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UNIFORM-IN-TIME SUPERCONVERGENCE
OF HDG METHODS FOR THE HEAT EQUATION

BRANDON CHABAUD AND BERNARDO COCKBURN

ABSTRACT. We prove that the superconvergence properties of the hybridiz-
able discontinuous Galerkin method for second-order elliptic problems do hold
uniformly in time for the semidiscretization by the same method of the heat
equation provided the solution is smooth enough. Thus, if the approxima-
tions are piecewise polynomials of degree k, the approximation to the gra-
dient converges with the rate h**+1 for k > 0 and the L2-projection of the
error into a space of lower polynomial degree superconverges with the rate
1og(T/h2) h¥+2 for k > 1 uniformly in time. As a consequence, an element-
by-element postprocessing converges with the rate \/log(T/h2) hF+2 for k > 1
also uniformly in time. Similar results are proven for the Raviart-Thomas and
the Brezzi-Douglas-Marini mixed methods.

1. INTRODUCTION

In this paper, we obtain uniform-in-time superconvergence error estimates for
the semidiscretization by hybridizable discontinuous Galerkin (HDG) methods of
the model parabolic equation

(1.1a) u—Au=f in QxR
(1.1b) u=g on 00 x Rt
(1.1c) u(t=0)=wup on £,

where 2 is a polyhedral domain of R™.

Let us describe our results. The particular HDG method we consider is the so-
called local discontinuous Galerkin-hybridizable (LDG-H) method; see [6]. When
applied to the Poisson equation, this method uses polynomials of degree k > 0 to
approximate u and each component of the flux ¢ = —Vu. The first analysis of
a LDG-H method was obtained in [5]. Soon after, the analysis of a wide class of
discontinuous Galerkin methods including the LDG-H methods was obtained in [g].
Recently, a new analysis of the LDG-H methods was proposed [7] which is based
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on the use of suitably chosen projections. In all of the above-mentioned papers,
it was shown that the LDG-H methods have convergence properties shared with
the Raviart-Thomas (RT) [I7] and the Brezzi-Douglas-Marini (BDM) [2] methods.
Indeed, it was shown that the approximation to q converges with order k + 1 for
k > 0 and that the L?-projection of the error in v into a space of lower polynomial
degree superconverges with order k+2 for k > 1. As a consequence, an element-by-
element postprocessing could be computed which converged to u with order k42 for
k > 1. In this paper, we show that these results also hold in our setting uniformly
in time provided the exact solution is smooth enough; though the estimate of the
error of the postprocessed approximation has the additional factor /log(7T/h?).

Let us place our results in historical context. In 1981, [16], the first error esti-
mates for the semidiscrete RT method of arbitrary degree on polygonal domains
and for the semidiscrete RT method of degree k = 1 for smooth domains in R?
were obtained. In 1987, [I§], the semidiscrete RT methods of arbitrary degree were
studied in R? and optimal error estimates in negative-order norms were obtained
by using the so-called quasiprojection method introduced in [9]. Superconvergent
approximations were then obtained (for translation invariant meshes and periodic
boundary conditions) by convolution as suggested in [I]. These were the first su-
perconvergence estimates for semidiscrete mixed methods. In 1989, [22], super-
convergence was obtained for the gradient of the approximation provided by the
continuous Galerkin method with piecewise-linear approximations; nonsmooth ini-
tial conditions uy were considered. In 1993, [13], superconvergence of the flux g
along the Gaussian lines for rectangular RT methods was proven for smooth solu-
tions. In 1998, [], the results of the pioneering work done in [I6] for the RT method
of degree k =1 for the homogeneous equation with nonsmooth initial data uy and
smooth domains in R? were extended to the case of RT methods of arbitrary de-
gree k. The extension of the results in [I3] to this setting was achieved at the same
time. In 2009, [23], superconvergence of the so-called semidiscrete H'-Galerkin
mixed method was obtained for rectangular elements.

There are some similarities between our aim and approach and those in [I3]
[M]. Indeed, in [I3] @], the superconvergence results for mixed methods for second-
order elliptic problems obtained in [I0, [T [[4] were extended to the semidiscrete
mixed methods. In a similar manner, here we extend to our parabolic setting the
superconvergence results for the discretization by HDG methods of second-order
elliptic problems [5l [8 [7].

In [13] 4], estimates of a suitably defined projection of the errors are obtained by
using energy techniques and, in [4], also by parabolic duality arguments. Similarly,
we consider the projection introduced in [7] and proceed to estimate the projec-
tion of the errors. Moreover, we also use energy techniques and parabolic duality
arguments. The energy techniques are very well known and can be found in the
monograph [2I]. The parabolic duality technique was also used in 1991, [12], in the
framework of adaptive methods. Here, we use a variation of the duality arguments
used in [I2] and [4]. Tt is based on an estimate of the L'(0,T; L*(Q))-norm of the
solution of the dual problem and incorporates the fact that the projection of the
error we are trying to estimate lies in a finite dimensional space.

Finally, note that, since the results we obtain here for the HDG methods easily
carry over to mixed methods, our approach provides a new way to obtain super-
convergence results for those methods in the case of smooth solutions. To the
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knowledge of the authors, the closest results in the available literature are those
obtained in [4]. However, note that here we are considering polyhedral domains in
any space dimension and inhomogeneous equations, whereas in [4] the domains are
planar and smooth, and the equations are homogeneous.

The paper is organized as follows. In section 2] we state and discuss our main
results for the HDG method under consideration. Their detailed proof is displayed
in sections B} @ and also in the Appendix, where some auxiliary results are obtained.
We end in section [l by discussing extensions of our results to the RT and BDM
mixed methods.

2. MAIN RESULTS

2.1. The HDG method. To describe the HDG method under consideration, we
begin by discretizing the domain 2 by a triangulation J;, made of simplexes. For
simplicity, we take the triangulation to be conforming. We denote by &£, the union
of faces I of the simplexes K of the triangulation T,.

