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ACCURACY-ENHANCEMENT OF DISCONTINUOUS GALERKIN
SOLUTIONS FOR CONVECTION-DIFFUSION EQUATIONS
IN MULTIPLE-DIMENSIONS

LIANGYUE JI, YAN XU, AND JENNIFER K. RYAN

ABSTRACT. Discontinuous Galerkin (DG) methods exhibit “hidden accuracy”
that makes superconvergence of this method an increasing popular topic to ad-
dress. Previous investigations have focused on the superconvergent properties
of ordinary differential equations and linear hyperbolic equations. Addition-
ally, superconvergence of order k + % for the convection-diffusion equation
that focuses on a special projection using the upwind flux was presented by
Cheng and Shu. In this paper we demonstrate that it is possible to extend the
smoothness-increasing accuracy-conserving (SIAC) filter for use on the multi-
dimensional linear convection-diffusion equation in order to obtain 2k+m order
of accuracy, where m depends upon the flux and takes on the values 0, %, or
1. The technique that we use to extract this hidden accuracy was initially in-
troduced by Cockburn, Luskin, Shu, and Sili for linear hyperbolic equations
and extended by Ryan et al. as a smoothness-increasing accuracy-conserving
filter. We solve this convection-diffusion equation using the local discontinuous
Galerkin (LDG) method and show theoretically that it is possible to obtain
O(h?kt™) in the negative-order norm. By post-processing the LDG solution
to a linear convection equation using a specially designed kernel such as the
one by Cockburn et al., we can compute this same order accuracy in the L2-
norm. Additionally, we present numerical studies that confirm that we can
improve the LDG solution from O(h**1) to O(h?**1) using alternating fluxes
and that we actually obtain O(h?*12) for diffusion-dominated problems.

1. INTRODUCTION

Discontinuous Galerkin (DG) methods exhibit “hidden accuracy” that makes the
superconvergence of this method an increasing popular topic to address. Previous
investigations have focused on the superconvergent properties of ordinary differen-
tial equations, linear hyperbolic equations, and using a special projection of the
solution [1] [4] 3, 23]. This paper shows that by using an alternative convolution
kernel approach we can obtain accuracy of order 2k+m for the multi-dimensional
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time-dependent linear convection equation,

d
(1.1) ut—i—z a; Uy, + aou —eAu =0, (z,t) € Qx(0,T],
i=1
(1.2) u(x,0) = uo(x),
where a;, i =0,...,d are constant, ¢ > 0, and k is the highest degree polynomial

used in the approximation and m = 0, %, 1, depends upon the flux. For simplicity,

we always consider the domain €2 to have unit length in each coordinate direction.

In order to solve this problem computationally, we implement the local discontin-
uous Galerkin (LDG) method [6l 8, @]. This technique uses an approximation space
consisting of piecewise polynomials of degree less than or equal to k. However, to
deal with the higher-order derivative term, we implement an alternative auxiliary
formulation common in differential equations. The LDG method is a particularly
nice method that is suitable for unstructured meshes as well as parallelization due
to the properties of the approximation space and the choice of the numerical flux.

Superconvergence of convection-diffusion equations has been addressed by Ad-
jerid and Klauser in [I]. They demonstrated that it was possible to obtain k+2
order of accuracy at the Radau points for convection dominated differential equa-
tions. The same order of accuracy is obtained for diffusion dominated problems for
the derivative of the solution at the roots of the derivative of the Radau polynomi-
als. Additionally, superconvergence for the convection-diffusion partial differential
equation that focuses on a special projection using the upwind flux was presented
by Cheng and Shu in [4]. This superconvergence was of the order k + 2. Celiker
and Cockburn found superconvergence of order 2k+1 for the numerical traces at
the nodes of the mesh for conservative solutions [3]. Recently, Zhang, Xie, and
Zhang [23] built upon the work of Celiker and Cockburn and relate the leading
terms of the discretization errors of the minimal dissipation LDG method to the
right and left Radau polynomials, as well as to the Legendre polynomials for the
consistent DG method. However, our method focuses on extracting this “extra” ac-
curacy from the solution by using a specially designed convolution kernel to obtain
superconvergence.

In this paper, we provide a theoretical and computational extension of this convo-
lution kernel approach to obtain superconvergence for the multi-dimensional linear
convection-diffusion equation that improves the convergence rate from order k+1
for the LDG method to 2k+m, m = 0, %, 1, for the filtered LDG method, where m
depends upon the flux. This convolution kernel falls under the area of smoothness-
increasing accuracy-conserving (SIAC) filters studied by Ryan, Kirby et al. [I7].
This technique was initially introduced for discontinuous Galerkin approximations
by Cockburn, Luskin, Shu, and Siili for linear hyperbolic equations [7]. It is based
upon previous work by Mock and Lax [12] and Bramble and Schatz [2]. We solve
this convection-diffusion equation using the LDG method and show theoretically
that it is possible to obtain O(h?**!) in the negative-order norm, provided an al-
ternating flux is chosen. By applying the SIAC filter to the LDG solution of a
linear convection-diffusion equation, we can compute this same order accuracy in
the L?-norm. Additionally, we present numerical studies that confirm that we can
improve the LDG solution from O(h**1) to O(h?**1) and that we actually obtain
O(h?*+2) for diffusion-dominated problems.



ACCURACY-ENHANCEMENT OF DISCONTINUOUS GALERKIN SOLUTIONS 1931

The paper is organized as follows. In Section Bl we introduce the LDG method
and STAC filtering as well as the relevant notation that will be required for the proof
of our method. In Section B] we prove the negative-order norm estimates for the
multi-dimensional linear convection-diffusion equation. These results are confirmed
numerically in Section @

2. NOTATIONS, DEFINITIONS AND PROJECTIONS

We begin by defining the necessary notations used in the proof of accuracy en-
hancement of discontinuous Galerkin solutions for linear convection-diffusion equa-
tions. This is done for projections and interpolations for the finite element spaces
used in the error analysis.

2.1. Tessellation and function spaces. Let 7, denote a tessellation of the do-
main 2 with shape-regular elements K. Let I' denote the union of the boundary
faces of elements K € Ty, i.e., I' = Uy, 0K, and I'g = T'\OQ.

In order to describe the flux functions define e to be a face shared by the “left”
and “right” elements K, and Kg (we refer to [21] and [20] for a proper definition
of “left” and “right” in our context). The normal vectors vy, and vr on edge e
point exterior to Ky and Kg, respectively. If ¢ is a function on K and Kg, but
possibly discontinuous across e, let ¥~ denote (Y|, )| and ¥ denote (Y|xy)es
the left and right traces, respectively.

