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WELL-POSEDNESS AND NUMERICAL ANALYSIS
OF A ONE-DIMENSIONAL NON-LOCAL TRANSPORT
EQUATION MODELLING DISLOCATIONS DYNAMICS

A. GHORBEL AND R. MONNEAU

ABSTRACT. We consider a situation where dislocations are parallel lines mov-
ing in a single plane. For this simple geometry, dislocations dynamics is mod-
eled by a one-dimensional non-local transport equation. We prove a result of
existence and uniqueness for all time of the continuous viscosity solution for
this equation. A finite difference scheme is proposed to approximate the con-
tinuous viscosity solution. We also prove an error estimate result between the
continuous solution and the discrete solution, and we provide some simulations.

1. INTRODUCTION

1.1. Physical motivation. In this work, we are interested in the dislocations
dynamics in a crystal material (see [I8] for a physical description of dislocations).
A perfect crystal, for small deformations, is well described by the equations of
linear elasticity. The real crystals contain, in particular, some line defects called
dislocations. The dislocations dynamics is one of the main explanations of the
plastic deformation of metals. When we apply an exterior stress, these dislocations
lines can move in a slip plane of the crystal. We consider here a simple geometry
where the dislocations are parallel lines moving in a same plane (xy). This plane
is embedded in a three-dimensional elastic crystal. The particular geometry of
this problem leads to the study of a one-dimensional model given by the following
non-local transport equation modelling dislocations dynamics:

ou Ju .
) E(Lt) = clu](x,t) %(I, t) inR x (0,400),

u(z,0) = u’(z) inR,
ou

where the solution u is a scalar function, %y and g—; are its time and space deriva-
tives, respectively. Here the dislocations move with a non-local velocity c[u] known
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1536 A. GHORBEL AND R. MONNEAU

as the resolved Peach-Koehler force; see [20]. It is given by
clu)(z,t) = ™ (x) + ™ [u](z, 1),

™ u(z,t) = /Rco(a: — ') (E(u(2',t)) — Px') d2’,

where the function E is the floor function defined by E(v) =k if k < v < k+ 1,
k € Z. The scalar function v has no physical meaning but it is chosen such that
the jumps of E(u) correspond to the positions of dislocations (see Figure [Il). The
velocity c[u] is the sum of two terms. We first assume the existence in the material
of obstacles to the motion of dislocations. The term ¢ represents the exterior
stress created by these obstacles (such as precipitates in the material, other fixed

(2)

dislocations, other defects, ...). We consider obstacles that are independent on
time and periodic in space. Namely, we assume that the velocity satisfies
(3) e WH(R) such that ¢ (z +1) = ¢™(z) inR.

The second term ¢™*[u] is a non-local term, given by a convolution with respect
to the space variable, and represents the elastic interior stress created by all the
dislocations in the material. This term ¢"*[u] is obtained by the resolution of the
equations of linear elasticity. For instance, in the model of Peierls-Nabarro (see

[5]), we have in the case of edge dislocation (see [I8])

_ﬂb2 .’L‘2 _ C2
4 O(z) = R
where v = ﬁ is the Poisson ratio and A and g > 0 are the Lamé coefficients

for isotropic elasticity. The Burgers vector bis equal to be,, with b > 0 and €, the
unit vector in the direction of x of Figure [l There is a physical parameter ¢ # 0
(depending on the material) which represents the size of the core of the dislocation.

1.2. Main results. In the rest of this paper, we use some adapted norms intro-
duced in the following definition.

Definition 1.1 (Adapted norms). Let two functions f € L (R) and g € L (R).
We define the quantities

/ :sup/ fy)ldy and |g|; :/gocmdx,
| ‘L}mif(R) 2eR I(m)| ( )| | |Lmt(R) ]R| |L (I(x))

where I(z) = (z — 3,z + 3). We denote respectively L

unif
that consist of functions for which these quantities are finite.

(R) and LS

int

(R) spaces

Remark 1.2. These spaces are motivated by the following fact. For ¢® € L, (R)

int

and f € L} (R), we will show later that the convolution product ¢ x f is well

defined. This will be applied to define ¢'™*[u] with f(z) = E (u(x,t)) — Pz.
We denote Lip(R) the space of Lipschitz continuous functions on R.
1.2.1. Existence and uniqueness of a continuous solution. We consider the following
assumptions for the kernel ¢°:
L e WHHR) N LG (R),
(5)

COI :CO—I an CO,I xr = .
(2) = (~2) d/R (2) dr =0
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FIGURE 1. Representation of dislocations with the function E(u)

One can check easily that the kernel given in (@) satisfies (B). We consider the
initial condition u® € Lip(R) such that for x € R

(6) W@ +1)=u(z)+P and 0<by<ul < By<+oo ae.

with by and By some constants and P € N\ {0}. This condition means in particular
that dislocations are periodically distributed. As mentioned above, in order to study
the solutions of (), we use the theory of continuous viscosity solutions (see [7, [10]).
Our first main result is:

Theorem 1.3 (Long time existence and uniqueness of the solution). Under as-
sumptions @), @), @), there exists a unique continuous viscosity solution u €

Wli’fo (R x [0,400)) of @), @) satisfying u(x + 1,t) = u(z,t) + P.

In [5], a short time existence and uniqueness result is given for a two-dimensional
problem for a single dislocation line. Because in the present work our problem is
one-dimensional, we are able to get a refined result for the dynamics of several
dislocations in interaction, namely the existence and uniqueness of a solution for
all time.

Let us mention that under the more restrictive assumptions that the velocity
c[u] is nonnegative, the existence and uniqueness of a solution for all time is proved
in I, @.
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In the special case where the kernel ¢ is assumed nonnegative, some existence
and uniqueness results for all time in any dimension are available in a “Slepcev
formulation” (see [8, [14]).

The previous theorem will be proved in two steps. First, we will prove the result
for short time (see for instance [I7]) using a fixed point theorem. Second, we will
repeat this short time result on a sequence of time intervals of lengths T,, decreasing

to zero, such that ) T, = 4oc.

Remark 1.4. Let us mention three remaining open problems.

e When the initial data u° is not monotone, the existence and uniqueness of
the solution for all time is an open question.
e We do not know the behavior of the solution as ¢t — +oc.

e If we replace g—z in equation (I)) by its absolute value, then we have a non-

local Hamilton-Jacobi equation. Physically, the absolute value would allow
us to consider the possible annihilation of two dislocations associated to
opposed jumps of F(u). The existence and uniqueness of a solution for all
time is an open question in the general case. Nevertheless, in the whole
paper we will only consider the case of solutions © monotone in space which
allows us to forget the absolute value.

1.2.2. Convergence of a numerical scheme. We build a finite difference scheme of
order one in space and time

e by assuming that it is upwind,

e by approximating the non-local term ® x E (u(-,t)) by a discrete convolu-

tion, and

e by using an explicit Euler scheme in time.
Given a mesh size Az, At and a lattice Iy = {(iAz,nAt); i € Z, n € N}, (x;,tp)
denotes the node (iAz, nAt) and v™ = (v}"); the values of the numerical approxima-
tion of the continuous solution w(z;,t,). We then consider the following numerical

scheme:
Dl if e (v™) >0,
Dyv! if ¢;(v™) <0,

K2

(7) v) = u0(x;), VT =0l 4 Ate(v™) x {

x 1
with
n n n n
+ n_ Vg1 Y L A e |
(8) D;E vy = ) Dm Uy = )
Az Az

and ¢;(v™) is defined below.
We choose Az = %, K € N\ {0} because of the 1-periodicity in space. We
denote ¢f** = ¢®™*(z;) which satisfies ¥ = ¢**. The discrete velocity is

7 7

(9) Ci(’l)n) — c?xt 4 C,iL_Ilt,n with C,iint,n _ ZCZO E(’UZL[) A{[;,
LEZ
where
L A A
(10) & = Az : A(z)dr and I = {xl - 7:”,% Tx] )

We are interested in solutions v™ satisfying v, - = v* + P for all i € Z. Then we

can check that the discrete velocity satisfies ¢;4 i (v™) = ¢;(v™).



