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ON A CLASS OF FROZEN REGULARIZED GAUSS-NEWTON
METHODS FOR NONLINEAR INVERSE PROBLEMS

QINIAN JIN

ABSTRACT. In this paper we consider a class of regularized Gauss-Newton
methods for solving nonlinear inverse problems for which an a posteriori stop-
ping rule is proposed to terminate the iteration. Such methods have the frozen
feature that they require only the computation of the Fréchet derivative at the
initial approximation. Thus the computational work is considerably reduced.
Under certain mild conditions, we give the convergence analysis and derive
various estimates, including the order optimality, on these methods.

1. INTRODUCTION

Nonlinear inverse problems arise from many practical applications that include
inverse source problems, inverse scattering problems, tomographies, and parameter
identifications in partial differential equations; see [4 Bl [6 8. Mathematically,
such a problem usually is formulated as the problem of finding a solution z of the
operator equation

(1.1) F(z) =y,

where F' : D(F) C X — Y is a Fréchet differentiable nonlinear operator between
two Hilbert spaces X and Y with domain D(F'), Throughout this paper || - || and
(+,-) will be used to denote the norms and inner products, respectively, for both
the spaces X and Y since there is no confusion. The Fréchet derivative of F' at
x € D(F) and its adjoint will be denoted as F'(z) and F’(x)*, respectively. It
is known that if F'(z) : X — Y is an injective map with a closed range, then
(LI possesses the local uniqueness and Lipschitz stability; see [I5, Theorem 1] for
instance. Unfortunately, the closed range condition on F’(x') is rarely satisfied
since F’(z') is compact in general. In fact, a characteristic property of most in-
verse problems is their ill-posedness in the sense that their solutions do not depend
continuously on the data. Since the right-hand side of (L)) is usually obtained by
measurement, thus, instead of y itself, the available data is an approximation y°
satisfying

(1.2) Iy —yll <6

with a given small noise level 6 > 0. Due to the ill-posedness, the computation
of a stable approximation to z' from y° becomes an important issue, and the
regularization techniques should be taken into account.
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Many regularization methods have been considered to solve (L) in the last
two decades. Due to the straightforward implementation, iterative methods are
attractive for solving nonlinear inverse problems; an overview can be found in the
recent book [13]. The general regularized Gauss-Newton method, which defines the
iterative solutions {z{} successively by

(1.3) @1 = 20 — gay, (F'(23)"F'(23)) F'(23)" (F(2}) = y° — F'(a}) (2} — w0)) ,
has been considered in several references (|2, 12} [I1]), where z{ := x¢ is an initial

guess of zf, {ay} is a given sequence of numbers such that
ag

(1.4) ag >0, 1< <r and lim ar =0

Q41 k—o0

for some constant r > 1, and g, : [0,00) = (—00,00) is a family of piecewise
continuous functions satisfying certain structure conditions.

In order for the method (I3]) to be useful for solving ([III), the iteration must
be terminated properly, that is, a stopping index ks must be chosen so that xié is
indeed a good approximation to zt. Due to the practical applications, a posteriori
rules, which use only quantities that arise during computation, should be considered
to choose the stopping index of iteration. In our recent paper [I1] the discrepancy
principle

(1.5) 1F(2h,) = 'l < 76 < |F(xp) = 9°ll, 0<k <ks,

with 7 > 1, which is widely used in the literature of regularization theory for ill-
posed problems, has been considered for the general method (L3]). Several useful
results, concerning the approximation of xié to 2f, were obtained; in particular,
it was shown that order optimality can be obtained under merely the Lipschitz
condition on F' if g — z' is smooth enough.

The method (L3)) with g, (A\) = (a+)) ! together with (5] has been considered
in [3, [7]. Note that when g, () = (a + A) !, the method (3] becomes

* -1 *
(16) 224, = s — (on] + F'(@d) F'(ad)) " (F(ad)* (F(a) — v°) + on(ad — 20)
which is the iteratively regularized Gauss-Newton method (see [1]). It is known
that the best possible rate of convergence for the method defined by (L) and (LH)

is O(6'/2). In order to prevent such saturation, we proposed in [J] an alternative a
posteriori stopping rule to choose the stopping index ks as the first integer satisfying

o —1/2
(1.7) P\ (e I+ F' (2 )F'(25,)") " (Fad,) — %) || < 76,

where 7 > 1 is a given number. The careful convergence analysis has been given in
[9, [T0]. Tt is even shown that the method defined by (L8] and (7)) is order optimal
under merely the Lipschitz condition on F’ if xy — 2! is smooth enough.

Note that the method (3] requires calculating the Fréchet derivative of F at
each iteration, which needs a considerable amount of computational work, and thus
makes the method expensive. In order to reduce the computational work, in this
paper we will consider the iterative methods which define the iterates {xi} by

(18) 21 = 00 — Gar (A5 A0) A5 (F(2) — 7 — Ao(a] — 20))
where Ay := F'(xp) is the Fréchet derivative of F' at the initial guess xg. Such
methods are called the frozen regularized Gauss-Newton methods since the Fréchet

derivative is held at xy throughout the iteration process. In order to terminate
the iteration (LJ)) properly, we need a suitable a posteriori stopping rule. The
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discrepancy principle (LH) is certainly a candidate. It turns out, however, that
its convergence analysis requires a very restrictive condition on F', thus further
investigations are required. The stopping rule (7)) is also expensive due to the
required calculation of the Fréchet derivative at each iteration. Thus, instead of
applying it directly, we will consider a frozen version of (L) to choose the stopping
index of iteration ks as the first integer such that

1/2 wy—1/2 5 s
(L9) oy Il (o, T+ Ao A5 ™2 (F(af,) = o) || < 70,
where 7 > 1 is a given number.

In this paper we will give a convergence analysis on the method defined by (L8]
and ([9). Certain conditions should be imposed on {gs}, {ax} and F. We start
with the assumptions on g, which is always assumed to be piecewise continuous on
[0,1/2] for each « > 0. We set
(1.10) ra(A) :=1—= Aga(N),
which is called the residual function associated with g.

