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DISCRETE FUNCTIONAL ANALYSIS TOOLS FOR
DISCONTINUOUS GALERKIN METHODS WITH APPLICATION
TO THE INCOMPRESSIBLE NAVIER-STOKES EQUATIONS

DANIELE A. DI PIETRO AND ALEXANDRE ERN

ABSTRACT. Two discrete functional analysis tools are established for spaces of
piecewise polynomial functions on general meshes: (i) a discrete counterpart
of the continuous Sobolev embeddings, in both Hilbertian and non-Hilbertian
settings; (ii) a compactness result for bounded sequences in a suitable Dis-
continuous Galerkin norm, together with a weak convergence property for
some discrete gradients. The proofs rely on techniques inspired by the Finite
Volume literature, which differ from those commonly used in Finite Element
analysis. The discrete functional analysis tools are used to prove the conver-
gence of Discontinuous Galerkin approximations of the steady incompressible
Navier—Stokes equations. Two discrete convective trilinear forms are proposed,
a nonconservative one relying on Temam’s device to control the kinetic energy
balance and a conservative one based on a nonstandard modification of the
pressure.

1. INTRODUCTION

Discontinuous Galerkin (DG) methods were introduced over thirty years ago to
approximate hyperbolic and elliptic PDEs (see e.g. [2, [I7] for an historical perspec-
tive), and they have received extensive attention over the last decade. For linear
PDEs, the mathematical analysis of such methods is well-understood; see e.g. [2]
for a unified analysis for the Poisson problem, [I5] for advection—diffusion equations
with semidefinite diffusion, and [17, [I8], [19] for a unified analysis encompassing hy-
perbolic and elliptic PDEs in the framework of Friedrichs’ systems. The situation
is substantially different when dealing with nonlinear second-order PDEs. Indeed,
although DG methods have been widely used for such problems, their mathemati-
cal analysis has hinged almost exclusively on strong regularity assumptions on the
exact solution. This is in stark contrast with the recent literature on Finite Volume
(FV) schemes where, following the penetrating works of Eymard, Gallouét, Herbin
and co-authors (see e.g. [21] 22| [23]), new discrete functional analysis tools have
been derived allowing one to prove the convergence to minimum regularity solu-
tions, i.e. solutions belonging to the natural functional spaces in which the weak
formulation of the PDE is set. The key ideas can be summarized as follows:

(i) an a priori estimate on the discrete solution and an associated compactness
result are used to infer the strong convergence of a subsequence of discrete
solutions to a function u in some Lebesgue space, say L?();
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1304 D. A. DI PIETRO AND A. ERN

(ii) the construction of a discrete gradient converging to Vu in a suitable Lebesgue
space allows one to prove that the limit u actually belongs to some space with
additional regularity, say Hg(€2);

(iii) the convergence of the scheme is finally proved testing against the projection
of a smooth function belonging to some dense subspace, say C°(Q).

When the exact solution is unique, the convergence of the whole sequence of discrete
approximations is deduced. Moreover, stronger convergence results on the discrete
gradient can be derived using the dissipative structure of the problem at hand
whenever available.

The present analysis relies on two discrete functional analysis tools in piecewise
polynomial spaces on general meshes of a bounded Lipschitz domain Q ¢ R¢ (DG
spaces henceforth). First, upon introducing the usual ||-||pg-norm consisting of
the broken gradient plus a jump term (see (Bl)) as well as non-Hilbertian variants
thereof denoted by ||-||pa,p for 1 < p < +oo (see (1)), we prove discrete Sobolev
embeddings that are the counterpart of those valid at the continuous level,

lvnllrago)y < opgllvnllpep,  Vun € Vi,

for suitable indices ¢ and p and with the DG space th, k > 1, defined by @).
Probably the best known discrete embedding of such a type is the so-called broken
Poincaré—Friedrichs inequality obtained with p = ¢ = 2 and valid more generally
on a broken Sobolev space; see e.g. [1, B]. In the Hilbertian case for the DG
norm (p = 2), broken Sobolev embeddings have been derived recently by Lasis and
Siili [29]. We also refer to Karakashian and Jureidini [27] for the case ¢ = 4 and
d € {2,3} and to Girault, Riviere, and Wheeler [20] for general ¢ and d = 2. An
important point is that the present proofs are substantially different from the ones
in the finite element literature, which rely on elliptic regularity or on nonconforming
finite element interpolants. Indeed, we take inspiration from the techniques used
in [22] in the case of piecewise constant functions. A crucial observation is that the
BV norm defined in Lemma[6.2] below is controlled by the ||||pg-norm and also by
its non-Hilbertian variants. An important advantage is that the present technique
of proof incorporates the use of general, nonmatching, polyhedral meshes; that is,
under mild assumptions specified below, meshes can possess hanging nodes and
consist of elements of various shapes. We only establish the embedding results in
DG spaces, and not in the larger setting of broken Sobolev spaces. The latter are
indeed not used in the convergence proofs below.

The second functional analysis tool derived herein is a compactness result for
bounded sequences in the ||-||pg-norm and its non-Hilbertian versions. Here again,
the proof is quite simple and is inspired from [22]: it consists of using Kolmogorov’s
Compactness Criterion (see e.g. [7, Theorem IV.25]) based on uniform translate
estimates in L'(R?) together with the above discrete Sobolev embeddings and a
discrete gradient operator that is shown to be weakly convergent in some LP(£2)
space with p > 1. Similar results for Sobolev embeddings and compactness of a
discrete gradient have been obtained independently by Buffa and Ortner [9].

In the present work we also show how the above analysis tools can be applied
to prove the convergence of DG methods under minimal regularity assumptions on
the exact solution. In this respect, the weakly consistent discrete gradient operator
defined by ([IZ) plays a central role. A further step, going beyond the present
scope, could be to consider nonsmooth solutions with localized singularities and
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to derive convergence rates for the error away from these singularities. In the
present work, we consider the steady incompressible Navier—Stokes equations as a
model problem. Various DG approximations of this problem have been investigated
recently [3[10} 26 27, [3T]. Here, we identify a set of design conditions on the discrete
convective trilinear form to prove convergence. Two discrete convective trilinear
forms are proposed, a nonconservative one relying on Temam’s device to control
the kinetic energy balance [33] and a conservative one based on a nonstandard
modification of the pressure hinted at in [10].

The paper is organized as follows. §2]introduces the discrete setting, including
the assumptions on the meshes, the DG spaces, and the discrete gradient operators,
whose weak convergence is proven in Theorem 221 §3lis concerned with the Poisson
problem; its purpose is to show how the diffusive term is analyzed. The main
result is Theorem Bl ] deals with the Stokes equations; its purpose is to show
how the velocity—pressure coupling is handled. The main result is Theorem [Z.11
g8l is concerned with the steady incompressible Navier—Stokes equations; its main
result is Theorem (.1l Finally, 6 contains the discrete functional analysis tools
in DG spaces. The main results are Theorems [6.1] and [6.3] which are presented in
a non-Hilbertian setting since their validity extends beyond the model problems
considered in this work.

2. THE DISCRETE SETTING

2.1. Meshes. Let 2 be an open bounded connected subset of R? (d > 1) whose
boundary 0f2 is a finite union of parts of hyperplanes.

Definition 2.1 (Admissible meshes). Let H be a countable set. The family
{Th}nen is said to be an admissible mesh family if the following assumptions are
satisfied:

(i) for all h € H, Ty, is a finite family of nonempty connected (possibly nonconvex)
open disjoint sets 7" forming a partition of 2 and whose boundaries are a finite
union of parts of hyperplanes;

(ii) there is a parameter Ny, independent of h, such that each T' € T}, has at most
Ny faces. A set F' C 9T is said to be a face of T if I is part of a hyperplane,
and if either F' = 0T'NOQ or thereis T" € Ty, T' # T, such that F' = dTNOT";

(iii) there is a parameter p; independent of h such that for all T' € Ty,

(1) > helFl < alT],
FcoT

where hp denotes the diameter of the face F, |F| its (d — 1)-dimensional
measure and |T'| the d-dimensional measure of T’

(iv) for all h € H, each T € Ty, is affine-equivalent to an element belonging to a
finite collection of reference elements;

(v) the ratio of the diameter hz of any T € T, to the diameter of the largest ball
inscribed in T is bounded from above by a parameter g, independent of h;

(vi) there is a parameter g3, independent of h, such that for all T € T;, and for all
faces F' C 0T, hp > oshr.

