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WEAK APPROXIMATION OF STOCHASTIC PARTIAL
DIFFERENTIAL EQUATIONS: THE NONLINEAR CASE

ARNAUD DEBUSSCHE

ABSTRACT. We study the error of the Euler scheme applied to a stochastic
partial differential equation. We prove that, as is often the case, the weak
order of convergence is twice the strong order. A key ingredient in our proof
is Malliavin calculus which enables us to get rid of the irregular terms of the
error. We apply our method to the case of a semilinear stochastic heat equation
driven by a space-time white noise.

1. INTRODUCTION

When one considers a numerical scheme for a stochastic equation, two types of
errors can be considered. The strong error measures the pathwise approximation of
the true solution by a numerical one. This problem has been extensively studied in
finite dimension for stochastic differential equations (see for instance [21], [27], [28],
[33]) and also more recently in infinite dimension for various types of stochastic
partial differential equations (SPDEs) (see among others [1], [4], [6], [11], [12], [13],
[14), [15], [16], [I7], [I8], [19], [23], [24], [30], [31], [33], [B6], [37]). Another way
to measure the error is the so-called weak order of convergence of a numerical
scheme which is concerned with the approximation of the law of the solution at
a fixed time. In many applications, this error is more relevant. Pioneering work
by Milstein ([25], [26]) and Talay ([34]) have been followed by many articles (see
references in the books cited above). Very few works exist in the literature for the
weak approximation of the solution of SPDEs. A delayed stochastic differential
equation has been studied in [3]. Weak order for a SPDE has been studied only
recently in [7], [8], [@], [20]. In order to explain the novelty of the present article,
let us focus on a specific example.

We consider a stochastic nonlinear heat equation in a bounded interval I =
(a,b) C R with Dirichlet boundary conditions and driven by a space-time white
noise:

X
s = Xee + f(X) +o(X)n, €1, >0,
(1.1) X(a,t) = X(b,t) =0, t >0,

X(6,0) = 2(¢), € € I.

Where f and o are smooth Lipschitz functions from R to R.
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We introduce the classical abstract framework extensively used in the book [5].
We set H = L*(I), A = O¢¢, D(A) = H*(I) N HY(I), W is a cylindrical Wiener
process so that the space-time white noise is mathematically represented as the
time derivative of W. We set f(z)(&) = f(x(§)), z € H and define ¢ : H—L(H)
by o(z)h(&) = o(x(§))h(£), x,h € H. We then rewrite (L.I]) as

dX = (AX + f(X))dt + o(X)dW,
(1.2) {X(O) = 2.

It is well known that this equation has a unique solution (see for instance [5]). We
investigate the error committed when approximating this solution by the solution
of the Euler scheme
(1.3)
{XkH — Xp = A(AX i1 + F(X0) + o(X) (W((k+ 1)AL) — W (kAL)),
Xo = z,

where At =T/N, N e N, T > 0.
The study of the weak error aims to prove bounds of the type:

[E(p(X (nAt))) — E(p(Xa))| < eAt’,

with a constant ¢ which may depend on ¢, x, N and on the various parameters in
the equation. Also, ¢ is assumed to be a smooth function on H. If such a bound
is true, we say that the scheme has weak order §. In comparison, the strong error
is given by E(|(X (nAt)) — X,,|) or E(supnzop__yN (X (nAt)) — X,,]). Clearly, if the
scheme has strong order 5 , then it has weak order § > 5. Indeed, the test functions
@ are Lipschitz. In general, it is expected that the weak order is larger than the
strong order.

In the case of the Euler scheme applied to a stochastic differential equation, it is
well known that the strong order is 1/2 whereas the weak order is 1 (see [33]). The
classical proof of this uses the Kolmogorov equation associated to the stochastic
equation. The main difficulty to generalize this proof to the infinite dimensional
equation ([2)) is that this Kolmogorov equation is then a partial differential equa-
tion with an infinite number of variables and involving unbounded operators (see
([B6) below). The delayed stochastic differential equation studied in [3] is an infinite
dimensional problem but since the equation does not contain differential operators
the Kolmogorov equation is simpler to study. In [20], a SPDE similar to (2] is
considered but very particular test functions ¢ are used. They are allowed to de-
pend only on finite dimensional projections of the unknown and the bound of the
weak error involves a constant which strongly depends on the dimension. More
recently, this strong assumption on the test functions is relaxed in [9] but an ar-
ticificial assumption is still required to get a result. In [7], [8], the Kolmogorov
equation is not used directly and general test functions are considered. A change of
variable is used in order to simplify it. In [7], the stochastic nonlinear Schrédinger
equation is considered and the fact that the linear Schrodinger equation generates
an invertible group is used in an essential way. This is obviously wrong for the
heat equation considered here. The same change of unknown works in the case of
a linear equation with additive noise as shown in [§], but there it is used that the
solution can be written down explicitly. We have not been able to generalize this
idea to the nonlinear equation considered here.
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We use, in fact, the original method developed by Talay in the finite dimen-
sional case. The weak error is decomposed thanks to the Kolmogorov equations on
each time step. Each term represents the error between the solution of the Kol-
mogorov equation on one time step and the approximation given by the numerical
solution. Due to the presence of unbounded operators, this apparently requires a
lot of smoothness on the numerical solution. The main idea here is to observe that
the nonsmooth part of the solutions of (I2)) and (3] are contained in a stochastic
integral. We get rid of this stochastic integral thanks to Malliavin calculus and an
integration by parts. We are thus able to prove that as expected the weak order is
twice the strong order without artificial assumptions except from a technical one
on 0. We restrict our presentation to the abstract equation above, a nonlinear heat
equation driven by a space-time white noise. However, our method is general and
can be used for more general equations as will be shown in future articles. Also,
we only consider a semi-discretization in time. A full discretization will be treated
in forthcoming works.

Note that the method developed here does not allow us to recover the result
of [8]. Indeed, in the Euler scheme ([3]), the linear term is fully implicit and we
cannot consider a scheme where it is partially implicit such as the theta scheme
considered in [§]. Note also that the proof below is much more complicated than
in [8] and [7].

Malliavin calculus has already been used for the numerical analysis of stochastic
equations. In [2], it is used to prove an expansion of the error of the Euler scheme for
a stochastic differential equation under minimal assumptions on the test functions
. This is a completely different idea and the Malliavin calculus is used in a
completely different way. It is not clear that such ideas could be used for a SPDE.
In a different spirit, Malliavin calculus is used in [32] to analyse adaptive schemes
for the weak approximation of stochastic differential equations.