Assumption 1.1. (a) There is a positive constant ¢; such that
0<r,(A) <1 and 0<ga(N)< cra”t
for all &« > 0 and X € [0,1/2];
(b) ra(A) <7g(A) forall 0 <o < and A € [0,1/2].

Assumption [[T] is standard in the analysis of linear regularization methods. It
is clear that condition (a) implies, with a constant co < /c1,

(1.11) 0 < ga(MAY2 < cpa™1/?

for all & > 0 and A € [0,1/2]. In Lemma 23] we will give another simple but very
useful consequence of Assumption [[.1]

For the sequence of positive numbers {ay }, we will always assume that it satisfies
(T4). Moreover, we also need the following condition on {ay} interacting with r,.

Assumption 1.2. There is a constant co > 1 such that

Tou ()‘) < CoT oy gy ()‘)
for all k and A € [0,1/2].

We remark that for some {g,} Assumption is an immediate consequence of
(C4). However, this is not always the case; in some situations, Assumption
indeed imposes further conditions on {ay}. As a rough interpretation, Assumption
requires for any two successive iterated solutions that the errors do not decrease
dramatically. This may be good for the stable numerical implementations of ill-
posed problems although it may require more iterations to be performed. It is not
yet clear if Assumption can be dropped.

Assumption 1.3. (a) B,(z") C D(F) for some p > 2(1+ co/(7 — 1))|eo||, where
B, (x") denotes the ball of radius p with center at z.

(b) The operator A is properly scaled such that || Ag|| < 53/2, where 0 < By <
1/2 is such that ro,(A) > 3/4 for all A € [0, 5o
(c) There is a positive constant K, such that

(1.12) F'(z) = AgR, and ||I — R.| < Kollz — xo|
for all z € B,(a").
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Note that r4,(0) = 1, the number 5y in Assumption [[3[(b) always exists. The
scaling condition (b) can always be fulfilled by multiplying the equation (II]) by a
sufficiently small constant.

Theorem 1.1. Assume that T > 1 and that {ai}, {9o} and F satisfy (L4), As-
sumption [L1], Assumption and Assumption [L3 There exist positive constants
no and C depending only on ¢, co, T and r, such that if Kollxzg — zT| < no, then
the method given by ([L8) and ([LA) is well defined and

0
2 =t < Cinf < 7o, (A5Ao) (w0 — ah)| + — 1k =0,1,---
[z}, — '] < Cin {|7" « (A5 A0) (o x)||+1/ak b

for the integer ks determined by the stopping rule (L9J).

Although Theorem [[I] is an important result on the method defined by (L8]
and (L), it does not imply the convergence of xis to z! if there are no further
conditions on {g,} (for instance, consider g, = 0 for all & > 0). In order to
derive the convergence and rate of convergence, we need the following additional
but standard condition.

Assumption 1.4. There exists 7 > 0 such that for every 0 < v < U there is a
constant d, such that

To( M)A < d,a”
for all @ > 0 and A € [0,1/2].

According to [I7], the largest number 7 > 0 such that Assumption [[4] holds is
called the qualification of the linear regularization method defined by {ga}.

Corollary 1.1. Let Assumption [L4 and all the conditions in Theorem [l be ful-
filled, let {x2} be defined by (L)), and let ks be the integer defined by the stopping
rule ([L9) with 7 > 1.

(i) If o — zt € N'(Ag)*, then lims g 3725 =z,

(ii) If zo — 27 = (A§Ag)"w for some w € X and 0 < v < ¥, then

lag, — 2l < Cy ]|V A+2) 520/ 020),

where C,, is a constant depending only on c1, co, v, T and v.
(iil) If zo — 27 = (= In(A{Ag)) " w for some w € X and p > 0, then

5 —H
W) ’

where Cy, is a constant depending only on cq, c2, 7, T and p.

|&—quwmum

In the statement of the main results, the smallness condition on Ko||zo — =f|| is
not specified. In Section 2, however, we will spell out all the necessary smallness
conditions during the proof. Our proof is based on a simple consequence of Assump-
tion [Tl given in Lemma 2.3 which enables us to prove the important inequality in
Lemma [Z4]l The source conditions in (ii) and (iii) of Corollary [[I] are called the
Hoélder type source conditions and the logarithmic type source conditions, which
are important for dealing with mildly, and respectively, severely ill-posed problems.
In Section 3 we will consider some variants of the above method. A numerical
example is reported in Section 4 to test the theoretical results given by Theorem

[T and Corollary [T}
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The use of frozen Newton methods is well understood for well-posed problems
and its advantages are explored in numerical experiments for a wide variety of in-
verse problems. The frozen methods reduce the computational work considerably.
By choosing x¢ suitably, the computation of Ay can be easily handled and even an
explicit formula can be obtained. Moreover, the convergence analysis of (L)) and
(T3) can be carried out under quite mild conditions on F. Its obvious disadvan-
tage is that inevitably more iterations are required which, however, can be offset
considering the numerous advantages.

The frozen Gauss-Newton method (L&) was considered previously in [12] under
Hélder type source conditions on 2y — ! in which the iteration is terminated as
long as

max {||F(zf_1) = y° L IF (2} 1) —¢° — Ao(a} — 23 _y)lI} < 76

is satisfied for the first time, where 7 is required to be sufficiently large. Such a
method was reconsidered recently in [14] under general type source conditions. The
convergence analysis in [12] [[4] is based on the condition that

(1.13) F'(z) = RyAo and |I — R.| < Collz — 0|

for all z € B,(z'). This condition looks similar to (LIZ) in Assumption 3]
they are, however, essentially different. The validity of (II3]), in many situations,
requires the commutativity of Ag with a family of linear operators which is impos-
sible in general. Therefore, (II3)) is a very restrictive condition. The verification
of (LI2), however, turns out to be much easier and indeed it has been checked for
a wide variety of nonlinear inverse problems in the literature.