For each h € H, we define size(Ty) def maxreT;, hr. The parameters introduced in
the above definition will be referred to as the basic mesh parameters and collectively
denoted by the symbol P.
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Remark 2.1. Assumptions (v) and (vi) will not be needed in §6lto prove the discrete
Sobolev embeddings nor the weak convergence of discrete gradients.

FIGURE 1. An example of admissible mesh

Figure [1l presents an example of admissible mesh in two space dimensions. The
mesh faces are collected in the set F,. The set Fy, is partitioned into F; U FP,
where F; }i collects the faces located on 92, and F} the remaining ones. For F' € F},
there are T} and T5 in 7j such that F' = 0T N 015, and we define vr as the unit
normal vector to F' pointing from 7T to T5. For any function ¢ such that a (possibly
two-valued) trace is defined on F', let

(2) [l € o —oms o} & —(@m + o)

For F € }"2, vp is defined as the unit outward normal to €2, while the jump and

average are conventionally defined as [¢] def v and {o} Lef ¥

For any integer k > 0 and for all T € Ty, let Px(T') denote the vector space of
polynomial functions defined on T with real coefficients and with total degree less
than or equal to k. Owing to assumptions (iii) and (iv) in Definition 2] there is
¢, p such that, for all h € H and for all T' € Ty,

3) Vo e PU(T), 3 hF/ o ? <ckp/ fon 2.

Fcor

Here and in what follows, the symbol ¢ will be used to denote a positive generic con-
stant whose value can change at each occurrence. To keep track of the dependency
of such constants on some parameters, subscripts will be used whenever relevant.

2.2. DG spaces. Let k > 0 and consider the finite dimensional space
(4) Vil o, € L2(Q); VT € Th, onjr € Po(T)}.
For k > 1, this space is equipped with the norm
def
(5) b ™ 3 [ wul+ 3 o [ el
TeTh FeF,

where |-| denotes the Euclidean norm in R?. For further use, it will be convenient
to introduce the seminorms

def
(6) o2 5y S pED / a2,
Fe]:
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where F is a subset of F}, that will usually be taken equal to Fj, or to F;. Moreover,
we define Vv, as the piecewise gradient of vy, € th, i.e., Vpup € [V}f_l]d is such
that for all T' € Ty, Vyvpr = V(vn|1), so that

(7) lvallhe = thvhHQL?(Q)d + |Uh|§,Fh,—1-

The above norms and seminorms can be extended to C2°(Q) + V¥ (larger spaces
are not needed henceforth).

A straightforward but important result concerns the approximability of smooth
functions in the [|-|[pg-norm. For all [ > 0, let 7} denote the L?(2)-orthogonal
projection from L?(Q) onto V,f. These projectors will also be applied componentwise
to vector-valued functions. Let ¢ € C°(£2). Then, owing to assumptions (iii)—(v)
in Definition 2] it is clear using classical approximation properties (see e.g. [6] [16])
that, for all I > 1,

(8) llp — 7T§L<p||DG — 0 as size(T,) — 0.

In what follows, we shall make frequent use of the projector 7} which will be simply
denoted by 7.
For ease of exposition, we state Theorem in the present Hilbertian setting
for the DG norm. A general proof is given in §0
Theorem 2.1 (Discrete Sobolev embeddings). For all ¢ such that
(i) 1<q< %5 ifd>3,
(i) 1 <g< 400 ifd=2,

there is o4 such that
(9) Vo, € Vi, lonllzac) < ogllonllpe.
The constant o, additionally depends on k, |Q|, and P.

2.3. Discrete gradient operators. For all F' € F, let rh. : L2(F) — [V}]4,1 > 0,
be the lifting operator defined as follows: For all ¢ € L?(F),

(10) v, € Vi1, /Q (@) mh = /F (i} vré.

Clearly, the support of r% (¢) consists of the one or two mesh elements of which F
is a face. Now let &k > 1. For v, € V,f, define
def
(11) Ri([n]) = ) ri([onl)-
FeF,
The following discrete gradient operators GY : V}F — [thax(kfl’l)]d
important role in the analysis:

(12) Vo €VE,  Ghivn) = Vavw — Bh([oal) = Vavn — Y rh([oa]).
FeF,

will play an

For a given k > 1, the most natural value for [ is k or (k — 1), but the values { =0
and [ = 2k will also be used. It is straightforward to verify, using assumption (ii)
in Definition 2] that for all vj, € V¥,

(13) IR ([onD) 1720 < No D I (Toa])l72(q)a-
FeFy,
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Furthermore, owing to the trace inequality (3] and proceeding as in [§], it is inferred
that for all F' € Fy,

1

(1) I (EonD By < enr- [ o]l
FJF

As a result,

(15) ||R§'L(|Ivh]])”L2(Q)d < ckuplonlsF, -1

Proposition 2.1 (Stability of discrete gradients). Let k > 1 and let | > 0. Then,
(16) Vo, € Vi, IGh(on) 2 (@)e < erapllonllpe.
Proof. Use the triangle inequality. (Il

Proposition 2.2 (Strong convergence of discrete gradients for smooth functions).
Let k> 1 and let 1 > 0. For all ¢ € C=(Q), G (mhp) — Ve in L2(Q)%.

Proof. Observe that |G} (mh¢) — Vol 2 < aplle — mhellpe and use @). O

The main property of the discrete gradient operators defined by (I2)) is their weak
convergence in L?(£2)? when evaluated on bounded sequences in the ||-||pg-norm.

Theorem 2.2 (Compactness and weak convergence of discrete gradients). Let k >
1. Let {vp}nen be a sequence in V}f, Assume that this sequence is bounded in the
|-lpc-norm. Then, there exists a function v € H}(Q) such that as size(Ts) — 0,
up to a subsequence, v, — v strongly in L?(Q) and for all 1 > 0, G' (vy) — Vv
weakly in L?(9)%.

Proof. Owing to Theorem [6.2 applied with p = 2 and extending the functions v, by
zero outside ), there exists a function v € L?(R?) such that as size(7,) — 0, up to a
subsequence, vj, — v strongly in L?(R¢). Moreover, since for all I > 0, {G%, (v3) }hen
is bounded in L?(R%)¢ owing to Proposition I up to a new subsequence, there
is w e LARY s.t. GY(vy) — w weakly in L2(R%)4. To prove that w = Vv, let
¢ € C(R%)4 and observe that

Ghonye=— [ (Vo) = [ Rillonlie - o)

R4 R4

+ Z /{@—Wgwﬁ'VF[[Uh]]zﬂ-i-Tz + T3.
reFr, T

Rd

Letting size(75) — 0, we observe that 77 — — [, v(V-¢) and that T, — 0 since
o — mhellpz@aye — 0 and {R},([vn])}ren is bounded in L?(R%)?. Furthermore,
the Cauchy—Schwarz inequality, together with assumption (iii) in Definition 2]
yields

T3] < Clle — ol oo mayalvnls,F -1 < C'llp — Theoll o (maye,
which tends to zero as size(7,) — 0. As a result,

o=l Gl~:—/V-,
/Rdw@ SiZe(%TIil)HO/]Rd h(vh)@ Rdv( SD)

implying that w = Vv. Hence, v € H'(R?) and since v is zero outside €2, v is in
HL(Q). O
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It is useful to introduce for all [ > 0, further discrete gradient operators g,ll :
vk o [yl g g

(17) Yo, € VE, Gh(vn) = Vivn — Y rh([oa]).
FeF}

The difference with respect to the discrete gradient operator Glh defined by (I2) is
that boundary faces are not included in ([I7)). The discrete gradient operator Q,ll
also satisfies the conclusions of Propositions 2.1l and More importantly, it also
satisfies the conclusions of Theorem This is so because ¢ in the above proof
is compactly supported; hence, as size(7,) — 0, the mesh becomes fine enough so
that all the mesh elements having a boundary face are located outside the support
of .

3. THE POISSON PROBLEM

Let f € L™(Q2) with r = dQ—fQ ifd>3andr >1ifd=2. Set r’ def —. Consider
the following model problem
—Au = f, in €,
18
(18) {u =0, on 0f).