Our method is much closer to the method developed in [22]. There, the Malliavin
calculus is also used to get rid of a stochastic integral which appears when writting
down the weak error. However, it is done in a global way and the error is not
decomposed as in the present article. A fundamental feature of the Kohatsu-Higa
method is that the Kolmogorov equation is not used so that a more general sto-
chastic equation can be considered. The solution does not need to be markovian.
However, no SPDEs have been considered with this method.

2. PRELIMINARIES AND MAIN RESULT

We consider the following stochastic partial differential equation written in an

abstract form in a Hilbert space H with norm | - | and inner product (-, -):
21) dX = (AX + f(X))dt + o(X)dW,
’ X(0) ==,

where the unknown X is a random process on a probability space (2, F,P) depend-
ing on t > 0 and on the initial data € H. The operator A is a negative self-adjoint
operator on H with domain D(A) and has a compact inverse. We assume that

(2.2) Tr((—A)™%) < oo, for all a > 1/2.
We define classically the domain D((—A)?), B € R, of fractional powers of A and

set
2|5 = [(=A) 2|, = € D((—A4)").
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The nonlinear function f takes values in H and is assumed to be C3 with bounded
derivatives up to order 3. We denote by Ly a constant such that for z,y € H we
have

[f ()] < (|2 + 1),
(2.3) |f (@) = f(y)| < Lyle —yl,

|f"(@) = f' W)l ey < Lyle =yl
The noise is written in terms of a cylindrical Wiener process W on H (see [0])
associated to a filtration (F3);>0. The nonlinear mapping acting on the noise maps
H onto L(H); it is also assumed to be C® with bounded derivatives up to order 3.
We denote by L, a constant satisfying

o (@)l ey < Lo(lz|+ 1),
lo(x) —o(y)|c) < Lolz —yl.
We need a stronger assumption on this mapping, so we require

(2.5) 0" () - (h, h)|e(ary < Lolh|?y )4, € H, h € H.

(2.4)

Note that this implies a strong restriction on o. (See Remark below for some
comments on this assumption).
Recall that the cylindrical Wiener process can be written as

W=>" B

£eN

where here and in the following (es)sen is any orthonormal basis of H and (8¢)een
is an associated sequence of independent Brownian motions. This series does not
converge in H but in any larger Hilbert space U such that the embedding H C U
is Hilbert-Schmidt. Similarly, given a linear operator ® from H to a possibly
different Hilbert space K, the Wiener process ®W = 3, BrPe, is well defined in
K provided ® € Lo(H, K), the space of Hilbert-Schmidt operators from H to K.
(See the definition just below).

Recall also that the stochastic integral fOT U(s)dW (s) is defined as an element
of K provided that ¥ is an adapted process with values in Lo(H, K) such that

T 2

SNy .10y ds < 00 as. (see [5]).

If L € L(H) is a nuclear operator, Tr(L) denotes the trace of the operator L,
ie.,

Tr(L) = Z(Lei,ei) < +o00.
i>1

It is well known that the previous definition does not depend on the choice of the

Hilbertian basis. Moreover, the following properties hold for L nuclear and M
bounded

(2.6) Tr(LM) =Tr(ML),
and, if L is also positive, then
(2.7) Tr(LM) < Te(L) || M|l £ rr)-

Hilbert-Schmidt operators also play an important role. An operator L € L(H)
is Hilbert-Schmidt if L*L is a nuclear operator on H. We denote by Lo(H) the
space of such operators. It is a Hilbert space for the norm

LIl 2y = (Te(L*L)? = (Te(LL*) "2
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It is classical that if L € Lo(H), M € L(H), N € L(H), then NLM € L5(H) and
(2.8) INLM|| 2,y <INl e 1Ll con 1M | 2oy

See [5], appendix C, or [10] for more details on nuclear and Hilbert-Schmidt oper-
ators. Note that (Z2)) implies that (—A)~# is Hilbert-Schmidt for any 3 > 1/4.
Our assumptions imply that for any « € H, there exists a unique solution X (t)
to equation (1)) (see for instance [5], Chapter 7). In what follows, we often recall
the dependence of the solution on the initial data by using the notation X (¢, x).
We approximate equation (ZII) by an implicit Euler scheme. Let N € N and
At = % > 0 be a time step, we define the sequence (Xj)k=o,..,n by

(2.9) { X1 = Sae Xy + AtSae f(Xx) + VALSA 0 (Xk) Xkt15
' XO = XT.

We write xp+1 = (W((k+ 1)At) — W(kAt))/v At. The operator Sa; is defined by
Sar = (I —AtA)~!

This is the classical fully implicit Euler scheme. It will be convenient to use the
integral form of (21I),

(2.10) X(t ;E—i-/ S(t—s)f(X(s))ds+ /t S(t—s)o(X(s))dW (s), t >0,
0

where S(t) = e is the semigroup generated by A. Similarly, (Z9) can be rewritten
as

k—1 k-1
(2.11) X = SKw+ Aty SK(X0) + VALY 8K o(Xe)xera-

=0 =0

It will be convenient in the following to use the notation:
tr =kAt, k=0,...,N.

The following inequalities are classical and easily proved using the spectral decom-
position of A:

(2.12) |(=A4) 5SM]£ <et;?, k>1, Belo0,1],
(2.13) |(—A)° yﬁ <et™P, t>0, B>0,
(2.14) |(=A4)=F (I - sAt N < AP B elo,1].

Note that in ([ZI1)) and (23), the noise term makes sense in H. Indeed, by
E12), Z2) and (Z8), we know that Sa; is a Hilbert-Schmidt operator on H.

We are interested in the approximation of the law of the solution of (Z1I). More
precisely, we wish to prove an estimate on the error committed when approximating
E(o(X(T,))) by E(p(Xn(z))). The function ¢ is a smooth function on H.

Throughout this article, we use the notation Dy(z) for the differential of a C*
function on H at the point . If ¢ : H — K, where K is another Hilbert space,
Dy(x) € L(H, K), the space of continuous linear operators from H to K. When
K =R, we identify the differential with the gradient thanks to Riesz’s identification
theorem. We use the same notation and get the identity for z,h € H:

Dy(x) - h = (Dgp(x), h).
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Similarly, if ¢ € C%(H,R), D?*p(x) is a bilinear operator from H x H to R and can
be identified with a linear operator on H through the identity

D2p(z) - (h, k) = (D*p(z)h, k), =, h, k € H.

Sometimes, we also use the notations ¢’, ¢” instead of Dy or D?p.

Given two Banach spaces K and K2, we denote by ||-||;, the norm on CF(K7, K»),
the space of k times continuously differentiable mappings from K; to Ky with
derivatives bounded up to order k.