2. PROOF OF THE MAIN RESULT

We first give some simple but useful consequences of Assumption [[3 From
Assumption [[3] it follows for any z, 2z € B,(z) that

Fz)— F(2) — Ao(w — 2) = /0 [F/(t + (1= £)2) — Ao] (x — 2)dt

= /01 Ao [Rigr—t)> — 1] (x — 2)dt.
This together with Assumption [[[T(a) then implies
190 (AgA0) Ag (F(2) — F(2) — Ao(z — 2)) |
< /01 190 (A5 A0) A5 Ao [Rest(1-1)= — 1] (z — 2)|dt
<Ko [t =l + (L= Dl — 2ol e — 2,
Therefore, for any z, 2 € B,(z") and a > 0 there holds
190 (A5 A0) Ag(F(x) — F(2) — Ao(x — 2))||

(2.1) < 5 Ko ([ = zoll + [z — 2ol]) [l — 2]

DN | =
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Note that ||(af + AgAj) =2 Ag|| < 1 for a > 0, by a similar argument we also have
I(a] + AgA5) V2 (F(x) — F(2) = Ao(z — 2))|

(2.2) < 5 Ko (lz = zol + [lz = zol}) = — 2|

N =

for any z,z € B,(2") and a > 0.

Now we are in a position to show that the method given by (L8) and (L9) is
well defined under the conditions in Theorem Il Without loss of generality, we
may assume that 2o # 2f. We introduce the integer ks satisfying

(r—15 \? .
2. o< = < )
( 3) O%; < <2|x0_er” < o, 0_k<k‘5

Since 7 > 1 and {oy} satisfies (L), such ks exists and is finite. In the following
we will show that

(2.4) Jof — 1l <2 (14 225 ) o - o7l <
forall 0 <k < 155 and
(2.5) ks < ks

for the integer ks defined by the stopping rule (LJ).

For the simplicity of presentation, we set eq := xo — = and ei = xi —zf. In
order to show (Z4), we assume that 20 € B,(z') for some 0 < k < ks. Then it
follows from (L) that

(2.6) €hi1 = Tar (A5 Ao)eo — gy (A5 A0)Ag (F(a}) —y° — Aoeq) -
Applying Assumption [[I(a), (L2) and ([21]) we obtain

_ 1
s 1/2 b 5
leg ]l < lleoll + coday, /2 + Kolleoll g | + §K0||ekH2~

Since 0 < k < ks, we have 504,;1/2 < =2_|leg]|. Therefore,

T—1

200 1
el < (14 2200 ) ool + Kalleollef + 5 Kol
Thus, if Ky|leo|| is so small that
C C
(2.7) 401+ =) (2+ ") Kolleo] < 1,
T—1 T—1

then we can conclude ([24) by an induction argument.
Next we show (2.0)). It suffices to show that

(2.8) a%/2||(a,~%1+AoAg)—l/Q(F(:cé ) — )| < 7.

ks ks

We denote by d(é) the left-hand side of the above inequality. If ks = 0, then its
definition implies a(l)/Q < (1t —=1)6/2|leo|])- Thus, by [L2), 2) and the smallness

condition (7)), we have

- 1
d(8) < 5+ ag*leoll + 5 EKolleolPag’® < 7.
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Therefore, we may assume ks > 0. It then follows from (Z2) that
1/2 o
d(9) <lloy*(ag, T + AoAg) /2 (Aged —y” + )]

1/2
+ 5adKo (2leoll + 112, 1) lld, I
Note that ([2.6]) implies
A€l =y +y =Aoray,_ (AjAo)eo + Ty, (A0A5)(y — o)
~ Aoga, ,(A5A0) A} (F(al, )~y — Aoel ).

Thus we may use Assumption [[LTa) and (1)) to conclude

1/2 1/2
0(6) <6+ ol lleoll + 502 Ko (2eoll + e, 1) e, |

1/2
+ adKo (2leoll + 112, 1) lll, I

By using the definition of ks, the estimate (2.4) and the smallness condition (2.7)

we obtain
ooty (o

d(6) <

which is exactly the inequality (2.8]).
Summarizing the above results we obtain

) K0||eo||6 < T5

Lemma 2.1. Assume that T > 1, and that {ay}, {ga} and F satisfy (L), Assump-
tion [[LIa) and Assumption [L3l If Kolleo|| satisfies the smallness condition (220),
then the method given by (L8) and ([LA) is well defined. Moreover, the estimates

@4) and Z3) hold, where ks is defined by (Z3).

Remark 2.1. When {4} is chosen as oy = aogr~* for some r > 1, it is easy to
see that the integer ks defined by ([Z3) satisfies k5 < O(1 + |logd|). Consequently,
by (Z3), the integer ks determined by the stopping rule ([3)) satisfies ks < O(1 +
|log d]). This indicates that, for such a choice of {«y}, the method given by (L8]
and (L9) has the fast convergence feature.

Next we will derive some estimates on the noise-free iterates {z;} defined by
Thi1 = 20 — Jou, (Ag Ao) Ap (F (1) —y — Ao(x — 20)) -
We set e, := x5, — z'. It is easy to see that
(2.9) eht1 = Ty (A5 A0)€0 — gay, (A5 A0) Ag (F(wx) —y — Aoer) -
Thus, if 1, € B,(z'), then it follows from (ZI)) that
(2.10) lert1 = Tay (AgAo)eoll < Kolleollllex| + %KOHGk:HQ-

Since (Z7) implies 8 Kp|leg|| < 1 and Assumption [[TNa) implies ||rq, (A5Ao)eo|| <
lleoll, we can show by induction that {xy} is well defined and

3
(2.11) lex| < (7= V33)|leo] < Slleoll <p forall k> 0.

Moreover, we have
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Lemma 2.2. Assume that {ax}, {9a} and F satisfy (L), Assumption [LT], As-
sumption and Assumption [L3l If TeaKollzo — 27| < 1, then

2 * 4 *
(2.12) 3 lIra. (AgAo)eoll < llexll < gezlra, (AgAo)eol
and
1
(2.13) 20, 1 < llewsall < 2llexll
for all k > 0.