NON-LOCAL TRANSPORT EQUATION 1539

Note that the global scheme v"*! = S(v™) given by () is not monotone in
general because the velocity ¢;(v™) depends non-monotonically on the solution v™
itself (here some ¢ are non-positive because we assumed that [; ®(z) de = 0).

We assume that the mesh satisfies the following CFL (Courant, Friedrichs, Lévy)
condition

(11) At <

Our second main result is

Theorem 1.5 (Error estimate). Let u be the continuous viscosity solution of prob-
lems ), @) under assumptions @), @), (@). Let v be the discrete solution of the
associated finite difference scheme ([)-[I0). Assume that the time step At satisfies

1
4 (\Ce’“|Lw(R) +P |CO|L1(R))

Then, there exists two constants Ty, C > 0, depending on «, |CCXt|W1m(R), P,

(12) At =aAz with 0<a<

’co‘wl,l(R)7 CO‘L_OO ®)’ B° and t° in (@), such that
. n 1/2 o Ty
sup |u(iAx, nAt) —vl| < C'|Ax| forall n < — if Ax < —.
€L At C

The proof of this theorem is based on the ideas of Crandall and Lions [13] adapted
to the case of non-local equations (see [2]).
Extensive simulations of dislocations dynamics are provided in [16].

1.3. Brief review of the literature. Let us recall that, in the 1980s, the notion
of viscosity solution was first introduced by Crandall and Lions in [I1] for first-order
Hamilton-Jacobi equations. For an introduction to this notion, see in particular the
books of Barles [7], and of Bardi and Capuzzo-Dolcetta [6].

Recently, Alvarez, Hoch, Le Bouar and Monneau [4, [5] used this theory for the
resolution of a non-local Hamilton-Jacobi equation modelling dislocation dynam-
ics. They proved results of short time existence and uniqueness of a discontinuous
viscosity solution. Their results are mainly valid for dislocations with the shape of
graphs and loops, and they used the level set approach, which was introduced by
Osher and Sethian [I9]. As already mentioned, in the situation where the non-local
velocity is non-negative, Barles and Ley [9] proved that the existence and unique-
ness is valid for any time interval for a level set formulation. Still in the case of
non-negative velocity, an approach for discontinuous viscosity solution was devel-
oped by Alvarez, Cardaliaguet and Monneau [I]. Let us mention, for dislocations
dynamics with mean curvature terms, Forcadel in [I5] proved a short time existence
and uniqueness result.

A numerical analysis was done by Crandall and Lions [I3], for approximations
of solutions of Hamilton-Jacobi equations. Convergence of a first-order scheme for
an abstract non-local eikonal equation was proved by Alvarez, Carlini, Monneau
and Rouy [2]. They also applied this convergence result for the numerical analysis
of a non-local Hamilton-Jacobi equation in [3] describing the dynamics of a single
dislocation in two dimensions.
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1.3.1. Organization of the paper. In Section [2 we give some properties of the so-
lution of an auxiliary local equation, i.e. an eikonal equation where the velocity
is assumed to be a given function independent on the solution. In Section Bl we
give some properties of the non-local velocity. The existence and uniqueness result
of a continuous solution, i.e. Theorem [[3] is then proved in Section @l We give
preliminary results for the discrete local problem in Section Bl and for the discrete
non-local velocity in Section [0l Theorem about the error estimate is proved in
Section [ Finally, in Section B we give some simulations.

2. PRELIMINARY RESULTS FOR THE EIKONAL EQUATION
WITH PRESCRIBED VELOCITY

In this section, we start by recalling the notion of viscosity solution of an eikonal
equation. We then give some properties of the solution of a such equation.
Let T' > 0. Consider the following problem:

ou ou .
1) E(gc,t) = c(z,t) ‘%(ac,t)‘ in R x (0,7),
u(z,0) = up(z) on R.

We make the following assumptions:
a) the velocity ¢ : R x (0,7) — R is bounded, Lipschitz continuous in space
and in time,
b) the initial data ug € Lip(R).
We recall the notions of viscosity subsolutions, supersolutions and solutions for ([I3])
(see [10]). We denote

USC(R x [0,T)) ={u:R x [0,T) — R, locally bounded, upper semicontinuous}

and
LSC(R x [0,T)) ={u:R x [0,T) — R, locally bounded, lower semicontinuous}.
We then define

Definition 2.1 (Viscosity subsolution, supersolution and solution).

1) A function v € USC(R x [0,T)) is a viscosity subsolution of (I3) if the
following properties hold:
i) u(x,0) < wup(z) in R,
ii) for every (zo,tp) € R x (0,7) and for every test function ¢ €
CH(R x (0,7)) such that u — ¢ has a local maximum at (zo,t), we

have

0 0
S (o, to) < (o, to) | 5 (w0, t0)

2) A function u € LSC(R x [0,T)) is a viscosity supersolution of (I3) if the
following properties hold:

i) u(x,0) > ug(z) in R,

ii) for every (zg,tgp) € R x (0,T) and for every test function ¢ €
CL(R x (0,T)) such that u — ¢ has a local minimum at (xg, %), we
have

99

E(!Eoyto) > c(zo, to)

a—(b(fvo,to)

ox
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3) A function u € C(R x [0,T)) is a continuous viscosity solution of ([I3)) if it
is both a viscosity subsolution and a viscosity supersolution of (I3)).

We have the following a priori estimates for the solution of the eikonal equation.
These estimates are may be quite classical, and part of them is already proved in
[5], but we give a proof for sake of completeness.

Proposition 2.2 (a priori estimates for the solution of the eikonal equation).
Assume that ¢ € WH(R x [0,T]) and ug € Lip(R) such that |(ug)z| < Bo a.e.
and (ug)z > by a.e. for some By > by > 0. Then, there exists a unique continuous
viscosity solution u on R x [0,T) of problem [I3). Moreover, u € Lip(R x [0,T)).
With Le := Le(t) = |cz ()| ooy, B(t) = Bo e"<* and b(t) = by e ', we have the
following estimates:

i) for every 0 <t < T,

lug(z,t)| < B(t) a.e.
and
ug(x,t) > b(t) a.e.
ii) Moreover
lue (@, )] < | oo (m0,m)) B(t)  a.e.
Proof of Proposition [Z21 We refer to [7, Theorem 2.8, page 38| for the proof of
existence and uniqueness of a solution u. We introduce the double variables (x,y) €
R? and set the half-plane Q = {x > y}. Consider the following problem:
wy(x,y,t) = c(z,t) lwe(z, y,t)| — c(y,t) lwy(z,y,t)] in Qx(0,T),
(14) w(z,y,0) =u(z,0) —u(y,0) in Q,
w(z,z,t) =0 on 900 x (0,T).
Then, w(z,y,t) = u(z,t) —u(y,t) is a continuous viscosity solution of problem (I4)
(we refer to [12, Lemma 2, page 357 for a proof).
Let ®(x,y,t) = B(t)(z —y). Then, we have
Claim 1. ® is a (viscosity) supersolution of problem (I4]).
As a matter of fact, since ® is smooth, ® is a classical supersolution of problem
(). Indeed, on the one hand, we have
w(:c,y,()) :U(ZE,O) —U(y,()) < Bo(.’ﬂ—y) = (I)(.’[,y,()) and
w(z,z,t) =0 = &(z,z,t).
On the other hand, we have
Dy — c(z,t) [a| + c(y, 1) | Dy
= LBg el'(z —y) — c(x,t) By e*< 4 c(y, t) By el<t

= Byelet (—c(x,t) + c(y,t) + Le(z — y)) .
Moreover,
le(x,t) —c(y,t)| < L.|lxr —y| and x>y implies c(z,t) —c(y,t) < Le(x —y).
We then obtain
Oy —c(z,t) | Do + c(y,t) [Py > 0.
This proves Claim 1.
Let ¢(x,y,t) = by e~ L<t(z — y). Then we have
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Claim 2. ¢ is a (viscosity) subsolution of problem (I4]).