Let QF(K) be the space of tensor product polynomials of degree at most k > 0
on K € Ty in each variable. The finite element spaces are denoted by

Vi={p € 12(Q): vlx e Q"(K), VKeTi},

Eh:{n:(m,'",ﬁd)TG(LQ(Q))dZ mlx € QF(K), 1=1---d, VKETh}-

For purposes of the negative-order norm estimates, it is also allowable to consider
the space

Vi={e e IQ): ¢lx €PHK), VKET},

Sn={n= 0 0" € (L) s milx € PHK), 1=1--d, VK €T},

where P¥(K) is the usual polynomial space. For the one-dimensional case, we
have QF(K) = P*(K). Note that functions in V}, and ¥, are allowed to have
discontinuities across element interfaces. Furthermore, we note that this flexibility
in the choice of the function spaces (P* or Q) applies to the negative-order norm
error estimates of the LDG solution, but that the post-processing kernel is applied
in a tensor product fashion and therefore for the superconvergence extraction by
the kernel we require QF polynomials.
We use the following notation for the L?-norm in €2 and on the boundary

1 1
2 2
(2.1) |n|9—(/ vfdw> , ||77|an—(/ n2d8> ,
Q o0

and define the f-norm in ) as

(2.2) Il ={ > ID*nl& ) , £>0.
loe|<£
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Without loss of generality, we use the notation ||5||, instead of ||n]|¢,o. We also use
the following inner product notation

(2.3) (w,v)q :zK:/vadK, (g,p)a :%:/Kq-de.

Lastly, given £ > 0, we define the negative-order norm on the domain 2 as

naq)Q
(2.0 Inll-eq= sup 2D
vece @) [|Pllen

We define the following notation for the difference quotients

9 outer= L (oo bier) o (o b))

here e; is the multi-index whose jth component is 1 and all others 0. For any
multi-index o = (g, -+, aq) we set the ath-order difference quotient

(2.6) Opv(x) = (O - Oy g)v().

2.2. Projection and interpolation properties. For the accuracy enhancement
of the DG solution to be effective, it is necessary to perform an L2-projection of
the initial function. In what follows, we will consider the standard L2-projection
P for scalar functions and II for vector-valued functions. Denote Q = |J K as the
domain. K is any element in our mesh with I' = [JOK being the sum of all the
boundary elements K. It is well known that (cf. [5])

(2.7) Il + Rl @) + B2 7 lle < CR*Hinllksr0,
€ € 1 €
19Nl + Rllp°[l o< () + A2 [[p°[lr < CRE ks,

where n° = Pn —n and p® = IIp — p. We note that the positive constant C is
independent of h. These properties of the projection will be used to estimate the
negative-order norm in Lemmas [3.3H3.5l

2.3. Regularity for the convection-diffusion equation. An essential ingredi-
ent in the error analysis is given by the regularity result:

Lemma 2.1. For any time t we have the property for equation (L))
(2.8) [u(z,t)[lee < Clluz,0)]e.0

and
1/2

T
(2.9) (/0 IIU(w,t)II?H,ndt) < Cllu(e, 0)[e.0,

for £ >0, where C is a constant depends on a, € and final time T'.

Remark 2.1. The proof of Lemma[2.Tlis trivial and can be found by simply applying
the method of separation of variables.
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2.4. The LDG method for convection-diffusion equations. In this section,
we consider the LDG method for convection-diffusion equations in 2,

d
(2.10) up + Z a; Uy, + aou — eAu =0, (z,t) € Qx(0,T],
i=1
with € > 0 and smooth initial conditions,
(2.11) u(zx,0) = up(x).

We assume that periodic boundary conditions are given.
In order to define the LDG scheme, we begin by defining p = /€ and rewriting
the equations using an auxiliary formulation,

d
(2.12a) up Y iy, + agu — pV-q =0,
i=1
(2.12b) q— puVu=0.

The approximate solution, (up(x,t), q;,(x,t)), given by the LDG method are sought
in the finite element space V}, and 3j,. That is, for any ¢ € V}, and ¢ € Zp, (upn, qp)
satisfies

d
/K(uh)tde—;/Kuh(aiwzi)dK—k/K aouhde—k/Kuqh-Vz/sz

d
(2.13a) + Z/ a;viup ds — / uq,- vy ds =0,
= Jok oK
(2.13b) / qh-¢dK+/ pup V- dK — pupv- ¢pds = 0,
K K oK
where v = (v1,...,14) is the unit outward normal vector for the integration domain.

The “hat” and “tilde” terms in (ZI3)) in the cell boundary terms obtained from
integration by parts are the so-called “numerical fluxes”, which are single-valued
functions defined on the edges. These fluxes are designed based on different guiding
principles for the given partial differential equation in order to ensure stability [20].
For the numerical experiments, the choice of uj, is chosen to satisfy the upwind
condition depending on the sign of a;, i = 1,...,d. Without lost of generality, we
assume a; > 0,7 =1,...,d, which gives

(2.14) up, = up,

and @y, @, are chosen to be alternating fluxes, i.e.,
(2.15) U=y, @ =4n

or

(2.16) =l @ —ab.
Summing (2.I3) over K, we get

(2.17) ((un)e, ¥)a + Bi(qy,un; ) = 0,

(2.18) (an, ®)a + Ba(un; @) =0,
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where the bilinear forms B; and By are defined as
d
Bl(qh7 Uh; dj) = - Z(Ufw aﬂ/}xi)ﬂ + (uha a(ﬂ/})g + (qh7 /qu/})ﬁ

=1

d
+ / ail/ﬁ[ﬁwds—/ ugq,-vids |,

Bo(un: &) = (un, uV- d)g — Tv- b ds.
2(un; @) = (un, uV- P)g EK:/aK,uuhucﬁs

Although this paper focuses on the use of scheme [2I3)), we can easily obtain a
different method to solve the convection-diffusion equation depending on the choice
of numerical fluxes [I9,[22]. The choice of the flux will give different accuracy results
that affect the estimates for negative-order norm. Therefore, we concentrate on the
general results for the convection-diffusion equation where the flux is not specified.
However, to complete our superconvergence result we will need the following lemma:

Lemma 2.2. If u,q and uy,q;, are solutions to 212) and @2I3), respectively,
then for T > 0 we have

” 1/2
(2.19) m?x||u—uh\|g+ (/ |q—qh|%dt> < Cpktm™,
0

where C is a constant independent of h that depends on ||ug||gr+1 and T. m is
some constant that depends on the choice of numerical fluz in (213).