Proof. By using ([211]) and the condition 7co Ko|leg|| < 1, we can obtain from (Z10)
that

) 7 1
(2.14) lers = 7o, (A5 Ao)eoll < g Kolleollllex ]| < 7~ llexll

Note that Assumption implies
(2.15) [7ai (AgAo)eoll < caf[ray,, (Agdo)eol
and that Assumption [3{(b) implies ||rq, (AjAo)eo|| > 2|leo||, thus by induction we
may conclude from (ZTI4]) that
4
(2.16) ller]] < gCgHTQk(ASAo)G()H for all k.
Note also that Assumption [[I(b) implies
171 (Ag Ao)eoll < [, (AgAo)eoll,
we can obtain from (2.14) and ([ZI0) that
ler-+1ll = lI7a, (AgAo)eoll = ==llexll = Fllrar, (AgAo)eoll-
C2 3
Thus we obtain (2.I2). The inequality 213) is an immediate consequence of (Z.14])
and (212). O
From (ZI2) and Assumption [[Ii(b) it follows that
(2.17) lled]] < 2¢zlex|| for all k <.

It is clear that the reverse inequality does not hold for a convergent method. Lemma
24 below, however, will show that a reverse inequality could hold if a certain
correction term is added. We need the following consequence of Assumption [[.11

Lemma 2.3. Under Assumpion [Tl there holds

(2.18) 0<rg(A) —1a(N) <cs3

A
A
a+/\7"ﬁ( )

for all0 < a < B and X € [0,1/2], where c3 := max{2,2c; }.
Proof. We first note that 0 < rg(A) <1 and Assumption [[T(b) imply
0<7g(A\) —=7a(A) <7a(N) (1 =71a(N).

By using the definition of r,, and the assumption on g, we have 1 —7,()\) < c;da™ 1.
This together with the fact 1 — r,(A) < 1 implies

A
a+ N
and (ZI]) thus follows. O

1—rqa(N) <ecs
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The inequality ([2I8) plays a significant role in the proof of Lemma 2] below.
It is surprising that this simple inequality has never been noticed in the literature
of regularization theory.

Lemma 2.4. Let all the conditions in Lemma hold. If, in addition, 2(2cq +
2cq9c3+c3)Kolleo|l < 1, then there is a constant C depending only on ¢1 and co such
that

C -
(219)  lewll < Clled + —Z=llo” (el + Ao d5) ™" (F(ai) =)

forall0 <k <I.
Proof. Tt follows from (2.9) that

Ty — 21 = [Tay_, (A§A0) — Ta,_, (A5 A0)] €0
— Gon_1 (AgA0) Ag (F(zk-1) —y — Aoex—1)
+ Gay 1 (A5 A0)AG (F(w1-1) —y — Aoer—1) -

By using the estimates ([2I)) and (ZI1]) we obtain
[l — @] S%K0(2||€0|| + llexr—1l)llex—ll + %Ko (2lleoll + ller—all) ller-1
+ || [rar—. (A5A0) = ra,, (A5 A0)] el
(2.20) SZKOH&JH (lex—1ll + llec-1ll) + Zo,

where
o i= | [ras (A5 40) = 7o, (A540)] o]l

In order to estimate the term Zy, let {E)\} denote the spectral family generated by
the self-adjoint operator A§Ap. It then follows from (2.18) in Lemma 2.3 that

1/2 1/2
Iy = (A [Tak—l()‘) - rOél—l()‘)]2d|E)\eO||2>

1/2 1/2
< e (/0 (-1 + >\)2>\2Tak1()\)2d||EA60||2>
= c3||(q1I + Ay Ag) P AL Agra,, (AfAo)eo]-
Therefore, by using the inequality ||(c;_11 + AjAg) "t A§Ag|| < 1, we have
(2.21) Ty < csllex — Ta,_, (A5Ao0)eo|| + csl| (-1 1 + ASAO)_1 AjAoer]|-
The combination of [220), (Z2I) and (ZI4) gives

7 7
1z = zill <7 Kolleoll (llex—1ll + ller-1ll) + 7esKolleollllex—1ll

tc3 H (041_1[ + AEAO)_l A;Aoek H



2200 QINIAN JIN

Thus, by using (Z2]) and (ZI1]), we have
i — aall <2 Koleoll Qles—1l + ller-11) + Tes Kolleollles |
+ e[ Af (ua T + Ao Ag) ™" (Flax) —y — Aoey)|
+ sl (uaT + AjAg) ™ AG(F(zx) — )
< T Kolleoll(lex1ll + ller-+11) + TesKolleolllex—1 ]| + TesKolleollles]
(2.22) +esll (I + A5 Ag) " Ay (F(xx) — ).
In order to proceed further, we consider the bounded linear operator
L=y 20 (oI + A5 Ag) ™H AL (an + AgAZ)Y2.

In order to estimate ||£||, we note that k¥ < | and () imply ag_1(ar + A) <
ag(ag—1 + A), by using {F\} to denote the spectral family generated by the self-
adjoint operator AgAg, we have for any w € Y that

1Ll = lloy Ty 2 (A0 AS)Y? (w1 + AgAf) ™" (o] + AoA)'* ul?
1/2
_ /O o1 A (s + A) 2 (ap + A)d]| Fyul?

/1/2 A aa(ast )
0o u—1+X ap(a_1+A)

1/2
< / d|[Exull® = Jull”.
This implies that ||£|| < 1. Therefore,
(-1 + A5 Ao) ™" A5(F (k) — 9|
= o P1L - 0 (and + A0A3) ™V (F(a) - )
< o ey (and + Ao AG) T (F () - y)ll.
This together with ([2:22)) and (ZI3]) implies

d|| Fxul)?