The proof is similar to the proof of Claim 1, and we skip it.
By the comparison principle (see [7, Theorem 2.10, page 47]):

w(z,y,t) < (z,y,t) e

(15) u(z,t) —u(y,t) < Bt)(zx —y) for (x,y,t) € Q2 x (0,T),
b) and
o(x,y,t) <w(z,y,t) e

(16) b(t)(x —y) <wu(z,t) —u(y,t) for (z,y,t) € 2 x (0,T).
We deduce that
(17) 0 <b(t)(z —y) <ulz,t) —u(y,t) < B(t)(x —y) < B(t) |z —

for all (z,y,t) € Qx (0,T) . Passing to the limit in (I7), by Rademacher’s Theorem
[7], we get

0 <b(t) <wug(z,t) <B(t) forae. (z,t) € 2 x[0,T).

We now prove the Lipschitz in time estimate. Let (x0,%p) € R x (0,T) and ¢ €
CL(R x (0,T)) such that u — ¢ has a local maximum at (z,to). We show that ¢; <

|l oo (x (0,)) B(to)- From W(Io’fﬁ)_;ffx’t“) < "(zo’f;’)_;z‘(m’t(’) and (I7) we obtain

@a (0, t0) < Blto)
and then
ei(20,t0) < (o, t0) [p2(@0, to)| < |e|poe @x(0,7)) [92(T0, to)| < le| o mx (0,7)) B(to)-

Let ® € C*(Rx (0,7T)) such that u— ¢ has a local maximum at (z,to) € Rx (0,7).
Similarly, we check easily that ®; > — |c| gy (o,7)) B(to). Therefore, we have

Pt < |l poomx(0,7)) Blto) and @4 > — ¢| oo (0.1 Blto) -
We conclude that

lug| < ‘C|L°°(]R><(O.T)) B(tg) in the viscosity sense. O

We now give a stability result.

Proposition 2.3 (Stability of the solution by perturbation of the velocity). Let
Vi, i =1,2, be a viscosity solution of the problem

as) { v;(x,t) = c'(z,t) ’v;(x,t)| i RxI[0,T),
v*(z,0) =wup(x) on R,
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where ¢t € W (R x [0,T]) and ug € Lip(R). Then,

vt — ”2’Lw(Rx[o,T])

T
< /0 ds |c2(~,s) — cl(-,s)’Lw(R) max (|v;(-,s)|Lm(R) , |v§(-,s)|Lm(R)) )

(19)

This result has been proved in [5]. For sake of completeness we give it here.
Proof of Proposition 23l We denote
t

-2 2 2 1 2

v (I,t) =v (I,t) - /0 |C (75) —-c ('7S)|Lac(R) |vx('as)|Loo(R) ds.
We want to prove that o2 is a viscosity subsolution of the equation satisfied by
v'. We denote I(v) = v; — c'(x,t) |vp|. Formally, I(v') = 0 and I(v?) = v? —
ct(a,t) |v§‘ = ((z,t) — (=, 1)) vﬁ‘ We show that

2 2 1 2
I(’U ) < ‘C ('7t) —-C ('7 t)’Loo(]R) ’vm('at)‘Loc(R)

in the viscosity sense. Indeed, let ¢ € C1(R x (0,T)) such that v? — ¢ has a local
maximum at (zg,t9) € R x (0,T). Then,

1(6) = o = e (,0) lpul < (1) = ¢ 2,0) ol < |26,1) = ¢ (1) ey el

Similarly, setting ® € C1(R x (0,T)) such that v? — ® has a local minimum at
(z0,t0) € R x (0,T), we have

1(®) > = [(,1) = ¢ ()] oo ) | D] -

Moreover, at t = 0, we have 92 = v? = uy = v'. Hence, we deduce that ©? is a

subsolution of the equation satisfied by v!. Then, by the comparison principle [7],
for all t € [0, 7], we have v? < vl i.e.

t
UQ(x,t) - ’Ul(x,t) < /0 ‘Cz('a 3) - Cl('v S)|L°°(]R) |1}92c('a S)|L°°(]R) ds.
Similarly, we prove the inequality #' > v? which leads to
t
v (x,t) — vt (z,t) > _/0 |c2(~,s) — cl(~,s)‘Lw(R) ’v;(~,s)‘Lm(R) ds .

We conclude that

’“2 - Ul’Lw(Rx[o,T])

T
< /0 |c2(~,s) - cl(-,s)|Lw(R) max <|vi(.,s)‘Lw(R) , |v§(~,s)‘Lm(R)> ds. O

3. PROPERTIES OF THE NON-LOCAL VELOCITY

The goal of this section is to prove the following estimate, which will be used in
Section [41
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Proposition 3.1 (Estimate on the difference of integer parts in the continuous
case). Let p' € C (R) such that:

i)

(20) pl(x+1)=p'(z) + P, where P € N\ {0};
ii) there exist constants B > b > 0 such that b < pglg < B in the distribution
sense.
Let p? € LS. (R) satisfying @0). Then,
2
(21) |E(p*) - E (pl)}L}mﬁ.(R) =< A <P+ I _pl}LN(R)) |p* — plyLOO(JR) :

Remark 3.2. Note that if |p2 —p! ’LOO(R) <1 < P, then the previous estimate (21))
becomes

S

P

E(p*) = E(p')| 2 < T’p2_p1‘L°°(R)'

unif

(R)
We will use this estimate later.

This result is the generalization of Lemma 4.2 in [3] to the case of several dis-
locations where the characteristic function p’ > 0 is replaced with the floor part
E(p").

To do the proof of Proposition B.1] we need to introduce the following notation.

We denote A = [p? — pl‘LW(R), and we assume that A € (0,+00) (other cases

are trivial). For k € Z, we denote, for i = 1,2,
El ={reR,p () <k+1}.

First, we remark that since pL > b > 0 and p! is continuous, there exists a unique
ar € R such that p! (ax) = k + 1 and we have E} = (—o0,a;). We will use the
following lemma for the proof of Proposition Bl

Lemma 3.3 (Estimate of the distance between the sets E} and EZ). With the

notations introduced above and the assumptions of Proposition B.l, we have

A A
E,i—ZCE,ch,H—g.

Proof of Lemma B3l The main idea in this proof is to use the minoration of the
gradient of the function p!, i.e. pL > b > 0.
Let us first check that E} — 2 C EZ. Let z € Ef — . Then, 2 < aj, — 2, ie.

A < b(ar — ). Since pl > b >0 and ar —z > 0, we have
P (ar) = p' () 2 b(ak — ),
which implies (by definition of A)
k+1=p'(ar) > p'(x) + A > p*(2)
and therefore
k41> p*(x).