For each time ¢ on the interval [0, T], the method yields a scalar approximation
up(t) to u(t), a vector approximation g, (t) to gq(t), and a scalar approximation
Up(t) to the trace of u(t) on element boundaries, in spaces of the form

(2.1a) Wy ={we L*(Q) :wlx e W(K) VK eT},
(2.1b) Vi, ={ve[l2(Q)]": vk € V(K) VKT,
(2.1c) My, ={p € L*&,) : pulr€ M(F) YF €&},

respectively, where
W(K)=P(K), V(K)=Pr(K), and M(F)=Pk(F).

Here Py (K) := [Pr(K)]™ and P (K) is the space of polynomials of total degree at
most k.

The HDG method provides approximations up, in Wy, q;, in V', and the numer-
ical trace uy, in Mjy, which are determined by requiring that

(2.2a) (an,7)7, — (Un, V-1)3, + (U, 7 - 1)o7, =0,

(2'2b) (atuh’ w)ﬂ'h - (th \Y% w)ﬂ'h + <ah 'n, w>67h = (fv w)‘Th’
(2.2¢) (Un, oo = (g, 1)oq,
(2.2d) (@, - m, oz, \a0 =0,

(2.2¢) up|t=0 = Iy uo,

hold for all reVy,, w € W}, and p € My, with a numerical trace for the flux defined
by

(2.2f) G, = q;, + 7 (up —up)m, on 0Ty,

for some nonnegative stabilization function 7 defined on 97}, which we assume to
be piecewise constant on 97}. As explained in [6], these methods are called the
LDG-hybridizable (LDG-H) methods because the above numerical trace is that of
the LDG method applied separately on each mesh element. The projection operator
I1,, is the one introduced in [7]; it will be defined later.
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Above and throughout, we use the notation

(v, W)y, = Z (v,w) K and (v, Wy, = Z (v, W)oK,

KeTp KeTy

where we write (u,v)p = [, uv dz whenever D is a domain of R”, and (u,v)p =
Jpuwv dx whenever D is a domain of R"~!. For vector functions v and w, the
notations are similarly defined with the integrand being the dot product v - w.
This completes the definition of the method.

The postprocessing. Finally, as done in [5, [8 [7], we describe the postprocessing
to compute the new approximation u}; we follow [I5] 19 20]. Let W1 (K) denote
the L?(K)-orthogonal complement of Py_1(K) in Py11(K). Then on the simplex
K € T, we take uj, as the element of Py (K) defined as the only solution of

(2.3a) (up, w)g = (up, w) K for all w € Pp_1(K),
(2.3b) (Vuy, Vw)k =—(q),, Vw)k for all w € Wy41(K).

2.2. Estimates of the projection of the errors. Here we state and discuss our
main result, namely, upper bounds for each component of the projection 11, of the
errors:

(€h75h) Iy (q — g, u — up).

The projection IT;, was introduced in [7] for the study of HDG methods for elliptic
problems. Let us describe it.

The projection. The projection II;, into V' x W), was introduced in [7]; it is
defined as follows. Given (q,u) € H*(T},) x H*(T3,), where

I[ #'@x),  H'(TW)=H"(Tn)",
KeTy,

the function IT,(q,u) = (IT,q, I, u) on an arbitrary simplex K € T}, is the element
of V', x Wj, which solves

(2.4a) (ITyq,v)x = (q,v)K for all v € Py (K),
(2.4b) (ITyu,w)g = (u,w) g for all w € Pp_1(K),
(2.4c) (ITyq-n+tHyu,puyr ={(q-n+7Tu, 1) F for all u € Py (F),

for all faces F' of the simplex K.
Note that IT,(qy,,un) = (g, un) and so (e,/,e}t) := (Il q — qy,, ILyu — up).

Norms. We use || - || p to denote the L?(D)-norm for any D. If D = Q, we simply

write || - ||. We denote the norm and seminorm on any Sobolev space X by || - || x
and | - |x, respectively. We also denote || - || x(o,7:v () by || - [[x(v), and set
Il (g, u) 222) + lluellLr (2,

I (g, u)

O + llgellzr 2y + luellz2(z2)-
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Elliptic regularity. For some of the estimates, we are going to assume that the
domain € is such that for any function ¥ € H}(Q) we have the elliptic regularity
inequality

(2.5) ¥ r2(0) < Creg [|1A¥]].

It is well known that this holds whenever € is a convex polyhedral domain.

When we use this assumption, we are also going to use some quantities we define
next. For each simplex K € T, px denotes the radius of the largest ball included
in the simplex K. We set p := mingeg, px. We also set £ > 1 to be the solution
of

(2.6) klogr =T/p?.

In some of our estimates, the factor /logx appears. Note, however, that this
factor is not big. For example, if T/p* ~ 10'°°) we have that \/logx ~ 15. For
quasiuniform triangulations, p ~ h and so, when T ~ 1, this means that h ~ 107°°,
which would correspond to an extremely refined triangulation of €.

Finally, we introduce an auxiliary projection. We denote by P, the L2-projection
into the space W}, ¢ defined as

Whe = {w e L*(Q): wlxg € Po(K) VK €Ty}

We are now ready to state our main result.
Theorem 2.1. For any T > 0 and any k > 0, we have

ekl 2y < Cll(g,w) — (g, u) Iy 1o
e Lo (z2) < Cll (g, w) — (g, w) o 70
Moreover, if the elliptic reqularity inequality [ZH) holds and k > 1, we have

1Pi—1€hllzoe 2y < O Cregv/log ki R (g u) = 1n(gq; ) ||z 1.0

Here C is a constant independent of the exact solution and of the discretization
parameters.

This result, which is proven in section 3] extends to our parabolic setting, similar
results for HDG methods for second-order elliptic problems [7]. Note the appear-
ance of the factor /log k as a consequence of the parabolic duality argument we use
in our approach. Note also that the convergence properties of the postprocessing
uj, are determined by those of P,_jup and gy, as can be seen from the equations
[23) defining it. This fact is going to be fully exploited in the next corollary. For
the sake of completeness, we provide another L>°(L?) estimate of €% in section 4.
It is of the same form of that of P,_ie} in our main result, but its constant C' is
more sensitive to variations of the stabilization function 7; see Theorem 4.1.

An immediate consequence of this result is the following.