We use Malliavin calculus in the course of the proof. We now recall the ba-
sic definitions. (See [29]). Given a smooth real-valued function F' on H™ and
P1,... 0, € L2(0,T, H), the Malliavin derivative of the smooth random variable

F([ (1(s),dW(s)), .., [ (¥n(s),dW(s))) at time s in the direction h € H is

given by
T T
F ( / (1(s), AW (3)), .. / wn(s),dW(s)))]
n T
0

T

Dh

S

We also define the process DF by (DF(s),h) = D"F. Tt can be shown that D
defines a closable operator with values in L2(2, L?(0,T, H)) and we denote by D':2
the closure of the set of smooth random variables as above for the topology defined
by the norm

T 1/2
| F[|lp1.2 = (E(IF|2)+E(/ DsFl2d8> -
0

We define similarly the Malliavin derivative of random variables taking values in H.
IfG =73 cyFiei € L?(Q, H) where F; € D'2 for all i € N and Y ieN fOT |DsF;|?ds
< 00, we set D"G = D ien DhFie;, DG =Y, DsFie;. We define DV2(H) as the
set of such random variables.

When h = e,,, we write D™ = D™,

The chain rule is valid and if v € C}(R), F € D"2, then u(F) € D2 and
D(u(F)) = /(F)DF. Also, if G = ", Fie; € DY?(H) and u € C}(H,R), then
u(G) € DY? and D(u(G)) = Du(G).DG = (Du, DG), or equivalently D"(u(G)) =
>ien OiuD!F; = (Du, D!G).

Note that, as already mentioned, we identify the differential of a function in
C'(H,R) with its gradient.

For F € D2 and ¢ € L*(Q x [0, T); H) such that () € D2 for all ¢ € [0,7)
and fOT fOT |Dstp(t)|>dsdt < oo, we have the integration by parts formula

T T
E <F/O (¢(S),dW(S))> =E </0 (DSFW(S))dS) ;

where the stochastic integral is a Skohorod integral which is in fact defined by du-
ality. In this article, we only need to consider the Skohorod integral of adapted
processes in which case it corresponds with the It6 integral. Moreover, the integra-
tion by parts formula above holds for F' € DY? and v € L?(Q x [0,T]; H) when ¢
is an adapted process. Recall that if F' is F; measurable, then D,F = 0 for s > ¢.

1€N
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We will often use the following form of the integration by parts formula whose
proof is left to the reader.

Lemma 2.1. Let F € DY2(H), u € CZ(H) and ¢ € L*(2 x [0,T],L2(H)) be an

adapted process. Then
T
> [ D). (D?F,w<s>em>ds)
0

E (Du(F) ~/0 w(s)dW(s)> =E (

=E </T Tr (¢*(s)D*u(F)D,F) ds> :
0

Also, we remark that this lemma remains valid if « is not assumed to be bounded
but only u € C?(H) provided the expectations and the integral above are well
defined. This is easily seen by approximation of u by bounded functions.

We now state our main result.

Theorem 2.2. Assume that f and o are Cy functions from H to H and L(H) and
that o satisfies Z4). Then for any x € H, T > 0, € > 0, the Euler scheme (2.9)
satisfies the following weak error estimate:

E(p(X (T, 7)) = E(p(Xn))| < O(T, |plcg, |2l e) A2, o € CJ(H).

Remark 2.3. Assumption (24 is quite restrictive. It is void for an additive noise
or a noise of the form BX dW where B is a linear operator from H to L(H).
Otherwise, it implies that the noise is a perturbation of such noise. An example of
a noise satisfying this is

o(z) = Bz +6((—A)~4x)

where B € L(H) and 6 : H—L(H) is a C? function with derivatives bounded up
to order 3. This assumption is crucial in our proof. It is used in essential way in
Lemma, which is used at many points of the proof.

Apart from this point, our result is optimal. It is classical that equation (L))
enters our abstract framework so that Theorem can be applied in this case. If
the noise is assumed to satisfy some nondegeneracy assumptions, the smoothness
assumption on the test function ¢ can be weakened. This will be investigated in a
future work.

Throughout this article, C or ¢ denote constants which may depend on A, f, o, Q
or T but not on At. Their values may change from one line to another. The initial
data z is fixed and the constant may also depend on |z|. Note also that we assume
that At < 1, we could also assume At < Atq for some Aty > 0. In this case, the
different constants would depend on Aty. Finally, € is a small positive number.

3. PROOF OF THE MAIN RESULT

The proof uses different tools from stochastic calculus such as It6’s formula,
Kolmogorov equations, and Malliavin calculus. Sometimes, it may be very lengthy
and technical to justify rigorously their use in infinite dimension. We avoid these
tedious justifications by using Galerkin approximations. We replace equation (2.1))
by the finite dimensional stochastic equation

dX, = (AXm + fm(XM))dt + Um(Xm)dW Xm(o) =P,z
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where P, is the eigenprojector on the m first eigenvectors of A, f,,(z) = P, f(z),
Om(x) = Ppo(x)Py,. It is not difficult to prove that X, converges to X in various
senses.

Similarly, we replace the discrete unknown Xy by a finite dimensional sequence
defined in an obvious way.

We prove the result for these finite dimensional objects with constants that do
not depend on the dimension m. It is then easy to deduce the result for our infinite
dimensional equation.

In order to lighten the notation, we omit the dependence on m below and write
X, f, o instead of X.p,, fin, Om.

Step 1. We first define a continuous interpolation of the discrete unknown.

We rewrite (Z9) as follows:
tre41

ti41
X1 = Xp + / Ane X + Sacf(Xy)ds + / Saro(Xy)dW (s)

tr 123

where Aay = SaiA. Note that Aa, is in fact a Yosida regularization of A and is a
bounded operator:

(3.1) |Antl oy < et

It is then natural to define X on [0,7] by
t t

(3.2) X(t) = Xk+/ AAth+SAtf(Xk)d5+/ Sato(Xg)dW (s), € [th,trr1)-
tr ty

Clearly, X is a continuous and adapted process. Given a smooth function G on

[0,T] x H, It6’s formula implies that for t € [t,tr11) (see [H]),

G(t, X(t)) = G(ty, X (t1)) + /tt %(S,X(s)) + Ly a:G(s, X (5))ds

(3.3)

+/ (DG(s, X (5)),0(X)dW (s));

tr

where for ¢ € C?(H,R),

Ly ac(z) = %Tr {(Sat0 (X)) (Saro(Xk)" D*Y(x) }+(Ane Xp+Sac f (X)), Dy (x)).
Step 2. Decomposition of the error.
Let us define
(3.4) u(t,x) = E(p(X(t,2))), t € [0,T].
Then the weak error at time T is equal to
u(T,z) = E(p(Xn)) = E(u(T, ) — u(0, Xn)
(3.5) =

= ]E(U(T—tk,Xk)—U(T—tk+1,Xk+1)).
k=0
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It is well known that u is a solution to the forward Kolmogorov equation:

du

E(t, x) = Lu(t, x)

(3.6)

= %Tr{o(x)a*(x)Dzu(t, )} + (Az + f(x), Du(t, x)).