7 7
low — @il <7 (22 + 2e2¢3 + c3) Kolleolllexl| + ez Kolleolllle]

¢ -
+ gl (ud + 4045) 7 (F@i) ~ )l
Since 2(2¢a + 2cac3 + ¢3) Koleo|| < 1, we immediately obtain ([Z19]). O

Lemma 2.5. Let all the conditions in Lemma 2] hold. If, in addition, (11 +
deo /(1 — 1)) Kolleo|| < 2, then for all 0 < k < ks there hold

(2.23) 2§ — x| < 2¢06a;, ">
and
(224) oy (and + Ao Ad) T (F(af) — Flaw) =’ +y) | < (1 +2)35,

where € := (11 +4co /(T — 1)) coKo|leo]|-
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Proof. From (Z8) and (Z3) it follows for 0 < k < ks that

i1 — Tt =Yoo (A5A0)AG (F(r) — F(2) — Ao(ay — 7))
(2.25) + gar (A5A0) A5 (y° — 1)
By using (1), (I2) and Assumption [[.T[(a) we obtain

a1 = @]l < coday ' + 5 5o 2lleoll + llexll + lleg ) [l — @]l

Using the estimates (Z4) and (ZII)) on |lex|| and el yields

—1/2 11 Co
2911 — Zrra |l < codey - (Z Tz 1) Kolleolll|} — x|
_ 1
< Co5ak 1/2 + 5”%2 — ka

Thus, we can obtain the desired estimate ([Z23]) by an induction argument. In order
to show (Z.24]), we denote by d () the left-hand side. Then it follows from (2.2))
that

d(8) <lla? (ail + AgAf) ™2 (F(a}) — F(ax) — Ao(a), — z) |
+ oy (and + AgAY) ™% (Ag(a) — z1) — v + ) ||
S%a,ﬁ“Ko (2lleoll + [lexll + [leg1l) flzf — x|
+ llon/? (T + Ao A) ™2 (Ap(a} — ) — v +9) |
By the estimates ([24)), (211 and ([223) we obtain
di,(8) <[lay’? (ol + Ao Ag) ™" (Ao(a) — ax) — v° + ) |

11 2¢
(2.26) +<_+ °>%m¢ﬂd

2 T—1
Note that ([228]) implies
Ao(2f —ar) =y’ +y
= Aogo_1 (AgA0) A5 (F(wp—1) = F(a)_y) — Ao(zh—1 — 27_1))
+ 7oy (AoAg) (y = 9°).
Thus, by using (L2)), 21I), Assumption [[[1}a), (24), 211, and (223) we have
o™ (el + A045) ™% (Ao(af — 2x) = + ) |

1 1y
< 5%/ Ko (2lleoll + llex—1ll + lleg_ll) llzh—y — zx—all + 6

2 7-1
This together with ([Z226]) implies the estimate ([2:24)). O

11 2
<d+ <— + €0 ) C()Ko||eo||5.

Now we are ready to complete the proof of the main results. For ease of exposi-
tion, in the following we will use the convention ® < ¥ to mean that ® < C'V¥ for
some generic constant C' depending only on c¢1, co, r and 7.
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Proof of Theorem [Tl We first consider the case k > ks. It follows from (Z23)) in
Lemma 25 (219) in Lemma 4] and the fact oy < ay, that

1)
S <
lexs Il < llews || + T
1 1/2 o —1/2 d
S llexll + ﬁllaké (ar, I + Ao Ap) (F(ors) —y) | + \/—a_k'

By the estimate ([224]) in Lemma 2.5 the fact ks < ks given by 23), and the
definition of ks, we have

1/2 o —
ok (T + Ao A5) ™ (F(a,) ~ )|
< Nl (ons T+ A0 A5) ™2 (F(af,) =) | +6 <6
Therefore, by using (Z12)) in Lemma [Z2] we have for k > ks that

1) 1)
5
llexs Il < llewll + ﬁ S Iran (AoAg)eol| + —.

Vai
Next we consider the case 0 < k < ks. We first obtain from ([223) and (ZI7)
that

0
S llewll + :

4]
Vs Vs
By the definition of ks and ([224]) we have

1/2 *\—
70 <llog/? ) (s 1T+ Ao Ay) 2 (F(ah, 1) — o) |
<Jloy/?y (ks 1T + AoAS) ™2 (Flan, 1) — ) | + (1 + )0,
Thus, if Ko|leg|| is so small that e < (7 — 1)/2, then
0 S ol s (ans 1l + AgAG) ™2 (Fla, 1) = w) ||
With the help of (22)) and (Z.II) we obtain

(2.27) e, IS lews Il +

1/2 1/2 1/2
§ < llews—ll + a2 Ko (lleoll + llews—1ll) llews—1ll S e’ llews—1l-
Using (I4) and 2I7) yields
1)
S Chs—1 SJ CLll-
N lews—1ll < llewll

This together with ([2:27)) and Lemma 22 implies for all 0 < k < ks that
ez | S llewll S llra, (Ao Ag)eoll-
The proof is therefore complete. O

In order to complete the proof of Corollary [[I] in particular, the assertion (iii),
we need the simple consequence of Assumption [[L4l which says for every u > 0 there
is a positive constant b, such that

(2.28) To(A)(=InA)™* < b, (—In(a/(2a0))) "

forall 0 < a < o and A € [0,1/2]. To see this, we pick a vy with 0 < vg < #. Then
0 <74(A) <1 in Assumption [T and Assumption [ implies for every p > 0 that

To(A)(=InX) ™ < min {(—InA)7#, dy, A7 (= In X)"#}
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for all 0 < @ < ap and A € [0,1/2]. Tt is clear that (—In\)"* < (—In(a/(2a0))) "
for 0 < A < a/(2ap). By using the fact that the function A — A7"0(—=InA)~* is
decreasing on the interval (0, e~#/*0] and is increasing on the interval [e=#/*°, 1), it is
easy to show that there is a positive constant a, such that d,,a”°A™"(—In\)7# <

a, (—In(a/(200))) " for a/(2a) < X < 1/2. We thus obtain (2.28).

Proof of Corollary [LI. We first prove (i), we may assume z¢ # x'. Let ks be the
first integer such that ag, < 6. By (L4) such ks exists, ag, — 0 and 5ag61/2 -0
as 0 — 0. By Theorem [L.T] we have

g, — 2| < C <||r%5 (A% Ag)eo +5a’;1/2) .

Since Assumption [4] and ey € N (Ag)+ imply |7 (A5A0)eo]| — 0 as a — 0, we
therefore obtain the convergence.