Corollary 2.1. For any T > 0 and any k > 0, we have

lw — unllLoe(r2) < [Thyw — vl 2y + Cll (g, u) = In(q,w) Iy 1.0

lg — qnllz~(z>) < llg — MvqllL=z2) + Cll (g, w) — ITn(q u) [l 1.0
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Moreover, if the elliptic reqularity inequality [ZH) holds and k > 1, we have
||’LL — UZHLOC(L2) < C hkt2 | u |Loo(0’T;Hk+2(Q))
+ CCreg Vlogrh|l (g u) — ITn(g,u) |

where C' is a constant independent of the exact solution and of the discretization
parameters.

27,0

To obtain actual rates of convergence, we only have to combine this result with
the following approximation result.

Theorem 2.2 ([7]). Suppose k>0, T|sx is nonnegative and T2** := max 7|px >0.

Then the system 24) is uniquely solvable for IT,q and ILyw. Furthermore, there
is a constant C independent of K and T such that

lg+1 *
[IT,q — qllx < ChIng |q|H@q+1(K) + Ch%Jrl TK ‘ulHlqu(K),
g+l
[ hyu = ul| e < Chig ™ |ulrewsr iy +C 7.11517 IV - alpta k)
K

for £y, Lq in [0,k]. Here Tj := max7|g\ g+, where F* is a face of K at which T|ax
18 MATIMuUm.

In particular, we can see that if the stabilization function 7 is uniformly bounded,
the approximation error of the projection is of order k+ 1 in both variables. Hence,
Corollary [Z1] implies that, if the exact solution is smooth enough, the HDG ap-
proximation (g, up) converges with order k + 1 for any & > 0 uniformly in time.
Moreover, if k£ > 1 and the domain € satisfies the elliptic regularity condition (2.35]),
then uj, converges with the rate of v/log s h¥E+2 uniformly in time.

3. PROOFS

In this section, we provide a detailed proof of the uniform-in-time estimates
of the projection of the errors of Theorem BTl We proceed in several steps. In
the first step, we obtain the equations satisfied by the projection of the errors;
the orthogonality properties satisfied by the projection IT, play a crucial role in
rendering this set of equations suitable for the analysis. The following two steps
are devoted to getting the first two estimates by using standard parabolic energy
arguments. In steps 4 and 5, we prove the remaining estimate by using a parabolic
duality argument.

Step 1: The equations of the projection of the errors. The projection of
the errors satisfy the following equations. They are stated in terms of the following
projection of the error at the boundaries of the elements

52 = PM(u - ﬁh) = PMu — ﬁh,

where Py denotes the L?-orthogonal projection onto Mj,.
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Lemma 3.1. We have

(3.1a) (e, m)a, — (4 Vo), + (e, 7 m)oy, = (ITvq — g, 7)o,
(3.1b) (Orer, w)g, — (e,], Vw)g, + <.r-:z ‘n, W, = (Hyur — ug, w)7,
(3.1c) (it o =0,

(3.1d) <€g “n, 1or,\00 = 0,

(3.1e) Ehlt=0 =0,

forallr € Vi, w € Wy, and pn € My, where
(3.11) sz ni=el -n+7(El —el) on Ty,
Proof. Let us begin by noting that the exact solution (g, u) satisfies
(qa T)(J'h - (ua % T)U'h + <ua T n>37h =0,
(uta w)‘Th - (qv Vw)‘T;L + <q 'n, w>37h - (f7 w)‘Th’

for all » € V', and w € W),. By the orthogonality properties (24al) and ([2.41) of
IT, and II,, respectively, and since P,, is the L2-projection into M) and satisfies
the orthogonality property

(3.2) (T(Pyu—u), p)og, =0 forall pe My,
because T is piecewise constant on 97}, this implies that
(yq, )7, — (ILyu,V-7)7, + (Pyu,7 - n)or, = (IIyq — q,7)7,,
(IIyup,w)y, — (I, q, Vw)g,
+({IT,q - n+ 7(Ilyu — Pyu),w)er, = (f+ILyur — ug, w), ,

for all » € V, and w € Wj,. Subtracting the first two equations defining the HDG
method, ([22a) and ([22H), from the above two equations, respectively, we readily

obtain [BIal) and (B.IL]).
The equation ([BId) follows directly from the equation (22d) defining the HDG
method and the boundary condition on the exact solution.

To prove [BId) we proceed as follows. By the definition of €2, (3T,
(el -n)ag, o0 = ((ITyq — q;,) - 1+ T(Ihyu — up — Pyu +Up), (1)o7, \00-

Hence, by the orthogonality property of the projection (IT, I1, ), (24d), and prop-
erty (B2) of the projection Py, we obtain that

(1, EZ : n>6‘.)'h\c’)Q =((g—qp) n+7(u—up—u+up), N>B‘Ih\89
=(q-n, o700 — (Tn - M, 1) oT,\005

and the equation (B.Id) follows since both of the above terms are zero. Indeed, the
first is equal to zero because ¢ is in H(div,) and the second because the normal
component of g, is single valued by the equation ([2.:2d) defining the HDG method.

It remains to prove the equation ([BI€). But by the equation (Z2€) defining the
HDG method, up,|i=o = Iy ug, and so

u
epli=o = Ihyug — upli—o = Iyug — Iyug = 0.

This completes the proof. 1
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Step 2: Estimate of £ in L>°(L?) by an energy argument.

Lemma 3.2. For any T > 0, we have

1 u r u u
Sk + / U + VAL — D)3, ]
T
- / (g — g6, + T — g, &), ).

Proof. Taking r := e in BIa), w = ¢ in BID), p = —sz -n in BId) and
p = —ep in (BId), and adding the resulting four equations, we get

1d

2dt ||€ZH2 + ®h = (qu —-q, 5}?)7;1 + (HWut - ut’€Z)7h’

e 1I* +
where
On =— (¢}, V-&])7, + (eh, &) oz, — ()], Ve,
+ (el - m.eh)om, — (i e - n)om,-
But, by integration by parts,
On = — (e}, & - mhom, + (e, &) - Mo, + (L - nef)om, — (eh el - m)ar,
= (el -n—el el —ei)m, = VT — i) s,

by the definition of sg, (BIH). The identity we want to prove follows after inte-
grating in time over the interval (0,7") and using the fact that €} (0) = 0 by BId).
This completes the proof. [l

Corollary 3.1. For any T > 0, we have
T
ek (D)1 +/O [l 1 + 2 lv7(eh — )3, ]

< (I, q — qllL2(z2) + [[Hhwue — w2 22)]?.