Therefore, It6’s formula [B3]) implies
E(u(T = tgy1, Xp41)) = E(u(T — ty, Xi))
tht1 _ _
+ IE/ Ly au(T —t, X (1)) — Lu(T — t, X(¢))dt.
123

The first term in (33 will be treated separately and we decompose the error as
follows:

N-1
3.7  wuw(,z) —E(p(Xn)) =u(T,z) — E(u(T — At, X1)) + Z ay + b + cx,
k=1

where

ar =E / - (AX(t) — A Xy, Du(T —t, X(t))) dt,

ty

- ]E/ - (f(j((t)) — Sauf(Xy), Du(T — t,X(t))) dt,

tr

1 [le+r -
o = ZE /t Tr{ [U(X(t))a*(X(t))
— (Sao(X0)) (Sae(Xp))" | D2u(T — ¢, X (1)) } dt.

In the next steps, we estimate separately the different terms in ([B7)).
Step 3. Estimate of u(T,z) — E(u(T — At, X1)).

By the Markov property, we have

w(T,z) = E(p(X(T,z))) = E(u(T — At, X (At))).

Therefore, by Lemma 4] for any £ > 0,

(T, ) — B(u(T — A, X)) < oT — A~ Y20l E (X (AL) = X1|_1jas2) -

Moreover,
At
X(At)— X1 = (S(At) — Sar)z + ; St —s)f(X(s,x))ds — AtSacf(x)
At
) S(t —s)o(X(s,x))dW (s) — VAtSao(x)x1.

It is easy to prove that
|(—A) V2= (S(AL) = Sar)| o) < AL/
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Since (S(t))¢>0 is a contraction semigroup and |(—A)~1/2+¢ .| < ¢| - |, we have by
23) and Lemma (2]
At
E S(t—s)f(X(s,z))ds < AtLE( sup | X(s,z)|+1) < cAt(Jz|+1).
0 —1/24e s€[0,At]
Similarly,

|AtSAtf(.’II)|,1/2+5 S CAt(‘.’L'l + 1)
We then have

At
E ( | S(t— S)U(X(Sax))dW(8)|2_1/2+s>
At
= (/0 [(—A)" /St — S)U(X(37$))|%2(H)d3>

At
<E (/O [(=A) 22 S ( — 5)|%(H)|U(X(SaI))|%(H)ds>
and by (22), 24), and Lemma [£2]

At
E (/0 S(t—s)a(X(s,:z:))dW(s)|2_1/2+E> < eAt(jz] +1).

Similarly,

E (|\/A_tSAta(ac)X1|2) < cAt(lz| + 1).
Gathering these estimates and using Cauchy-Schwarz inequality, we obtain
(3.8) |u(T, z) — E(u(T — At, X1))| < (T — At) V2 At/278 < At/
where, as mentionned above, the constant is allowed to depend on T, x, , f, o ...
Step 4. Estimate of ax, k > 1.

We split ay, as follows:
ap = a,lC + ai
with
tet1 B
al = E/ ((A — Ap) Xy, Du(T —t, X(t))) dt,

t

tet1
a2 = E/ (A(X(t) — X4), Du(T —t, X(t))) dt.
ty
Note that Aa;—A = AtSa;A%. By Lemma@d below, we know that Du(T —t, X (t))
is in D((—A)") for v < 1/2 and it is easy to see that X} belongs to D((—A)?) for
§ < 1/4. Tt is impossible to compensate the presence of A2 by such arguments. The
idea is to recall (ZI1)) and to observe that the irregularity of X}, is contained in the
stochastic integral. Thus, we further decompose a}, into three terms according to
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(ZI1). The first two terms are easy to treat. The third one involves the stochastic
integral and is estimated thanks to Malliavin calculus. We set

tht1 B
abt = —AtE/ (SAtAQSZt:c,Du(T —t,X(t))) dt,

ty

1,2 et - —0 v
ay? = —AtE/t SatA?AY "SR F(Xe), Du(T —t, X (1)) | dt,
k

£=0

(7] ~
a;C = —AtE/t (SAtAQ\/ Z SAt o(Xe)xer1, Du(T — t,X(t))) dt,
k

so that

akzak +a k —|—ak .
By 212)), 212) and Lemmal[£4] we have for k =1,...,N —2 and € > 0,
(3.9

tht1
| < cAtE / [Sae (= A2

ty

X (= AV 28Kl e | (= A) 27 Du(T — £, X (1)) |l dt

tet1
< CAf1/2_28t];1+6 / (T _ t)_(1/2_€)dt.
tr
The estimate of a,lc’2 is similar. We have by [2.3]) and 2.12]),
k—1
| ) EZS X0 S LAty (=) TESK py (Xl 1)
=0
< cAtZt_HE | X +1).
Since
k—1
ALY e <em'Te,
£=0

thanks to Lemma [£.4] and Lemma [£.1] we deduce

‘ 12 tr41
a,”| < cAt
tr

tr
< cAt1/2_2E/ M(T — 1)~ (/2 9qt.
tr

SAt(_A)l/Q-i-Qs (T—t)_1/2+€dt

L(H)

(3.10)

To treat a,lc’?’, we first rewrite it in terms of a stochastic integral:

tkt1 123 ~
ar® = AﬂE/ ( i SarA%SE o (X, )dW (s), Du(T — tX(t))) dt

tr
where ¢, = [s/At] is the integer part of s/At. By the chain rule, Lemma 3] and
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(B2), we know that X (¢) has a Malliavin derivative. We have for s € [0,1], h € H,
t e [tk,tk+1),

t
D'X(t) = DI' X, + / Apne DI Xy + Sarf'(Xg) - DY Xgds

123

+ /t Sat (O'/(Xk) D’;Xk) dW(s)

ty

For 8 < 1/4, we have, by 212)), 2.2), (24)), and 2.8)),
2
B
¢ 2
—e ([ 1A 80 (%) DX )
123
¢

== (],

< cAtVPTETER (DR XG?)