Remark 2.2. For Lemma 2.2 m > 0 and can be taken to be 0, % or 1. In this
paper, we consider the case where m = 1, this is for the choice of fluxes given in
2I4) and 2I5) or [2I6). We refer the reader to [19] and [22] for details.

2.5. Smoothness-increasing accuracy-conserving filters. In order to obtain
the superconvergence of the LDG method in the L2-norm, we implement a smooth-
ness-increasing accuracy-enhancing (SIAC) filter. This filter works by essentially
inducing smoothness in the field by convolving the solution against a specially
chosen kernel,

(2.20) up = KPRt o,

In this formulation, uj is the filtered solution, uj is the LDG solution calculated
at the final time, and K;*""* () = K?+Lk+1 (/) /h¢ is the convolution ker-
nel. This kernel allows the extraction of hidden accuracy that is detected by the
negative-order norm. It is a linear combination of B-splines of order k+1 obtained
by convolving the characteristic function over the interval (—%,1) with itself k&
times. Using B-splines makes this kernel computationally efficient, provided the
mesh is uniform, as the kernel is translation invariant and is locally supported in
at most 2k +2 elements. The one-dimensional convolution kernel is of the form

k
1 T
(2.21) K2k+1’k+1(3:) = Z C?yk+1,k+1¢(k+1) (ﬁ _ V) ’
y=—k
and, given an arbitrary @ = (21,...,24) € R?, we set

(2.22) PF D (@) = * T () - D (2).
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The kernel for the multidimensional space considered is of the form

k+1,k i
(2.23) K}QL +1 +1($) _ Z C'2yk+1 k+1¢(k+1)(w _ ’Y)'
veZd

The coefficients, cgk"‘l’k“, are tensor products of the one-dimensional coefficients.
These one-dimensional coefficients are chosen such that K2k+1:k+1 4 — p for
polynomials p of degree 2k.

The original use of this kernel was by Mock and Lax [I2] and Bramble and
Schatz [2] for continuous finite element solutions. Cockburn, Luskin, Shu, and
Siili [7] specifically addressed linear hyperbolic equations using the discontinuous
Galerkin method and demonstrate that it is feasible to raise the order of accuracy
of the DG solution from k41 to 2k+1. Below we discuss the kernel properties as
well as the computational efficiency.

2.5.1. Kernel Properties. This convolution kernel has the two following important
properties that are used to show its accuracy enhancing capabilities:

Proposition 2.3 (Bramble and Schatz [2]). Let Qo + 2supp(K,3k+l’k+1(a:)) cC
O C Q then

(2.24) lu — K" o0, < CR* ulo o,
where C' depends solely on Qy,Qq,d, k, c%’“‘l?k"‘l, and is independent of h.

The second important property allows us to express derivatives of the convolution
with the kernel in terms of simple difference quotients.

Proposition 2.4 (Bramble and Schatz [2]). Let Qo + 23upp(Kik+1’k+l(x)) cC
Q1 C Q and « be any multi-index with a; < k+ 1,9 =1,...,d. Then for any fized
integer s (positive or negative) we have

(2.25) HDO‘(K}%kH’k+1 *u)|s.00 < CllORulls,,, forallu € H*(y),

where C depends solely on Qq, 4, d, k, c?/’”‘l”“l

, and is independent of h.

Using Propositions 23] and 2.4] we state an approximation result which allows
the kernel to extract the hidden accuracy in the negative-order norm.

Theorem 2.5 (Bramble and Schatz [2]). For T > 0, let u be the exact solution
of the problem (ZI0l). Let Qo + 25upp(K}2Lk+1’k+1(ac)) CC O C Q, where U is any
approrimation to u, then

[u(T) = KPP % Ullo.gy < Crh® M ulari o,
+Co Y 08 (= U) (k1)
|| <F+1

where Cy and Csy depends solely on Qq, 2, d, k, c?yk+1’k+1, independent of h.

Remark 2.3. For our problem we only consider periodic boundary conditions and
we take U = uy, to be an approximation obtained by using the LDG method. We
can obtain the estimation for the whole domain, i.e., Qo = by considering 2\
as the interior part of a new period.
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We neglect to provide the details of this proof, which is shown in [7] and [2] as
well as that of Ryan and Cockburn [I3] and Thomée [I8], where a similar result
was presented for the derivatives of the post-processed solution for linear hyperbolic
equations.

2.5.2. Computational Efficiency. We emphasize that this accuracy enhancement
is achieved by post-processing the approximate solution only once, at the end of
the computation, at ¢ = T. This makes for efficient computation of the post-
processed approximation. Additionally, it is computationally efficient due to the
locally compact support property and can further be improved by choosing specific
points within an element as evaluation points, such as the gauss points. This allows
the post-processed solution to be evaluated through small matrix-vector operations.

For further illustration of the computational efficiency, let us investigate the one-
dimensional computation. Using the uniform mesh assumption the exact evaluation
of u} () is evaluated by using [2:20) and (Z21)). This allows us to write the post-
processed solution as

Kk
(2.26) up(x) = > Sl (1) Cm, ik, @),
m=—k’ 1=0

for € I;, where I; is the element of the mesh that the evaluation point lies.
In this equation, ¥ = [(3k + 1)/2], and C(m,I,k,z) is a polynomial of degree
2k+1 depending on the evaluation point, x. We note that ugl)rm(T) are the coeffi-
cients in the LDG approximation at the final time. The post-processing coeflicients,
C(m,l, k,x), of the post-processing matrix are given by

k
1 Yy—x !
(227)  C(mlLkz)=5 > S / plHy (—h —7) &5 () dy
y=—k Ljtm
where w;ﬂ)rm represents the basis of the approximation that are contained in Vj.

As mentioned previously, we can choose to evaluate the post-processed solution at
specific points within an element, such as the Gauss-Legendre points. Then the
post-processing matrix values are the same for every element and only need to
be computed once. We note that this post-processing operation can be computed
in O(N) operations as given in [10]. See [15] 17, [10] for efficient computation in
two-dimension.

3. THEORETICAL ERROR ESTIMATES

In this section, we show that for a given time T, the approximate solution,
up(T), converges with higher order in the L?-norm when convolved with a specially
designed kernel.

Theorem 3.1. Let uy, be the approzimate solution to the linear convection-diffusion
equation (2I0) given by the LDG method 213)). Let Kikﬂ’kﬂ be a convolution
kernel consisting of 2k+1 B-splines of order k+1 such that it reproduces polynomials
of degree 2k (Z211). Assuming that the initial data, u,, is smooth enough, we then
obtain the error estimate

(3.1) lu—ujlle < Cluo, T) R+,

K}2Lk+17k+1

where uy = * Up, andmzo,% or 1.
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We accomplish this by showing higher-order convergence in the negative-order
norm. Then, as noted in [7], because we are dealing with a linear equation, we then
have

(3.2) 105 (u — up)||—e.0 < ClOFuolle0 K2

Therefore, as long as this increased accuracy can be demonstrated in the negative-
order norm, then we have O(h2%*™) accuracy for the post-processed solution in
the L?2-norm. This is shown by combining Theorem and as well as the proof
of higher-order convergence in the negative-order norm, which then allows this
convolution kernel to extract the hidden accuracy in the LDG solution.