In this manner, the first estimate of Theorem 2] is obtained. To prove this
corollary, we are going to use the following auxiliary result. Its proof is detailed in
the Appendix; see subsection [A.1l

Proposition 3.1. Assume that, for all t > 0, we have
t t
(b +/ Z(s)ds < A(t) —|—/ B(s)((s) ds,
0 0

for some nonnegative functions A, B in L>(RT). Then, for any T > 0,

C(T) + /OT Z(s)ds < ([ max A(t)} v + % /OT B(s) ds>2

0<t<T

Proof of Corollary Bl Applying Cauchy-Schwarz inequality to each term of the
right-hand side of the identity of Lemma [3.2] we get

1 u T u u
5\|€h(T)||2+/0 led I+ V7 (eh = eil3a,]

T
< /0 11Ty q — qll e, | + 1w e — e g1,
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and so

1 1 _
IO+ [ (Gl + vk = D]

T
< wnq—m§@a+4 e — el |2

DN | =

The estimate now readily follows by using Proposition Bl This completes the
proof. O

Step 3: Estimate of €,/ in L>°(L?) by an energy argument.

Lemma 3.3. For any T > 0, we have

1 . T
§[||€f?(T)H2 + VT (el — e (DlI3,] +/0 [[Oeeii?
1 u [
= §[||“5;?(0)||2 + VT (eh — ) (0)]I3s,]
T
+/ (IT,q; — qtv“’:;?)?h + (Ihyuy — ug, Orey) 7, -
0

Proof. To prove this result, we use a slightly different set of equations for the
projection of the errors than the ones displayed in Lemma [l We keep all of those
equations except for ([B.Ial) and (BId), which are replaced by the equations obtained
by differentiating them with respect to time:

(87&5}3’ r)'Th - (8755Za V- T)U'h + <3t8g, - n>3‘3'h = (HVqt — 4y, T)Th’
(8755Za w)‘Th, - (E}:Z’ v w)‘Th, + <€g 'n, w>37h = (HWut — Ut, w)‘Th,a
(e, wyaa = 0,

(ef - n, o, n00 =0,
gz‘t:(] = 07

forall » € Vi, w € Wy, and p € M, where eg ni=gl n+7(el —e) on 9Ty,

To prove the identity, just take 7 :=¢,7, w = 0¥, p = —eff - m, and p = —9ye}
in the above equations, add the resulting four equations, and proceed exactly as in
the proof of Lemma [3.2l This completes the proof. O

Corollary 3.2. For any T > 0, we have
T
e (D5, + V7 (eh — i) (D)3, +/0 18sei]I®
< [I(ITvq — @)O)|| + [ TTva, — q¢ll 2y + [ Thwus — el 22 22)]°

Note that this result implies the second estimate of Theorem 211
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Proof. After applying the Cauchy-Schwarz inequality to terms of the right-hand
side of the identity of Lemma [33] we obtain

1 R T
Sler @I + IVrek = DT + [ loret?
0
< Sl O + IVt — F)0) o,

T
+/0 T q; = q.ll &) | + [Hhvue — udl 19eeg |1,

and so,
1 q 2 u u 2 1 T w2
e MIF + Ve = e)(Dllom,] + 5 ; [0sen |

< Sllef O + Iv7(er = ) O0)3s,]

—_

T
1
+ [ U= a1+ 5 =l

Next, we note that if we differentiate the equation in Lemma and evaluate
the result at ¢ = 0, we obtain that

lex ()1 + V7 (el — €i)(O)37, = ((ITvq — @)(0),;/(0)z,,
since €}/(0) = 0. This implies that

les ()1 + V7 (el — i) (O) 3, < lI(Iva —a)(0)]1%,

and so,

1 u n 1 ’ u
SR OIP + IVt~ DD+ 5 [ o ?
T

[

1 1
< §||(qu - q)(0)|? +/ IT,q, — gl lle; | + §||kut — g 72 g
0

The inequality now follows by using Proposition 3.l This completes the proof. [

Step 4: Preliminaries to L°>°(L?) estimates by parabolic duality. To esti-
mate Pj,_1€ in the L°(L?)-norm by duality, the natural approach is to consider
the identity
le(@) < sup E:E),
oew, O]
and then estimate the expression (£(7'), ©) by using the error equations of Step 1
and the solution of the dual problem

(3.3a) P+VV =0 on Q x (0,7),
(3.3b) W — VP =0 on Q x (0,7),
(3.3c) =0 on 99 x (0,7T),
(3.3d) U(T) =06 on .

Together with the estimates obtained in the previous sections, we will need the
parabolic regularity estimates gathered in the following result. Their proof is given
in the Appendix; see subsection
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Proposition 3.2. We have that
1
19213202 < 5 1617 Ve e 17(0),
1
|A]| 122y < (8/2) 2| VO] + 3 (log(T/6))"2|0] VO e H (),

for all 6 € (0,T).

Unfortunately, we cannot use the second inequality since it assumes that © lies
in H'(©). To overcome this difficulty, we use the fact that € belongs to a finite
dimensional space to obtain the following characterization of its L?-norm.

To state it, we need to introduce some notation. Let Tp, be a triangulation of
Q) obtained by refining each of the simplexes of the triangulation T}, and let W},
be the space of continuous functions which are polynomials of degree k on each
element of T/. Finally let P, be the L2-projection from W), to Wp,.

We are now ready to state the result. Its proof is given in the Appendix; see
subsection

Lemma 3.4. For any triangulation Ty of Q, we can always find a refinement Ty,
for which we have

C
VPR 0] < " 16]] V0 € Wh,
Py 6
llell <2 sup (&:Pwh) Ve € W,
ocw, [0l

Here the constant C depends solely on k and n.

As a consequence, we have the following new set of parabolic regularity estimates.
Recall that, by equation (Z8), xlogx = T/p?.