The weak formulation of this problem consists of finding u € HE () s.t. for all
v e (%),

(19) /QVwVv:/va.

It is well known that this problem is well-posed. In particular, owing to the Sobolev
embedding [[v[| ;- () < S2. | V]| L2(0)a valid for all v € H} (), and using Holder’s
inequality, it is inferred that

(20)  [IVulZaiqy = /Q fu < |\[fllzr@llullpr @) < Szl fllro [ Vull L2 @)a

yielding the a priori bound [[Vul|2(qye < Sa || fll L)

3.1. Symmetric formulations. Let £ > 1. For the sake of simplicity, discrete
gradients are built using the lifting operators 7“? (see Remark below for further
discussion) and to alleviate the notation, the superscript k is omitted. This con-
vention is kept for the rest of this work. For all (v, ws) € V}F x V¥, consider the
following symmetric DG bilinear form

ef .
(21) an (v, wy) L / Gn(vn)-Gr(wn) + jn(vn, wh),
Q
with the stabilization bilinear form

@) o) S 0 [ el - [ RidoD-Ridlun)

reFy
where n € Ry is a penalty parameter. Henceforth, we assume that

(23) 1n > Np.
Observe that for all v, € V¥, ([3) yields
(24) IGh(vR) 1320yt + (1= No) D Nre([val) 132yt < an(vn, vn)-

FeFy,
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Remark 3.1. The bilinear forms a;, and j;, can also be written without using lifting
operators. We use explicitly the discrete gradient operator G}, since it plays a
central role in the convergence proof. A straightforward calculation shows that

an(vn,wn) = [ Vion-Vaw, — /(VF'{{thh]}[[wh]]+VF{Vhwh}}[[Uhﬂ)
Q@ Fer, ' F

(25) + Fz; . / re([on]) e (Lwn]).

yielding the IP-type method introduced in [4]. Other stabilizations are possible. In
particular,

JPC (o wy) F;hni [ fondton = [ Ridlond)-BafunD),

yielding the usual Symmetric Interior Penalty method (SIPG) [I]. In this case, the
minimal threshold for the penalty parameter n depends on the constant in the trace
inequality [@B]). It is also possible to consider the stabilization

. def 1
36 (onwn) 3 / [onl[wn],
FeF, FJF

yielding one version of the Local Discontinuous Galerkin method (LDG) [12]. The
advantage is that the parameter 1 needs only to be positive, but the stencil is
enlarged to neighbors of neighbors. Moreover, working with any of the two above
stabilization bilinear forms allows one to omit assumption (vi) in Definition 211

Lemma 3.1 (Coercivity). There is a > 0, depending on 1, k, and P such that for
all vy, € V,f,

(26) allvallbe < an(vn,vn)-

Proof. Proceeding as in [8] using assumptions (iv) and (vi) in Definition 2] yields
for all F' € Fp,

) = [ IR < chplre(@onD s oy
Using the triangle inequality, it is then inferred that
lvnlbe < 201G (R 72(q)e + 2l Br (D172 + [onl3 7, -1
< 2[|Gr(vn)ll72()e + (2No + chop) Xper, Ire ([onD 12 gy
<max(2, (2Ng + ¢}, p)(n — No) ™ )an(vn, vn),
the last inequality resulting from (24)). O

Remark 3.2. Coercivity also holds if the stabilization bilinear form j, is defined
using liftings of degree < k. In this case, the upper bound in ([27) also contains the
L?(©2)%norm of the broken gradient.

For all h € H, Lemma Bl implies that there is a unique u;, € V)¥ s.t.

(28) ap(up,vp) = / fon, Yoy, € th.
Q
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Theorem 3.1 (Convergence for the Poisson problem). Let {up}rey be the sequence
of approzimate solutions generated by solving the discrete problems ([28)) on the
admissible meshes {Tp}new. Then, as size(Tn) — 0,

(29) up —u, in L*(Q),
(30) Viun — Vu, in L*(Q)%,
(31) lunly,z,,-1 =0,

where u € HY(Q) is the unique solution to ([I).

Proof. (i) A priori estimate. Using Lemma [BJ]and Hoélder’s inequality, it is inferred
that

@) llunl

allunlibe < atunw) = | fun < 1] L@y

Hence, owing to Theorem 271] the sequence {u }hew is bounded in the ||-||pg-norm.
(ii) L2-convergence of a subsequence, regularity of the limit and weak conver-
gence of discrete gradient. Owing to Theorem[2.2] there exists u € H}(2) such that,
as size(7T,) — 0, up to a subsequence, uj, — u strongly in L?(Q) and Gp,(up,) — Vu
weakly in L2(Q)9.
(iii) Identification of u and convergence of the whole sequence. Let us first prove
that for all ¢ € C°(Q),

(32) an(un, Thep) — / Vu-Ve.
Q
Indeed, observe that
an(un, Thep) = / Gn(un)-Gu(mne) + jn(un, mhe) = Ty + To.
Q

Clearly, Ty — [, Vu-Vy owing to the weak convergence of Gy, (uy) and the strong
convergence of Gp(mpe) (see Proposition [Z2)). Furthermore, 7o — 0 since Th
is controlled by |unls 7,,—1|Thels,F,,—1 where the first factor is bounded and the
second tends to zero. A direct consequence of ([B2) is that for all p € C'°(Q),

/f@<_/f7Th<P:ah(uh,7Th<p)—>/Vu-V<p.
Q Q Q

Thus, u solves the Poisson problem by density of C2°(Q) in H}(Q). Since the
solution of this problem is unique, the whole sequence {up, }pey strongly converges
to u in L2(Q) and {G},(un)}newn weakly converges to Vu in L2(2)4.

(iv) Strong convergence of the discrete gradient and of the jumps. Owing to (24)
and to weak convergence,

lim inf ay (up, up) > minf |Gy (un)||F20pe = [ Vull72g)a-
Furthermore, still owing to (24]),
G ) e < enCunsn) = [ Fun,
yielding

lim sup ||Gh(uh)||2L2(Q)d < limsup ap, (up, up)

= limsup/ fup = / Ju= ||VU||2L2(Q)d-
Q Q
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Thus, [|Gn(un)ll2@)e = [[Vul|L2(q)e, classically yielding the strong convergence of
the discrete gradient in L2(2)%. Note that a,(up,un) — ||Vu||ig(ﬂ)d also. Finally,

owing to ([24)),

(n=No) > Ire([un])l72)e < anlun, un) = |Galun)l72 0y,
FeF,
and since 77 > Ny and the right-hand side tends to zero, it is inferred using (27)
that |uply. 7, —1 — 0. Moreover, using ([I3]) to estimate the second term yields

Hthh - VUHL2(Q)d < ||Gh(uh) - VUHLz(Q)d + ||Rh(uh)\|L2(Q)d — 0,
as size(Ty) — 0, concluding the proof. O

Remark 3.3. We emphasize that the discrete bilinear forms a; and j, are only
defined at the discrete level. Thus, the consistency of the method is expressed by
the property ([B2)), and not by inserting the exact solution into the bilinear form as
is the case in the usual finite element analysis. To proceed in the usual way, the
bilinear forms aj and j;, must first be extended to a larger functional space, and the
two strictly equivalent expressions for ay, at the discrete level, namely (21I]) and (25]),
do not lead to the same extension, and only the form using discrete gradients can
be extended up to H'(Q). If the discrete gradients are kept, the extended bilinear
form is weakly consistent since for u smooth enough and for all v, € V}F,

ap(up — u,vp) = Z / vp-{ry(Vu) — Vu} on].-
Fer, ' F
If the equivalent expression (25)) is used, the extended bilinear form is strongly
consistent if the exact solution is in H3/2*¢(T;), e > 0. In both cases, standard

finite element techniques lead to the optimally convergent error bound ||u—up||pg <
cy size(Tp)* when u € H¥(T,).

