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ERROR BOUND BETWEEN MONOTONE DIFFERENCE
SCHEMES AND THEIR MODIFIED EQUATIONS

ZHEN-HUAN TENG

ABSTRACT. It is widely believed that if monotone difference schemes are ap-
plied to the linear convection equation with discontinuous initial data, then
solutions of the monotone schemes are closer to solutions of their parabolic
modified equations than that of the original convection equation. We will
confirm the conjecture in this paper. It is well known that solutions of the
monotone schemes and their parabolic modified equations approach discon-
tinuous solutions of the linear convection equation at a rate only half in the
L'-norm. We will prove that the error bound between solutions of the mono-
tone schemes and that of their modified equations is order one in the L!-norm.
Therefore the conclusion shows that the monotone schemes solve the modified
equations more accurately than the original convection equation even if the
initial data is discontinuous. As a consequence of the main result, we will
show that the half-order rate of convergence for the monotone schemes to the
convection equation is the best possible.

1. INTRODUCTION

In this paper we consider the linear (p+ ¢+ 1)-point monotone difference schemes
of the form

a

(11) =S
s=—p

(1.1) v? = ug(jAz),

which are applied to the linear convection equation

ou Ju n
(12) E—FGJ%—O fOI' (I’7t)ERXR ,

(1.2") w(z,0) =up(xz) for zeR,

where p and ¢ are nonnegative integers and a is a constant. The monotone condi-
tions for (1) are

as >0 for s=-p,...,q
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and the consistency conditions are

q q
(1.3) Z as; =1 and Z sas = —Aa.

s=—p s=—p

For simplicity of expression in what follows we will only consider the 3(1+1+1)-
point monotone schemes of the form

(1.4) ’U;H_l = ANy —a/2)vii 1 + (1 = 29A) v} + Ay + a/2)v]_4,

(14" v? = ug(jAz),

but all conclusions obtained in this paper also apply to the (p+g+1)-point monotone
schemes ([I). The form (I4) implies the consistence conditions (L3, and the
arbitrary constant v and Courant number A = At/Az in the monotone schemes
(T4) satisfy the monotone conditions

1
(1.5) 7 = lal/2 and A < o7,

where Az and At are space and time steps, respectively. The monotone conditions
(L3) mean that the coefficients of v ;, v and v7,; in (L4) are nonnegative.
Here v} are the numerical solutions, which approximate the exact solution u(z,?)

at the point (z;,t,), where x; = jAz for j = 0,£1,£2,... and ¢, = nAt for

n=0,1,2,... are space and time grid points, respectively.
It is known that the monotone schemes are of first-order accuracy and include
several popular difference schemes such as the upwind scheme (v = |a|/2), the

Laz-Friedrichs scheme (v = 1/(2)\)) [5] and the generalized Lax-Friedrichs scheme
(lal/2 < v < 1/(2)\)) [7]. Dividing ([I4) by At the monotone schemes can be
written in the form

nrh T — 207 4o

v vt — o v
1. J J J+1 =l Apd
(1.6) At ta 2Azx L Ax?

We will derive modified equations for the monotone difference schemes by using
truncation error analysis [2 3, 10, [12]. Let v(x,t) be a smooth function that satisfies
the monotone schemes (@) at the grid points. Substituting v(z,t) into equation
(I8) and using the Taylor series at (z;,t,) gives

At
(ve)] + T(Utt)? + O(At?) + a(ve)yj + O(Az?) = VAT (vez )] + O(Az?).

Since A = At/Ax is a constant, O(Az) and O(At) are the same order as Ax or At
goes to zero. Keeping the first order or second order of Az in the above equation
gives

(1.7) (vt)? + a(vm)? = O(Ax)
or

n At n n n 2
(1.8) (vt)j + 7(1)”)]- —|—a(vr)j = yAfc(vm)j + O(Az*).
Differentiating equation (7)) with respect to ¢ gives
(1.9) (vee)] + a(ve)j = O(Ax)

and substituting v; from (7)) into equation (LI yields

(1.10) (Utt)? - Cﬁ(”wm)? = O(AI)
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By using equation (II0) to eliminate vy from equation (L8] we obtain

(1.11) ()} + a(ve)} = Az(y — Aa?/2)(v20)] + O(A?),
where it follows from the monotone conditions (LH]) that

A
(1.12) ”y—§a2 > |L;L|(1—/\|a\) > 0.