Thus, z € EZ for every « € E} — £ and therefore E} — 2 C E? (see Figure2). The
second inclusion can be proved similarly. O
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p(x), p*()

1
/pQ(x) =5 sin(2mz + 2) + 4a

o

e
O

FIGURE 2. Example of functions p! and p? satisfying (20)

Proof of Pmposz’tion B The main idea in this proof is to bound the function
’E (z)) — E (p" ZC))‘ by the characteristic functions of the sets Ef A E}. We
then bound its L. .-norm.

From the definition of Ej, for i = 1,2, we remark that E! ;, C E! then
E(p'(z)) =kifx e Ej \ Ej_,, for i =1,2. We can write

2) =D gy @)= Y g (@)

kEN keZ\N
Then,
E (0 (@)= E (0" @) =Y (1m)r @ = 1y @) = Y (152 (@) — 15 (@)
kEN keZ\N
Therefore,
B (p* (@) = E (o' (@)] <D Lpeyeaqm) @)+ Y lepam (@) ae,
kEN kE€Z\N
(22) 2 (0 @) — B (0 @) <3 Lizam (@) ac.,
keZ

where E} A B} = (E}\Ef) U (EL\E?) = (E})° & (E})°. By Lemma B3
|E? & EL| < 2} Then, we estimate for every z € R with I(z) = (z — 3,2 + 3).
2A

(23) 1E(0%) = E (0")| g0y S D (@) N (B 6 B[ < N' == -

kEZ
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where
N’ =Card{k € Z, |I(z) N (E} & E},)| #0} .

Let us assume that there exists k € Z such that [I(z) N (Ef o E})| # 0. Then
there exists #* € I(z) such either 2! € (EL \ E}) or 2! € (E? \ E}). In the second
case (z' € (Ef \ Ej})), one can check easily in Figure @ that the number of k is less
than P + |p2 - pl‘Lw(R). Therefore

(24) N <P e

Taking the supremum on x € R, we get

2
|E(p*) - E (pl)’L&mif(R) <3 (P+ |p* = pllLOO(R)) |p* - pl‘LW(R)'

We recall the following result (we refer to [5] for a proof).

Lemma 3.4 (Norm of the product of convolution). For every f € L. (R) and
g € L. (R), the convolution product f * g is bounded and satisfies

int

(25) |f*g‘Lac(R) < |flp <(R) 9] 00 (R) -

uni int

We now present some properties of the non-local velocity.

Lemma 3.5 (Properties of the non-local velocity). Recall that ¢™[u](z,t) =
A x (E(u(-,t)) — P ) (x) is a convolution on R. We assume that ® is a kernel
in WHY(R) N L (R) satisfying [, °(x) dw = 0. Then we have the following prop-
erties:
(1) The convolution ¢™* is well defined if u, > 0 a.e. and if u(x + 1,t) =
w(z,t) + P with P € N\ {0};
(2) The function ™, moreover, is 1-periodic in space, i.e. ¢™[ul(x + 1,t) =
™ [ul(z,t). We also have ¢™ € L* ((0,T), W">*(R)), i.e. more precisely

int [ int

0 0 )
W) gy S Pl gy and e WD) oy < PIDe] a3
(3) If there exists A > 0 such that |u(x,t) —u(z,s)| < At — s| for a.e. t,s €
(0,T) and uy > b a.e., then ¢ is Lipschitz continuous in time with Lips-
chitz constant # |c°’L i.e.

|c

oo (R)’

int

in in 4AP
}c f(x,t) —c t(x,s)} < 3 }CO|L?&(R) [t —s| .
Proof of Lemma B35l
(1) From u(z+1,t) = u(z,t)+ P, we deduce that E (u(z + 1,t)) = E (u(z,t))+
P and E (u(z +1,t)) = P(z + 1) = E (u(,t)) — Pz. Since [ *(x)dz =0,
(° % P) (2)=0, then c"<(E (u(-,t)) — P ) (z+1) ="*(E (u(-, 1)) — P ) (z).
Point 1, therefore, is proved.
(2) Since u(z + 1,t) = u(x,t) + P and u, > 0 for a.e. (x,t) € R x [0,400), we
have

u(0,t) <wu(z,t) <wu(l,t) =wu(0,t) + P for all (z,t) € [0,1[x][0, +00) .
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Passing to the floor part, for x € [0, 1] we obtain
E (u(0,t)) < E (u(z,t)) < E(u(0,t)) + P.

Then
—P <0< FE(u(x,t) — E(u(0,t)) <P,

and then |E (u(x,t)) — E (u(0,t))] < P for every x € [0,1] and every ¢t > 0.
We remark first that ¢ x E(u(-,t))(x) = ® % (E (u(-,t)) — E (u(0,t))) (z)
because / ®(z)dz = 0. Then

R

5 (E(u(-t)) = P) (I):/Rdy < —y) (B (uly. 1)) — Py — E (u(0,1)))

k+1
= / dy (@ — y) (B (uly,t) — Py — E (ul0,1))
kez’k

1
- Z/O dy O —y — ) (E (u(y + b, 1)) — Py + k) — E (u(0,1))

kEZ

= [y =y =) (B () = Py = B (u(0.1))

kEZ

Since E (u(y,t)) — E (u(0,t)) < P for y € [0, 1], we deduce

O x (Bl 1)~ P ) () <3 / dy P(1— 4)c(x —y — k)

keZ
<P [ayPe-y =P [ ayw)
R R

<P |C0|L1(R) ’

where for the last inequality we have used that ¢*(—z) = ¢%(z) for all z € R
and [ ®(z)dz = 0. We now show that ¢ is bounded on R x (0,7).
Indeed, ci* = (), x E(u). Similarly, we get

’Cil/’nt‘LOO(R) <P ‘(CO)“”Ll(R) :

(3) We now prove the Lipschitz continuity in time of ¢™. Let z € R, 0 < t,s <
T. Then we have

| (2, t) — ™ [u)(z,8)] =[x (B (u(- 1) — E (ul-,5))) ()]
< |CO|Li°,?c(]R) |E(’U,(,t)) - E(u(.7s))|Lllznif(R)
= % | sy 110 1) = s 9) | oo
4AP

> T |CO‘Li°§t(]R) |t - 5| )

where we have used successively Lemma [3.4] Proposition B.1] (see Remark
B2) and the Lipschitz continuity of u we assumed to hold. O
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4. PROOF OF THEOREM [[.J]

We prove Theorem in two main steps. In a first step (see Subsection E.T]),
we prove existence and uniqueness for short time, using a fixed point theorem. In
a second step (see Subsection [2]), we extend the result for all time by repeating
the argument on successive time intervals. We need to recall Lemma 2.8 of Barles
.

Lemma 4.1. Let H be a continuous Hamiltonian. If u € C (2 x [0,T]) is a subso-
lution (respectively, a supersolution) of the problem

0
(26) a—“ +H(z,t,Du) =0 in Qx(0,T),
then u is a subsolution (respectively, a supersolution) of the problem
0 Ju
(27) a—?+H( (52) =0 in Qx(0,1)
This lemma will be applied for H(z,t, gz = ‘ |, where u is a solution
n (0,7), u € W, (R x [0,T]) and c[u] € ( [

4.1. Short time existence and uniqueness of the solution. For ¢*** satisfying
@) and c° satisfying (5]), we denote

(28) K= ‘ceXt‘Lw(R) +P‘CO’L1(R)
Consider four constants satisfying 0 < b; < by < By < By, and for T' > 0, we set
u(z+1,t) = u(z,t) + P for(z,t) e R x [0,7T),
Xr={ue Wloc (R x [0,T)) 0<by <u, <By ae onRxI[0,T),
lus| < KBy a.e. onRx[0,7T)
Clearly, X7 — Px is a closed set of the Banach space W1 (R x [0,7)). We want
to establish that there exists a unique solution u € X of the problem
(29)
(?;:(x t) = (¢™(z) + % (E (u(-, 1)) — P ) (z)) %(m,t) inR x (0,7),
u(z,0) =u’(z) onR,

where u satisfies assumptions (B). For any u € X7 such that u(z,0) = u°(x), we
consider the continuous viscosity solution v of the problem
(30)

Ov oxct ov
o7 (@) = (@) + "« (B (u( 1) = P ) (2)) 7—(2,t) on R x(0,T),

v(x,0) = u’(x) on R.
The main idea, in this section, is to show that the map

P XT — XT7
u+— p(u) =v viscosity solution of (B0

is well defined and has a unique fixed point.
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We will first show that ¢ is well defined for T small enough, and then show that
@ is a contraction. Let us define

R B b
+P|cg’Ll(R) and T —Zmln(ln(B—;>,ln(i>>.