3.2. Nonsymmetric formulations. Nonsymmetric DG approximations to the
Poisson problem (and other selfadjoint PDEs) have received some interest in the
literature. Such formulations use a nonsymmetric bilinear form that can be cast
into the generic form

(33) an(vn, wn) = /Qéh(vh)'Gh(wh) + jp (v, wp),

where (G}, is the discrete gradient considered above, whereas the discrete gradient éh
and the stabilization bilinear form j; must satisfy the following design conditions:

(Ns1) Stability of the discrete gradient G: there is ¢ s.t., for all v), € vk,
IGr(vn)llL2)e < cllvrlpa-
(NS2) Strong convergence of the discrete gradient @h for smooth functions: for all
¢ € C(Q), Gr(mnp) = Ve in L*(Q)%.
(Ns3) Stabilization: the bilinear form j; is symmetric and positive, and there is
¢ s.t. for all vy, € VIF, jf (vp,vp) < c|vh|§f}“_1 (so that for all (v, wp) €

Vi X Vi, g, wn) < clvnls,z,—1lwnlsz, -1).
(Ns4) Coercivity: there is 7, > 0 such that for all v, € V¥,

an(vnsvn) > nullvnlpe-

Coercivity implies that the discrete problem (28] is well-posed.



DISCRETE FUNCTIONAL ANALYSIS TOOLS FOR DG SPACES 1313

Under the above assumptions, the convergence of the sequence of discrete DG ap-
proximations can be proven. The proof, however, proceeds along a slightly different
path with respect to the symmetric formulation.

Theorem 3.2. Let {up}nen be the sequence of approzimate solutions generated by
solving the discrete problems [28)) with the bilinear form ay, given by [B3) on the
admissible meshes {Tp}hen. Assume that the design conditions (NdI)—(NdE) hold.
Then, as size(T,) — 0, up — u in L*(Q) and Gp(up) — Vu in L2(Q)?, where
u € HY(Q) is the unique solution to ([IS)).

Proof. (i) Proceeding as before, it is inferred from (Nd4)) that the sequence {up }hen
is bounded in the ||-||pg-norm, so that there exists u € H{(Q2) such that, up to a
subsequence, up, — u in L?(Q2) and Gp,(up) — Vu in L2(Q)? as size(T;) — 0.

o~

(ii) Strong convergence of G, (up). Let ¢ € C°(€2). Observe that
%”Gh(uh) - VUH%Q(Q)d < NGn(un) — Gh(”h@)”iz‘(g)d + Gr(mne) — vu||2L2‘(Q)d
=T +1T5.

Clearly, as size(T,) — 0, To — ||V(p — u)||%2(ﬂ)d owing to (N92l). To bound T,
use (NdI) and (Nd4) to infer that

T = ||éh(uh - Wh@)“%z(g)d < n%ah(uh — TheP, Un — ThP)

= (/Q f(up — Thep) — an(mne, up — Wh@))
= =(Tia —Tio).

Clearly, as size(Ts) — 0, T11 — [, f(u — ). Moreover, by definition,
Ty = / Gn(mnp)-Gr(un — ) + ji,(Thsp, un — Thp).
Q

Since éh(ﬂ'hgp) strongly converges to Vi in L?(Q)¢ and G, (up, — mhp) weakly
converges to V(u — ¢) in L2(Q)4, the first term in the right-hand side converges
to [, Vo-V(u — ). The second term is bounded by |m¢[5,7, —1|un — Thels,F,, -1
owing to (N93]), and this bound converges to zero. Collecting the above bounds, it
is inferred that

limsup [|Gh(un) = Vul|72(g)e < Cllu = @lFn (q)-

Using the density of C°(Q) in Hg(£2), this upper bound can be made as small as

desired. This proves the strong convergence of G}, (uy) to Vu in L2(Q)%.

(iii) Identification of the limit and convergence of the whole sequence. Let ¢ €
C(Q). It is clear that as size(Tn) — 0, [, frae = [, fe. Furthermore,

an(up, Th) = / G (un)-Gr(mhp) + Jhn(un, Thp) = T3 + Ty.
Q

Clearly, T5 — fQ Vu-Vp. In addition, Ty converges to zero since it is bounded by
lunls, 7, —1lmnels 7, ,—1. As a result,

fo / e = an(un, mhp) — [ Vu-Ve.
Q Q Q

The proof can now be concluded as in the symmetric case. O
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Classical examples of the situation analyzed by Theorem are the so-called
Incomplete Interior Penalty method (ITPG) for which

(34) Gh(vn) = Vavn,
and the so-called Nonsymmetric Interior Penalty method (NIPG) for which
(35) @h(’uh) = Vo, + Rh(ﬂvhﬂ).

4. THE STOKES EQUATIONS

Let f € L"(Q)¢ with r = 2% if d > 3and r > 1if d = 2. Let v > 0. The

components in the Cartesian basis (e, .. ., eq) of R? of a function, say v, with values
in R? will be denoted by (vi)i1<i<q. Implicit summation convention of repeated
indices is adopted henceforth. Consider the Stokes equations

—vAu; + 0;p = fi, inQ, e€{1,...,d},

8i iZO, i Q7
(36) U in

u =0, on 012,

Jop=0.

The weak formulation of this system consists of finding (u,p) € H}(Q)? x L3(9)
s.t. for all (v,q) € HH(Q)4 x L3(%),

(37) V/ﬁjulajvl—/p&vz—k/ q&uzz/fivl
Q Q Q Q

The well-posedness of the above problem is a classical result (see e.g. [16] and
references therein).

To formulate a DG approximation, we consider for each component of the veloc-
ity the symmetric DG bilinear form aj, defined by (2I)) and the stabilization bilinear
form j, defined by ([22). For the sake of simplicity, in particular with an eye to-
wards ease of implementation, we will consider the case of equal-order polynomial
interpolation for the velocity and for the pressure. Letting k > 1, we thus set
(38) Uy € v P VER, X, UL X P
For R-valued functions such as velocities, the seminorm |-|; 7, _1 and the norm
|Illpe are defined as the square root of the sum of the squares of the corresponding
seminorm or norm for all the components.

4.1. Discrete divergence operators. Define on U, x P, the bilinear form
def
(39) br(vn, qn) = / vnVnan — / ve-fon}lan]-
Q@ rer;
Integration by parts readily yields the following equivalent expression

(40) br(vns qn) Z—/Q%Vh-vh+ > /FVF'[[Uh]]{{Qh}

FeFy,

Here, V- denotes the broken divergence operator acting elementwise. Furthermore,
define on P, x P, the pressure stabilization bilinear form

(41) swlanr) 3 ahr [ [l

FeF|
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Here, v € Ry is a penalty parameter. For simplicity, it will be taken equal to 1 in
what follows. The basic stability result for the bilinear form by, is the following.

Lemma 4.1. There is 8 > 0, depending on Q, k, and P, such that

bn(vp,
(42) Van € Py, BllanllL2) < sup bn(vr, gn)

+1qnls,7i 1
ozuety, lvnlpa lanly i1

Proof. Let g, € P,. Owing to a result by Necas [32], there is v € H()? s.t.
Vo= dn and ||U||H1(Q)d < CQthHL2(Q). Then,

a2 = /Q (V) = — /Q Vigno+ Y /F [an]{v}vr

FeF}
— [ Vsanmio s 3 [ fdfep e
Q FeF} F
— —bu(rkv,g) + 3 / [an]{v — whvvp
FeF} F

=T+ 1.

Since ||7fv||pa < ek pllvll ety < cakpllanllz (o), it is inferred that

b (mhv, qn bn(vn, qn
iy < v @l ey o ip [ sup 2R o
[ vlba o#unet,  |Ivnllpa

Similarly, using assumption (vi) in Definition .11 |T>| < cox,planls 7 1llanllz2(),
whence the conclusion follows. O

Remark 4.1. A more easily computable form for the pressure penalty term can

be obtained by replacing hr with the quantity % in () and redefining the

seminorm |-[; z; ; accordingly.

Recall the discrete gradient operators G! and G, defined in §231 For all [ > 0,
introduce now the discrete divergence operators sz :Up — thax(k_l’l) defined s.t.

(43) Yy, € Uh, Dél(’l)h) déf Gﬁl(vhyj)ej.

For | > k, the following integration by parts formula holds for all (v, qp) € Xp:

(44) / D! (on) + [ G (gn)-vm = 0.
Q Q

Moreover, it is easily seen that for [ > k and for all (vs, qr) € Xp,

(45) br(Vh, qn) :/th'g;ll(%) = —/QQhDZ(Uh)-

As before, superscripts will be dropped if [ = k.
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4.2. Stability estimates and discrete well-posedness. Define for all ((up, pr),
(vn,qn)) € Xp x Xp, the bilinear form

(46) 1n((un, pn), (vn, qn)) = van(Un,i, Vn,i) + ba(Vn, pr) — b (Un, qn) + sk (Phs qn)-

The discrete Stokes equations consist in finding (up,pr) € Xp, s.t.