Remark. Except for a trivial case (Aa| = 1, a pure translation), the last inequality
is a strict inequality.

Truncating the second-order error terms from equation (LIl gives parabolic
equations

B A o\ Pw

which are called parabolic modified equations for the monotone difference schemes.
In what follows we write the modified equations as

ow  Ow 0%w
(114) E"‘a%—é'w,

where ¢ is defined by

(1.15) e:=Azx (’y - %a2> > 0.

The truncation errors given at the right hand of (LTIl show that if A < 1/|al,
then the monotone schemes produce first-order accurate approximations to the
convection equation () and second-order to the modified equations (LI3]).

We should point out that the preceding statement is derived by assuming smooth-
ness of the solutions. But it is widely believed that a similar result could be made
for discontinuous solutions [2) [ [6]. We will confirm the conjecture in this paper.

It is well known that solutions of the monotone schemes and their parabolic mod-
ified equations approach discontinuous solutions of the linear convection equation
at a rate only halfin the L'-norm [4,[9,[13]. More precisely, let the initial data ug(z)
be a BV function, va,(x,t) be the numerical solutions of the monotone schemes
([C4) and [T and u(z,t) be the discontinuous solution of (I2) and (2). Then

we have
(1.16) [oaz (-, 8) = ul-, )| o2 < Cluo|pv (tAZ)'/?,
where va,(z,t) is defined by

vaz(z,t) = v for (@, t) € [@)j,z41) X [tn, tny1)-
Similarly, for the modified equations we have the same error estimate
(1.17) lwae () = ul )l < Cluo| sy (tAz) "2,

where waz(+,t) is the solution of (LI3) with way(x,0) = wug(x). Here C is a
constant, which is independent of ¢, , At and Az, but depends on the coefficients
of the schemes. The semi-norm |ug|py [11] is defined by

1
lug|pv = sup —|lug(- + h) — uo ()| L1 (r)-
n#0 |h|
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Remark. We should point out that the half-order rates of convergence given in
(CI8) and (LIT) are the best possible [9] and this is also shown in Corollary [[3]
below.

In this paper we will show that the L'-error bound between solutions of the
monotone schemes ([4]) and that of their modified equations ([I3) is O(Axz).
More precisely, we will prove the following theorem.

Theorem 1.1. If ug(x) is a BV function, and va, and wa, are solutions of (L)
and ([LI3) with initial data ug(x), respectively, then we have

(1.18) [vaz (1) —wae (-, )| < C(A, 7, a)|uo| v A,
where C(\,7,a) is a positive constant defined by (EI14]).

Remark 1.2. Tt is noticed that the right-hand side of the estimate given in ([IR)
is C(\, 7, a)|uo| pv Az, which is, not like (II6) and (I.IT), independent of the time
t. This means that the estimate is of long time accuracy.

The main theorem implies that the monotone schemes solve the modified equa-
tions more accurately than the original convection equation even if the initial data
is discontinuous.

As a by-product of the main theorem we can show that the half-order rate of
convergence for the monotone schemes to the convection equation given by (18]
is the best possible. More precisely, we have

Corollary 1.3. Let ug € BV, vaz(x,t) be the numerical solutions of the monotone
schemes (L) and (L) and u(z,t) be the discontinuous solutions of ([L2) and
([C2). Then for anyt >0 and M >0

(1.19) sup  lvaz(t) —u(-t)|| g > aly, N M (tAz)Y?,
luolBv <M

provided that Ax is small enough. Here a(vy,\) > 0 is a constant depending only
on vy and A.

As another consequence of the main theorem we can show that the monotone
schemes approach any other modified parabolic equations at a rate only half in the
L'-norm. More precisely we have the following corollary.

Corollary 1.4. Let ug(x) € BV, va, be solutions of (L4) and (LA) and wa, be
solutions of the following parabolic equations:

ow ow . 0w
1.2 — — = BAr——
(1.20) ot o PR
with initial data ug(x), where B > 0 is subject to
_ A
B#6=- e,

Then for any M >0 and t > 0,

(1.21) sup  |lvaz(,t) — @Az (- 8)||pr > M’
luolBv <M

\/E_\/B‘ tA 1/2
T( z)*/=,

provided that Az is small enough.
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The paper is organized as follows. In section 2 we will prove the main theorem
for an important special solution, the Riemann solution, and based on the result we
will prove the two corollaries in section 3. In section 4 we will prove the theorem
for the general discontinuous solutions. In section 5 we will present some numerical
examples to verify the theoretical conclusions. Some comments and discussions are
given in the last section.