In order to show (ii), we note that Assumption [[L4] and the source condition
eo = (AfAo)"w imply |70 (A§Ao)eo]| < dy|lw||a” for @ > 0. By choosing the integer
myg satisfying
ozi’,;gl/z < % < aZH/Q, 0<k<ms.

then from Theorem [T and (I4]) we obtain
||l’i5 st <c (dua;’nallwll 4 6071/2) < O |||/ 2 g2/ (20)

ms

Finally, we prove (iii). We define ns to be the integer satisfying

a o 4 1/2 ar \\ "
il (m(5m) =gl (n(G) ook

By an elementary argument we can show from (I.4) that there is a constant ¢, > 0

such that
5 2 5 2n
Qs > rilam_l > cy <—) (1 + ln—D .
[[wl] [[wl]

Thus, by using Theorem [T the source condition eg = (—In(A§4p)) *w, Z2])
and the definition of ns we obtain

F) 1_ ané H 5 6
[z, =" <Cu| (—In lwl| + <Cu
20 Cny /Oy

—p
1niD .
[l

The proof is therefore complete. O

< Cyllwl| (1 +

Remark 2.2. By checking the proof of the main result carefully, one can see that
Assumption is superfluous if F' is linear. Thus, we provide some new insights
on the regularization methods for linear ill-posed problems.

Remark 2.3. Here is a minor remark on Assumption [[33[c). From the proof of
Theorem [} one can see that the full strength of Assumption [[3)c) is not used;
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what we used are (Z1)) and (22)). Let {F\} denote the spectral family generated
by AgAg, then by Assumption [[T[(a) we have for all u € Y,

1/2
19 (A5 Ao) AG(l + Ao Af)" Pul|* = / 9o (NN + N)d| Faul[®
0

< (1 +c)full.
Therefore, for all a > 0
190 (A5 A0) Aj(al + AgA5) 2| < VI + ey

Consequently, ([Z2]) implies (Z1]) but with the number 1/2 on the right-hand side
replaced by 4/1+ ¢1/2. Thus, Assumption [[3c) becomes unnecessary if one can
check ([Z2)) directly.
Example 2.1. (a) In the iterated Tikhonov reqularization of order m,
(a+ )™ —a™ a™
w(A) = —————— and r,(\) = ———.
90N = N =G
The ordinary Tikhonov regularization corresponds to m = 1. It is well known
that Assumption [Tl and Assumption [[4] hold with ¢; = m and ¥ = m. For any
sequence {ay} satisfying (L)), Assumption is satisfied with ¢; = r™.
(b) In Landweber iteration we have
(1/4] .
GaN) =D (1=X)" and ra(N) = (1— N/
i=0
Then Assumption [[LT] and Assumption [[.4] hold with ¢; = 2 and ¥ = oo. If the
sequence {ay} is chosen as ay, = 1/ny, where {n;} is a sequence of positive integers
such that limg_,oo np = 00 and 0 < ngy1 — ng < g for some ¢ > 1, then both (T4)
and Assumption are satisfied with r = 1+ ¢/ng and ¢y = 22
(c) In the asymptotic regularization, we have

gaN) = (1 —e M) /X and ro(N) = e M,

Assumption [[LT] and Assumption [[4] hold with ¢; = 1 and 7 = co. If {ag} is a
sequence of positive numbers satisfying limg oo ap = 0and 0 < 1/ag11—1/ay < 6y
for some 6 > 0, then both (L4) and Assumption [[2]are satisfied with r = 1+ 6y
and ¢o = e%.

3. MISCELLANEOUS VARIANTS

3.1. A continuous analog. We consider the regularization scheme in which the
regularized solution z? is defined implicitly by the equation
(3.1) @ = 20 — ga(AgA0)Ag (F(20) — y° — Aol — 0))

where o > 0 is the regularization parameter which is determined by the following
rule: Let 7 > 1 be a given number. If ||F(x¢) — 3°|| < 76, we choose a(§) := oo,
i.e., we choose x( as an approximation of z'; otherwise we choose a(d) as the root
of the equation

(3.2) a2 (ol + AgAf) ™ ? (F(25) — y°) || = 74.
Such a method can be viewed as a continuous analog of the method defined by (L8]

and (L9).
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In the following we will show that the above method is well defined under As-
sumption [Tl and Assumption We set

(r—1)5 )2
2||wo — || ) -

(33) 0(0) = (

)

[0}

We will show that for each o > () the equation ([B.I) has a unique solution x
satisfying

C
(3.4) |xi—x*|<r:—2(1+,_°1)||xo—x*||,

and if ||F(z9) —v°|| > 76, then the equation (B.2)) has a root a(6) satisfying a(§) >
(670} ((5)

To this end, we set D, := B,.(z1) as the closed ball of radius r with center at xT.
For each o > «ag(d) we consider the function

Da(®) i= 0 — ga(ApAe) A3 (F(z) — 47 — Ao(w — w0))
which can be written as
®o(2) = &' + 70 (A5A0) (20 — 27) + 9a(A540) A5 (4" — y)
(3.5) = ga(A5A0) AG (F(2) =y — Ao(z — z')) .
This together with Assumption [T} (L2) and ) implies, with eg := x¢ — 2T,

_ 1
1@ (x) — 2| < [leol| + coda™"/* + Kolleo|| | — 2T[| + 5 Kollz —af|?

2¢ 1
< (1 220 ) leal + Kool = '] + 3ol — o

Thus, if Ky||eol| satisfies the smallness condition ([2.7]), then for any « € D, we have
|®(x) — zT|| < r. Thus &, maps D, into itself.
Next we will show that ®,, is a contractive mapping. By using (B3] we have for
any x,z € D, that
Do) = Ba(2) = gal A5 A0) Aj (P(2) — F(x) — Ao(z — ).

With the help of (Z1)) and ([21), we obtain
1 1
|1a(2) = @a(2)] < 5 Ko 2lleoll + llz = 2] + [l2 = 2"} [l2 = 2I| < Sl — =].

Thus ®,, : D, — D, is a contractive mapping. It follows from the contractive
mapping theorem that ®, has a unique fixed point z% in D, for each a > (6).
We thus obtain ([B3.4).