3.1. Negative order norm estimates in multi-dimensions. In this section we
will give the detailed proof for:

Theorem 3.2. Let uy, be the approzimate solution to the linear convection-diffusion
equation (ZI0) given by the LDG method (ZI3)). Assuming that the initial data,
Uy, 1S smooth enough, we then obtain the error estimate in negative-order norm

(3.3) lw = un |l —(h+1),0 < Cluo, T) p2Am

where C(u,, T) depends on the ||uo|k+1,0 and T, independent of h, and m = 0, 3
or 1, depending on the choice of numerical fluzes.

The main idea behind the proof is to use the dual argument. This approach is
clear when we consider the definition of the negative-order norm. That is, given
that £ > 0, we wish to estimate

(3.4) 4(T) — un(T)||—eo = sup (w(T) = un(T), ®)a
PECE () |®]|e,0

for the result in Theorem to be valid. We follow the analysis in [7].
Our dual equation is defined as: find a function ¢ such that ¢(-, t) is one-periodic
for all ¢t € [0,T] and

d
(35) Pt + Z AiPg; — QoP + €A90 = 0; 2 x [Oa T)
i=1
(3.6) (@, T) = o (x).

Note that if we multiply [210) by ¢ and B3] by u, we have

(3.7) (. )a =0,

This relation allows us to estimate the term (u(T") — up(T), ®)q appearing in the
definition of the negative norm (B4). That is,

T T
(w(T) — un(T), ®)q = (u(0) — un(0), 9(0))q — / ((un)er p)ads — / (un o).

We can rewrite this following [7] by adding and subtracting the piecewise polynomial
function x € V},. We use this along with the continuity of ¢, the periodic boundary
conditions, definition of the dual equation and the method in order to write

(3.8) ((wn)es @)a + (un, vi)o
= ((un)t, o = X)o + B1(qpn, un; ¢ — X) + (un, ot)o — Bi(qy, un; ).
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Let us consider more closely the term (up, ¢1)o—B1(qy,, un; @), which is correspond-
ing to the second-order derivative term and is the main different part comparing to
the derivation in [7]. Using the definition of By and the continuity of ¢ and the pe-
riodic nature of the boundary conditions, the modified expression for By(qy,, un; @)
is then

d

Bi(qp,un; 9) = = Y (un, aipa,)o + (@otin, 9)a + (@, £VP)o
=1
= (g, 1(Ve — II(VY)))a + (@), LIL(Ve))o
d

- Z(Uh, aiz;)o + (aoun, ¥)a,
i=1

where II(V) is the L?-projection of Vi onto the piecewise polynomial space 3.
Next, we use the equation for g,, (ZI8), and take ¢ = II(Vy). This gives

Bi(qy,, un; @) =(qn, n(Ve — I(Ve)))a — puBa(un; (V)
d

- Z(Um aiz;)o + (aoun, ¥)a,
i=1

so that
d

(s pr)e — Bi(@y, uni 0) =(un, o1 + > _ aips, — o)
i=1

— (@, (Ve —11(V@)))a + nBa(up; IV ).
Recall the definition of the dual equation (B35

v+ Z APy, — Ao = —eAg.

Using this, combined with the above, we have

(un, or)a — Bi(@p, un; p) = — (un, €Ap)a + uBa(un; Vo)
—(q@p, 11(Vo = TI(Vp)))a — pBa(up; Vo — TI(Vep)).

We now use the definition of By to obtain
—(un, €eAp)a + uBa(up; Vo) = Z/ eupv-Vpds =0,
oK

where the last equality stems from the continuity of V¢ and the periodic boundary
conditions of ¢. We remind the reader that the numerical fluxes are single valued
and are given by equation (ZI4]) together with (ZI5]) or (ZI0]). Because we assume
that we have periodic boundary conditions, the boundary fluxes will also cancel.
Finally, (B.8) becomes

((un)es p)a + (un, p)a =((un)e, ¢ — X)a + Bi(gy, un; ¢ — Xx)
—(an, (Vo = II(VY)))a — uBa(un; Vo — II(Ve)).
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Therefore we have the estimate
(w(T) —un(T), ®)q

T T
— (u(0) — A (0), 9(0))q — / ((un)e, P)adt — / (un. 91 )adt
= (u(0) — up(0),(0))a — /0 (((un)e: ¢ — X)a + Bilqy, un; ¢ — x))dt

T
+ / (@ 1(Vep — TI(V))) o, + uBa(un; Vip — TL(Vep)))dt
=01 + 6, + O3,

where
©1 = (u(0) — un(0), »(0))q;

Oy = —/0 (((wn)e, 0 = X + Bi(qy, un; ¢ — x))dt,

T
03 = / ((an (Ve = TL(Vp)))a + pBa(un; Vi — IL(V)))dt.
0
We now give separate estimates for ©1, O, and Og.

Lemma 3.3 (Estimating the first term: projection). There exists a positive con-
stant C1, independent of h, such that

(3.9) 1©1] < C1 R 2ol 41110(0) 1

Proof. In practice we usually choose uy(x,0) = Pug(x) which is the standard L>-
projection of the initial function. This gives the following for ©;:

©1 = (u(0) — ua(0),¢(0))a = (uo — Puo, »(0))a
= (UO — Puy, (p(O) - Pw(o))ﬂ7

where the last equality is due to the property of the L2-projection. Using the
Cauchy-Schwarz inequality, we then have

1] < luo = Puollal|(0) = Pe(0)la < CL A *2|luo|ler1ll@(0)llksr. O

Lemma 3.4 (Estimating the second term: residual). There exists a positive con-
stant Cs, independent of h, such that

T
0] < Cy 1 (/ |uh—u||édt>
0
T 1/2 T
+</ |qh—q|‘édt> (/ |¢|z+ldt>

T
02 = [ (e =)o+ Balgn, i~ )
0
Let x = Py and consider the terms inside the integral. We then have that
((un)i; o = Pe)a =0

1/2

(3.10) "

Proof. ©5 is defined as
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and

d

Bi(gy,un;p — Pp) = — Z(uhv ai(p — Po)z;)o
i=1

+ (un, ao( — Pp))a + (a5, nV (0 — Pp))g
d
+ Z <Z/ a;viup(p — Pp)ds — /aK ug, vip — Pgo)ds)

d
Z a;i(un)z;: (¢ = Pp))a + (aoun, o = Po)a — (uV- gy, (¢ — Pp))o

>
2

(i:/aKa vi(un — up)(p — P<p)d3—/

i=1 OK

d
;Z/g a;vi(up —u+u—up)(p — Pp)ds

—1 JOK

aiviup(p — Pp)ds — /a ngy V(e — Psa)ds>
K

HM@.