2. RIEMANN INITIAL DATA

The Riemann problem plays an important role in error estimates for discontin-
uous solutions. In this section we will prove the main theorem for the Riemann
initial data.

The linear convection equation (2] with piecewise-constant initial data

(2.1) wo(z) = {“ r<0

uy, >0

is called the Riemann problem, where u_ and u; are two constants and wug given
by ([ZI)) is called the Riemann initial data. Since the solution of (2] and (L2
can be expressed by

u(z,t) = ug(z — at),
the Riemann solution U (x, t) of (IL2) and ([21]) is also a piecewise-constant function
with a discontinuous line along = = at:

_ —at <0
(2.2) Ua,y=4"" “74<Y
Uy, x—at>0.

It is known that the solution of the modified equation (II4)) with the initial data
uo(z) has the explicit expression

(z—at—¢)*

(2.3) wag(z,t) = 2\/%/_ ug(€)e”™ et dE,

and hence the solution Way(z,t) of (LI4) with the Riemann initial data (21]) can
be expressed by

x—at
(2.4 Waalost) =u-+ = [V e g,

where ¢ is defined by (LI3):
e=Ax (7—%a2) > 0.

Let ®(x) denote the norm distribution function

(2.5) (x) ;:\/% /7 T g

Then the solution Wa,(z,t) can be expressed in terms of &:

(2.6) Waz(x,t) = u_ + (ug — u_)(D(%g) .

(2.7) ar =Ay—a/2), ap=(1—2v\) and a_1 = A(y+a/2).
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Then the monotone schemes can be put in the form

1
(2.8) =3 anly,
=1

where a; > 0 for [ = —1,0, 1 satisfy the consistent conditions:

1 1
(2.9) Z a;=1 and Z la; = —Ma.
l=-1 I=—1

By using (2.8)) repeatedly for n =0,...,n — 1, we find the explicit solution of (L.4)

and (L4):

n __ n_1,n0,n n_ n n .
(2.10) vy = g Cr1mMa "1™ a1 g (T5—n_y4+ny),
n_12>20,mn0>0,n1>0
n_i1+notni=n

where Cy; "™ is the multinormial coefficient defined by

n!
Cnflan(]vnl —
n

7171!710!711!.

It is easy to know that

(2.11) > Cn-1momig M-igam0g ™ = (g_y +ag +ap)" = 1.
n_120,mn0>0,m1>0
n_i+notni=n
Substituting the Riemann initial data (2]) into the solution’s expression (Z10])
and taking account of the identity ([2.IT]) we obtain the solution V;* to the monotone
schemes ([4) with the Riemann initial data (21)):

an =u_ + (u+ _ u_) E Cg—hﬂo,ma_lnqaonoalnl

j—n_1+n1>0
n_120,m0>0,n1>0
n_i1+not+ni=n

or
(212) an —u_ + (U+ _ u_) Z Z C:Llfl,no,n1a_1n71a0noaln1'
k?Sj nflfnlzk
n_120,n02>0,n1>0
n_i+not+ni=n
We will apply the following theorem from probability to prove the main conclu-
sion [8, p. 125].

Theorem 2.1 (Nagaev). Let X1,...,X,, be independent identically distributed ran-
dom wvariables, EX1 = p, E(X1 — p)? = 02 > 0 and E|X; — p]? < co. We write

Sp — np - E|X) — ul?
213)  Fu(y) =P (2" cy), 5, =3 X, o= 2L M
213 F)=p (B <) S X o= P

Then for all y € R,

(2.14) |Fu(y) — D(y)| < A—=-2

vn(l+[y))?’
where A denotes a universal positive constant and ® denotes the normal distribution

function (23)).
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It is easy to show by induction that if X;,...,X,, are independent identically
distributed random variables with
P(Xlz—].):(ll, P(X1:O):a0 and P(Xlzl):a,l,
then the random variable S,, = X7 + - -- + X, has the distribution
(2.15) P, (k) = P(S, = k) = > Cn-vmomig  ne1gatog ™
n,l—nlzk
n_12>20,m0>0,n1>0
n_i1+no+tni=n

where k = —n,—n+1,...,n.
If a_1,a9, a1 are defined by (2.71), then

(2.16) p=EX; =)o, o®=FE(X;—pu?=2\ (’y — %a2> ,
and
oam) oo B —u® | 200 = ) = 30a)2(1 = 2) + N1 = ha))
o? 2A(y — Aa?/2)
Let
_k—np
Y 1= P
Then