1) o(Xr) C X for 0 < T < T*. We first remark that the solution v of
@B0) is given by Proposition Indeed this proposition applies because
our initial condition satisfies its assumptions and the velocity c(z,t) =
™ (z) + & x E(u(-,t))(z) is in WH*°(R x [0,7]) by Lemma and the
definition of Xr.

We will now check that v € Xp for T small enough. By Lemma B3]
assertion (2), we know that ‘cint’Lw(R) < P’cO‘Ll(R) and ’cimnt‘Lm(R) <
P|(c°

(31) L= ’CZXt|L°°(R)

) |L1 ®) Therefore

_ | ext 0
el < K = [c™ |L°°(R) +Ple |L1(]R)
and
_ xt 0
el < L =|c5 ’Lm(R) +P’c$’L1(R) :
By the a priori estimates for the eikonal equation (Proposition [2.2]), we see

that the function v satisfies for a.e. (z,f) € R x [0,T)
lug(2,t)] < Boe* = B(t),
v t) > boe M = b(1),

ve(@, )| < lel e mxfo,)) B(1)

and we have B(T*) < By and b(T*) > b; with the definition of T in (3)).
By Lemma [B5] assertion (2), we know that c(x + 1,t) = c(z,t). Let
w(z,t) = v(x + 1,t) — P. Then w(z,0) = u’(z + 1) — P = u%(z) = v(x,0).
Then by the space periodicity of the velocity ¢ and the fact that the eikonal
equation “does not see the constants”, we deduce that w is still a viscosity
solution of ([B0). By the uniqueness of the solution we get that w(xz,t) =
v(x,t), and therefore v(x + 1,t) = v(z,t) + P. We deduce that v € X if
T<T*
2) ¢ has a unique fixed point. Let us define Ty by

. 1 1 . bp b
(32) Ty = min , min <ln —, —) )
|8 oo ) + P I()alprry * 8P o0 () by By

Indeed, the following proposition shows that ¢ is a contraction.

Proposition 4.2 (Contraction). Let v' = @(u?) for i = 1,2. If u* € Xp for
1=1,2, and if

2 1
’“ —u |L°°(]R><[O,T)) < P, then

2 2

v u forall T €10,Tp].

- U1|L°°(]R><[O,T)) = ) ’ - u1|L°°(]R><[O,T))

A corollary of this contraction property is

Proposition 4.3 (Short time existence and uniqueness of the solution). We assume
that ¢t and ° satisfy @) and @) and that u° satisfies (6). There then exists a
unique continuous viscosity solution u € X, of (29).
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To finish this subsection, we will first prove Proposition [£.3]and then Proposition

Proof of Proposition 4.3l Note that we can write

_ kTy (k‘ + )Ty
om= U R
k=0,..,N—1

where N will be large enough and fixed later. Let us denote 7, = {k—f\r,‘), %}

for k € {0,...,N —1}.

Step 1. Let u!',u? € X7, such that u!(x,0) = u?(x,0) = u’(x). For all
t € 19, and for all z € R, we compute

|u? (2, t) — u' (z,1)] < }uz(x,t) - u2(x,0)’ + |u1(x,0) - ul(x,t)|
< 2KBit
33 T
(33) < 2KB1NO
< 1<P

if we choose N > 2K B1Ty. Then Proposition [£.2 holds, i.e. ¢ is a contrac-

tion on X,. Since X7, — Px is a closed subset of a Banach space then
N

by the Banach-Picard fixed point theorem, there exists a unique solution

u € X% such that u = ¢(u), i.e. u is a solution of 29) on 79 = [0, %]

Step 2. First we remark that the solution u € X r, belongs to W,5:> (Rx[0, L))

N
by the a priori bounds on u, and u; defining X r, . Second, we then apply
N

Step 1 again with the new initial condition u®(-) = u (-, %) and get a

solution v € Xp,. We then define

T
u(-,t) =wv (-,t— N()) for tem.

Third by construction, w is a viscosity solution on (0, Tﬁ) U (JZVQ, %) and

by Lemma [Tl we see that it also satisfies the viscosity inequalities at time

Lo and therefore u is a viscosity solution of ([ZJ) on (0, ZL2).

Step 3. We repeat the previous argument on the time intervals 74, k =
2,...,N, and get the existence of a viscosity solution u of ([29) on the
time interval (0, Tp).

Step 4. Uniqueness. Let us assume that we have two solutions u' and u?
of 29) on (0,Tp), with u' # u? and let us define T;; < T such that u! = u?
on [0,75] and

V& >0,3ts € [T, Tg + 6N [T, To] such that u?(-,ts5) # u' (-, t5).

Again applying Step 1 with initial condition u°(-) := u! (-, T§) = u? (-, Ty),



NON-LOCAL TRANSPORT EQUATION 1551

we get by the contraction property that (u® = ¢(u?), i = 1,2)

2 2

|u® — ul’LOO(Rx[O,T6‘+6)) < ) |u® — ul’LOO(Rx[O,T6‘+5))

T
for § < NO and T + 6 < Tj (using ([B3)). Contradiction. O

Proof of Proposition B2 Let v' = ¢(u?) for i = 1,2. By the stability result (Propo-
sition 23)), we have

|”1 - v2|L°°(R><[O7T])

T
< /0 |c2(~,s) — cl(.,s)‘Lx(R) max (|vi(.,s)‘L(x(R) , ‘”3(‘,3)‘”6(]1@) ds,

where ¢*(z,t) = ¢™*(z) + (° x E(u’(+,t))) (z). By Lemma B4} we have

[ <] g

int

2 1
@ [BW®) = B0 1 s -

unif

1
-¢ }LOO(]RX[O,T))
By Proposition 3.J] and Remark 3.2, we know that

4P

|B®) = B pomy, 1,0y < 5 14

1
—u ‘LN(RX[O,T)) J

then combining Proposition and Lemma [3.4] we obtain

B
1 2 0 2 1
vt —v ’Lm(Rx[O,T]) <4PT B | ’L;’]‘l’t(R) |u? —u ’LOC(RX[O,T)) :
We set T** = ——-—— 2. For T, = inf(7T*, T**), the following holds: for T' < Ty:
8P| o0 m) B

1
[7* = 0 s mxiory) < g 10 =0 e oy - .

4.2. Long time existence of the viscosity solution: Proof of Theorem [1.3]

Proof of Theorem [L3l We will repeat this short time result on a sequence of time
intervals of lengths 7), decreasing to zero, such that ) 7T, = +o0o. We will do
the proof in three steps.