Corollary 3.3. Let (D,¥) be the solution of the dual problem with © := P60 where
0 € Wy, and Py satisfies Lemma B4 Then

1
[V&]|72(2) < 3 10112,

A1 L2y < C/logk |0

Proof. The first inequality is obtained by setting @ := P, in the first inequality
of Proposition B2 and using the fact that Py is the L?-projection.

The second inequality is obtained as follows. From the second inequality of
Proposition B2l with © := Pp/0 and the first inequality of Lemma 3.4 we have

1 c o1
I82]1312) < C (67262 210] + 5 (/) 10) = (5 + ) Viog ol
if we take 6 := T'/k. This completes the proof. O

We are now ready to obtain our L°°(L?) estimates.

Step 5: Estimate of P,_ic¥ in L>°(L?) by parabolic duality. We begin by
obtaining an expression for (Py_ie}(T),©)s, in terms of the errors €,!, €} and the
solution of the dual problem. In it, I}, is any interpolation operator from L?(£2)
into W, N H}(Q)) and Py, is the L2-projection into Wj,.
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Lemma 3.5. For any T > 0, the quantity (Py_1e}/(T), 0)7, is equal to

T
/ (e, ~II°PM VYV + V1,0)g, + (II,q — q,I°"M V¥ -V P, V),
0
+ (Oeehys Per¥ — 1n¥) 7, + (Lhwur — ue, ¥ — Ppa W), ).
Proof. Since ¥(T) = © by ([83d) and £}(0) = 0 by ([BId), we have

T
(Peorl(T), O)s, = / (O Perel T)3, + (Peosel, U)r,]
0

T
- / (Dhep, Poor), + (e}, PV - ), .
0

by the definition of the L?-projection Pj_; and by the second equation of the dual
problem (B.3H). Now, using a well-known property of the projection TI®*™ we get
that

T
(Pr1ep,(T), 0)7, :/O [(Deeht, Peo1®)7, + (e}, V - TIPPYB) g, ],

and by the first error equation (B1a) with 7 := IT""M,

T
(Prsi(1). €)1, = [ [(@1ef Prt)s, + (& TP D),
0

— (I, q — q,TI°™M®)5, + (e}, TI°"M® - n)yy, |

T
= /0 [(Deelt, Peor¥) s, + (,0, TIPPV D),
_ (qu —q, HBDM@)‘J’,,,],

since (e¥, TI°"M& - n) oy, = (e¥, TI°°M& - n)yq = 0 because II°°M'® € H(div) and
because ) = 0 on S by the error equation (FId).

Let us now work on the second integrand of the right-hand side. By the first
equation of the dual problem (B3al),

(e, II°PM@)y, = ()1, -NI°"M' VU + VL, ¥)g, — (¢,/, VI, ¥)g,
= (g, -MI""M VU + V1,¥)g, — (0}, %),
+ (Ihyu; — ue, 1y %), — (€3 -1, 1,W) 57,
by the second error equation ([BIB]) with w := I,¥. Finally, we get that
(g1, I°"M@)g, = (e, —-II°"M VOV L, W), — (O}, 1n¥) 3, + (I ur—ug, 1 9) 7,

since <sg -, W) a7, = <sg -1, [,¥)sq = 0. Indeed, the normal component of sg
is single valued by the error equation (B.Id) and I,¥ = 0 on 9 by the boundary
condition of the dual problem 33d).

Inserting this expression into the last identity for (Py_1e}(T),©)s, and rear-
ranging terms, we obtain

T
(Po—164(T), O), = / (e, -TI°PM V& + VI, 0)q, — (ITyq — g, TI°"MP)s,
0

+ (8“5%, P ¥ — IhW)‘J'h + (kut — Uy, Ihgl)g“h}.
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Following the same argument used in the proof of Lemma [£1] we get that

_(qu —-q, HBDM@)'M, = (qu —q, n*""vv-v PWW)‘J'h
(kut — Ut, Ihg’)irh = (kut — g, W — Pk—lg/)‘fm

and the result follows. This completes the proof. O

We now use the second inequality of Lemma B.4] with € := Py_1¢}(T) and © :=
Py, 0 for any 0 € W}, to obtain the following estimate.

Corollary 3.4. For any T > 0, we have

[Pe—1en (DI < Hi(O) lley |l (z2) + H2(O) |lg — Ty ql| Lo~ (L2
+ H3(0) ||0re || 22y + Ha(O) M hwur — uellp2(r2),

where

Hu(©) =2 sup 1YY VIl
W, 161l ’

Hy(0) :=2 sup I v - V Pulllie
0EW), 16 ’

||Pk;,1kp — Ihg/”Lz(L?)

H5(O) :=2 sup ,
bW, o1l

H4(©) :=2 sup I = Pr1]z22)
0ew), 1l

Lemma 3.6. For k > 1, we have

(©) < C Creg \/Iog b,
<9> < C Creg Vlogrih,
H3(©) < Ch,
Hy(©) < Ch,
where C' is a constant independent of the exact solution and of the discretization
parameters.

Proof. Using standard approximation properties (see, in particular, the approxi-
mation properties of IT®"™ of [3, Proposition 3.6]), we have that

[TIPPM VO — VI,¥|| <Ch|¥| 20,
|TIPPM V& — V P <C h|¥| g2,
[P = In¥| <Ch |V,
[Tn¥ = P ¥|| <Ch|VE].
The result follows by using the elliptic regularity assumption (23] (on the first two

inequalities) and the parabolic regularity estimates of Corollary B3l This completes
the proof. O

Inserting the bounds of Lemma into the inequality of Corollary B4l we get
the last estimate of Theorem [ZIl This completes the proof of Theorem 211
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Step 6: Estimate of u —u} in L>°(L?). To end this section, and for the sake of
completeness, let us obtain the last estimate of Corollary [Z.11

By the equations defining the postprocessed approximation u}, ([23), we have
that

(u—up,w)g = (Py—16h, W) K for all w € Pp_1(K),
(V(u—up), Vu)g =— (e, Vw)x for all w € Wy 1(K).
Hence, a simple argument gives that
lu —uk |k < CBEF? |ulgrracry + C | Pacachillx + C b el

and the last estimate of Corollary 1] follows.