Rl = (B0 <) - S P =

(218) — Z Z O;L,l,no,nla_ln,laonoalnl )

Ye <y n_i—ni==k
n_-120,m9>0,n1>0
n_i+not+ni=n

We now turn to the numerical solution V' ([2I2) and write the summing index
constraint k£ < j in the form
k—np _j—np
2.19 = <
(2.19) Y oyn — oyn’

where p and o are defined by ([ZI6]). Some calculations show that

J—np  x;—at,
ovn  \2t,
where z; = jAz, t,, = nAt and ¢ is defined by ([I5). Therefore the inequality
(Z19)) is equivalent to

T —at
<7
I = 2et,,
and the solution V" ([2.I2) can be written as
V=4 (up—ul) Yy > Crrmo™g_y " ag"0ay ™.

<9cj—atn nfl—nlzk
Ye=7 et n—1>0,n0>0,n1>0
n_i1+not+ni=n

By using ([2.I8) we can write V" as

x; —at
2.20 V' =u_ —u_ )F, [ ZL=—=".
(2.20) P =t - ()
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r Tj — aty o Tj — aty -
" 2ety, 2¢et,

The estimate ([Z.14) from Theorem 2] implies that

It follows from (Z20) and (Z0) that

V' = Wae(zj,t0)| = [u

(221) |V~ Waa(zj.ta)] < Jug —u_|A ——
r; —a
1 Zy T
ﬁ( " 2ety )
Let Vag(z,t) = V" for (x,t) € [x,241) X [tn, tn+1) and
[VarCotn) = Wanlota)li o= 32 Waelrgst) — Wasag, )|
j=—00

Then it follows from (Z2I)) that

4
V(o) = Was e t)llo <y —u |4 3 BTN
j=—o0 14 |2 ="
\/_( + 25tn >
Q o0
< 2uy —u_|A —A
luy —u_] nz 1 — Az
( +\/25t )
< 9| A2 | A +/°O ! d
Uy —U_|A— x — 3
- vn 0 14 z ’
V 2¢t,
0 \/2¢t,

(2.22) = |uy —u_|Ao (2 +/2M(y — Aa2/2)) Az

where in the last equality we use the definition (LIH). (Z22) gives the ['-error
bound.
Now we derive the error bound in the L'-norm. Since |[Wa, (-, )|y = |uy—u_|,

[Vaz (s tn) = Waa (1) 22

Tj+1
Z / |WA1 xj,t ) WAa:(f t )|d€+ ||VAw('vtn) - WAw('vtn)”ll

]_—OO
< | Wae(stn)lBvAT + [[Vaz (5 tn) = Waz (- ta) 0
(2.23) = |uy —u_|Az + ||[Vaz (- tn) = Waz (80|11

Substituting the I!-error bound (Z22)) into the right-hand side gives

IVaa(stn) = Waa s ta) o < Jus —u—| [1+ Ag (2+ V2A = Aa?/2) )| Ax
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By using the expression (ZI7) we obtain

HVAw('vtn) - WAw('vtn)”Ll
209(1 — |Aal?) = 3(Aa)?(1 — 2M\y) + [Xal?(1 — |Aal)
2A(y — Aa?/2)

§|U+—U,| |:1—|—A

< (24 VAG 272 )] Aa.

Let

. 207(1 — |Aal?) — 3(Xa)?(1 — 2\y) + [Aal?(1 — |Aa)
(2.24) Cdmay=tra 2A\(y — Aa?/2)

X (2 +V2A(y - )\a2/2)) :
Then we obtain
(2.25) WVaz(stn) = Waz (s tn)llr < Jug — u_|C (A, 7, a)Ax.