Now we assume that ||F(zo) — ¢°|| > 76. We denote by d°(a) the left-hand side

of B2). By using B1]), the estimate (B4), (LII)) and the continuity of F, it is
easy to see that lim, ., % = 2. Thus,

lim d°(a) = ||[F(zo) — 3°| > 76.
a—00

By using a similar manner in deriving (2.8)) we can show that for ag(d) defined by
B3) there holds

d5(ozo(5)) < 70.
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1

¢, is continuous

Thus, in order to show that (3:2) has a root, it suffices to show o — x
on [ap(6),00). From BI)) it follows for any «, 8 > ao() that
28— 28 —ga (A5 A0)Af (P(a) — F(al) — Ao(a?y — a2))

+ [9(A40) = 9a(A4540)] Ag (F () — 5" = Ao(as — o).
Therefore, by using (2.1 we have

1
lze — 3l =5 Ko (2leoll + [l — 21| + [l — 2]} [l — =]
+ [ g8 (AgA0) — ga(AgAo)] Ag (F@?%) —y’ - AO(UC% — x9)) ||
With the help of (34) and the smallness condition (2.7 we obtain
2%, — a3l < 21 [95(A5A0) — ga(A§A0)] AG (F(25) —y° — Ao(ah — o)) ||

Thus, we can conclude the continuity of o — z° if {g.} satisfies the following
additional condition.

Assumption 3.1. The function o — g, () is continuous on (0, 00) uniformly with
respect to A € [0,1/2].

Now we turn to consider the approximation property of xi ) to zt. We will use
z, to denote the solution of the noise-free equation
(3.6) To = 70 — GalA3A) A5 (F(20) — y — Aola — 20))

By using a similar argument as above we can show that for each @ > 0 the equation
((B8) has a unique solution z,, satisfying

3 .
lza = 2t < Sllzo — 2™l and [lza — 27| < [Ira(4540) (20 — 2T)]).

By checking the proof of Lemma [2.4] one can easily see, without using any estimates
as in Lemma 2.2 that for any o > 8 > 0 there holds

1 o
(3.7) lzo — 2|l < llzs — 2" + ﬁllal/z(af + Ao Ap) M2 (F(za) =) ||

Similar estimates as in Lemma still hold and read as
20 — zo| < 2c00a /2
and
a2 (al + AgAg) ™2 (F(20) — F(za) = y° +y) || < (1 +€)8
for all @ > ap(9).

With the above ingredients, one can follow the proofs of Theorem [[.Tland Corol-
lary [l to obtain the following result.

Theorem 3.1. Assume that 7 > 1 and that {go} and F satisfy Assumption [T
Assumption BIl and Assumption [[3. There exist positive constants 11 and C
depending only on c¢i and T such that if Ko|lzg — xt|| < n1, then the method given

by B and B2) is well defined and
. . )
ooy — 1l < Cint {ra (43 Au) o — 2D + 0 >0},

Assume, in addition, that {gs} satisfies Assumption [l Then
(i) if zo — xT € N(Ag)*, then lims_so 3:‘;(5) =zf;
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(ii) if o — at = (A§Ap) w for some w € X and 0 < v < i, then
5 1/(142v) 52v/(142
lzg sy — @Il < Cy [l /2§22,

where C,, is a constant depending only on ¢, T and v;
(iil) if w0 — 2T = (= In(A§Ap)) " w for some w € X and pu > 0, then

—p
In LD ,
[l

where C\, is a constant depending only on ci, T and p.

28 5, — 'l] < Cullwl (14—

Example 3.1. It is clear that the functions {g,} from Example [ZT] (a) and (c)
satisfy Assumption Bl Here we give one more example where g, arises from the
reqularized singular value decomposition and
) = /A, i A>a, 0, if A > a,
o) = l/a, ifA<a 1-Xa, ifA<ao.

Assumption [T, Assumption [[L4] and Assumption B3I hold with ¢; = 1 and 7 = oc.

and ro(A) =

Remark 3.1. In [16] Tautenhahn considered a general regularization scheme for
(L) in which the regularized solution % is defined as a fixed point of the nonlinear
equation

(38)  a= 10— go (F'(2)F'(@) F'(2)" (F(x) — v’ ~ F'(a)(x — 20)).

and the regularization parameter a > 0 is determined by a Morozov’s type discrep-
ancy principle. The convergence of the method is established under certain Holder
source conditions. However, the method is not shown to be well defined. This
gap can be filled by using the technique of this subsection with a little involved
argument.

3.2. The Lavrentiev type methods. When a nonlinear inverse problem can be
formulated as the nonlinear equation (ILIl) with F : D(F) C X — X, then we can
simplify the method given by (L)) and (L9) further if one can find an initial guess
xo near z! such that Ag := F’(z) is self-adjoint and positive semi-definite. In this
situation, we define the iterates {z¢} by

(3.9) ) = 20 = gay, (Ao0) (F () = y* = Ao(@), — 20)) ,
and we terminate the iteration by choosing ks as the first integer such that
(3'10) Haks (akal + AO)_l (F(xi5) - yé) H < 7-57

where 7 > 1 is a given number.
The argument in Section 2 applies to this simplified method, but with (2I9) and

[223) replaced by
1
(3.11) = 'l S ae — 2" + o lloklonl + Ao)H(EF (zx) = y)l

for 0 <k </[and
||mi —a|l < 200(5@;1
for 0 < k < ks, where {z},} are the iterates defined by ([9) with y° replaced by y,
and ks is defined as the integer satisfying
(r—1)0

AT 0<k<ds
= 2l —at] S TR

Oz,;é
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By the same argument as in the proofs of Theorem [[.I] and Corollary [[.T] we can
obtain the following result.

Theorem 3.2. Assume that 7 > 1 and that {ow}, {ga} and F satisfy (L), As-
sumption [L1l, Assumption and Assumption [L3 There exist positive constants
no and C depending only on ci, ca, 7 and T such that if Ko||lzo — 2| < 12 and
Ag = F'(x0) is self-adjoint and positive semi-definite, then the method given by
B3) and BI0) is well defined and

Jaf, = o1l < Cint { o, (o)~ ) + = k=01, ],
k

Assume, in addition, that {ga} satisfies Assumption [ Then
(i) if zo — 2T € N(Ag)*, then lims o xzs =af;
(ii) if mo — 2T = Afw for some w € X and 0 < v < i, then

9 V) SV v
o, — )| < Cull/O+51049),

where C\, is a constant depending only on ¢y, co, v, T and v;
(iii) if 2o — 2T = (= In Ag) " w for some w € X and pu > 0, then

5 —H
W) ’

where C,, is a constant depending only on ci, ca, v, T and p;

|%—quwmum

Remark 3.2. The method defined by ([8:9) and ([BI0]) requires only Ag be self-adjoint
and positive semi-definite; it does not require F' be monotone everywhere.