4. AN ESTIMATE OF &% IN L*(L?)

In this section, for the sake of completeness, we provide an estimate of £}..

4.1. The estimate. Recall that 75 := max7|gx\ -, where F* is a face of K at
which 7|px is maximum, and 7 := max 7|sx; see the approximation result of

Theorem at the end of section

Theorem 4.1. Assume that the elliptic reqularity inequality (23] holds and that
k > 1. Then, for any T > 0, we have

lenllzee(z2) < Chll(q,w) = ITn(q, ) o7 0
Here
C = C (1 —+ Crcg (CT* \/ 10g K+ CTmax h/p)),

where

Cre = Ir(nea%l{l,hK Tt and  Chrmex = Ir(nea%l{l,l/(h[( TR}

Note that, as long as h/p, Cr«, and Crmax remain bounded, the above estimate
of €} is essentially the same as that of P;_qe} given by Theorem 211 For h/p to
remain bounded, we need regular and quasiuniform triangulations 7. For C+ and
Crmax to remain bounded, we need to properly choose 7j; and 72**. Taking 7 to
be order one and 72** of order 1/hx ensures that Cr« and Crmax are uniformly
bounded, and that the order of convergence of the projection I} is optimal; see
Theorem Note, however, that if we take 7** to be of order one, Crmax is not
bounded anymore. In fact, for quasiuniform triangulations, it is of order 1/h and
we lose the superconvergence of the projection of the error €}!. Note that this is not
the case for Pj_e}, which does superconverge with order £ + 2 in this case.

4.2. Proof of the estimate. To prove this result, we proceed as in Step 5 in the
previous section. Thus, we begin with the following identity.

Lemma 4.1. For any T > 0, we have
T
(EHT).0)r, == [ [-e B~ B, + (q - Doq. 1L, V¥ =V Py,
0

+ (35?%, HWQ/ — Lp)‘yh — (kut — U, HWW — Pk_1W)g'h].
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Proof. To obtain this identity, we begin by noting that

Td
(€HT).0), = [ LD,
0
since ¥(T') = © by [B3d) and £}/(0) = 0 by (BI€). Then

T T
(e4(T), ), = / (Ot D)o, + (b ), ] = / (01t D)o, + (<1, - D),

by the second equation of the dual problem (B.3D). If we now integrate by parts
the last term in the right-hand side and use the orthogonality property (2.4al) for
II,,, we get

T
(e (T).0)g, = — / (O} D), + (Ve IL, @), — (e}, 6 n)or,]
0
T
_ / (Ol )y, — (0. V - T, D), + (e, (I, D — B) - 1o, |.
0

By the first error equation of Lemma Bl with r := IT, &,

(r(T),0)7, = — /()T[—(atfﬁ,w)‘rh — (e, Iy ®)7, — (e}, I, D - n)or,
+ (ITvq — q, I, D)5, + (cp,, (I, P — D) - n)or, ]

= /OT[—(&&E%,W)% — (e, Iy ®)7, + (ITvq — q, IT,P)7,
+ (ef —epp, (IT, @ — ®) - n)or, — (e}, B - n)or, ]

= - /OT[—(atEZ,![’):rh — (e, I, ®)3, + (IT,q — q, IT, P)7,

+ (el — e, (1@ — ) - n)og, ],
since (e}, ®-m)oy, = (i, D n)sq = 0 because ® € H(div) and because €}l = 0
on 0), by the error equation (3Id).

Next, let us work only on the second term of the integrand of the right-hand
side. We have, by the first equation of the dual problem (B3al),

—(8}?,17‘/@)7}1 = — (E’g,HVQ — @)j’h —|— (é?g,VW)g'h
= — (Elg,ﬂvds - Sp)(]'h — (V : E,?,HWW)‘Ih + <€}:1 . ’n,g/>ag~h,

by the orthogonality property (24h]) of II,. Then

—(ey Iy ®)7, =~ (&), 1, D — )3, + (), V IIy¥), + (e} -, ¥ — [Ly V),
= - (5}37 I1,¢ - Q)T;L + (at‘c:Z’ HWW)‘T;L - (HWut — U, HWW)‘T;L
+ <€Z "n, HWQ>3T;L + <€}? ‘n,¥ — HWW>8TM
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by the second error equation with w := Il e}'. Hence
—(e, I, ®)y, =— (e, II, D — P)y, + (O, I, V)7, — (ILyuy — ug, [L,¥) 7,
{1 — &) n, W — W)y, + (€1 -n, W)y,
=— (e, II,® — D)5, + (0sc}y, 1w ¥) 7, — (Iyur — ug, [y V),
+(r(eh —en) ¥ — ¥)o,

by the definition of €7, (1), and because (5% -n, W)y, = 0. Indeed, by the error
equation (B.Id), the normal component of ef is single valued and we have that

<€g -n,¥)gy, = <€g -m,¥)gq. The fact that this expression is equal to zero follows
from the boundary condition for the dual problem ([B3d).

Inserting the above expression in the last identity of (¢}:(T), @)y, and rearranging
terms, we get

T
(GHD).0)r, == [ (e 118 = B)g, + (Moa— .11, B),
0
+ (Oeep, ILyW — W), — (ITyuy — ug, ILy W),
+ (et — e, (IL,® — D) -+ T(Ih¥ — V)5, ]

= /OT[—(ehq, II,® — @)7, + (II,q — q,IT,P)7,
+ (Oeep, ILyW — W), — (ITyur — ug, ILy W), ],
by the orthogonality property (24d). The result now follows since
(IIyq - q,I1,®)7, = (q— I1,q,II, V¥)5, = (q— I1,q,I1, V¥ — V P, ¥)g,,
by the definition of Py ¥ and the orthogonality property of IT,, ([24al), and since
(yuy — ug, ILy W), = (ILyuy — g, ILy W — Pr_1¥)g, ,

by the definition of P, 1% and the orthogonality property of IT,, ([24D). This
completes the proof. O

We immediately have the following consequence of the above result.