Step 1. We rephrase the result of Proposition We proved in the previous
subsection that given an initial data u° such that

0<by < ’U,g < By
and by, By (which will be specified later) such that

b B
0<b <by< By< B; and —0:_17
bi  Bo

there exists a unique viscosity solution u of problem (23] up to time Tj satisfying
0<b1§Uz§B1 on RX[O,T()),
where Tj is defined by

1-
(34) TQ = A min {ln,uo, —Qbo} s
Ho
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where

A = min : P P 1 %o (R
|C§Xt|L°°(R) |Cg|L1(R)7 8 |CO|Lint( ) |
by B

=—=—>1 d
1o by BO>, an
_ bo
by =—=— < L.

0 Bo<

For given by and By, in order to equalize the two terms in the infimum of Ba), we
choose g such that In pg = %bo, in other words, g is fixed by the relation
0

bo = M(z) In g
and it determinates b; and B as a function of by, By. Therefore, we have
(35) To = A In pg.

Step 2. Definition of the recurrence. We apply successively this reasoning
on time intervals of length T,, which will be specified below. So, for n > 1, for
bpn+1, Bpe1 (which will be specified later) there exists a unique solution of the
problem (29) up to time Ty + 71 + - - - + T, where

bn B"l
(36) o = 5= = B“ >1 for 0<byiq <bp<Bp < Bpii,
n+1 n
oy, _
(37) by, = B_L <1 and p, isfixedby b, = p2npu,,
(38) T, = A Inp,.

Step 3. Divergence of the series ) 7).

Proposition 4.4. With previous notation and the choice of the sequence (n)n,
the series Y, . Tn diverges.

This ends the proof of Theorem [L3] O

In the rest of this subsection, we will prove Proposition £.4l Before proving this
proposition we need preliminary results. First, we remark by (30]) that

_ bt 1.
bpi1 = =3 = b
n+1 Bn+1 /14% ns

and then by 1) and (B8) we get

(39) In Hn = M721+1 In Hn+1 and T, =Aln Hn -

The recurrence relation defining the sequence (y,), can be inverted as ji,+1 =
G(un) with g, > 1. Introducing

En = ln—1>0,

we can rewrite p,11 = G(uy,) as

(40) En+1 = F(En),
where by the implicit function theorem F € C? ((—i, —l—oo) ;R) and satisfies
(41) F(0)=0, F'(0) =1, F"(0) = —4, and F’ > 0.

We have the following lemma.
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Lemma 4.5 (Subsolution for the sequence). Let F € C? ([0, +o0);R) satisfying
). For a >0, let

1
o(a) :/ dt (F" (ta) — F"(0)) (1 — t)

0
and

aozsup{aEO: [inf02—2}.

0,a]

Then ag > 0. Let po(t) be the solution of

! A2
(42) { pa(t) - 4pa(t)a
pa(0) =a.
If a € [0, ag], then for all t > 0, we have
(43) pa(t +1) < F(pal(t)).

Corollary 4.6 (A lower bound on the sequence (g,,),). Under the assumptions of
Lemma B0, we consider a sequence (en,)n > 0 satisfying en41 = F(ey,). If for an
integer k, we have 0 < g < ag, then for all n > 0 we have

Ek+n = p(n),
where p = pe, .

Proof of Corollary 6. Since p is decreasing in t (p'(t) < 0), p(n) < p(0) = .
Applying ([43) and using the fact that F' is increasing, we get

p(n) < F(p(n—1)) < -+ < F" (p(0)) = F" (k) = i 0

Proof of Lemma L5l We set ¢(t) = F(ta). Using the Taylor formula with integral
remainder, we have

6(1) = 6(0) + ¢/(0) + / dt ¢ (t)(1 — t)

=00+ 50+ X2+ a6 - o) -
with ¢ (t) = F”(ta)a®. Then setting o(a fo (F"(ta) — F"(0)) (1 —t) dt, we get
o€ C%[0,+00),R) and F(a) = a — 2a> +a 25(a). Thus,
Fo(t) = plt+1) = plt) — 207(8) + 92(1)c (o(t)) — plt + 1)
> p(t) = p(t +1) — 4p*(t)

because p(t) € [0,a0] from the assumption of the lemma (and the fact that p is
decreasing in t), which guarantees o (p(t)) > —2. We now estimate

t+1
p(t) = plt+1) = / —p/(s) ds

We deduce that F(p(t)) — p(t+1) > 0. O
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Proof of Proposition [£4l Let us first remark that ano T, = anolnun

=In[[,5o(1+en) > (1 + >0 €n). We will now show that ), ¢, diverges.

If it is not the case, then e — 0 when k& — oo, and so for k large enough we have
er < ag. Therefore, by Corollary .6, we know that e, > p(n — 1) for all n € N

and p(t) = ﬁ . We deduce that
Z Z o0 +o0 1
En > p(n)z/ p(t)dt:/ +—— dt = +o00.
n>0 n>1 1 1 ot
Then the series >, e, diverges and -, 7T, also diverges. O

5. PRELIMINARY RESULTS FOR THE DISCRETE LOCAL PROBLEM

As explained in Subsection [[L2] we construct a numerical scheme for the non-
local equation by explicitly discretising the time variable by an Euler scheme and
the space variable by an upwind scheme. We first study the case of a local equation
whose gradient satisfies g—; > 0. This leads us to study the following local transport
equation:

Ju ou .
m E(Q;7t) = c(z,t) %(x, t) in Rx(0,T),
u(z,0) = up(x) on R.

Given a mesh size Az, At and a lattice Iy = {(iAx,nAt); 1€Z,n< %}, (T4, tn)
denotes the node (iAx,nAt) and v™ = (v]'); the values of the numerical approxi-
mation of the continuous solution u(z;,t,). We consider an explicit Euler scheme
in time, i.e.

(45) ot =0 + AtHy (0",4),

where the discrete Hamiltonian is chosen so that the scheme is upwind; precisely

we choose N

. Dot if e >0
Hy (", i) =9 2pZn ipom_q
et Dyv} if e <0,

with " N
Dot = Y1 7%

2 .D_'Un _ ,Ugl B ,U’Lnfl
o Az e A
and ¢ is the discrete velocity.
We assume the following CFL condition for the local problem
Az

sup;,p, ||

(46) At <

For the reader’s convenience, we recall some useful results proved in [2, [3]. We
first recall a discrete gradient estimate from above whose proof is given in [2].

Lemma 5.1 (Discrete gradient estimate from above). If for some B > 0 we have

o _.0 noo_eh
BT S BY, Vi€ Z, and B = B (14 28t sup e | 55 then
Ay
—Hl i< B" VieZ VneN.
Az

In the following, we also need a discrete gradient estimate from below.
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Lemma 5.2 (Discrete gradient estimate from below). If for some b° > 0 we have

Y S 10 Vi€ Z, and b = br (1 24t G ) yith
— Az = ; L€ 4, an - - SuijZ Az we
1
(47) At < T
P
2sup; ez |HR
then
vl — ol
—Hl P > VieZ,VneN.
Az
Proof of Lemma B2l First, let us remark that 5™ > 0 because of the condition
At < ——L——— Let w? = v, + b"Az. By assumption, we have wl' <
zsuijZ ]+A1m

, Vi € Z. In order to show that w?“ < U?H for all i € Z, we check that w™
a dlscrete subsolution i.e. w™ — (wl + AtHy (w",)) < 0. Indeed,

w”+1 — (Wl + AtHg (w™, 1))
= v O AT — (0 + " Az + AtHy (w™,4))
= (b" T —b") Az + At (Hg(v",i — 1) — Hg(w", 7))
= (T — ) A+ AL (Ha(o" i — 1) — Ha(" 7))
If ¢ and ¢! ; have the same sign, we assume that they are non-negative (the proof
is similar when they are non-positive), then

”H — (Wl + AtHy (v ,z))

—20" At Az sup;ey, ‘ ‘ + At (¢ — ) Dfop

x Yi—1

—20"Atsup; g |c

j 1|— ct —cl AtD !
b AL (2sup]ez[7 cr 1|+c el 1)

INIA I

0.
Therefore, w™ is a discrete subsolution and then w** < v for all i € Z. If ¢}
and ¢ ; do not have the same sign (we refer the reader to the end of the proof
of Lemma 5.1 in [3]), the conclusion prevails because of the following estimate for
a,b>0:

|cPa —c?_1b] < max(a,b) max (|c}], |4 |)

< max(a |c —c 1|
< max(a,b) |Z ci
This achieves the proof of Lemma O

We introduce the grid I = {(iAx,nAt); 1€Z, n< Np= %} We recall the
following numerical stability result, whose proof is given in [3 [2].