(47) () () = [ foonse Vlonan) € X

Define the following norm:

(48) I(wn an) 13 = Tonlle + lanl? 7 1 + lanl 30

A direct consequence of (28] applied componentwise is the following result:

Lemma 4.2. Let o > 0 be as in Lemma Bl Then, the following holds:

(49)  Y(vn,an) € Xn,  vallvnllpe +lanl3 5 1 < W((Vn,an). (vn, an))-
Combining Lemmas [T and classically yields the following stability result.

Lemma 4.3. There is ¢; > 0 depending on v, k, P, Q, and 1 s.t.

l
(0)  Voma) € Xn  almals < sup 0 (0nTh)
of(nrexy  lwn,ma)ls

A direct consequence of Lemmald3]is that for all h € H, the discrete problem (@7
admits a unique solution (up,pr) € Xp.

4.3. Convergence analysis. In this section, we are now interested in the con-
vergence of the sequence {(up,pr)}rnen of solutions to the discrete Stokes equa-
tions (A7) towards the unique solution (u, p) of the continuous Stokes equations ([37)).

Theorem 4.1 (Convergence for Stokes equations). Let {(up,pp)}then be the se-
quence of approzimate solutions generated by solving the discrete problems (&) on
the admissible meshes {Tn}nhen. Then, as size(Tp) — 0,

(51) Up — U, m L2(Q)d,
(52) Viwuy, = Vau, in L*(Q)%9,
(53) [unls,7,,—1 = 0,

(54) pn—p,  in L*(Q),
(55) lpnlsFi 0 — 0,

where (u,p) € HE(Q) x L3(2) is the unique solution to ([B7).

Proof. (i) A priori estimates. Owing to the inf-sup condition (B0), the assumption
on f, and the discrete Sobolev embedding, the sequence {(un,pr)}ren is bounded
in the ||-||s-norm. Hence, up to a subsequence, there is (u, p) € H}(Q) x L(Q) s.t.
up, — u strongly in L2(Q)?, Gp(up ;) — Vu; weakly in L2(Q)9 for alli € {1,...,d},
and py, — p weakly in L?(Q).

(ii) Identification of the limit and convergence of the whole sequence. Let ¢ €
C(Q)%. Testing with (75,,0) yields

vap(uni, Thei) + bn(The, pR) = / fimnpi.
0
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Clearly, as size(Ty) — 0, the right-hand side tends to fQ fiw;. Furthermore, pro-
ceeding as for the Poisson problem yields that the first term in the left-hand side
converges to v fQ 0;u;0j¢;. Consider now the second term and observe using (@5)
that bp(mhe, pn) = — fﬂ prDr(mre). Owing to the weak convergence of {pp}ren
to p in L?(Q) and the strong convergence of {Dy(mh¢)} hen to V-¢ in L?(Q),
br(mhe, pr) tends to — [, p(V-@). As a result,

V/ﬁjuiaj%‘—/paj@j :/fi%w
Q Q Q

Let now ¢ € C°(02)/R. Testing with (0, 7,1)) yields
—bn(un, Thth) + sn(pn, Tht)) = 0.

Clearly, —bp(un, 7)) = [omnt)Dp(up) tends to [, (V-u) since {Dy(un)}nen
weakly converges to V-u in L?(2) and {79 }nen strongly converges to ¢ in L?().
Furthermore, sp,(pn, mrt) tends to zero since |sp(pr, T )| < [Prly 7 1lmadly 711 <
C|7rhw\J’;i71, and this upper bound tends to zero. Hence,

/ ¢8juj =0.
Q

By density of C2°(2)? x C°(Q)/R in H} (Q)? x L2(Q), this shows that (u, p) solves
the Stokes equations ([B7). Since the solution to this problem is unique, the whole

sequence {(up, pp) thep converges.
(iii) Strong convergence of the velocity gradient and convergence of velocity and
pressure jumps. Observe that

/ fiuh,i = lh((uhyph)y (Umph)) > Vah(uh,iauh,i) + Sh(ph>ph)
Q

d
> vap (Ui, Un,i) > ZV”Gh(uhﬂ)HQL?(Q)d'

i=1

Thus,

d
limsupzV||Gh(uh7i)||2L2(Q)d < limsup/ fiuns = / fius = I/HVUH%Z(Q)d,d.
Q Q

i=1
Proceeding as for the Poisson problem, it is inferred that Gy (up,;) — Vu, for all
i€{l,...,d} in L?(Q)? and that |us|s 7, —1 — 0. Finally, since

lpn ?7;;171 = by (un, pn) = /inuh,i —vap(Un,i, Un,i),

it is inferred that |pal; #; 1 — 0.

(iv) Strong convergence of the pressure. Using again the result by Necas [32],
let v(pn) € H} () be s.t. V-u(pn) = pn with [[v(pa) || g1 (a)e < callpnllL2() and set
vy, = TEv(py). Then, proceeding as in the proof of Lemma 1] yields

||Ph||i2(n) < CQ,k,P|Ph|J,f;;,1||Ph||L2(sz) — b (vn, Pn)
< cok,plpnlsFiallpelle) + van(un,i, vni) — | fivng =T +To — T5.
Q

Since |pplj 7;,1 tends to zero and |[pp|z2(q) is bounded, Ti converges to zero.
Furthermore, since the sequence {vp}new is bounded in the ||-|[pg-norm because
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lvnllpa < crpllv(on)llar @)t < carpllpnllL2(q), there is v € H} ()% such that, up
to a subsequence, v, — v strongly in L2(2)? and G4, (v ;) — Vv; weakly in L2(Q)?
foralli € {1,...,d}. Owing to the uniqueness of the limit in the distribution sense,
it is inferred that Vv = p. Consider now the terms 75 and 73. It is clear that
T3 — [, f-v. Furthermore,

Ty = vap(un,i, vni) = v | Gr(ung) Gr(vn,i) + vin(uni, vne) = Toq + Too.
Q
Owing to the strong convergence of {Gp(uni)}nhen in L2(Q)¢ and to the weak
convergence of {Gp,(vp.i)bnen in L?(Q)4, it is inferred that Th; — VfQ 0;u;05v;.
Moreover,

—1lvalyF,
which converges to zero. Collecting the above estimates leads to

limsup [[pa |72 () < V/ @'Uz'ajvi—/ fivi :/Pajvj = [Ipll72(q);
Q Q Q

classically yielding the strong convergence of the pressure in L%(). (I

-1,

Remark 4.2. If the exact solution (u, p) turns out to be more regular and belongs to
the broken Sobolev space H**1(T;,)% x H*(T},), optimal a priori error estimates of
the form || (u—up,p—pn)|s < cupsize(Ty)¥ can be established; see e.g. [11], 14, [19].

5. THE STEADY INCOMPRESSIBLE NAVIER—STOKES EQUATIONS

In this section the space dimension is either 2 or 3. Let f € L"(2)¢ with r = &
ifd=3andr >1ifd =2 Let v > 0. Consider the steady incompressible
Navier—Stokes equations in conservative form

—VAui—Faj(uin)—Faip:fi, in Q, xS {1,...,d}7

iUy = U, i Qa
(56) Oiu; =0 in
u =0, on 0,
Jop=0.

The weak formulation of this system consists in finding (u,p) € H}(Q)? x L3()
s.t. for all (v,q) € H}(Q)? x L3(Q),

(57) /81@8 v; + /8 (wiug)v; — /p@ivi—i—/qaiui:/fwi.
Q Q Q

The existence of a weak solution in the above sense, in two and three space dimen-
sions, is a classical result; see, e.g., [33, 25]. The uniqueness of the solution holds
only under small data assumptions; see Remark B.1] below.