1 Jox

+

M“

/ a;viup(p — Pp)ds — / 1a, v(e — Pso)d8>
oK 0K

1

(@, —qp) vie — Psﬁ)d8>

I
NM

<.

Z/@ 1@, —q+q—q,) vie— Pp)ds.

K K

Using an inverse inequality, we can estimate ©s by

T T
[CH] S’fl/ CzHUh—UIIQH@—PwlladHh*l/ pllgy — qllalle — Pelladt
0 0

. . 1/2 T 1/2
<yt (/ |uh—u||%zdt> +</ |qh—q|?ldt) (/ |so|i+1dt> .

O

1/2

Lemma 3.5 (Estimating the third term: consistency). There exists a positive
constant Cs, independent of h, such that

T 1/2 T 1/2
(3.11) O3] < C5 h* (/O |uh—u||522dt> (/O ||<p||i+2dt> :

Proof. Recall that O3 is given by

T
05 = /0 (an, 1(Vep = TL(V)))a + pBa(un; Ve — L(Ve))) dt

Using the property of the L2-projection, we know that (g, u(Vgp — H(ch)))g =0
so that we are left with the part of the expression containing Bs. Applying the
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definition of By, we have

Ba(un; Vo = (V) = (un, V- (Ve = II(Vy)))a — Z/ upv- (Vo —1(V))ds
% JoK

= ~(Vun, (Vo ~ Ve)a+ 3 /8 = @) (Vo = TI(Tp))ds

S [ == G (Ve - 1V,
~ Jox
which gives the estimate
|Ba(un; Vi — IL(V))|
< Cah™ V2 |up, — ul|@Coh* 2| Vp|ligr < Cah¥lup — ulla]| @]+

Therefore, we have
1/2

T T
|@3|<cgh’“</0 lun — ull3dt /Onsonzﬂdt | 0

Combining Lemmas B3] B4 B3 we can now estimate the numerator used in
the negative-order norm:

(w(T) —up(T), P)o = O1 + Oz + O3

T 1/2 T
< C1h* 2 ||ug k41 ]l9(0) k41 + Csh* </ l|un — U|?zdt> </ |@|i+2dt>
0 0

T 1/2 T T
Ol (/ |uh—u||?zdt> +</ |qh—q|?zdt> (/ |so|2+1dt>

1/2
T
< C1h* 2 (|ug |l k41 |® | jr1 + Csh® ™ (/ |§0|i+2dt>

0

T 1/2
+Czh2’“+’”</0 leiﬂdt) :

Notice that for the second and third terms, the convergence depends on the fluxes
(cf. Lemma [22]). Therefore, after using Lemma 2] we have the estimate for the
negative norm given by

1/2

1/2

1/2 1/2

I(T) = wn(D| s = sup LD —wnlD)Pa oy

Dec (D) @ lkt1,1

where s = min(2k + 2,2k + m). For our purposes, we have chosen an alternating
flux with m = 1. This same argument for the divided differences of the error,
(05 (w(T) — un(T)), ®)q, can be repeated to obtain the same convergence result.

4. NUMERICAL STUDIES

In this section, we present numerical results confirming that we can indeed im-
prove on the convergence rate of the DG solution from O(h**1) to O(h?**1) for
the linear convection-diffusion equation. We consider both convection-dominated
and diffusion-dominated flows in one- and two-dimensions. All the examples are
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calculated by using the LDG method with an alternating flux with m =1 as in [§]
on a uniform (quadrilateral) mesh. We use an L?-projection of the initial condi-
tions and calculate our errors using a six-point Gaussian quadrature. We use the
standard third-order SSP Runge-Kutta scheme [II] and take the time-step such
that the spatial errors dominate. In each example, we can clearly see that we get at
least O(h2k*1) after post-processing. We note that the usual convection-diffusion
equation in the one-dimensional case was presented in [7] showing the expected im-
provement to 2k+1 order of accuracy and therefore we neglect this example below.
The superconvergence of the pure convection equation is well documented [7, [15]
and therefore we neglect to present examples in this paper.

We note that the theoretical estimates presented hold for a uniform mesh as-
sumption. This gives the translation invariance of the post-processing kernel, and
this kernel only relies on (nearest) neighboring information. However, in [10] it was
demonstrated that higher-order information can also be extracted when the mesh
is nonuniform and the nonuniformity is given by an analytic function. This would
require re-evaluating the kernel for each post-processing evaluation point, making
the computational complexity of the post-processing step increase. However, we
note that the application of the post-processor is done only at the final time and
therefore the computational costs are neglegiable compared with calculation of the
LDG solution.

Example 4.1. We begin by presenting the linear scalar heat equation with a
smooth solution on the domain Q = [0, 27]:

(4.1) Up = Ugy, X (0,T), wu(z,0)=sin(z), xz€Q
with periodic boundary conditions. The errors are presented in Table[Iland Figure
41 and are computed at time T = 2.

P2 after post-processing

P before post-processing

10720 107
n=10 1074
n=20 TS T T
=4 1 V4 ~ n=10
—= - = e A o "
T i - T h
- L n=20
= 2 108E i
ool Lol n=40
10712 , . . . . , 10" . . . . . L%
1 2 3 4 5 6 0 1 2 3 4 5 6
X X

FIGURE 4.1. Plot of pointwise errors in log scale before (left) and
after post-processing (right) for the linear heat equation solved at
time 7" = 2 using the LDG method. The SIAC filter reduces the
oscillations in the LDG solution and improves the smoothness and
accuracy.