We then use (B1]) and (23] to bound the other terms above and obtain, thanks to
Poincaré inequality

/ t Sae (o' (Xy) - DEXy,) dW (s)

2

(—A) 1/4 }(—A)BH/‘H SAt}L(H) ’o'/(X]C) . Dst‘E(H) ds)

L2(H)

(3.11) E(|D§X(t)|§) < cE(ID!Xi2), s €[0,tk], tE [ty tasr)-
By Lemma [3] we obtain for 8 < 1/4,
~ 2
E ‘—A5D5Xt‘ <t
(jcarpxof, , ) <

Thus, we may apply Lemma [Z.1] and write
Tt tr - ~
al® = AtE / / Tr {a*(ng)sAtﬁsg;st?u(T —t, X(t))DSX(t)} ds dt.
tr 0

We are now ready to conclude the estimate of ai’3.

thanks to (24), 212), 2I2), Lemma 3] and (22,

1.3 bt b 1/2+2
la,”| < AﬂE/t /0 o™ (Xe) 2 ‘SAtA /2o
k

We choose € > 0 and write,

’(_A)lffie/QSZ;&

L(H) L(H)
« ’(_A)1/2—6/2DQU(T . t7X(t))(_A)1/2—e/2‘E(H)
o« Ty {(_A)fl/Qfs/Q} ‘(_A)EDSX(t)‘L(H) ds dt

Pkt [t —1/2—2¢,—143¢/2 1
< cAt]E/ / At Tty (T —t)71et 5, ds dt.
tr 0

Since fgk t,:iza/2ds < %TE/Q, we deduce

1,3 1/2—2¢ s _ o\ —14e
(3.12) lay”| < cAt (T —1%) dt.

tr
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Gathering (39), BI0), and BI2), for k=1,...,N — 1 we obtain

tht1
(3.13) lak| < eAtY/272E (114 4 1) (/ (T —t)~"*edt + 1> .

tr

We now estimate aj. Let us write

2,1 s X
al = / (t — ty) (AAAth,Du(T—t,X (t))) dt,

ty

a2? = E/tHl(t — t1) (ASnef(Xe), Du(T — 1, X (1))

ty

thtr ot S
0= [ [ (ASno(X0dW(s), DulT — 1. X (1)) i
tr ty

so that, thanks to (32), we have af = a;' + ap”® + a.®. The first term a)' is

similar to a,lC above and is majorized in the same way:
tet1
(3.14) lapt| < A2 (11 1) (/ (T —t)~1*edt + 1) ,
tr

for k = 1,...,N — 1. The second one is not difficult to treat. Using similar
arguments as above, we have

tht1
jap?| < CAtl(—A)1/2+85At|£<H)E(|f(Xk)\)/ (T —t)" /2 )at
(3.15) , b
k41

< cAtl/z_a/ (T — )~ (/279 gt
< .
fork=1,...,N—1. The estimate of ai’3 requires the use of Lemma 2.l It implies
tha1 t ~ ~
a2® = E/ / Tr {a*(Xk)sAtAD%(T —, X(t))DSX(t)} ds dt.
t t

Since, X}, is F;, measurable, we have from (3.2)
(3.16) DX (t) = Sai0(Xi) s € (tistirr], th <5<t <tpyl.
Thanks to (Z4)), 212), (Z2)), and Lemma AH it follows that

tlt1 -
029 — E/ (1 t4)Tr {0 (Xe)Sar ADu(T — 1, X (1))Savor(Xi) } dt

ty
et 24¢/2
SCAﬂE/ |0 (X5) | 2y |Sae(—A) 22 £ oy
ty
< [(—A)2EPDA(T — ¢, X (1) (—A) 22 oy
x Tr((—A)~Y27/2) (= A)*Sacl ooy |o(Xe) | oyt
tht1
< CAt1/273s/2/ (T _ t)71+5dt
t

fork=1,...,N — 1. Finally, we obtain

tht1
(3.17) la?| < A2 (11 4 1) (/ (T —t)~1*edt + 1)

tr
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for k=1,...,N — 1. Together with (3I3) this yields the estimate of ay:

trt1
lag| < A2 (1172 4 1) (/ (T —t)~1*edt + 1) :

ty
It follows easily that

N-1
(3.18) > lak| < eAt/E
=1

Eo

Step 5. Estimate of by.

This term seems easier to treat since we do not have the unbounded operator A.
However, since it involves the nonlinear term, we need to use Itd’s formula B3] to
control f(X(t)) — f(Xy); this introduces many terms. For some of them we again
use Malliavin integration by parts.

First, we get rid of Sa;. Thanks to (2I4), (Z3), Lemma 4] and Lemma [L1]
we have

=k [ (0 Sa0) FOX), DulT — 1, % (2)

th+1 ~
< [ (XD = Sad) e (- )2 EDu(T — 8 X (0) e

122

tre41
< cAt1/2_EIE/ (T —t)~Y/?** =t

ty

for k=0,...,N — 1. We now estimate
b = by — b},
_ /Hl (f(f((t)) _ f(Xk),Du(T—t,X(t))) dt
—E [ SR 0) - X))ol — 6 X (@)t
tk 4eN

where f; = (f,e;) and 9; = (D-,e;). We choose (e;);en as the orthonormal basis of
eigenvectors of A. By (B3), for i € N we have

AR = £00) + [ 3T {(Sa0(X0) (Saro(X0)" D (X (5) } ds

ty

+ /t (AAth: + SAtf(Xk)vai(X(s))) ds

tr

+ [ (DAEE). 000 aw ).

tr

With obvious notations, this defines the decomposition

2 2,1 2,2 2,3 2,4
e R
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To treat the first term, we rewrite it as followdT:

A D2 (CE I}
Tk jeN
(T —t, X (t))ds dt
_ %]E /t o /t T {(Saro(Xp)) (Saro(Xp))" Als, £)} ds dt
where A(s,t) € L(H) is defined by

(A(s, t)h, k) = > D*f;(X(s)).(h, k)Osu(T — t, X (1))

€N
- <D2f(X’(s)).(h, k), Du(T — t, X(t))), hk e H.

Obviously,

A1) oy < | DX (s)) Du(T —t, X (1))

£2(H xH,H) ‘

where £2(H x H, H) denotes the space of bilinear operators from H x H to H. By
23) and Lemma 44 we deduce

|A(s, )| oy < €
Then, thanks to (24), (Z12)), and (Z2]), we write

ITr {(Sato(Xk))(Saro(Xk))"Als, 1)}
<Tr ((_A)_l/z_a) (A2 |0 (X0 2y A ) 2y
< eATYEE(1 4 | Xg))2

By Lemma 1] we deduce
(3.19) byt < At 2E

The second term bi’z involves the same difficulty as a}C above. We rewrite it using

(2I1). This gives

bt k—1 ]
b2 2 _ / /tk Z (AAtSth + AntAt Z SZ;Z (Xo), DfZ(X(s))>

1€EN £=0
Oyu(T —t, X (t))dsdt

v [ 5 (4 [ s ot aw ). DA )

1€EN
(T — t, X (t))dsdt

1Recall that we, in fact, work with Galerkin approximations so that all sums below are finite
sums.
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where, as above, £, = [7/At]. The first term is bounded as follows, using Lemma