Now we consider the case of t # t,, for Vm € N and assume that ¢ = ¢,, + dt for
some n, where 0 < dt < At. Therefore

Vaz(-t) = Waz ()l = IVaw (- tn) = Waa (-, tn + 6t)[| 11
Using the Taylor expansion at ¢,, on account of (LI4]), we have

WAz ({E, tyn + (5t) = Was (:c, tn) + 0tO WAy (:c, tn + 0(%)
(2.26) = Waz(x,t,) + 0t (—ady + €0rs) Waz(z, t, + 05t),

where 0 < 0 < 1. Tt follows from (2] that

2y — \a?
[(=ads + €05 ) Was (s tn 4+ 05t) | L1 < |uy —u_| <|a + @)

and hence

||VAI(7t) - WAz('ut)HLl S ||VAI(7tn) - WAm('atn)”Ll

(2.27) 2y — Aa?
Stlugy — u_ — |.
oty — | (Jaf + /2

Combining (228 and [227) gives
(2.28) Vaz (1) = Waa (D)0 < Jug —u|C(A, 7, a) Az,
where

20(1 — [Aal?) — 3(Aa)?(1 — 2M\y) + [Xal?(1 — |al)
2X(y — Aa?/2)

x(2+\/m)+)\<|a|+\/%>.

We have now completed the proof of Theorem [[I] for the Riemann initial data.

C(Ava):=1+A

(2.29)
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3. LOWER BOUNDS FOR MONOTONE SCHEMES

In this section we will use the upper bound ([Z28) to derive the lower bound

estimates (LI9) and (C21).

We first prove the lower bound (LI9) for the monotone schemes. It follows from

(22) and 23) that for ¢ > 0,
Waz (1) =UC Dl = luy —u[[|[@() = R()||1 v 2et

= uy — u_] @() - R(-)HU\/M (7 - g) L

where

1, =>0.

R(z) = {0, z <0,

By using the triangle inequality and the upper bound (2:28]), we have
Vae (1) = UG Ol 2 [Wae (1) = UG Ol = [Vaz (5 8) = Was (5 8)[ 21

A
>y — | 8() - R(-)HLI\/M (7 - §a2) £ fuy —u_|CO\ 7, a)Aa

— Juy — u_|ViAZ <|<I><~> ROy 2 (7— g) —COmay %) .

Some calculations show that
2
[@() — R()lr =4/ =

™

Therefore

||VAac(’t) — U(~7t)HL1 Z |U+ —u_\vtAx (2 % <’Y— %CLZ> _C()\7,.y’a) l%) )

This means that if

1 A t
(3.1) Az < - (’y - §a2) O a
then
(3.2) IVae () = UG D)l os = aly, Alus — u-|(tAz)'/?,
where
(3.3) a(y, A) = % (w - %cﬁ) 0.

The inequality [B2]) implies that the lower bound (II9), with a7y, A) given by (B3),

holds provided Az satisfies (B.I]). We have now completed the proof of Corollary [[31
Similarly, we can prove the lower bound (L2I)) by using ([228)). Let Va.(:, 1),

Waz(,t) and Wa, (-, t) be the solutions of (L)), (LI3) and (L20) with the Riemann

initial data (21I), respectively. Then by using the triangle inequality we have

(3.4)

IWoan(t) = Vw0 = [Wan(t) = Waa(Dllzs — [Weaa (- 8) — Vil ).
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It follows from the expression ([Z4) that we have

r—at
W (2,8) = W, 1) = 2= [ V2IA o=€/2 g
V2T N
where
Ao,
B=v-50" #5,
and hence
IWas (o) = Wae (-, 1) 1
— o \VB/Bn
- m%/ / €12 ge
V2T —oo | Iy

=2 ﬂAwt%’/own(\/ﬂ/Be_%”z/z—en2/2> dn’
_ U+—U—|‘ 3 ‘
=2y/pBArxt—— |1 —
VBAxt NG \B/8
(35) e VR

Substituting (.5]) and (Z28) into ([B.4) yields
[Waa (1) = Vas(, ) 2

>2\/Axt% ’\/E—\/E’ —Jug —u_|C(N,7y,a)Az

B TRV SV

The above inequality shows that if

1 (VB - VB)?
Az < T C(A,7,a)? g

then

it ’\/E_\/B’ 1/2
HWAac('at) - VAw('vt)HLl > |U+ —U_|?(tAI) / .