5.1. Design of the convective trilinear form. We choose the same discrete
spaces for the velocity and for the pressure as for the Stokes equations. To allow
for some generality in the treatment of the convective term, we introduce two
parameters ag,az € {0,1} and rewrite the momentum equation in the Navier—
Stokes equations as

(58) —vAu; + 8j (uiuj) — alé(ﬁjuj)ui + Oég%@i(uj‘uj') + (%ﬁ = fi,

with the modified pressure

(59) P = p— ok (ujuy).
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The choice (a1, as) = (1,0) corresponds to Temam'’s device (see e.g. [33]) to achieve
stability. The choice (a1,a2) = (0,1) has been hinted at in [10]; the modified
pressure p differs from the Bernoulli pressure but the advantage is that the left-
hand side of (B8) is in divergence form, thereby lending itself to a conservative
discretization. Define on [H}(2)?]? the trilinear form

(60) t(w,u,v) déf/8j(wiuj)vi—a1%/(ijj)uivi—i—ag%/ 0; (wju;)v;.
Q Q Q

The discrete counterpart of the trilinear form t is a trilinear form ¢; defined on
[Up)? and for which the following design conditions are relevant.

(T1) For all vy, € Uy,
th(vh, Vh, Uh) = 0
(12) There is ¢;, depending on k and P, such that for all (wy,,un,vy) € [Un]?,
th(wh, un, vn) < etllwnllpelunllpel|vnllpe-
(T3) Let {up}ren be a sequence in Uy, bounded in the ||-||pg-norm. Then, for all
© € 0X(N)4, as size(Ty,) — 0, up to a subsequence,
th(’LLh, Uh s ﬂ-h@) — t(“? u, <P)7

where u € H}(Q)? is given by Theorem

(T4) Assume furthermore that, for all ¢ € {1,...,d}, Gp(up,;) — Vu,; strongly in
L3(Q)? and that |up|y 7, —1 — 0. Let {v,}ren be another sequence in Uy,
bounded in the ||-||pg-norm. Then, as size(7T;) — 0, up to a subsequence,

th(up, up, vp) = tlu, u,v),

where v € H}(Q)? is given by Theorem

5.2. Discrete well-posedness and basic stability estimates. The discrete
problem consists in finding (up, pr) € X s.t.

(61) In((unspn)s (U, an)) + th(un, up,vp) = / fiVh,is V(vn, qn) € X,
Q

where the bilinear form I, associated with the Stokes equations is defined by (Z6).
In this section, the discrete trilinear form ¢, is assumed to satisfy (T1)—(T2) only.

Lemma 5.1 (A priori estimates). Let (up,pn) € Xn and assume that (un,pp)
solves ([@I). Then, the following a priori estimates hold:

(62)  (va)?llunllbe + 20vlpnl3 £, < o2 IIf]
(63) all(uns p)lls < ol f]

Proof. To prove (62)), simply test ([GI) with (un, pp), observe that ¢ (up, up, up) =0
owing to (T1) and use Lemma for the linear part yielding

2
LT (Q)ds

Ly + c(va) (o | f|

Lr(Q)d)2~

vallunlbe + 1l 1 < [ s < ol flarayellunloc

whence ([62)) is easily deduced. To prove (@3], use the inf-sup condition in LemmaZ3]
and assumption (T2) to infer

cill(un, pr)lls < o0 1l r(@ye + cellunllbe
and conclude using (62]). O
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To prove the existence of a discrete solution, we use a topological degree argu-
ment; see, e.g., [20 [24] for the use of this argument in the convergence analysis of
FV schemes and [I3] for a general presentation.

Lemma 5.2. Let V be a finite dimensional functional space equipped with a norm
Illv, let w >0, and let U : V x [0,1] = V satisfying the following assumptions:
(i) W is continuous.
(ii) ¥(-,0) is an affine function and the equation ¥(v,0) = 0 has a solution v € V
such that ||v]|v < p.
(iii) For any (v,p) € V x [0,1], (v, p) = 0 implies ||v||v # .
Then, there exists v € V' such that U(v,1) =0 and |[v|y < p.

Proposition 5.1. For all h € H, the discrete problem (@I admits at least one
solution (up,pn) € Xp.

Proof. To apply Lemmal5.2] let V =X}, and define the mapping ¥ : X}, x [0, 1] — X},

such that for (up,pn) given in X, and p given in [0,1], (&, Cn) def U((up,pn),p) €

X}, is defined such that for all (v, qn) € Xp,

(€nsvn)r2(@)a = W ((un, pr), (Vh, 0)) + pto(wn, un, vn) — | fivni,
Q

(Chraqn) L2y = In((un, pn), (0, qn))-

Observing that [, is continuous on X}, x X, for the ||-||s-norm, using (T2) and the
equivalence of norms in finite dimension, it is inferred that ¥ is continuous. Further-
more, point (ii) in Lemma B2 results from the a priori estimate for the Stokes equa-
tions. In addition, because of (T1), if (up,ppn) € X}, is such that ¥((up,pr),p) =0
for some p € [0, 1], then (up, pp) is bounded independently of p. This concludes the
proof. ([

5.3. Convergence analysis. In this section, we are now interested in the conver-
gence of a sequence {(up, pp)then of solutions to the discrete problem (61) towards
a solution (u,p) of the Navier—Stokes equations (7). The same convergence result
can be established as for the Stokes equations. The only difference is that, because
we do not make a smallness assumption on the data, there is no uniqueness result
available at the continuous level, and thus only the convergence of subsequences
(and not of the whole sequence) is obtained.

Theorem 5.1 (Convergence for Navier—Stokes equations). Let {(un,pn)}hen be a
sequence of approzimate solutions generated by solving the discrete problems (G1)
on the admissible meshes {Tp}hew. Assume (T1)—(T3). Then, as size(Tp) — 0,
up to a subsequence,

64) up = u, in L2(Q)%
Viun — Vau, in L*(Q)%9,

lunls,7,,—1 — 0,

S O O
N O Ot
—_ =

pn — P, weakly in L? (),
68) Iprly, 71— 0,

where (u,p+ az3(uju;)) € Hi () x L3() is a solution to (E7). Moreover, if (T4)
also holds, then p, — P in L*(Q).

(
(
(
(
(
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Proof. (i) Proceeding as for the Stokes equations, it is clear that there is (u,p) €
H(Q) x L3() s.t., up to a subsequence, uj, — u strongly in L2(Q)%, Gp(up,;) —
Vu; weakly in L2(Q)? for all i € {1,...,d} and p;, — p weakly in L?(9).

(ii) Identification of the limit. Using (T3) and proceeding as for the Stokes
equations to treat the linear part, it is inferred that for all ¢ € C2°(Q)¢,

V/ djuidjpi + t(u, u, ) — / POjp; = / fipi,
Q Q Q
and that for all ¢ € C°(Q)/R,
/ Q/Jaju]' =0.
Q

Hence, (u,P + a2 (uju;)) solves the incompressible Navier-Stokes equations.

(iii) Strong convergence of the velocity, the pressure, and their jumps. Proceeding
as for the Stokes equations, (T1) yields the strong convergence of the broken velocity
gradient in L?(02)? and the convergence to zero of the jump seminorms |up |y 7, —1
and [py|;, Fil- Furthermore, using again the velocity lifting of pj, yields

Ipnll72 0y < carplpnly zi 1 llpnllL2 @) + van(uni; vn) + th(un, un, on) — / JiVn,i
Q
T ATy + Ty — Ty

The convergence of T, Ty, and T} is treated the same as for the Stokes equations,
while the convergence of T; results from assumption (T4). As a result,

lim sup ||th2L2(Q) < V/Qajuiajvi + t(u,u,v) — /Q fiv;

=/p(3ﬂi)+0¢2%/ 9 (uju;)vi Z/ﬁ(aﬂfi) = P72
Q Q Q
concluding the proof. O

Remark 5.1. Under a smallness condition of the form

cakpr 2| f]

uniqueness of the weak solution of (&1 classically holds, so that the conclusions
D) @) of Theorem Bl apply to the whole sequence {(up,prn)}ren. Moreover,
the convergence of the fixed-point iterative scheme

lh((uﬁH,PﬁH), (Vn, qn)) + th(uﬁvul}iJrlvvh) = / fiVn,is V(vn,qn) € X,
Q

L7 (Q)d <1,

can be proven using standard arguments.