B4 23), @I2), and R.I2):

tht1 gt k—1 }
IE/ / > (AmsgtHAmAtZSggf (Xg),Dfi(X(s))>

i€N =0
(T — t, X (t))dsdt

tet1 k—1
_]E/ /( (AAtSAtJH—AAtAtZSZ/f X@)>

£=0

trei1 t
< [ [ 1A Saden (-A)*5kia
tr T

k—1

3N 28K X0 s

£=0

Du(T —t, X(t))) dsdt

< ATt 4+ 1),

The second term of bi’Q requires an integration by parts; thus we obtain
tht1 bt ~ ~

]E/ / > (AM Skt (X, )dW (1), Dfi(X (s ))) oiu(T —t, X (t))dsdt
tr tr

1€N
(AAt/ SAt Xg em,ej

S
dBn(7)0; fi(X (5))0iul(T — t, X (t))dsdt

k 4,5,meN
(AstSE 0 (X0 Jenes) (03X (D (9.0

tht1 tr
=[]z
tr tr

x Ou(T — t, X (1)) + 0, £3(X ()i nu(T — t, X (£)) (D;"X(t), en) ]dfdsdt

_E /tt+ /t / > D?A(X() (AarSKs 70 (Xe Jem, DY K (s))

i,meN

z]mneN

w Opu(T — t, X (1)) + (Bi(s,t)AAtSZ;eTU(XgT)em, D;nf((t)) drdsdt
fets * o k—¢
-x [ [ / (D X(9)) DX (5) AmeSh o (X0}
tr
x Opu(T — 1, X(t)) +Tr { (DTX(t)) " By(s, t)AAtSZ;%(XZT)} drdsdt
where, for i € N, B;(s,t) is defined by

(Bi(s,t)g.h) = (Dfi(X()),9) Y (T — t, X(t))(h,€n), g.h € H.
neN
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The first term above is estimated as bi’l. For the second term, we write
> (Bi(s,t)g,h) = D*u(T — t, X (t)) - (Df(X(s)) - g, )
ieN
= (D*u(T — t,X(t))h, Df(X(s))-9), g.h€H.
Therefore,

Z Bi(S, t)

ieN = ‘Df(X(S))‘L(H) ‘DQU(T —t X(t))‘

L(H)

L(H)

We deduce by Lemma 3 B11), (Z3), @12), 2), I2), (Z2), Lemma [Tl and

similar arguments as above that

/ml /t 5 ( A /otk Sk b o (Xp,)dW (1), D fi(f((s))> u(T — t, X (t))dsdt

k ieN
< cAt?/?E,
Therefore,
by < eA3/2E,
It is also easy to see that

o /tm/ >~ (Saef (X0), DI(X(s))) Ol — t, X (1)) dsdt

ZEN

:E/tk+1 tDu(T—t,f((t))- (Df(X(S))SAtf(Xk)> dsdt

tr
< cA.

It remains to estimate bi’4. We again integrate by parts the stochastic integral and
obtain by Lemma 2] that

b4 K /tw / Z Df(X (Xk)dW(s)) Auu(T — t, X (t))dt
tk jeN
_E/:Hl/t T DSX(t))*D2u(T—t,f((t))Df(f((s))a(Xk)}dsdt

:E/ +/ Tr{o-*(Xk)SAtDQU(T—t,X(t))Df(X(s))a(Xk)}dgdt
< CAtZ]’:/Qfs’

thanks to (B16), (22), and 2I12).

We conclude this step by gathering the previous estimates. This enables us to
write
N-1
|br| < AN
k=1
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Step 6. Estimate of cg.

Using the symmetry of Du, we introduce the decomposition of ¢y:

I /tk“ Tr { [U(X(t))g*(fc(t))

2 te
— (Sao (X)) (SAta(Xk))*} D*u(T —t, X(t))} dt

- %IE /tt+ Tr {(1 — Sa)o(X (1)) ((1 - SAt)U(X(t)))* D*u(T —t, X(t))} dt
+E /ttk“ Tr {SAta(X(t)) ((I - SAt)a(X(t))) " D2u(T —t, X(t))} dt

+ %E /tt+ Tr {sAt (a( (t)) — U(Xk)) (sAta(X( ))) D*u(T — t,X’(t))} dt
+ %E /tt+ Tr {SAta(Xk) (SMU( — o (X) ) —t, X(t))} dt

1 2 3 4
=c,+tc, ¢t

The first two terms are easy to treat, we use similar arguments as in the previous
steps and, thanks to (27)), Lemma 5] Lemma 1] and 2I4) we write

e < CE/t o Tr {(_A)—1/2+e(1 — Sa)a(X(#)o* (X (8))(I — SAt)(—A)—1/2+5}
(T —t)~ " 2at

tht1
< CE/ Tr {(—A)*1/2+6(I = Sa)I — SAt)(_A)*l/QJrE} (T — )42
ty
tht1

< cAt1/2_3€/ (T —t)~1*=dt.

ty

The second term is similar; we have

tht1
ci < IE/
tk
1

7
< cAtl/Z—?’E/ (T —t)~‘*+edt.

22

(_A)—1/2+€(I _ SAt)

L(H)

Te{ (~A) 2} (- ) 2D (T — 1 X)) e

L(H)

The estimate of the next term is much more complicated. It is based on similar
arguments as before, but the computations are much longer.
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We use (B3) and obtain for h,k € H:

((J(X(t)) - J(Xk)> h, k)
; /t Tr {<5At0(Xk)) (Saco(Xk))" D? (a(-)h, k) (5((8))} dt

tr

+1/t (AAth+SAtf(Xk)7D(o'(-)h’]€) (X(s))) dt

= (Ah, k) + (Bh, k) + (Ch, k).

Thus we may write

lg / R [SaiA (Smo(X (1)) DPu(T — 1, X (1)} di

tr

E /t ” TS0, (S0 (X(1)) DT — 1, X(1)) ) at

2

1

2

1 th+1 -

SE /t k T {50, (Saeo(X (1))

31 3,2 3,3
=c —|—ck +ck .

¢ =

_|_

+ " D?u(T - t,f((t))} dt

Note that

(Ah, k) = % / t o" (X (5))-(Sacor(Xp)es, S’AtU(Xk)eg)) h, k) ds.

bt geN
By 23), for u,v € H, we get

((o"(X())-(,0)) k) < Lolul1yalol /s |l k] < clul o] B [k].