Corollary 4.1. For any T > 0, we have
len(DII < Hi(O) llegllLe(r2) + H2(0) lg = ITvqll = (12
+ H3(0) |0rep |2 (r2) + Ha(O) [ Hhwur — uill 1212y,

where
II, & — &
H1(O):=2 su 1T ||L1(L2),
0eW, 6]
Hy(©) = 2 sup | IT, V¥ —V Py ¥| 1112
9eW, 161l
1L, —v
H3(©):=2 sup 1 ”L?(LQ),
beW), 6]
I,V — P, W
H4(O):=2 sup [ bl HLQ(LQ),
9eW, 161l

and (D, V) is the solution of the dual problem [B3) with © := Pp/6.
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Lemma 4.2. Assume that the elliptic reqularity inequality 23) holds. Then, for
k> 1, we have

| IT,® — || < C Creg Cr h| AP,
| V¥ =V P,¥| <CCieg h|| AP,
[ 1Ty ¥ — || < C Creg Crmax h? || AT,
[ — Po_y@| <Ch| vV,

where Cr+ = maxge, {1, hix ) }, Crmax 1= maxgeq, {1,1/(hrx T2*)}, and C is
a constant independent of the exact solution and of the discretization parameters.

Proof. A direct application of Theorem gives

[I1,@ — @|| <C Crx h |¥|p2(q),

[ ILy & — || < C Crmax h? U] g2 (q).
Also, since Py, is the L?-projection into W},, we have

| V¥ -V Py < Ch|¥|g2q).

The first three estimates now follow after using the elliptic regularity assumption
(Z3). The last inequality follows from the fact that Pj,_; is the L2-projection into
Wh k-1 and that £ > 1. This completes the proof. O

Combining the approximation estimates of the lemma just proved with the par-
abolic regularity estimates
1
V2
JAP | 1112 < C/log s 6],

by Corollary B3 we immediately get the following result.

C
HAWHL?(L?) S ||VPh/6‘|| S ;”9”, by LemmaBEL

Lemma 4.3. For k > 1, we have
H1(6) < C Crog Cre \/Iog i b,
H3(0) < C Creg Cre \/log i h,
H3(6) < C Cheg Cmax B2/,
Hy(0) < Ch+ C Creg Crmax h? /p,

where C is a constant independent of the exact solution and of the discretization
parameters.

The estimate of Theorem [Tl can now be obtained by inserting the estimates of
the above lemma in the estimates of Corollary ELJl This completes the proof of
Theorem (1]

5. EXTENSIONS

In this section, we extend to the classical RT and BDM methods, the results
obtained for the HDG method. In this way, we extend to the parabolic setting con-
sidered in this paper similar superconvergence results of the RT and BDM methods
for the elliptic case.
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The hybridized RT mixed method. As pointed out in [6], the hybridized ver-
sion of the RT method on simplexes is obtained from the one used here for the HDG
method by setting 7 = 0 and changing the local space V(K to Py (K) + x Py (K).

It is well known [3] that we can define the function I1,,(q,w) = (Il q, IL,u) on
an arbitrary simplex K € T as the element of V';, x W}, which solves

(IT,q,v)k = (q,v)Kx for all v € P (K),
(ITyu,w)k = (u,w) K for all w € Py (K),
(IIyqg -n,u)p =(g-n, 1) p for all u € Py(F),

for all faces F of the simplex K. Note the remarkable similarity with the definition
of the projection IT;, for the HDG method (Z4]). As a consequence, the equations
of the projection of the errors are exactly those contained in Lemma Bl The only
difference is that the right-hand side of the second equation, (311, is identically
equal to zero because I, is nothing but the L2-projection into the space W},. Thus,
all the results in section Bl and those in section ] hold without the terms involving
I, uy — uy in the right-hand sides. Finally, note that the terms involving 0w} also
disappear because I, is the L?-projection into the space W,.
In particular, Corollary Bl gives

ek (D)o (z2) < [ TIvag — qll2(r2),
Corollary gives
ey (T = (r2) < I(ITvg — @)O0)|| + [Ty q, — gyl (22),
and Corollary 1] gives
ler(DII < Hi(0) lleg || Lo (r2) + H2(O) llg — Iy q|| L (12),

where
[ 11, P — P||11(12)

H,(O):=2 sup

9eW, 6] ’
II, VY -V P,Y| ;1
Hy(O) :=2 sup 1T wller )
9eW,, 161l

Thus, we easily obtain the following results.
Theorem 5.1. For any T > 0 and any k > 0, we have
lenllzee(r2y < Cll(q,0) = 111(q, 0) Iy 7.0
ey lzoe(z2) < C 1 (q,0) — 111(q,0) o 70
Moreover, if the elliptic regularity inequality (23] holds and k > 1, we have
ekl (r2) < C Creg | (q,0) — IIn(q, 0) |5 7 o

Here C is a constant independent of the exact solution and of the discretization
parameters.

Corollary 5.1. For any T > 0 and any k > 0, we have

w—unllpe(z2y < [Hwu —ull Lo r2) + 1| (g,0) — 111(q,0) I, 7.0
lg — apllzee ey < llg — IIvql L (r2) + | (¢,0) — 111(q,0) Iy 7.
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Moreover, if the elliptic reqularity inequality [ZH) holds and k > 1, we have
lu = ujllzoe L2y < C W2 ] poo o 142 (0)

+ C Creg V1og 1| (q,0) — ITn(q, 0) I 1.0

where C' is a constant independent of the exact solution and of the discretization
parameters.

We can still get a superconvergence result for & = 0. To see this, note that in
this case, the identity of Lemma ] becomes

T
D). 0)r, == [ [~e B~ B, + (q - Doq. 1T, V),
0
T
:—/ (—(ef, IT,® — D)5, +(q—I1,q,II, V¥ — V ¥)q, |
0

T
_/ (q_qu7V!p)(fh'
0

Let us work on the integrand of the last term. Since g — IT,,q € H(div) and ¥ =0
on 0f), we get that

(q—1I1,q,V¥)5, =—=(V-(q - II,q),¥)s,,
and since Py V-q =V -1II,q,
(q—1II,q,V¥)5, = —((Id = Pw)V-q,¥)7,
=—((Id = Pw)V - q,(Id — Pw)¥)+,
= ((Id = Pw)(ut — ), (Id = Pw)¥)s,.
This implies that

T
(EHT).0)r, == [ (e B~ B, + (q - Moq. 11, VU = V),
0

T
= [ (1a= Ay - ). 00 P,
0
and we readily get the following result.
Theorem 5.2. If the elliptic reqularity inequality (23) holds and k = 0, we have
lenllzer2) < Creg V1ogr [ (g, 0) = IT1(q,0) [l 70
+ Creg h||(Id — Py ) (ur — f)l|L2(L2)

and

Hu — u2||Lm(L2) S Chk+2 ‘ u |L(x>(07T;Hk+2(Q))

+ Creg \% 1Ogl</h ||| (qao) - Hh(q70) |
+ Creg M [|(Id — Py ) (ur — f)lL2(L2)s

where C' is a constant independent of the exact solution and of the discretization
parameters.

