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ALGORITHM FOR CONSTRUCTING SYMMETRIC DUAL
FRAMELET FILTER BANKS

BIN HAN

ABSTRACT. Dual wavelet frames and their associated dual framelet filter banks
are often constructed using the oblique extension principle. In comparison
with the construction of tight wavelet frames and tight framelet filter banks,
it is indeed quite easy to obtain some particular examples of dual framelet
filter banks with or without symmetry from any given pair of low-pass filters.
However, such constructed dual framelet filter banks are often too particular to
have some desirable properties such as balanced filter supports between primal
and dual filters. From the point of view of both theory and application, it is
important and interesting to have an algorithm which is capable of finding
all possible dual framelet filter banks with symmetry and with the shortest
possible filter supports from any given pair of low-pass filters with symmetry.
However, to our best knowledge, this issue has not been resolved yet in the
literature and one often has to solve systems of nonlinear equations to obtain
nontrivial dual framelet filter banks. Given the fact that the construction
of dual framelet filter banks is widely believed to be very flexible, the lack
of a systematic algorithm for constructing all dual framelet filter banks in
the literature is a little bit surprising to us. In this paper, by solving only
small systems of linear equations, we shall completely settle this problem by
introducing a step-by-step efficient algorithm to construct all possible dual
framelet filter banks with or without symmetry and with the shortest possible
filter supports. As a byproduct, our algorithm leads to a simple algorithm
for constructing all symmetric tight framelet filter banks with two high-pass
filters from a given low-pass filter with symmetry. Examples will be provided to
illustrate our algorithm. To explain and to understand better our algorithm
and dual framelet filter banks, we shall also discuss some properties of our
algorithms and dual framelet filter banks in this paper.

1. INTRODUCTION AND MOTIVATIONS

Wavelets and framelets with associated filter banks have many applications in
areas such as image processing and scientific computing ([I,BL6]). On the one
hand, dual framelet filter banks generalize biorthogonal wavelet filter banks by
using more than one pair of high-pass filters. On the other hand, dual framelet
filter banks include tight framelet filter banks as special cases by allowing the use
of different sets of filters for analysis and synthesis. Therefore, dual framelet filter
banks include both biorthogonal wavelet filter banks and tight framelet filter banks
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as special cases. The design of a dual framelet filter bank is quite different in
nature to the construction of a biorthogonal wavelet filter bank. With the added
redundancy and flexibility in a dual framelet filter bank, it is well known in the
literature ([2LALGLI0IE]) that it is often much more flexible and less restrictive to
construct dual framelet filter banks than biorthogonal wavelet filter banks or tight
framelet filter banks.

In this paper we discuss how to systematically design all possible dual framelet
filter banks with some desirable properties such as vanishing moments, symmetry,
and short filter supports. To do so, let us recall some basic definitions and notation.
By lo(Z) we denote the linear space of all sequences u = {u(k)}rez : Z — C such
that {k € Z : u(k) # 0} is a finite set. For u = {u(k)}rez € lo(Z), the z-transform
of u is a Laurent polynomial defined to be u(z) := 3", ., u(k)z*. We define another

associated sequence u* by u*(k) = u(—k),k € Z. For a matrix P(z) = >, ., Pp2"

of Laurent polynomials, we define P*(z) := 3", ., Pfz~*, where P} := ET denotes
the complex conjugate of the transpose of the matrix P.

Since all wavelet or framelet filter banks are often obtained via the oblique ex-
tension principle (see [2L[4,[5]), we first revisit here the oblique extension princi-
ple (OEP). For @,by,...,bs,a,by,...,bs,© € lo(Z), we say that ({a;by,...,bs},
{a;b1,...,bs})e is a dual framelet filter bank if the following perfect reconstruction
condition holds:

51(2) 55(2) bi(z2) -+ by(2) *7
(11) |:Bl(—2’) Bs(—Z)] |:b1(_z) bs(—Z) —Ma7@7@(z),

where

_ [0(z) — ©(z*)a(2)a*(2) —6(2%)a(z)a*(—2)
(12) Maael2) { O a () O(—2) - O (—5)]

It is trivial to observe that ({@; by, ...,bs},{a;b1,...,bs})e is a dual framelet filter
bank if and only if ({a;b1,...,bs}, {a; b,..., BS})@* is a dual framelet filter bank.
{a;by,...,bs}o is called a tight framelet filter bank if ({a;b1,...,bs},{a;b1,...,bs}He
is a dual framelet filter bank.