Thanks to (22)), 2I2), we deduce

(Ah, k) < eAtY275(1 + | Xk |)?| ) ||

and
|A| £y < A5 (1 4+ | X ])2

Then, by Lemma 1] Lemma 5 (212), and again by ([2:2)) we have

tet1
At < cAtl/Z‘f‘E/ (T —t)~ Y/ =q.

tr

107
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The term ci’Q involves the same difficulty as ax and bi’2. We use [2I1)) to replace
X by a sum of three terms:

k—1

1 t
(Bh, k) = 5 / (AAtSZta: +AtAN Y SKIF(X0)
te £=0

tr B
# [ A a0 AW (), D o) ((5) ) s
0
1 t ~ k—1
=3 / <[U’(X(s)) (AneSKx + AtAn Y SA F(X0)
tk £=0
23
+ / AAtSZtKTU(XgT)dW(T))] h, k:) ds
0
= (Bih, k) + (Bah, k) + (Bsh, k).
Then, thanks to (24), (Z12)), and (ZI2]), we write

(Bih, k) = %/t: ({0”(5((5)) .AAthtz]h, k> ds

t
SC/
ty

< At |h) [K].

o'(X(5)) - AneSKea|, . Ihl klds

Similarly,
(Boh, k) < cAt' ¢ || |k].
It follows, thanks to Lemma [£5] (212) and (22, that
1

JE /t ” e {Sai(B1 + B2) (Smo (X (1)) D?u(T — 1. X (1)} di

trkt1
< cAPTETE ) / (T —t)~Y/**=qt.
ty
The estimate of the part of 02’2 involving Bs is very technical. As before, we

get rid of the stochastic integral, thanks to an integration by parts. This results
in a supplementary trace term. In order to work with the double trace, we write
everything in terms of the components of the operators and vectors. Given an
operator G on H, we set G/ = (Ge;,e;). We thus write

E / iy [SaeBy (Smo(X(1)) D2u(T — 1, % (1))} at

ty

tk+1 L. . - - m,i
E / 3 By o™X (1)) (SMD%(T—t,X(t))SM) dt
tr

i,5,meN

tet1 t pti L ot
- Y E / / 0,0 (X() (AaeSK (X0, Jen e, ) dB(7)
tr tr JO

i,3,m,n,reN

o™ (X (t)) (SAtDQU(T 4, X’(t))sm)m’i ds dt.
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It is important to recall here that, in fact, we work with finite dimensional approx-

imations of the solutions so that all the above sums are finite. We now use the
Malliavin integration by parts and obtain

JE/W v {SaiBs (S (Xt )))*D2 (T -1, X(t) }dt
= ¥ / tm/ / tharpa IX()(DrX(s), e )(AniSE o (X Jens e0)

4,j,m,n,r€N
oI (X)) (SaeD?u(T — 1, X(0)5a) "
+ 30,0 (X(5)) (AneSK 0 (X, Jens er) Bpo™ (X (1) (D2 X (1), )
peEN

+ 0,0 (X(5)) (AaeSh "o (X Jens e ) o™ (X (1)

=]+ II+1II.
We then write

R

i,7,m,neN
(DX (5), i, o (Xe, Jen ) o™
(SacDu(T -1, X (¢ ))Sm)m dr ds dt
treya B
- ZE/ / / D*u(T — 1, X(1)) - (61(5.7, K)e;. Saeo (X(D))e; ) dr ds i
jeN
tht1 ty -
_]E/ / / Tr (1) Sac D2u(T — t, X ()61 (5,7, k)}dT ds dt
tr Tk
where we have set
Or(s.m k)1 = Y Sar (D*0(X(5)) - (DEX(s), AaiShy " o(XeJen ) ) s ha € H.
neN

Let us define X5 1, », by
(Sonnatt:v) = (Sae (D20 (X()) - (u,0) b, ha ), wyv € H,
Then by (2.3),

126,k ,ho |2y < c|hal |Ral.

We deduce by [24), (22), 212), 212), B.II), and Lemma L3 that

(&1 (5, 7. k)hr, ha) = T {0 (X, )SK; " Ao na Do X () }

<10 (Xe ) e Tr(=A) 27| (=A) 2SR Anel o) (S a2 | D= X (9) o)
< AP g (14 | X)),
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and by Lemma 1] Lemma 5] and ([2.2]), that

tr41
I < CAt1/2725t];1+5/ (T_t)fl/Zfsdt.

23

Similarly, we may write

e [ [ s (s s )

neN

[(Do(f((t)) : (Dgx(t)))] " SacD?u(T —t, X(t))sAt}dT ds dt

tet1 t plg
< cAt—%E/ / / |62(7, 5,6 )| oy (T — )~/ Fdr ds dt
Tk tr 4O
with

ba(r5, k) = Y [(Do(X(9) - (Aaishio(Xe)en )]

nel
[(po(x) - (D2x®))] .
We use similar arguments to estimate its norm. For u,v € H, we write
(da(7, 5, 8, k), )
=3 ([(po(x@)- (D;LX(t)))Tu, [(Da(X(s))- (Amsgg%(x,g,)en))r )

neN

— T {a*(XgT)SZf’AAtaibu}

with
avh = [SM (DU(X(S)).h ] v,
buh = [Sm (Do(f((t)) : (Dﬁf((t))ﬂ u.
Since
lav ooy < clvl,  |bulzmy < clul,
we deduce
|6o(7, 5,8, k)| £y < cTr{SK; " Aar} < At V2724 1
and
trt1
II< cAtl/Q*“E/ (T — t)~Y2=q.
ty
Finally,

1 tet1 t pti _
IIT = - / / / > Tr{ynSaco(X (1)) }dr ds dt
2 tk tr JO

neN
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where, for u,v € H,

Z(’Vnuv v)

neN

= 3" D¥u(T - 1, X (1)) (DzX(s), u, St (DU(X(S)) : (AA,:SZZZTU(X@T)%)) 11)
neN

= Tr {k(u,v)(=A)V2~5(=A) % D2 K (s) },

and for hq, ho € H,
(k(u,v)h1, hy) = D3u(T — t, X (t))
(=25 hy S (Do(X(9))) - (AarShy 7o (Xe, )2 ) ) v)
By Lemma [£.6] we have
|k (u,0)| 2y < o(T — )2 L3 ALl o).
Therefore, by (22), BII), and Lemma A3
D () <o — 1) P AT ] o]

neN
It follows that
[VYnl oy < (T — t)fl/%st;ﬂfﬁfsg
and by (22) and 212,
tkt1
II1 < cAt1/2_4€/ (T —t)~Y/**eqt.
ty

We can now conclude that
trt1
|22 < cAt/ 24 (1 4 1)(/ (T —t)~ Y/ ede +1).
tg
Finally, it is easy to check that
IClemy < cAH(1+ | Xkl)
and .
k+1
| < cAtHf/ (T —t)~ Y/ eqt.

ty

We deduce
tht1
AR e (S 1)/ (T —t)~Y27= 1 1)dt,
ty
and, since ¢} is majorized in exactly the same way,

trt1
lcx] < eAt/2E (1 4o / (T — )~ + 1)dt.
ty

It follows that
N-1
Z x| < cAtH /274,
k=1
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Step 7. Conclusion.

