2)? to obtain
a (“periodic”) triangulation of T? with fundamental domain [0, 1]?
(right; the dot is included for better visualization).

the situation described above. We remark that in case that there are triangles with
|A — B| < h, then the new triangles K; can be refined further in order to maintain
shape regularity.

Step 2. In the situations discussed above, we extend wuyp, by setting @y (A") := up(A),
up(B') :== up(B), up(C’) := up(C) and up(A’) := up(A), Gp(C’) := up(C) in the
situations depicted in the left and right plots of Figure [3 respectively. We set
ﬁh(A’) = uh(A), ﬂh(B/) = ﬂh(B”) = Q/Zh(O) = uh(B), ﬂh(C’) = uh(C) in the
scenarios shown in Figure[d In order to show that we do not increase the gradient
of up, we notice that, e.g., in the situation of the right plot of Figure [3] we have

’Vﬂh|’lz2| S h_lyﬂh(C') — ﬂh(A)| S h_l(‘uh(A) — uh(B)| + ‘uh(B) — uh(C)D
< |Vunl i, | + | Vunlgs |
where K4, Kp € ’7~71 are such that A € K4 and B € Kp.

Step 3. We reflect the triangulation 7, and the function 7y, across the lines {1/2} xR
and R x {1/2} to obtain a triangulation 771# of T? and a function uh# € S#(ﬁl#)
periodic function on [0, 1)?; cf. Figure @

We may now apply Theorem [L.10] to the sequence (u#) The only necessary
modification is that test functions are supported in Q/4(a). This shows that u is
harmonic in @;/4(a) and finishes the proof of the theorem. O

6. NUMERICAL EXPERIMENT

Given a polyhedral approximation M of a hypersurface M C R™*! and em-
ploying the piecewise defined tangential gradient Vi, ¢ = V¢ — (Mh - Vo) i,
where p, denotes a piecewise constant unit normal to M}, ¢° an extension of ¢
to an open neighbourhood of Mj,, and V the gradient operator in R™*!, obvious
modifications of Algorithm A lead to an approximation scheme for harmonic maps
between curved surfaces M and N. Convergence of the resulting approximation can
be studied by employing the lifting operator and corresponding estimates of [19];
we refer the reader to [§] for a detailed discussion.

We choose M = N =T 1,4 to be a two-dimensional torus with radii r; =1 and
ro = 1/4. For a triangulation containing 1024 triangles of diameter h ~ 0.006 that
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FIGURE 5. Deformations of the torus Ti /4 defined through
mapped triangulations 7;* of T, under u}, after 0, 30, 60, 90, 120,
and 150 iterations of Algorithm A (from left to right and top to
bottom).

defines the approximation M}, of M we define the initial vector field u) € S'(75)3
satisfying uf (z) € Ty 14 for all z € Ny by perturbing the identity on T} 1,45 i.e.,
we set

u(i)L(Z) =TTy 14 (Z + ﬁh(z)/g)
for all z € N}, C Ty 1/4 and random vectors &,(z) with [{4(z)] < 1. Moreover,
we set x:= h/2. The nearest neighbour projection 77, , ;4 Was approximated via

a reformulation as a saddle-point problem; cf. [17, [§] for details. In Figure [l we
display the deformed triangulations

= {uj,(K): K € Ty}

after various numbers of iterations. We see that the discrete flow defined by Algo-
rithm A selects an approximation of the identity map (up to a rotation) on Ty ;4
yielding a smooth regularization of the rough initial data. We note that the identity
map id: M — M is a harmonic map from M into M since Aysid(z) = H(z)u(x)
for all z € M with H(xz) and Ay; denoting the (scalar) mean curvature and the
Laplace-Beltrami operator on M, respectively. For other target manifolds such as
the unit sphere it is advantageous to factor out Mobius transformations in order to
improve the stability of numerical methods; cf. [14] for related details.

APPENDIX A. WEAK COMPACTNESS RESULTS

We briefly outline the weak compactness result due to [23] which serves as a
guideline for the analysis of finite element approximations. Suppose that (u¢)een C
WL2(M;R") is a bounded sequence of almost harmonic maps into N. Thus, for
each £ € N we have uy(z) € N for almost every z € M, ||V’U,g|| < (C, and

(Vug; Vo) = (Ry;v)
for all v € Wy *(M;R") such that v(z) € Ty, ()N for almost every x € M and a

sequence (RZ)%N C WH2(M;R™)* satisfying Ry — 0 as £ — oo.
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If N = S"~ ! is the unit sphere in R, then every v € Wy >(M;R") N L>(M;R")
satisfying v(z) € T, (,)S™ " for almost every x € M can be written as v = up A w
for a function w € Wy2(M; A2(R™)) N L°°(M; A2(R™)), with A2(R™) denoting the
set of alternating bilinear forms on R™, and the identity

(Vw; Vv) = (Vw; Viuwe A w]) = (Vw; Up A Vw)

leads to an equivalent characterization of harmonic maps into S™~', which, by
compactness of the embedding of W12 into L2, implies a weak compactness result.