In Table 41l we can clearly see that for the linear heat equation we can improve
on the LDG scheme from O(h**1) to O(h*+2) may be due to the superconver-
gence of the scheme for the heat equation. The theory only guarantees O(h?*+1)
superconvergence, however, we speculate for diffusion-dominated flows the order of
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TABLE 4.1. L?- and L*-errors before and after post-processing
for the linear heat equation solved at time 7" = 2 using the LDG
method. Although the theory only guarantees O(h?**1) conver-
gence in the L2-norm, we clearly see O(h?#*2) in both the L2- and

L*°-norms.
Before post-processing After post-processing
Mesh | LZ-error |order| L -error Iorder L%-error |0rder| L*>-error | order
Pl
10 5.80E-003 - 7.69E-003 - 1.61E-004 - 2.62E-004 -

20 1.44E-003 | 2.01 | 1.92E-003 | 2.00 | 1.03E-005 | 3.96 | 1.66E-005 | 3.97
40 | 3.60E-004 | 2.00 | 4.83E-004 | 1.99 | 6.50E-007 | 3.99 | 1.05E-006 | 3.99
80 | 9.01E-005 | 2.00 | 1.21E-004 | 2.00 | 4.07E-008 | 4.00 | 6.60E-008 | 4.00
160 | 2.25E-005 | 2.00 | 3.02E-005 | 2.00 | 2.55E-009 | 4.00 | 4.13E-009 | 4.00
D2
10 | 2.91E-004 - 3.89E-004 - 1.83E-005 - 2.58E-005 -

20 | 3.63E-005 | 3.00 | 4.97E-005 | 2.97 | 3.02E-007 | 5.92 | 4.30E-007 | 5.91
40 | 4.54E-006 | 3.00 | 6.25E-006 | 2.99 | 4.79E-009 | 5.98 | 6.81E-009 | 5.98
80 | 5.67E-007 | 3.00 | 7.82E-007 | 3.00 | 7.49E-011 | 6.00 | 1.07E-010 | 6.00
160 | 7.09E-008 | 3.00 | 9.78E-008 | 3.00 | 1.17E-012 | 6.00 | 1.67E-012 | 6.00
D3
10 1.12E-005 - 1.31E-005 - 2.18E-006 - 3.08E-006 -

20 7.01E-007 | 4.00 | 8.16E-007 | 4.01 | 9.31E-009 | 7.87 | 1.32E-008 | 7.87
40 | 4.38E-008 | 4.00 | 5.14E-008 | 3.99 | 3.72E-011 | 7.97 | 5.26E-011 | 7.97
80 | 2.74E-009 | 4.00 | 3.22E-009 | 4.00 | 1.46E-013 | 7.99 | 2.07E-013 | 7.99
160 | 1.71E-010 | 4.00 | 2.08E-010 | 3.95 | 5.71E-016 | 8.00 | 8.08E-016 | 8.00

convergence will be closer to 2k+2. Additionally, we see significant improvement in
the magnitude of the errors. Plots of the pointwise errors are given in Figure 1]
The STAC filter clearly works to rid the LDG errors of oscillations and improve the
order of accuracy.

Example 4.2. We next present a linear scalar convection-diffusion equation with
convection-dominated flow. We assume we have a smooth solution on the domain
2 = [0, 27]. The equation we consider is

(4.2) ug + Uy = 0.0lug,, Qx(0,7], wu(zr,0)=sin(z), =€,

with periodic boundary conditions. The errors again are computed at 7" = 2 and
the results are presented in Table and Figure

In this example we detect the effect after post-processing if we choose a larger
convection coefficient and a smaller diffusion coefficient. We notice that the results
are very similar to the linear wave equation, where we obtain improvement to order
2k+1 after post-processing.

Example 4.3. The last of the one-dimensional examples that we present is the
nonlinear viscous Burgers equation with forcing function on the domain Q = [0, 27]:

2

(4.3)  w+ <%> = €Uy, + f(z,t), Qx(0,T], wu(z,0)=sin(z), z¢cq.
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TABLE 4.2. L%- and L*-errors before and after post-processing
for the linear convection-diffusion equation with small diffusion
coefficient solved at time T' = 2 using the LDG method. We clearly
see improvement to (’)(h2k+1) after post-processing.
Before post-processing After post-processing
Mesh | L?-error | order | L°°-error | order | L’-error | order | L°°-error | order
Pl
10 4.18E-002 - 4.72E-002 - 5.79E-003 - 8.42E-003 -
20 | 1.05B-002 | 2.00 | 1.30E-002 | 1.85 | 6.68E-004 | 3.11 | 9.54E-004 | 3.14
40 | 2.61E-003 | 2.00 | 3.39E-003 | 1.95 | 7.95E-005 | 3.07 | 1.13E-004 | 3.07
80 | 6.53E-004 | 2.00 | 8.62E-004 | 1.97 | 9.65E-006 | 3.04 | 1.37E-005 | 3.04
160 | 1.63E-004 | 2.00 | 2.17E-004 | 1.99 | 1.18E-006 | 3.02 | 1.68E-006 | 3.03
PQ
10 | 2.09E-003 - 2.77E-003 - 1.50E-004 - 2.11E-004 -
20 2.62E-004 | 3.00 | 3.60E-004 | 2.94 | 2.76E-006 | 5.76 | 3.92E-006 | 5.75
40 | 3.28E-005 | 3.00 | 4.53E-005 | 2.99 | 5.29E-008 | 5.71 | 7.50E-008 | 5.71
80 | 4.11E-006 | 3.00 | 5.67E-006 | 3.00 | 1.12E-009 | 5.56 | 1.59E-009 | 5.56
160 | 5.13E-007 | 3.00 | 7.09E-007 | 3.00 | 2.65E-011 | 5.40 | 3.75E-011 | 5.40
Pd
10 [ &.11E-005| - |9.41B-005| - | 1.58E-005| - | 2.24E-005| -
20 | 5.086-006 | 4.00 | 5.95E-006 | 3.98 | 6.77E-008 | 7.87 | 9.58E-008 | 7.87
40 | 3.17E-007 | 4.00 | 3.73E-007 | 4.00 | 2.72E-010 | 7.96 | 3.84E-010 | 7.96
80 | 1.98E-008 | 4.00 | 2.33E-008 | 4.00 | 1.08E-012 | 7.98 | 1.52E-012 | 7.98
160 | 1.25E-009 | 4.00 | 1.46E-009 | 3.95 | 4.27E-015 | 7.98 | 6.03E-015 | 7.98

P2: before post-processing

FIGURE 4.2. Plot of pointwise errors in log scale before (left)
and after post-processing (right) for the linear convection-diffusion
solved at time T' = 2 using the LDG method. The SIAC filter
reduces the oscillations in the LDG solution and improves the
smoothness and accuracy.