Proposition 5.3 (Numerical stability). We consider v*" and v*™ two numerical

solutions of the following monotone scheme (with the same initial condition)

(48) o™ =0l At Hy (VP7)

3
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where

ILnpmy+, Ln .o In
c; " Dv; ifc;” >0,

Hd(vl’",i)z l . l forl=1,2,VieZ, VneN.
"Dy ey <0,

Then there exists a constant C' > 0, depending on the discrete gradient estimates
on v! and v?, such that

C;a" _ c2,n

(49) sup

I3

,Uilm-i-l _ Ui27n+1 < CTsup
IT
6. PRELIMINARY RESULT FOR THE DISCRETE NON-LOCAL PROBLEM

We will prove the analogue of Proposition Bl in the framework of discrete solu-
tions. We will use this result in Section [7

Proposition 6.1 (Estimate of the difference of integer parts in the discrete case).
Consider a discrete function v* such that

1
(50) Vi g = vi + P where P € N\ {0} and K:A—EN\{O}.
x
Assume that there exist two constants B > b > 0 such that for every i € Z we have
Py Ty
b< Lt < B,
Y P

Then for all discrete functions v? satisfying (BU0), we get

SUup;ez, ZjeJi:[i,H_K[ }E(U?) - E(Ujl)| Az
<2 (P + sup;ez |’UZ2 - UH) (% SUp,cyz ‘vf - vll‘ + A:E) .

Remark 6.2. Note that if sup;c; |vf — v11| <1, then

1
sup E ‘E(v?)—E(v})|A:E§4P (Z sup|vf—v}| —|—A:E> .
ISV . €L

JjeJi=l[i,i+ K|

This result is the discrete analogue of Proposition B.Il This is also the generaliza-
tion of Lemma 5.5 in [3] to the case of several dislocations where the characteristic
function v' > 0 is replaced with the floor part E(v!).

For the proof of Proposition [6.]] we need to introduce the following notation.

We denote A’ = sup;cy, [v7 — v}, and we assume that A’ € (0,400) (other cases
are trivial). For m € Z and for [ = 1,2, we denote E! = {j €Z: vé- <m+ 1}.

1

Vi1 —Y;

1
First, we remark that since —5— > b > 0, there exists the greatest integer jo € Z

such that v < m + 1 and we have E, = {j € Z : j < jo}. We will use the
following lemma for the proof of Proposition

Lemma 6.3 (Estimate for the distance between the sets E}, and EZ2,). Under the
notation above and the assumptions of Proposition 6.1, we have

/ /
E}n—E(A )—1cE3ncE}n+E(A—)+1.

bAz bAz
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Proof of Lemma [6.31 The main idea in this proof is to use the discrete gradient
estimate from below. We will estimate in two steps the distance between E}, and
2.

Step 1. We have E}, — E (A5 ) — 1€ E2,. Tndeed, let j € BL, — B (A7) - 1.

Then,jgjo—E(bgw) 1i.e. jo_j>E(bAw>+1>bAm ie. (jo—j)bAz > A
1

1
Since ﬁ >band jo—j > 0, we have

vj, = v; > (jo — j)bAz > A,
which implies (by definition of A’)
m+1>vj >v; +A >0f
and therefore vf- <m+1. Thus, j € E2,.
Step 2. We have E2 C El + E (be) + 1. Similarly, considering j €

(El +E(be) —i—l) we prove that j € (E2 )C. Indeed, 57 > ]()-i-E(bAI) + 1,
thenj>j()+1+E( >+11mpllesy—(jo+1)>E( )+1>%,i.e.

vi—v] . .
(5 — (Jo +1))bAz > A’. Since ﬁ >band j— (jo+ 1) > 0, we have

vl =l > (G Go+1))bAz > A,

which implies (by definition of A’)

2 1 / 1
ijUj—A >vj0+12m—|—1.

m

Then we have j € (E%)C and therefore (E +E (be> + 1) (Efn)C g

Proof of Proposition [6Il The main idea in this proof is to bound the quantity
|E (v?) — E (v})| by the characteristic functions the sets E2, A Ej,. We then
bound the discrete analogue of its L. .-norm.

From the definition of E! | for | = 1,2, we remark that E! ; C E!. Then
E(vl) =m for any j € EL, \ El,_,, for | =1,2. We define

N _J 1 ifjeACLZ,
1A(]){0 if not.

Then we can write
= > L@yl = Y lm ()
meN meZ\N
Similarly to (22) in the proof of Proposition 3] we get

|E(}) = E@))] <> 1g2 am, ()

mEZ
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Let us fix i € Z and define J; = [i,i+ K[. Then the discrete analogue of L! ..norm
of E(v?) — E(v!) satisfies

e, |[E(w?) — E(v})| < >iez 2omez L1, () (B2, am1) (7)
< Ymez[din (B3, 8 By
< 2N (bg—x + 1) ,

where N’ = Card {m € Z, |Jl- N (E% » E}n)| # 0} and where we have used the
fact that the measure |E2, A E} | <2 (E (&) + 1) <2 (& + 1). Similarly to
[24) in the proof of Proposition Bl we get
N' < P+sup |vf — v .
i€l
We then conclude that

31615]; ‘E(vf) - E(’U]l)| Ax <2 <P+Silel§ |v? — v}‘) (% Szlelg |v? —vi | + A:v) .

7. PROOF oF THEOREM

In this section, we first recall how to get an error estimate between the continuous
solution and the discrete solution for a general non-local transport equation for some
T > 0. We are inspired by the work of [2].

7.1. An abstract error estimate. We consider the continuous viscosity solution
u of a general non-local transport equation
ou _
—(z,t) = clu](x,t) B—Z(ac,t) in Rx(0,7),
(51) ot 9
u(z,0) = u'(z) on R.

We recall that the non-local velocity c[u] belongs to L>((0,T), W(R)) and that
the solution w is Lipschitz continuous. We will consider a discrete solution v satis-
fying
(52) v=G?oc®(v),
where this abstract scheme will be made precise below.

For 0 < T < T and given a mesh A = (Ax, At), we denote B = RZx{0,-...NT}
Nr is the floor part of -~ the space of discrete functions defined on

At
I7 = {(iAz,nAt),i € Z, n < Np}.
We consider two subsets of E2:

wh , —wh
UL = {w € E2 such that ‘%
x

w™ , —wh
< BO%IT and L > 0 LT
Az
and

ch o —chl
VA = { ¢ € E2 such that |c}| < K and |- %

<L ViEZ,VngNT}.
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We also consider two operators:

G*:VF — Up . AUy — VE
an
c—v w — A (w),

where ¢® is an approximation of the non-local velocity. For ¢ € VA, v = G2(c) is
defined by
Diovr it >0,

D vl if ¢ <0.

x T

(53) v) = ul(x;), VTN =l + At x {
We are looking for a solution to (E2). Our goal is to give an abstract error estimate
between the continuous solution u and the discrete solution v. To this end, we
need to introduce a long series of assumptions. Our error estimate will be given in
Theorem [TIl We make the following assumptions.