The case of a general target manifold is significantly harder, and we outline
the result of [23] for parallelizable target manifolds. By restricting to a cube
@ C M and reflecting u across the sides of @@ one may assume that each wu, is
periodic; see [23] and Section [l for details about this argument. For each £ € N
let (e}). im0 C WH2(M;R™) be an orthonormal frame for u, 'TN. Choosing

v = e} and expandmg the rows of Vu in the basis (ez)i:
with wi := €)' Vel and ¥ := e " Vauy the identity

1o o one deduces that

k
(33) > (wf - 9%m) + (955 V) = (Resnep)

j=1
is satisfied for all n € C2°(M) and each £ € N. With a Coulomb gauge of the frame
(€}) one has divw,” = 0 so that w,’ = Curlb; + H,” with periodic functions b; €
wh 2( ) and harmonic fields Héj € L?(M;R?) satisfying ||Curl szHz + ||HZ,‘J‘||2 =
| w H Then, ([B3]) can be written as

k
(34) Z {(Curl b/ -99;m) + (H’ w%;n)} + (95 Vn) = (Re, mey).
=1

Let u € WH2(M;R™) be a weak accumulation point of the sequence (ue) so that
for a subsequence, which is not relabeled in the following, one has u; — wu in
WL2(M;R"™), up — u in L*(M;R") and, since N is continuous, u(z) € N for
almost every x € M. Since (e}})ZeN is bounded in W2(M;R"), it follows that
(after extraction of another subsequence) e; — e’ in W12(M;R") for i = 1,2,....k
and thus (ei)iz is an orthonormal frame for u='T'N. Moreover, one deduces
that, as £ — oo,

wi =W =etTVel in L2(M;R?), ) =¥ =e?TVu in L2(M;R?),
by — b in WHA(M), HY — HY in L*(M;R?),
since (H éj ) ‘N belongs to a finite-dimensional subspace of L?(M;R"). Therefore,
w' = Curl b + H.

Passage to the limit in ([B4]) as £ — oo is now straightforward for the right-hand side
as well as for the second and third terms on the left-hand side of ([34)). To identify
the limit of the first term, one notices that by definition of ¥, it follows that

Curlby - 9 =Y e/ Curlby - Vuf!

a=1
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and the right-hand side has a Jacobian structure. Thus, a result from concentration
and compensation compactness, see [32], based on Wente’s inequality in a periodic
setting, implies that

Curlby - 9] — Curlb -7 + 3 " 5,6,
teEN
in the sense of distributions; the reader is referred to [23] for a detailed discussion.

Here, (x,),en C M, and (s,),en C R satisfies > _y|s.| < 0co. A combination of the
limits identified above implies that

LteN

Mw

(35) T 975m) + (¢7; V) Zsm x,)

]:1 teN

for all n € C°(M). Since the left-hand side of (B8] belongs to L!'(M) + H~1(M),
which does not contain Dirac measures, one can show that the right-hand side
of (B3) has to vanish identically, i.e., s, = 0 for all « € N. Again the reader is
referred to [23] for details. Proposition 2] implies that « is a harmonic map into
N and concludes this outline of the compactness result into general targets due
to [23].

We remark that a new, more direct, compactness result for harmonic maps into
C? targets N has recently been established in [37] and avoids the use of a moving
frame. Though weak compactness results for harmonic maps are only available for
two-dimensional settings, no examples for failure of weak compactness of harmonic
maps in higher dimensions are known.

APPENDIX B. AUXILIARY RESULTS FROM MEASURE THEORY

We include two elementary results from measure theory. The first result states
that the space of linear combinations of Dirac measures is a closed subset of C'(M)*
with respect to the strong topology, while the second one allows us to identify the
supports of the accumulation points of certain sequences in C'(M)*.

Lemma B.1. Let (FZ)ZGN be a bounded sequence in C(M)*. If for each { € N the

support of Fy is finite, i.e., Fp = JLil aﬁémfg for Ly € N and a§ e R, x? € M,
J _

i=12,...,Ly, and if Fy — F strongly as £ — oo for some F € C(M)*, i.e.,

sup (Fe—F,n) =0
neC(M):|InllLoo (ar) <1

as { — oo, then there exist (aj)jen C R and (x;)jen C M such that F =
Doy by IfZ  laf|* < Oy for some s > 0 and all £ € N, then Y352 |a;]® <
Ch.