5.4. Examples. Define for (wp,up,vs) € [Un]?,

th(Wh, wp,vp) = /Q(wh'vhuh7i)'vh7i_ Z /F{{wh}}'VF[[Uhﬂ'{{Uh}

(69) FeF;

+f T nn) = 3 [ Bunlveuneun

This choice corresponds to (o, a2) = (1,0). The resulting DG method is not
conservative, since it contains a source term proportional to the divergence of the
discrete velocity (still converging to zero as the mesh is refined).
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Proposition 5.2. Let t, be defined by @9). Then, assumptions (T1)—(T4) hold.

Proof. The verification of (T1) is straightforward. Assumption (T2) results from
the Sobolev embedding with ¢ = 4 and trace inequalities. To prove (T3) and (T4),
observe first that for all v, € Uy,

1
th(Un, un, vp) = /Uh'gik(uh,i)vhﬂ“FZ > /[[uh,i]]VF'[[uh]][[Uh,i]]
0 F

FeF}

+ | D (un)dunivns =T1 + T + Ts.
Q
To prove (T3), take v, = T with ¢ € C2°(Q)9. Owing to the discrete Sobolev em-
bedding with ¢ = 4, the sequences {uy, }new and {7, }nes are bounded in L4(2)4.
Hence, Lebesgue’s Dominated Convergence Theorem implies that, up to a subse-
quence, u,mp; converges to ug; in L2(Q)4. In addition, {G2*(up;)}hen weakly
converges to Vu; in L*(Q)%. As a result, T} converges to [, u;(d;u;)p;. Similarly,
T3 converges to [, %(@uj)uinpi. Furthermore, T, — 0 since |up|;,7,,—1 is bounded
and maxpe 7 hel|[Thei]llL=(r) converges to zero. Therefore, as size(75) — 0,

th(uh,uh,whga)—>/Quj(ajui)api—k/ﬂé(ajuj)uigoi:/Q[aj(uiuj)—%(@-uj)uihpi,

yielding the trilinear form ¢ with (g, a2) = (1,0). Assumption (T4) is proven
similarly for the terms 77 and T5. To prove that 75 converges to zero, observe that
[unls,7,,—1 converges to zero and that maxperi hpl[[vn]lzeF) < ckplvnls,F,—1
owing to an inverse inequality. This concludes the proof. O

Now define for (wp, up,vp) € [Up]?,

th(wh, up,vp) = _/wh,iuh'vhvh,i+ Z /VF{Uh]}{{whﬂ}[[Uh,iﬂ
Q F

FeF}

+/ L0n Vi (un,iwn,i) — Z /VF'{{Uh}%[[uh,iwh,iﬂ-
Q F

FeF}

(70)

This choice corresponds to (ay,as) = (0,1). The salient feature of the resulting
DG method is that it is locally conservative.

Proposition 5.3. Let t, be defined by [[Q). Then, assumptions (T1)—(T4) hold.

Proof. Assumptions (T1)—(T2) can be readily verified. To prove (T3) and (T4),
proceed as in the previous proof by observing that for all v, € Uy,

1
th (U, un, vp) = _/Quh,iuh‘g}%k(vh,i)_ 1 Z /VF‘[[Uh]][[Uh,iH[['Uh,i]]
F

FeF}
— / %uh,iuh,iD;%k(Uh)
Q
In particular, for all ¢ € C2°(Q)%, as size(Ty,) — 0,
th(un, wn, Th) — / (05 (uiy) + 305 (wju;)]es,
Q

yielding the trilinear form ¢ with (aq, a2) = (0, 1). O
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TABLE 1. Convergence results for the trilinear form defined by
def
([69). We have set e, = (en,u,€np) = (u—Up,p—pp).

mesh h llenullLz(ye  order |lenpll2(q) order llerlls order
1 ]5.00e—1]| 887e—01 - 1.62e + 00 - 119e+01 -
2.50e —1 | 2.3%9 —01 1.89 6.11le—01 141 7.26e4+00 0.71
1.25e =1 | 594e—-02 201 2.0le—01 1.60 3.68¢+00 0.98
6.25¢ —2 | 1.59e — 02 1.90 7.40e—02 144 1.85e+00 0.99
3.12e —2 | 4.17e—-03 1.93 3.14e—-02 1.23 9.25e—01 1.00

Tt W N

1.5

0.5

.5
X

(a) Velocity module (b) Stream lines
FI1GURE 2. Plot of Kovasznay’s solution for £k = 1 and mesh 5.

Remark 5.2. Upwinding can be introduced in the discrete trilinear forms ¢, defined
by (69) or ([70) by adding a term of the form

S or /F [ {oon Y vr|[un] Ton],

FeF}

and replacing the design assumption (T1) by the requirement that ¢, be nonneg-
ative, which is sufficient to derive all the necessary a priori estimates and the
convergence result of Theorem [B.]l Here, the parameter 05 € [0, 1] depends on the
local Péclet number.

5.5. Numerical experiment. To verify the asymptotic convergence properties of

the method defined by (69]), we have considered the analytical solution proposed in

[28] on the square domain €2 ef (—0.5,1.5) x (0,2),

1 1 ~
up =1—e "2 cos(2mxa), ug = —56”1 sin(2rxs), p= —56”1 cos(2mxs) — P,

where ’ﬁdﬁf min Jo —2e™1 cos(2mwy) ~ —0.920735694 ensures zero-mean for the

pressure, v = 3%7 and f = 0. The example was run on a family of uniformly

refined triangular meshes with mesh sizes ranging from 0.5 down to 0.03125, la-
beled with progressive numbers from 1 to 5 in Table[Il The nonlinear problem was
solved by the exact Newton algorithm with tolerance set to 10~%; the linear systems
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were solved using the direct solver available in PETSc. According to Table [l the
method converges with optimal order in the energy norm defined by (E8]).

6. DISCRETE FUNCTIONAL ANALYSIS IN DG SPACES

Let 1 <p < +o0o0 and let k£ > 1 be an integer. Equip the DG finite element space
V¥ defined by (@) with the norm
1
—_— up]IP,
o, el

™) o, ™ S [ 1vonlty + Y
TeT T FEFy

where |-|¢» denotes the P-norm in R? so that [Vvy [}, = Zle |0;up|P (the Euclidian
norm in R? can also be used). Recall that 2 is an open bounded connected subset
of R? (d > 1) whose boundary is a finite union of parts of hyperplanes. In this
section, the mesh family {7, }rew used to build the DG spaces is assumed to satisfy
only assumptions (i)—(iv) in Definition 211

The material contained in this section, which is closely inspired from that de-
rived in [22] for discrete spaces of piecewise constant functions, deals with the
extension to DG spaces of two key results of functional analysis, namely Sobolev
embeddings and compactness criteria in LP(£2). These results are presented here
in a non-Hilbertian setting which is more general than that needed to analyze the
Navier—Stokes equations. We have made this choice because the results below are
of independent interest to analyze other nonlinear problems; see also [9]. We also
observe that we deal here with functional analysis in DG spaces and not in broken
Sobolev spaces.

Lemma 6.1. For all1 < s <t < 400, the following holds for all vy, € V}f,
(72) [vrlipg,s < cd o i0s.tllvnliDe,t-

Proof. Observing that for all 2 € R?, |z]ps < ds—t |z|¢e and using Holder’s inequal-
ity with 7 = £ > 1 and 7/ = =5 yields

S S 1 S
fnllbo, = X [ (Fuls+ X [ ol
T F F

T€eTh FeFy
N 5oLt
< S [arwule S [ nEnE e
TeT, T Fer, ' F
<

(5fr) (5 fre)
+<Z hF/Flﬂ'f ( > #/Fm%ﬂt)

A=

FEFn FEFn
1
< ((d+ 2)|2) [[vnllpe,e-
using (), whence the conclusion follows. ]

Lemma 6.2. For v € L'(RY), define

d
Jolloy = Sosun{ | wdipi € C2(RY, el < 1)
i=1
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and set BV = {v € LY(R?); ||v||pv < +oo}. Then, extending discrete functions in
V,f by zero outside €2, there holds th C BV and for all 1 <p < +o0,
(73) Yo € Vi, llonlley < ca g 01 pllvnline -

Proof. Clearly, owing to Lemma [6.1] it suffices to prove (73] for p = 1. Integrating
by parts, it is clear that for all v, € V;F and for all ¢ € C2°(R?) with [|¢]| fo ray < 1,

/ UhaiQOZ—/ (ei-Vavn)p+ /ei'VF[[UhHSOS [vnllpG,1-
R R F

FeF,

Hence, ||vp|lv < d||lvn|lpG,1, completing the proof. O
Remark 6.1. In this section we could have allowed the case k = 0, although the
derived results are not as interesting as for k > 1 because ||-||pg,p is not the natural
norm with which to equip the space V,? when working with FV approximations to
nonlinear second-order PDEs. Indeed, on V), the first term on the right-hand side
of (71 (the broken gradient) drops out, and this entails that a length scale different
from hp must be used for the jump term, thereby also requiring an additional (mild)
assumption on the mesh family; see [22] for the analysis in this case.