Remark 3.3. It is possible to drop the requirement that Ay be self-adjoint for
some special choice of {g,}. For instance, if Ay is only positive semi-definite, then
(al+ Ag)~! is well defined for each o > 0. Thus, for the function g, (\) = (a+A)~!
the method (B9) becomes

(3.12) ) =m0 — (el + Ao) ™ (F(2}) — y° — Ao(xf — 20)) -

Note that || (ol +Ag) 7| < ot and ||(al +A¢) "1 Ag|| < 1 for @ > 0, the arguments
in Section 2 can apply except that three places need to be modified since they involve
the theory of spectral integrals which is not available when Ag is not self-adjoint.
The first one is the inequality (ZI5]) which was obtained from Assumption In
the current situation, it becomes

l (] + Ao) " eoll < (1+7)[lvk+1(@rr1 + Ao)teo-
This can be verified directly by noting that
||041;i104k(ak1 + Aog) Mol + Ag)| <1+ a,;llakH(akI + Ag) A
< 1—1—04;#0% <1-+r.

The other two are related to the inequality (811 for 0 < k < I. By checking the
proof of Lemma 4] one can see that the derivation of ([221) involves the spectral
integral, however, one can use the expression of r,(\) = a(a+\) 7! to get it directly.
The other place is to establish

(1T + Ao) " (F(xx) — )|l < iHQk(%IJFAO)_l(F(%) — ).
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This can be obtained by showing that
(3.13) lau-sag (@uosl + Ag) ™ (anl + Ao) | < 1.
By noting that

A

(q1d + Ag) Hapl + Ap) = ( — 1) a—1(ag—1l + Ag) ™t + 1

aj—1

and the fact ap > o;—1, we can obtain ([3.13) easily. Therefore, all the results stated
in Theorem with 7 = 1, except part (iii), are valid for the method defined by

B.12) and @B.I0).

Remark 3.4. The above simplification applies to the continuous method discussed
in subsection 3.1.

4. A NUMERICAL EXAMPLE

In this section we present a numerical example to test the convergence result
given in Corollary [[1l on the method defined by (L&) and (L9) by considering the
estimation of the coefficient a in the two-point boundary value problem

—u" +au=f te(0,1)
4.1 3 ) )
( ) { U(O) = go, u(l) =91,
from the L? measurement u° of the state variable u, where go, g1 and f € L2[0,1]
are given. This inverse problem reduces to solving the equation (Il) with the
nonlinear operator F : D(F) C L*[0,1] — L2[0,1] defined as the parameter-to-

solution mapping F'(a) := u(a), where u(a) denotes the unique solution of [I]). Tt
is well known that F' is well defined on

D(F):={a € L?[0,1] : ||[a — a||z2 < 7 for some a > 0 a.e.}
with some « > 0. Moreover, F' is Fréchet differentiable, the Fréchet derivative and
its adjoint are given by
F'(a)h = —A(a)~" (hu(a)),
F'(a)*w = —u(a)A(a) tw,

where A(a) : H> N Hi + L? is defined by A(a)u = —u” + au. It is known that
if, for the desired solution af, |u(a®)(t)] > & > 0 for all ¢ € [0,1], then (LI2) is
satisfied in a neighborhood of a'.

In the following we report some numerical results on the method given by (L8]
and (LI) with g,(\) = (a + A)7!, which, in the current situation, defines the
iterated solutions {a$} by
(42)  al, = ol — (apl + A3Ag) "t (A5(F(ad) — ) + aw(al — a0))
and determines the stopping index ks as the first integer satisfying

(4.3) aps (F(ad,) —y°), (] + AgA) "N (F(ad) —y°)) < 726

During the computation, all differential equations are solved approximately by a
finite difference method by dividing the interval [0, 1] into n + 1 subintervals with
equal length h = 1/(n + 1); we take n = 200 in our actual computation.
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Example 4.1. In this example we consider the estimation of @ in @Il with f =
1+t?and go = g1 = 1. If u(a’) = 1, then a’ = 1 + 2 is the desired solution.
When applying the method ([#Z)-(#3), we use the special noise data u’ = 1 +
V26 sin(107t), o, = 1.0 x 27 and 7 = 1.2. In Table 1 we summarize the numerical
results corresponding to two different choices of the initial guess

(4.4) ap=1+t* = 2t(1 —t)(1 +t —t?)
and
(4.5) ap=1.2.

For the ag given by ([&4) one can check ag — af € R(F'(a')*F’'(al)). Table 1
indicates that the convergence rate is O(62/3), which confirms the theoretical result
very well. On the other hand, for the ag given by ([@H), agp — a' has no sourcewise
representation ag — at € R((F'(a")*F'(a"))?) with a good v > 0. Thus a good
convergence rate cannot be expected if the method starts from this ag; Table 1,
however, still indicates the convergence of the method.

Table 1. Numerical results for example 1, where error := [laj, — a'|.2
ap=1+t2-2t(1—t)(1+t—1?) ag=1.2
4] ks error error [§%/3 ks error
5.0e—2 | 6 | 3.43e—1 2.53 1 ]1324e—-1
1.0e —2| 10 | 8.34e —2 1.80 8 13.03e -1
5.0e —3 |11 | 4.74e — 2 1.62 11 | 2.51le—1
1.0e =3 | 12 | 2.57e -2 2.57 15 | 1.70e — 1
5.0e —4 | 13 | 1.39e — 2 2.21 17 1 1.39e — 1
1.0e —4 | 15 | 4.40e — 3 2.04 20 | 1.05e — 1
5.0e =5 | 16 | 2.80e — 3 2.04 21 19.20e — 2
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