™

The above statement implies Corollaries [L4l We have now completed the proof of
Corollary [[3] and [[4

4. DISCONTINUOUS INITIAL DATA

In this section we will prove the main theorem [[T] for the general discontinuous
initial data. Assume that ug(-) € BV and hence the discontinuous solution u(x,t) =
uo(x — at) of (L2) and (L2) also belongs to BV space, i.e., u(-,t) € BV. Since
uy € BV, lim,_,,_¢uo(y) exists for Vo € R. For certainty we assume that for
vV € R,

(4.1) wo(xz) = lim  up(y).

y—z—0
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The assumption will make assuming the point-wise initial data given by (LA)
meaningful. Of course, assuming the averaged initial data

(1+1/2)Aa
v) = /( uo(§) d§

j—1/2)Az
also works. We will estimate the error bound ||vaz (-, t) —wax(+,t)||L: by using the
explicit solution’s expressions ([23]) and ([Z.I0). Using index substitution j —n_; +
— 3 1 n
ny = k into [ZI0) we can write v} as
jtn
n m_1,n0,n n_ n n
v = E E Cr-vnomg  "=1ag"™0a; ™ ug ()
k=j—n n_i1—ni=j—k
n_120,n020,n1 >0
n_i+notni=n
or
n n_1,n0,n n_ n n
vj = E E Cp-vmomig "tag™a;™ug(zk),
k=—oc0 mn_oi1—mi=j—k
n_120,m0>0,n1>0
n_i1+not+ni=n
where C, V"™ =0 forn_1 —n; < —norn_; —n; > n.
We write the solution wag(z;,t,) [23) into the form

1 oo _ (mj—atn—ﬁ)z
(42) ’LUAx(.’L']7tn) = W/ ’LL()(f)e detn dg =1 + I],
n — o0

where I and II are defined by

o ) 2
1 Trt1  _ (mj—atn—§)
I=3 —— Tt de,
3 gyl / T ¢
00 ) 2
1 Th+1 _ (xj _atn_g)
m=Y - Teta .
= 2\/@ /mk (U'O(E) U0($k))€ 5

We first estimate

o0
’U? — 1= E < E Cn—1momg M1 g™
n

k=—oc0 ,17n1:j7k
n_120,m9>0,m1>0
n_i+notni=n

(z; 7‘1tn7£)2

detn df) uo (k).

1 Th41
e

It follows from (2I5]) that
P.(j— k)= Z Cr—vnoemMa_"lagm0a, ™

n_—i —?’L1=j—k‘
n_120,m0>0,n12>0
n_i+not+ni=n

and hence

1 Th41 _(z~7atn7£)2
(43) Wp—T= ) Pn(j—k)—i/ e Aetedg | uo(an).
2\emty Jq,
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By using the definitions (Z3)) and (ZI3]) we obtain that

k-1 _ (z;—at,—&)* _ (zj—at,—8)?

1 T4 1 Tk
det, df = —— dety, d
Z 2 /emt,, /zz c ¢ 2\/ert,, /700 c ¢

(4.4) =7 o
= L/ e 2dn =1— <w)
Ti—Tp—aty
\ 21 # 2€tn
and
k—1 o) j—k
(4 ) l=—00 l=j—k+1 l=—o00
.5
xr; — T — aty,
=1- P()=1-F, L ——™"),
m,-gz:k—at ( ) ( 2€tn )
yl<7j \/E
where
_x —aty
o= 2t

Applying summation by parts to (£3) and using the identities [@4]) and (L3)
gives

of —I'=— lim (F,(yr—1) — ®(yr—1))uo(zk) + kEIElOO(Fn(ykfl) — O (yp—1))uo(wk)

k—oco

n i (Fn (%) - @(%)) (uo(wr) — uo(TR-1))-

k=—o00

It follows from (Z3]) and (ZI8) that
lim F,(yx) = lim ®(yx) =1 and lim F,(yx) = lim ®(yx) =0.
k—o0 k—o0 k——o00 k——o00