n=10

n=20

n=40

n=80

Here we take € = 1 and f(x,t) = 0.5sin(2z)e 2 with boundary conditions that are
periodic. The exact solution for this equation is u(xz,t) = sin(x)e . We present
the errors computed at final time 7' = 2 in Table and Figure [£3]
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TABLE 4.3. L?- and L*-errors before and after post-processing
for the nonlinear viscous Burgers equation with forcing function
solved at time T = 2 using the LDG method. We clearly see
improvement to O(h?**1) after post-processing.
Before post-processing After post-processing
Mesh | LZ-error | order | L°-error | order | LZ-error | order | L°-error | order
Pl
10 2.30E-003 - 7.32E-003 - 4.33E-004 - 6.48E-004 -
20 5.74E-004 | 2.00 | 1.87E-003 | 1.97 | 4.52E-005 | 3.26 | 6.63E-005 | 3.29
40 1.43E-004 | 2.00 | 4.76E-004 | 1.97 | 5.00E-006 | 3.18 | 7.23E-006 | 3.20
80 3.59E-005 | 2.00 | 1.20E-004 | 1.99 | 5.85E-007 | 3.10 | 8.38E-007 | 3.11
160 | 8.98E-006 | 2.00 | 3.01E-005 | 2.00 | 7.07E-008 | 3.05 | 1.01E-007 | 3.06
PQ
10 1.15E-004 - 3.85E-004 - 1.93E-005 — 2.73E-005 —
20 1.44E-005 | 3.00 | 4.95E-005 | 2.96 | 3.36E-007 | 5.84 | 4.77E-007 | 5.84
40 1.81E-006 | 3.00 | 6.23E-006 | 2.99 | 5.85E-009 | 5.84 | 8.32E-009 | 5.84
80 2.26E-007 | 3.00 | 7.81E-007 | 3.00 | 1.09E-010 | 5.75 | 1.54E-010 | 5.75
160 | 2.83E-008 | 3.00 | 9.78E-008 | 3.00 | 2.22E-012 | 5.61 | 3.15E-012 | 5.61
Pd
10 | 4.45E-006 - 1.31E-005 - 2.18E-006 — 3.08E-006 —
20 2.79E-007 | 4.00 | 8.16E-007 | 4.01 | 9.32E-009 | 7.87 | 1.32E-008 | 7.87
40 1.75E-008 | 4.00 | 5.14E-008 | 3.99 | 3.73E-011 | 7.97 | 5.27E-011 | 7.97
80 1.09E-009 | 4.00 | 3.22E-009 | 4.00 | 1.47E-013 | 7.99 | 2.08E-013 | 7.99
160 | 6.83E-011 | 4.00 | 2.01E-010 | 4.00 | 5.79E-016 | 7.99 | 8.19E-016 | 7.99
102 - P?: before post-processing 102 P?: after post-processing
1074 o
B 1076;/ 777777777 ‘.j// 777777777777 \\ n=10
; ook n=20
n=40
1070
n=80
1012 Il Il Il |) 10712 L L Il L

FIGURE 4.3. Plot of pointwise errors in log scale before (left)
and after post-processing (right) for the nonlinear viscous Burg-
ers equation with forcing function solved at time 7' = 2 using the
LDG method. The STAC filter reduces the oscillations in the LDG
solution and improves the smoothness and accuracy.

This example is calculated by using the LDG method [§]. We note that the theory
presented in this paper does not cover this example. However, we can clearly see in
Table 3] that we improve the errors in both L? and L® from O(h**1) to O(h?*+1)
after post-processing. In Figure[43] we see that the oscillations in the errors of the
LDG solutions are reduced and the order is improved.
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We now present a series of two-dimensional numerical examples on domain €2 =
[0, 27] x [0, 27] confirming our theoretical results.

Example 4.4. Table 4] presents the L?- and L>-errors before and after post-
processing for the two-dimensional linear heat equation,

(4.4) Up = Ugg + Uyy, Q2 x (0,77,
(4.5) u(z,y,0) =sin(z) sin(y), z€Q,

with periodic boundary conditions. The errors are computed at time 7" = 2 using
the QF polynomial basis.

TABLE 4.4. L?- and L*-errors before and after post-processing
for the two-dimensional linear heat equation solved at time T =
2 using the LDG method. Although the theory only guarantees
O(h*+1) convergence in the L?-norm, we clearly see O(h?**2) in
both the L?- and L°°-norms.

Before post-processing After post-processing
Mesh | LZ-error | order | L*°-error | order | L?-error | order | L*°-error | order
Ql
10x10 | 3.09E-004 - 2.03E-003 - 4.45E-005 - 9.72E-005 -

20x20 | 7.77E-005 | 1.99 | 5.16E-004 | 1.97 | 2.42E-006 | 4.20 | 5.42E-006 | 4.17
40x40 | 1.94E-005 | 2.00 | 1.31E-004 | 1.98 | 1.38E-007 | 4.13 | 3.13E-007 | 4.11
80x80 | 4.86E-006 | 2.00 | 3.27E-005 | 2.00 | 8.23E-009 | 4.07 | 1.87E-008 | 4.06
Q2
10x10 | 1.56E-005 - 6.31E-005 - 3.55E-006 - 7.11E-006 -

20x20 | 1.96E-006 | 2.99 | 7.52E-006 | 3.07 | 5.83E-008 | 5.93 | 1.16E-007 | 5.93
40x40 | 2.45E-007 | 3.00 | 8.94E-007 | 3.07 | 9.19E-010 | 5.99 | 1.85E-009 | 5.98
80x80 | 3.06E-008 | 3.00 | 1.09E-007 | 3.04 | 1.44E-011 | 6.00 | 2.90E-011 | 6.00
Qd
10x10 | 6.01E-007 - 3.36E-006 - 4.18E-007 - 8.35E-007 -

20x20 | 3.78E-008 | 3.99 | 2.18E-007 | 3.94 | 1.78E-009 | 7.87 | 3.56E-009 | 7.87
40x40 | 2.36E-009 | 4.00 | 1.39E-008 | 3.97 | 7.12E-012 | 7.97 | 1.42E-011 | 7.97
80x80 | 1.48E-010 | 4.00 | 8.71E-010 | 4.00 | 2.80E-014 | 7.99 | 5.60E-014 | 7.99

Although the theory only guarantees us convergence of order 2k+1, again we
clearly see the O(h?+2) convergence in both the L?- and L>-norms for the two-
dimensional linear heat equation after post-processing. Proving the 2k+2 super-
convergence theoretically is currently being in investigated.

Example 4.5. The next two-dimensional example that we present is a convection-
dominated example,

(4.6) g+ g + Uy = 0.01ugy + 0.01uy,, Qx (0,77,
(4.7 u(z,y,0) =sin(z) sin(y), z € Q.
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TABLE 4.5. L2%- and L*-errors before and after post-processing
for the convection-dominated equation, u; + u; + uy = 0.01ug, +
0.01u,,, solved at time T = 2 using the QF-polynomial approxi-
mations. We clearly see improved order of convergence over the
LDG solution.