Proof. Riesz’ representation theorem, see, e.g., [38, Theorem 6.19] for details, pro-

vides an isometric isomorphism between C(M)* and the set of regular Borel mea-
sures on M such that for every G € C(M)* we have

(36) sup (G,n) = sup Z

neC(M): |InllLoo (ary<1 {E),: keN}YeP (M
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where we identified G with the measure provided by the isomorphism and where
P(M) denotes the set of all countable, measurable partitions of M. The set

I':= U {J;l,xz,.. acLZ}
£eN

is countable and we enumerate its elements as I' = {xl,xg,xg, } We set a; :=
F({z;}) for j € N and define F’":= 7" a;0,, € C(M)*. To finish the proof of
the first statement it suffices to show that F' is supported on I' since this implies
F’ = F. Each F} is supported on I', and thus for every measurable set A C M \ T
we have by considering the partition {A, M \ A} in (36) that

|F(A)| = |[F(A) - F(A)| < sup (Fr — Fm)
n€C(M):[InllLoe (ar) <1

and the right-hand side can be made arbitrarily small, i.e., F'(A) = 0. To prove the
second part of the lemma we first notice that for every 2 € M we have

[Fe({e}) = F({a})] =0

as ¢ — oco. With Fatou’s lemma we then deduce that

L, 0
Cy > 1iggf2 jaj|® = H;gggfz [Fe({ )]

o0

Z 1m1nf‘Fg {x]} Z‘F {33]} Z|%|S

which finishes the proof of the lemma. O

Lemma B.2. Let (Fh)h>0 be a bounded sequence in C(M)*. Suppose that there
ezist C > 0 and L € N such that for each h > 0 and all n € C*(M) we have

L
|En(n)| < ChIVRl+) ol |n(al)]
j=1
for Q;?_E R and .Z‘;I € M for j =1,2,....L. Then there exist L' < L and 0; € R,
y; €M, j=1,2,...,L" such that for a subsequence which is not relabeled we have

L/
Fp =" 056y,
j=1

as h — 0. If s € (0,1] and ZJL:1 |g§?|s < Cy for all h > 0, then ZJL;I loj|® < C4.

Proof. Since F}, is a bounded sequence in C(M)* there exists a weak limit F' €
C(M)* of a subsequence, which we do not relabel in the following. Passing to an-
other subsequence we may assume that the L-tuples (.Z‘]f, cey x}LL) converge strongly
to (21,...,a1) € M" as h — 0. For n € C*(M) with suppn C M\ {z1,...,z} we
have, owing to the assumptions on F}, that

|[F(n)| < |F(n) — Fu(n)| + |Fu(n)|

L
<|F(n) — Fu(n)| + CRIVl + 3 ol |n(h) .

J=1
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The right-hand side vanishes as b — 0 owing to F, —* F', convergence of (ac?, e m%)
to (xl, e mL), and the fact that 5 vanishes in an open neighbourhood of {xl, e acL}.
Therefore, we deduce that F' is supported on {1:1, - xL}, ie.,

L/
F= Z Qj(syj?
=1

for appropriate L' < L, p; € R, j =1,2,..., L', and {yl, ...,yL/} - {:1:1, ...,CEL}. We
set €:=min; j—1,../ [§; —y;|/2. Fori € {1,..., L'} we choose 1; € C*(M) such that
’n,(m)| <1lforallx € M, n;(y;) =1 and n;(y;) = 0 for j # i, suppn; C Be(y;) N M,
and ||Vn;|| < Ce™. Then, for each h > 0 we have

loil = [F(ni)| < [F(mi) — Fu(ni)| + | Fu(ni)|

|F(n:) — Fn(m)| + Che ™" + Z Q?

J=1.,L, lyi—al|<e

< (’F(m)—Fh(m)’S+(Ch5_1)8+ ) ‘Qﬂs)l/s’

§=1,. L |y —al|<e

IA

A

where we used [z]p < [z]ps for (Zj)jeN C R and [z]¢ := (ZjeN |zj|s)1/8, For each

ac? there is at most one ¢ such that J;? € B.(y;). Therefore, we deduce that
L L L
D el <D [Fm) = Fu(na)|” + L' (Che™)" + Y |}
i=1 i=1 j=1

Since the first two terms on the right-hand side vanish as h — 0 and the third one
is bounded by C4, we verify the assertion of the lemma. O
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