(A1) CFL condition.
A< BT
sup;ez |ci(v™)]|
(A2) (u)® € U2, where (u)® is the restriction of the continuous solution u of
GI) to I7.
A3) (0)® € VA&, where (c 2 is the restriction of the non-local velocity clu] to
T
7.
(A4) Uﬁ and VTA are equi-Lipschitz and equibounded, respectively, in the sense
that there is a constant K such that, for every mesh A,

(54) |Dfw| < K, || < K, for every w € US, c € V.
(A5)
(55) GA(VE) c UR  for every T.
(A6) The discrete velocity ¢ is stationary. That is, there is a map ¢ such
that
(56) A (w(stn)) = A (W)( t) -
(A7)
(57) AUR) C VR forevery T

(A8) Stability of the operator G2 (see Proposition [(.3).
There is a constant K > 0 such that for every mesh A satisfying the CFL
condition (A1), for every T and every ci, ca € VA,
(58) sup [G2(c2) — G2 (e1)| < KTsup |eg — e -
17 17
(A9) Consistency of the discrete velocity c*.
There is a constant K > 0 such that for every mesh A and every T,
(59) sup |c[u] — CA(uA)| < KAux,
T

d

where u is the solution of (BI)) and u® = (u)? is the restriction of u to 7.
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(A10) Stability of the discrete velocity c*. )
There is a constant K > 0 such that for every mesh A, for every T < T,
and every wi, wsg € Uﬁ,

T
d Id

(60) sup |CA(w1) - cA(wz)’ <K (sup |we — w1 | + Ax) .
T

We have the following abstract error estimate (see [3], 2]).

Theorem 7.1 (An abstract error estimate for a short time). Let us consider T>0
and Az + At < 1. Let us assume that (A1)-(A10) hold for any T < T and that
there exists a unique continuous solution w of (&I) on [0,T]. There then ezxists a
constant K' > 0, depending on |ceXt|Loo(R), P, ’cO|L1(R), the bound constants of
Do, Dv! and |(u0)w|LOC(R), and there exists a constant 0 < T* < T with T*
only depending on T and K', such that for every T < T* we have

T
sup lu —v| < K'VAz if Az < o
17

7.2. Application of the abstract error estimate: Proof of Theorem
We check successively assumptions (A1) to (A10).

(1) We assume the CFL condition (2] which implies (A1) and (@) because
SUpjez [y — | < supjez €] + supjez ||

< 2sup,05 |
< 2e| oo (R (0,400))
S 2 (|06Xt|LOO(R) + P |CO|L1(R)> ’

which will allow us to apply Lemma

Here we will apply Theorem [I1] with T' = Tj given in (32)) and with
T, = T*, C = K' given by Theorem [ZIl. We recall the following notations
(see (28) and (BI))):

_ Xt 0 _ Xt 0
K =|c ‘LDO(]R) +Ple ’Ll(R) and L= |c; ‘LW(R) +P‘CI’L1(R) :
(2) By Proposition we have (u)A € UA, where u is the solution of (5I)).
(3) It is clear that (¢)* € VA, where ¢ = c[u] given by () for the solution u of

EI).

(4) Tt is also clear that, by definition, the sets UTA and VTA are equi-Lipschitz
and equi-bounded, respectively.

(5) We now check that G2 (V) C U2, Let ¢ € V2. By Lemma [51l we have

A n A n n n
G (C)i+1 - G2(0); Viy1 — Yy n
= < B".
Az Ax
Moreover,
n—1 n—1
Ciy1 — G

B" = B! (1 + At sup
ez

< B" Y1+ LAt) < B~ lelAt
Ax ) - (1+ )< €
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We deduce that B® < BYelnAt < BOLT  Therefore,
GA(C)?H - GA(C)? < BOCLT
Ax - '

Similarly, by Lemma [5.2] we have
GA(C)?H - GA(C)? >p0 o LT
Ax - '

Thus, G2(c) € UR for all ¢ € V2, and then G2 (VA) C UR for all T.
(6) We now consider the discrete non-local velocity given in (@), (I0):

. . 1

int, A __ int,n __ 0 n 0 __ 0

c =c "= E g Ew) Az, ¢ = N () dx
ez T

with I; = (x; — %, T+ %) It is clearly stationary. We recall from [3]

int . . )
that ¢;"" can be written as the continuous convolution
intbh 0
¢ = x E(vg)(wi),

where vy is the piecewise constant lifting of v
(61) Vg = Zvilh .
i

A

Obviously ¢§** is stationary. Therefore ¢ is stationary.

(7) We now check that ¢® (U£) C V. Indeed, for all v € UL, we have
’CA(U)’ <K, ‘D+CA(U)’ < <L.

9 (o
— (¢’ *x E(vy)
ox ( # ) Lo (R)

Therefore ¢ (U£) C VA.
(8) The assumption (A7) holds by Proposition
(9) Consistency of the discrete velocity c¢"*2. We estimate:

AR (WY (- 1) — c[u] (2, tn)

int

sup
€L

< sup [ % B(uR) (s tn) — "% B(u)( )|
z€R

< ey [Bua) o) = E() (o)1)
4P

< T ‘COILPO (R) |u#('>tn) - u('vtn)le(R) .

Then ¢™%4 is consistent.
(10) Stability of the discrete velocity 2. We estimate

A wh) = A WP = | Blwh) (@) - o x B(wd)(w:)
0 1 2
= |C |L§’§t(R) ’E(w#) Bl E(w#)‘Ll +(R)
1
0 1 2
< AP e @) (gigg jwi —w?[ + Ax) :

where we have used in the last time Proposition
Finally, we apply Theorem [7.1] and we obtain Theorem
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8. EXAMPLE OF A SIMULATION

In this section, we provide some numerical simulations showing the behavior of
the solution and the dislocations dynamics through obstacles.
We start by an initial data u°(z) = 2z. The velocity is chosen as

clu](z,t) = A+ Bsin(2knz) 4+ ® « E(u(-,t))(x),

with A = 1.2, B = 1, the number of obstacles is k = 2, the kernel c° is the one of
2
Peierls Nabarro given by (@) with #lj_u) = 1land ¢ = 0.1. We choose Az = 0.0099

and At = 0.00263. Numerically, we work on the interval for x € [—%, %}

In Figure Bl we represent the solution u(z,t) as a function of x € [—%, %} for
different values of t = 0, 2,4, 8. In this figure we see that the gradient of the solution
remains numerically in time bounded from above and from below, even if the lower
bound of the gradient is very small. In Figure[d] we represent the trajectories of the
dislocations z(t) (here there are two dislocations) with the time on the vertical axis
and the space on the horizontal one. We recall that the positions of dislocations
correspond to the jumps of the floor part of the solution. In Figure ] we see that
the dislocations slow down on the obstacles. Finally, we remark numerically on
Figure [3] that the gradient of the solution is far from zero in the regions where we
take the floor part of the solution, which is a good behavior for this simulation. We
can even say that we can localize the dislocations by the strong variations of the
solution.

T
t=0
O - -
2 t=2 ,
c
S
5 4 t=4 4
o
2
_6 - -
8 I t=8 B
Il Il Il Il Il
-0.4 -0.2 0 0.2 0.4

FIGURE 3. Behavior of the solution in time
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FIGURE 4. Dislocations dynamics through obstacles
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