Before post-processing After post-processing

Mesh L2-error | order | L*>-error | order | LZ-error | order | L*>-error | order
T

10x10 | 1.13E-002 - 7.24E-002 - 2.57TE-003 - 5.29E-003 -

20x20 | 3.54E-003 | 1.68 | 2.36E-002 | 1.62 | 1.56E-004 | 4.04 | 3.39E-004 | 3.97

40x40 | 9.98E-004 | 1.83 | 6.72E-003 | 1.81 | 9.34E-006 | 4.06 | 2.06E-005 | 4.04

80x80 | 2.54E-004 | 1.97 | 1.71E-003 | 1.97 | 5.64E-007 | 4.05 | 1.25E-006 | 4.04

10x10 | 7.13E-004 - 1.79E-003 - 1.87E-004 - 3.74E-004 -

20x20 | 9.44E-005 | 2.92 | 3.41E-004 | 2.39 | 3.07TE-006 | 5.93 | 6.14E-006 | 5.93
40x40 | 1.27E-005 | 2.90 | 4.58E-005 | 2.90 | 4.85E-008 | 5.98 | 9.74E-008 | 5.98
80x80 | 1.60E-006 | 2.98 | 5.69E-006 | 3.01 | 7.58E-010 | 6.00 | 1.53E-009 | 6.00

10x10 | 2.63E-005 - 1.14E-004 - 2.19E-005 - 4.38E-005 -

20x20 | 1.86E-006 | 3.82 | 9.73E-006 | 3.55 | 9.35E-008 | 7.87 | 1.87E-007 | 7.87
40x40 | 1.23E-007 | 3.92 | 7.13E-007 | 3.77 | 3.73E-010 | 7.97 | 7.47E-010 | 7.97
80x80 | 7.75E-009 | 3.99 | 4.55E-008 | 3.97 | 1.47E-012 | 7.99 | 2.93E-012 | 7.99

Where again periodic boundary conditions are used and the errors are computed at
T = 2. The errors for the L?- and L>-norms are presented in Table using the
QF polynomial approximation. For this convection-dominated example, we clearly
see errors of the order 2k+1, as the theory predicts.

Example 4.6. The last example that we present is when the convection and dif-
fusion coefficients are equal. That is,

(4.8) Up 4 Uy + Uy = Ugg + Uyy, QX (0,77,
(4.9) u(z,y,0) =sin(z +y), =€,

where periodic boundary conditions are used. The errors for L? and L> are com-
puted at 7' = 2 using the P* polynomial basis and are presented in Table This
example is similar to the one-dimensional case. If we denote z = x + y, then we
can convert the equation to the one-dimensional case. The numerical test confirms
this by showing similar 2k + 1 order error as in [7].
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TABLE 4.6. L?- and L*-errors before and after post-processing
for uy + up + Uy = Ugy + Uyy, I % (0,T), solved at time T' = 2.
Errors for two-dimensional P* polynomial basis.

Before post-processing After post-processing
Mesh L2-error | order | L°-error | order | LZ-error | order | L-error | order
731
10x10 | 8.33E-004 - 2.31E-003 - 6.74E-004 - 9.54E-004 -

20x20 | 1.70B-004 | 2.29 | 7.50E-004 | 1.63 | 8.83E-005 | 2.93 | 1.25E-004 | 2.93
40x40 | 3.92E-005 | 2.12 | 2.09E-004 | 1.84 | 1.11E-005 | 2.99 | 1.58E-005 | 2.99
80x80 | 9.59B-006 | 2.03 | 5.48E-005 | 1.93 | 1.39E-006 | 3.00 | 1.97E-006 | 3.00
D2
10x10 | 6.46E-005 | — | 4.99B-004 | — | 1.43E-005 | — | 2.02E-005| -
20%20 | 8.35E-006 | 2.95 | 6.58E-005 | 2.92 | 3.88E-007 | 5.21 | 5.49E-007 | 5.21
40%40 | 1.07B-006 | 2.97 | 8.49E-006 | 2.95 | 1.10E-008 | 5.14 | 1.56E-008 | 5.14
80x80 | 1.35B-007 | 2.98 | 1.0SE-006 | 2.98 | 3.26E-010 | 5.08 | 4.62E-010 | 5.08
P

10x10 | 5.17E-006 - 4.78E-005 - 6.85E-007 - 9.69E-007 -

20x20 | 3.38E-007 | 3.94 | 3.22E-006 | 3.89 | 3.50E-009 | 7.61 | 4.95E-009 | 7.61
40x40 | 2.16E-008 | 3.97 | 2.09E-007 | 3.94 | 2.14E-011 | 7.36 | 3.02E-011 | 7.36
80x80 | 1.37E-009 | 3.98 | 1.33E-008 | 3.98 | 1.85E-013 | 6.85 | 2.61E-013 | 6.85

5. CONCLUDING REMARKS

By implementing a smoothness-increasing accuracy-conserving filter, we can
provably improve the quality of LDG solutions from O(RF1) to O(h%++™). The
proof of these results for the multi-dimensional linear convection-diffusion equa-
tions requires investigating the negative-order norm of the LDG method. For a
uniform mesh, the kernel then extracts this hidden accuracy out of the LDG solu-
tion to obtain order 2k-+m accuracy in the L2-norm of the filtered solution. We
theoretically demonstrated that we obtain O(h?**™) in the negative-order norm
and numerically confirmed that we do indeed see improved convergence in both the
L?- and L>®-norms after filtering. These results can easily be extended to include
multi-dimensional systems, provided the matrix is diagonalizable.

We note that the 2k+m order seen in the negative-order norm is an inherent
property for the discontinuous Galerkin solution. It does not rely on the mesh as-
sumption and the special kernel that we use. However, the proofs of the accuracy
extracting capabilities rely heavily on the translation invariance of the mesh. We
speculate that in order to fully see the 2k+1 order accuracy on unstructured trian-
gular meshes, the convolution kernel must be redesigned. Additionally, the proofs
of the higher order accuracy for the negative-order norm do not rely on using the
QF polynomial space, however the applicability of the kernel does. These related
issues remain a challenging open problem.

Furthermore, in this paper we only consider periodic boundary conditions. For
other types of boundary conditions, it is possible to estimate the negative-order
norm which captures the superconvergent points of the numerical methods. In
order to post-process this type of solution we would need the one-sided kernel in
[14] 16].
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Last, we point out that our numerical experiments indicate that the post-proc-

essing technique can be applied to nonlinear convection-diffusion equations. This

is

10.

11.

12.

13.

14.

15.

16.

17.

18.

the subject of current research.
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