Since ug € BV and the assumption (&), limg_, 4o ug(zy) exist and are finite.
Therefore

lim (Fo(yk-1) — ®(yk—1))uo(zr) =0

k—*oo

and hence

oo
n _ Ij_‘rk_atn $]‘—Ik—atn
1= 3 (m () e (P aten - o)

k=—o00

Applying the impotent inequality (2.I4]) to the right-hand side gives

(o)
(46) r-I< Y A e —gluo(er) — uo(an)l
o ﬁ<1+ u)
2ety,
Let -
loaz(tn) = I|lpn = Z v} — I|Az.
Jj=—00
Then it follows from () that
oo (o) Q
[vac(stn)=Iln <A Y > 5 Axlug(x) —uo(zx—1)|-

k=—ooj==cc /n (1 +

Tj— T — aty
2¢et,
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Similar to the estimate (2:22)), the second summation term above satisfies

o0

Z ¢ BAx§g<2+\/W)Ax
joo\/ﬁ<1+ xj—xk—atn>

2ety,
Hence
loas(ta) = Tl < Ao (2+ V2= Aa?/2) ) A 3" fuo(w) — wola-1)|
k=—o0
(4.7) < Ap (2 + 2y — /\a2/2)) |uo| By Az

It is easy to show that

_ (zj—at,—£)*

Tr41
|| < Az Z Z WW/ luo (&) — uo(zk)|e T, de

j=—0o0 k=
Thi1 1 o0 _ (zj—atn—8)?
4.8 — dety Az dE.
( ) k_z_:oo/ |UQ U/O(xk)|2\/€? Z € €T E
We now estimate the second summation term:
1 < (zj—at,—§)*
I e dety, Ax
2\/emty, _Z:
°° z;  _ (z—at,—§)?
4Etn d./lj
([(atn+€)/Az]Az—at, —&)> _(([(atn+§)/Aw]+1)Aw—atn—£)2 Azx
4ety, _|_ e 4ety, —_—
2\/57Tt 2
<1 . Az
2V‘€7Tt 2Azx (7— Aq )7TTL)\

where [n] means the largest integer of 7, which is less than or equal to 7. Substi-
tuting the above estimation into (L8] gives

1 Th41
e < 1+ > / o (&) — o (). dE
2\/(’)/—A ) k=—o0
1
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It follows from ([{2), [@7) and @3] that

[0a2 (s tn) = waaz (s ta)lln < llvaz (s tn) = Il + [ i

1
< | Ao (2+\/2)\(7—)\a2/2)) +1+ |uo| BV Az.

24/ (v — 5a?) ™A

Similar to the estimate (223) we have
[vaz (s tn) = waz (- tn)llLr < [lvaz(stn) = wac (- tn)ln + |uolBv Az
and hence we have
[vas(tn) = waz (- tn)ll L

1
< | Ao (2+ \/2/\(7—/\a2/2)) +2+ |uo| By A
2

v — %a) A

Substituting the ¢ expression (2.17) into the above inequality we obtain
(4.10) [vaz (s tn) —waz (- tn)llr < C(A v, a)|uolpv Ar,

where
20(1 — [Aal?) — 3(Aa)?(1 — 2X\y) + [Aal?(1 — |\al)
2A(y — \a2/2)

< (24 VNG - Aa?/2) ) 42+ !

2¢/(v - %az)ﬂ)\.

C(Ay,a)=A
(4.11)

Now we consider the case of t # t,,, for Vm € N and assume that t = ¢,, + dt for
some n, where 0 < 6t < A¢. Similar to the estimate ([2Z.27) we have

||'UA1(‘at) - wAz(‘,t)”Ll < ”UAm('atn) - wAz('atn)”Ll

(4.12) 2y — Aa?
+ 6t|UQ|BV ‘(1| + 77 .
2T A

Combining (10) and {I2) gives
(4.13) [0as (1) —was(, 8l < C(A, v, a)|uol Bv Az,
where

2X7(1 — |Aal?) — 3(Xa)?(1 — 2\y) + [Aal?(1 — |Aa)
20(y — Aa2/2)

x (24 VA - Aa22) ) + 2+

(4.14) 5

[27 — Aa?
+ A <|a + o ) )

We have now completed the proof of Theorem [II] for the BV initial data.

C(Ay,a)=A

N>
@
[ V]
S—
3
>

(v-2
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5. NUMERICAL EXPERIMENTS

In this section we will compute a discontinuous solution of the following linear
convection equation by using an upwind monotone difference scheme and show that
the I'-convergence rate between the upwind solution and its modified solution is
one. The linear convection equation is

3u 3u +
(5.1) E—I—a—x—o for (z,t)eR xR,

u(z,0) =up(z) for zeR,
where ug is a Riemann initial data:

0, <0
5.2 =< -7
(5:2) uo(@) {1, x > 0.