It is now easy to gather all previous estimates in ([B.7) and deduce
(T, 2) = E (p(Xn)) | < cAL/27%,

Recall that all of the above computations have been done on the Galerkin approxi-
mations of X and X. The constant ¢ above does not depend on m so that we can
easily let m—o0 in this estimate and obtain the result.

4. AUXILIARY LEMMAS

In this section, we state and prove technical lemmas used in the preceeding
section. Again, the various estimates used here could be difficult to justify rig-
orously on the infinite dimensional equation and we, in fact, work with Galerkin
approximations. Taking the limit m—oo at the end of the proofs gives the results
rigorously.

The first two lemmas are very classical and we state them without proof.

Lemma 4.1. For any l € N, there exists a constant ¢; such that

E(|Xx|") < P41
pmax E(LXG) < allel +1)

Lemma 4.2. For any l € N, there exists a constant ¢; such that
sup E(|X (1, z)]) < a(lal" +1).

Lemma 4.3. For k=0,...,N, Xihas a Malliavin derivative. Moreover, for any
B € 10,1/4), there exists a constant ¢ such that for k = 1,...,N, s € [0,tx], we
have

7, E(ID"X;.|2) < c|h|*, h € H.

Proof. By (2.I1]) and the chain rule, we obtain the following formula for the Malli-
avin derivative of Xj:

k—1
DXy = Sp;“o(Xo )h+ At Y SKf(X0) - DIX,
{=Cls+1

k—1
+VAL Y SR (0 (Xe) - DEXe)xen
(=t 41

for s € [0,t;] and h € H.
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By 12), 22),23), and 24), we deduce for £ > 0,
k—1

2
S R AT (At§:r<Aﬁwfumwﬂxaamuwm0
(=ls+1

k—1
_ 2
803 (AP0 DI )
{=ls+1
k—1

2
<c(itmr e (s 5 w2 o)
=041
k—1

—1/2—e-2 2
+ LAt Y 1 ﬁ’DgXMcz(H))'
(=l+1

It is now easy to use a discrete Gronwall lemma to prove

max tL, o E(IDLX) < ||, O

1=0,+1,..

Lemma 4.4. Let p € C,}(H, R). For any B < 1/2, there exists a constant cg such
that fort >0, x € H,
|Du(t,z)|s < est™" |l oll1,
where u is defined in (3.4).
Proof. Differentiating (84, we obtain for h € H,
Du(t,z)-h=E (Dap(X(t, x)) - nh’w(t))
where ™% (t) is the solution of

dn"* = (A" + f1(X(t,2)) - ") dt + o' (X (8, ) - ™ dW,

" *(0) = h.

We rewrite this equation in the integral form
t
(t)h + / S(t—s)f'(X(s,z)) - n"%(s)ds
0

+/ S(t—s)o'(X(s,x)) -5 (s)dW (s), t > 0.
0

By Z4), 22), and 2I2), we have, for y,k € H and a > 1/2:
'(y) - _A)-e/2 _Aye/2 —a)2
S0 () - kl g,y < Lo |(—4) (A0 IR < et k]

Using (23)) and then Cauchy-Schwarz inequality, we obtain

E (W””(t)lz) <ct |5+ LIE ((/Ot 77"7””(s)lds>2>

t
-HE/ (t—s)~¢ ‘nh’”(s)lzds
0

t t
<c t*w\hﬁﬁ + c/ E(|n™*(s)|?)ds —HE/ (t—s)™® |nh’x(s)
0 0

L2(H)
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It is classical that this implies

z 2
(4.1) sup tQﬁE<|nh’ ®)| ) < |h2,
t€[0,T)

‘We deduce
|Du(t,z) - h| < cllgllit"|h]p.

Taking the supremum over h yields the result. ([

Lemma 4.5. Let p € C}(H,R). For any 8,7 < 1/2, there exists a constant cg -
such that fort >0, x € H,

|(=A)° D?ult, 2)(=A) ey < eaat™ T g]l2,

where u is defined in (BA).

Proof. We use the same notation as in the proof of Lemma [£4 We differentiate a
second time (B4]) and obtain for h, k € H,

D*u(t,x) - (h,k) = E (D*p(X(t,2)) - (" (8),7"*(t))

4.
2 +Dp(X (t,x)) - MM (1))

where ("% (t) is the solution of

dchhe = (AGhb 4 (X (8 2)) - (= (6), 0 (1) + f(X (8, ) - (1)) dt
+ (0" (X (t,2)) - (0 (1), 0" (1) + o (X (8, 2)) - (B (H)) AW,
¢hkr(0) = 0.

We rewrite this equation in the integral form

Ch’k’m(t) _ / S(t—s) (f”(X(S,CE)) . (Uh’x(s),ﬂk’w(s)) + f/(X(s,x)) . gh,k,z(s)) ds

/ S(t— 5) (" (X (5,2)) - (" (5), 7" (s))
o (X (5,2)) - <’””< )) AW (s), t > 0.

Using a similar argument as above and (2.1]), we prove

2

h,k,x 2 c K h,x s k,x s h,k,x s S
" E (j¢"5#(5)]?) < E(/ I (5)] [ (3)] + I¢ <>|d)

1
B [ 0= (Rl R 1o+ R ds. 2 0.
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Proceeding as in Lemma (4] thanks to Burkholder inequality and then to
Minkowsky inequality, we have

E(Jn"(0)]") < et Phlt 5 + cE ((/0 In“<s)|ds>4>
+E ((/Ot(t —5)~ e (s)[ ds)2>

<cr vty e | B ds)4

o ( / (= 5 B () ) 2 ds)2

Taking the square root of this inequality and using a generalized Gronwall lemma,
we deduce

(4.4) sup t*E (’nh””(t)rl) < c|hl* 4.
t€[0,T)

Similarly, we have

t 4
(" (D)%, 4) < ct' P |h|L, + cE (/O |nh’“’(s)|ds>

rea( [ (t-oowteoras)

<t B ht, 4 e </0t]E (= (s)14) "/ ds>4
e (= 8B (o ()12 ds)2

2

Therefore, by ([@4),
(4.5) E(jn"()|*,,,) < ct' |t
Plugging these inequalities and similar ones for n*® into ([3)) yields

Y
sup E (|Ch7 (®)] ) < clh?glh).,.
t€[0,T]

The result follows easily using (@) and this inequality in ([@2]). O

The following lemma is proved thanks to similar arguments.

Lemma 4.6. Let ¢ € C3(H). For any B < 1/2, there exists a constant cg such
that fort >0, x € H, hy € D((—A)®), ho € H, h3 € H,

Du(t, ) - ((=A) h1, ha, hs) < eat™|lpllslha [h2] hs),
where u is defined in (3.4).
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