Remark 6.2. The observation that the ||-||pg,2-norm controls the BV-norm can also
be found in [30] in the framework of linear elasticity.

6.1. Discrete Sobolev embeddings.

Theorem 6.1 (Discrete Sobolev embeddings). For all ¢ such that
) 1<g<p = 2L if1<p<d,
(ii)) 1 <g< 400 ifd <p< 400,

there is o4, such that

(74) Vup, € Vf{cv ”vhHL‘Z(Q) < Op,q

|vnlIDG.p-

The constant o4, additionally depends on k, ||, and P. In particular, for the
choice ¢ = p which is always possible,

(75) Vo, € Vifs  llunllze() < pgllvnlipe -
Proof. We follow L. Nirenberg’s proof of Sobolev embeddings.
(i) The case p = 1. Set 1* def %. Then, owing to a classical result (see, e.g.

[22] for a proof), for all v € BV,

1
vl L1+ may < ﬁHU”B\F

Extending discrete functions in V;¥ by zero outside (2, Lemma yields

1
(76) lonll - (ray < §|\Uh||DG,17

i.e., () for p=1and g = 1* with 01,1~ = 3, and hence for all 1 < ¢ < 1* since
is bounded.

(ii) The case 1 < p < d. Set a = ps%;l) and observe that & > 1. Considering
the function |vy|* (extended by zero outside ) and proceeding as above yields

d

(77) 2(/ |vh|p*) oy JCIE S NI TAR e S

TeTh FeFn
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Observe that a.e. in each T' € Ty, |0;|vn|®| = avn|*10;vp]| for all i € {1,...,d} so
that |V|va|¥e = alvp|* 1 Vup|p. Using Hélder’s inequality with p and ¢ = g
the first term in (T7) is bounded as

|T1|<a<z/:‘F|vh|q(a_1)>5<z/TWh|§l)%

TETh TETh

1 1
<ad7 (/ |) (Z/mhz) .
Q TET, T

Furthermore, observing that |[|v,|*]| < 2a{|vn|* = }|[vr]| and using again Holder’s
inequality, it is inferred that the second term in (77)) is bounded as

Ti<aS S0 /F hilonrl* b | [on]|

TeTy, FCOT

m(Z 3 /Fhﬂvmp*); (Z ) #/Fmvhmp);

TeT, FCOT TeT, FCOT

; :
1 1 O\ @ 1

< a2r7Y /vhp) —,/ 73 1
(L) (2 g [

FeFy

where for s € R, 7, is the constant in the trace inequality

V¢ € Pi(T), > hF/F|C|S STs,k/TK'Sa

FCOT
valid uniformly for all h € H and for all T' € T,. This leads to

d—1 1
* d 1 1 @
2([ 1) " <at@r 20t ([ 1l) oo,
Q Q

1
i ;1 W\ @
< a(dh +28r ) ( / |vh|p) lonllp.p-
Q

Observing that % - % = p% yields (74).

(iii) The case d < p < +o0. Fix any ¢; such that p < ¢ < 400 and set p; = d‘fél

so that 1 < p; < d and pj = ¢1. Then, owing to point (ii) in this proof, it is inferred
that for all v, € V¥, |lon|lLar (@) < 0py,qi [vnllDG,py » and the conclusion follows from
Lemma [6.7] since p; < p. O

Remark 6.3. A trace inequality is used in the above proof when bounding 75. This
is why Theorem is stated on DG spaces and not on broken Sobolev spaces. We
restate that broken Sobolev spaces are not used in the present analysis.

6.2. Compactness. In this section we are interested in sequences {vp, }rex in th
which are bounded in the ||-||pg-norm.

Theorem 6.2 (Compactness). Let {vy}hen be a sequence in VF and assume that
this sequence is bounded in the ||-||pg p-norm. Then, the family {vy }nep is relatively
compact in LP(Q) (and also in LP(R?) taking v, = 0 outside ).
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Proof. Extending the functions vy, by zero outside Q and observing that (see, e.g.
[22]) for all £ € RY,

lon (- + &) — vnll i ray < €lerl|vnllBy < Cl€ler,

because of the boundedness of the sequence {vj,}pew in the ||-[|pgp-norm (and
hence in the BV-norm owing to Lemma [6:2)), Kolmogorov’s Compactness Criterion
yields that the family {vj}nes is relatively compact in L'(RY). Owing to the
Sobolev embedding (75)), this sequence is also bounded in LP(R?); hence, it is also
relatively compact in LP(R¢). Finally, the relative compactness also holds in L”(£2)
since the functions v, have been extended by zero outside €. O

Theorem 6.3 (Regularity of the limit). Let 1 < p < 4o00. Let {vp}ren be a
sequence in V¥ and assume that this sequence is bounded in the ||-|pg,p-norm.
Assume that size(T,) — 0. Then, there exists v € WyP(Q) such that, up to a
subsequence, vy, — v in LP(£2).

Proof. Owing to Theorem [6.2] there is v € LP(£2) such that, up to a subsequence,
{vn}nen converges to v in LP(€). Tt remains to prove that v € Wy (Q). To this
purpose, we again extend the functions v, by zero outside 2 and we construct a
discrete gradient converging, at least in the distribution sense over R?, to V.

(1) Consider the lifting operators r% and RY defined in §2:3] and recall that the
support of 7% consists of the one or two mesh elements of which F is a face. Hence,

P
IR oD ey = 3 [ | S rlonl)
TeT, ' T |Fcor o
<Y [ NS D
TETh Fcor
:Np ! Z ”rF‘ [[vh]] HLp(Q
FeFy
Furthermore, setting for all i € {1,...,d}, yns = [r%; ([va])[P~ 2%, ([on]), observ-

ing that y, € [V2]? and using Holder’s inequality with p and ¢ = pp yields

1% ([onD)II% /Q ynre(lon]) = /F funyvrlon]

1 1
_1 1 ’
<27 [ ) hF/|yh\T vp|! (W/ [[Uhmp)
T;FCOT F F
% 1
1 ]' ’
<o S bt [ bl (r / mvhw)
T;FCOT

»
0 7 1 p
< capeplrb @) fppe | 2o [ lenll
F F

Collecting the above bounds yields

IBS ([onD) | ooy < Capon, ( T I[[vh]]l”>
( ’ FEZJ:} h /

3=
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Then, upon defining the approximate gradient GY(vy) = Vpvn — RY([un]) €
[VE=1? and extending it by zero outside €, it is inferred that G (vn)l Lr(raya <
capkpllvnllpa,p. Hence, the sequence {GY(vp)}new is bounded in LP(R?)?, and
thus since p > 1, up to a subsequence, G (v,) — w weakly in LP(R%).

(ii) Let ¢ € C°(R4)% and observe that

Ghwye == [ ()= [ R —rbe)

+ 3 /ﬁso—w%so}}-up[[vh]]:T1+T2+T3.
FeF, F

Rd

Letting size(75) — 0, we observe that T} — — [p, v(V-¢) and that T, — 0 since
o — mheollLagraya = 0, ¢ = 25, and || R} ([vn]) || o (raye is bounded. Furthermore,

p—1’
proceeding as usual,

1 P
/F TollP | < Cllp — 70l oy

p—1
hF

1
T5 < cplle — mhol oo raye Q7 | >
FeFp

whence it is inferred that T5 — 0. As a result,

/ wp = lim G%(vh)w = —/ v(V-@).
Rd R

size(Th)—0 Jrd
Hence, w = Vv so that v € W'(£2), and since v is zero outside Q, v € WP (Q). O

Remark 6.4. For p = 2, lifting operators using a higher polynomial degree [ > 1
can also be considered as in the proof of Theorem The difficulty for p # 2 is
that the vector y;, in the above proof is not necessarily polynomial-valued.
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