2,7,Q

Let us end this subsection by pointing out that the same results hold for the RT
methods on rectangles and cubes.
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The hybridized BDM mixed method. In a similar manner, the hybridized
version of the BDM method on simplexes is obtained from the one used here for
the HDG method by setting 7 = 0 and changing the local space W (K) to Py_1(K).

It is well known [3] that we can define the function I1,,(q,w) = (Il q, IL,u) on
an arbitrary simplex K € T as the element of V';, x W}, which solves

(IT,q,Vw+v)k = (q,Vw+v)g for all (w,v) € Pr_1(K) x Ex(K),
(Iyu,w)g = (u,w) g for all w € Py(K),
(IIyq-m,p)r=(q -n,ur for all pu € Py(F),

for all faces I of the simplex K. Here E;(K) stands for the space of functions in
P (K) whose divergence is zero and whose normal component on K is also zero.

Once again, the equations of the projection of the errors are exactly those con-
tained in Lemma Bl with the right-hand side of the second equation, (B-ID]), equal
to zero because I, is nothing but the L?-projection into the space W). Thus,
all the results in section Bl and those in section E] hold without the terms O.e} and
1l,uy — uy in the right-hand sides.

Proceeding exactly as in the case of the hybridized RT method, we obtain that
Theorem 5] and Corollary 5] are also valid for the BDM method provided we
replace the conditions £ > 0 and £ > 1 by £ > 1 and k > 2, respectively. We
must do this because the BDM method is only defined for k£ > 1 and because when
k=1, V P,¥ =0, and H> is of order one, not of order h.

The same results hold for the BDM methods on rectangles and cubes.

Other extensions. Let us end by pointing out that the results in this paper can
be trivially extended to more general second-order elliptic operators. Extensions to
nonsmooth initial data and fully discrete methods constitute the subject of ongoing
work.

APPENDIX A. PROOFS OF SOME AUXILIARY RESULTS

A.1. Proof of the integral inequality of Proposition (3.1]). Pick any 7" > 0
and set, for t € [0,T], x(t) := maxyejo, 7] A(t) + fot B(s)((s)ds. Then Ly(t) =
B(t)((t) < B(t) /x(t), and so /x(T) < 1/x(0) + %fOT B(s)ds. The result now

easily follows.

A.2. Proof of Proposition on parabolic regularity. We only prove the
last inequality, which is not that well known. For any ¢ € (0,7, we have

T

T—6
1AV oraey = [ 1A ey ds+ [ AP 1ae d
0 —

T
1/2

T—0
< (log(T/4))"/? (/0 (T = ) AT ()72 (0 dS)

- 1/2
+6/2 </ 5IIAW(S)IIi2(Q)dS> :
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and the inequality follows from the standard estimates
T T
2 1 2 2 1 2
o ||AII’(5)||L2(Q) ds < ) [VO|* and o (T - S)”AII’(S)HL?(Q) ds < 1 [e]".
This completes the proof of Proposition

A.3. Proof of Lemma [3.4] on the operators Pj.. To prove this result, we begin
by describing how to obtain the refinements of T, T5,. Given any integer N > 0,
the elements of the triangulation T}, are obtained by refining each simplex K € T},
as follows. Let {)\J}?ill be the set of barycentric coordinates of the simplex K.
Then the refinement of K = {x : A\ (z) € [0,1],4 = 1,...,n + 1}, consists of
all the nonempty sets of the form ﬂ;l;l Kjg, ~, where £; € {0,1,...,N — 1} for
j=1,...,n+1. Here, by K;, n we mean the slab {x € K : \j(z) € &[(,(+1]}.

The first inequality can now be obtained as a direct consequence of the con-
struction of the space W2,; the constant C only depends on N and n. The second
inequality follows easily if we prove that

1
(A1) 1(d = Pr)éll < 5 1161,
for all 8 € W},. Indeed, since

1
(,0) = (e, (Id = Pu)0) + (£, Pwb) < Sllell 0] + (=, Pwb),

the second identity follows from the fact that ||| = supgeyy, (ﬁ (;9”)
W,
It remains to prove the inequality ([(AZ1]). To do that, we note that, since Py is
the L2-projection into W},
[(Id = Pp )0 < [10 — '],

for any w’ € WY,. We are thus going to construct a special w’ such that

given that ¢ €

1
6—w| <=0
16—’ < Sl
We define w’ as follows. By construction of T/, we can write that
K = K\, UKY,
where KX = U;Lill Kjon and K, := K\ K%. On each K € Tj, we set w' := 0

on K. We then define w’ on Qp, := Uy, K as the L>-projection of 6 into the
affine set

WP, = {w € L*(Q)) N WY :w' =6 on K for all K € T},}.
Then we have that
16 —w'l|* = (|6 — w’\l?zz, <2 IWII?);, =2 1611 -
KeTy,

By construction, we have that, for N > n + 1, the simplex (1 — (n 4+ 1)/N)K is
congruent to K and so, since the volume of K% equals the volume of K minus the
volume of K}, we have that the volume of K¥ is equal to (1 — (1 — (n+1)/N)")
times the volume of K. Hence, a simple scaling argument shows that, for N > n+1,

10 —w'* <2(1— (1= (n+1)/N)")C 0]
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for some constant C' depending only on k. So, for big enough N, we get that

1
0 — %< =03
| W||74H||

This completes the proof of Lemma [3.41
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