The solution of (51) and (B2)) is

(5.3) u(z,t) = up(z —t),
which has a discontinuous curve x = t. The upwind scheme is
n+1 n n n
vj —vj+vj—vj_1:0
(5.4) At Az ’

’U? = uo(x;),

where Az and At satisfy the stable condition:

== <1
A=<

and its modified equation is

ow o _ o
(5.5) ot dr 883:2 ’
w(0,z) = up(x),

where ¢ is defined by

1-A
(5.6) €= TAm > 0.

It follows from (Z8]) that the solution wa,(x,t) of the modified equation (G5 is

(5.7) was(,t) = @(%) .

In the numerical computation, we set

At
A=—=05 and Ax=2"" for m=2,3,...,8.
Ax

The numerical results are shown in Table[ll Here u(z,t), given by (&.3)), is the exact
solution of the linear convection equation (BII), way(z,t), given by (&1, is the
solution of the modified equation (B35 and vaz(x,t) is the numerical solution of the
upwind difference scheme (5.4). The data given in Table [ clearly indicates that the
upwind numerical solution archives a first-order rate of convergence in approaching
the solution of the modified equation, but a half-order rate in approaching the exact

solution of the original convection equation. This verifies the theoretical conclusion
of Theorem [T}
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TABLE 1. {'-errors and convergence rates for the numerical solu-

tion vas at t = 1.

t=1 [vaz — waglln lvaz — ulln

Az {I-error I-rate [1-error {I-rate
272 0.1251 — 0.3418 —
273 0.0625 1.0005 0.2209 0.6296
2-4 0.0313 1.0001 0.1487 0.5712
2-5 0.0156 1.0000 0.1025 0.5374
26 0.0078 1.0000 0.0715 0.5192
27 0.0039 1.0000 0.0502 0.5097
28 0.0020 1.0000 0.0354 0.5049

1489

The numerical solution of the upwind scheme (5.4 with Az = 273, the solution
of the modified equation (5.5]) and the exact solution of the convection equation
(EI) at ¢ = 1 are plotted in Figure[[l The figure shows that the numerical solution
is much closer to the modified solution than the exact solution.

1

———r
X
’%
0.9 X q
g
/s
0.8 s B
/X
s
07l ] J
/
06} g x J
!
A
051 J
FE
JI:
04l IR 3 1
]
/
03| /- 1
! |
} /-
/-
01F RES i
r;‘
!
e3¢ ,:-m‘h{“'\ L L L L | |
0 02 04 06 08 1 12 14 16 18 2
FIGURE 1. The numerical “-- x --”, modified “— — —” and exact

“——7 solution at t = 1 with Az = 273.

In order to test the long time accuracy for the numerical solution to approach the
modified solution, we compute the numerical solutions by using the upwind scheme
G4) with A = 1/2 and Ax =272273 ... 27 8%att=1,¢t=5and t = 10, and
the results are shown in Table @l From the table we see that the ['-errors between
the numerical solution and the modified solution at different times, i.e., at t = 1,
t =5 and t = 10, are almost the same and the long time accuracy agrees with the
theoretical prediction given by Remark
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TABLE 2. Testing the long time accuracy for ||va; — waz||;n at
t=1,t=5and t =10

HUAx - wAac“ll
Ax t=1 t=5 t=10
272 0.1251 0.1250 0.1250
273 0.0625 0.0625 0.0625
24 0.0313 0.0312 0.0312
275 0.0156 0.0156 0.0156
2-6 0.0078 0.0078 0.0078
2~ 7 0.0039 0.0039 0.0039
2-8 0.0020 0.0019 0.0019

6. CONCLUSIONS

In this paper we justify that monotone difference schemes give solutions closer to
those of the parabolic modified equations than that of the original convection equa-
tion and, in particular, prove that the L'-error bound between monotone difference
schemes and their modified equations is first-order accurate for general BV initial
data, which is better than the half-order accuracy between monotone schemes and
the convection equation. Furthermore the constant in the error estimate is inde-
pendent of computational time, and therefore the estimate is of long time accuracy.
The results in this paper give a more complete picture for the relationship between
the solutions of monotone difference schemes, their parabolic modified equations
and the convection equation.

The main conclusion of the paper is for monotone difference schemes approx-
imating the linear convection equation with constant coeflicients, but we believe
that the result can be extended to the nonlinear conservation laws and this needs
some prior estimates for solutions of nonlinear equations. We will report the results
elsewhere.
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