The low-pass filters a and a are often given in advance. As we shall see in
Section 2, one often designs a moment correcting filter © with some desirable prop-
erties first. Then the matrix M, ;e is given and the construction of high-pass
filters by, ..., bs, l~)1, ceey b, now becomes how to factorize a given matrix M, ;e of
Laurent polynomials in (I2) so that () holds.

Under the natural assumption a(1) = a(1) = 1, we can define functions ¢, @, 7,
Pl Pl ¢ =1,... s on the real line R by
(1.3) @(¢) = [Jale 7). @(€) = [Tale™™ ") () == ©(e)(€), £ €R

J=1 Jj=1
and

(1.4) pl(28) :=be(e ®)p(€), P (2€) :=be(e )@(€), £=1,....s, {€ER.

Then all the above functions are well defined ([I,[3]). Under the assumption a(1) =
a(1) = ©(1) = 1, it has been shown in [II, Theorem 2] and [12, Theorem 17]
that ({a@;b1,...,bs},{a;b1,...,bs})e is a dual framelet filter bank if and only if
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;M i) L. 4pls]}) forms a frequency-based dual framelet, that
is,

Z<f7'f]1;0k 9010k> +ZZZ 2 JOk; éélj;07k>g> =2ﬂ'<f,g>

keZ 7=0/4=1keZ

for all compactly supported functions f, g € C°°(R), where the infinite series con-
verges in an appropriate sense as described in [I1] and

Wrmr(x) = N2 A f Az —n) for A\ k,n,zeR.

Due to this natural link between a dual framelet filter bank and a frequency-
based dual framelet, in this paper we only deal with filter banks without discussing
wavelets and framelets on the real line.

For a dual framelet filter bank ({a; bi,..., l;s}, {a;b1,...,bs})e, it is often desir-
able for the high-pass filters to possess certain numbers of vanishing moments:

(15)  be(z) = (1 — 2 Y)™by(2),  be(z) = (1 — 2z H)"by(2), £=1,...,s,

where n; and n; are nonnegative integers. Moreover, n, and n; are called the
orders of vanishing moments of the primal high-pass filters by, ...,bs and the dual
high-pass filters by, ..., bs, respectively, if all be and b, are Laurent polynomials

such that both Y5_, |be(1)] and Y5_, |bs(1)] are nonzero.
Now the perfect reconstruction condition for a dual framelet filter bank
({@; b1,. .., bs}, {a;b1,...,bs})e in (L) can be equivalently expressed as

we | PG Qbs(z)][obﬂz) Qbs<z>)] = Mo 04 (2),

bi(—2) - bo(—z)| [ba(=2) -+ ba(-z
where
" Masomn= g7 D)
with
(18) A@) = QR ZOCNIRC) gy g 32 (=)

(1—2)w(l—2z"1)m ’

Now the construction of a dual framelet filter bank with preassigned orders of
vanishing moments is simply to factorize the matrix M,z @jn,n; in ([T so that
(CH) is satisfied.

To reduce computational complexity in the implementation of a dual framelet
filter bank, we prefer a small number s of high-pass filters. As shown in Theorem [7,
it is often necessary that s > 1. Hence, in this paper we shall consider the case
s = 2 for a dual framelet filter bank. For the case s = 2, (L) takes the following
equivalent form:

(19) [ﬁﬂz) f»(@)} [fil(z) ﬁ(z))]*:[/v(z) |

T+ ==

bi(=2) ba(=2)] |by(=2) ba(— B*(2) A*(—2)

It is easy to find particular solutions to (L9) by choosing by and by in such a way
that the determinant of the first 2 x 2 matrix on the left side of (I9)) is a nonzero
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monomial. We present here two particular constructions known in the literature,
for example, see [4)[B]. The first construction is

(1.10) bi(z) =1,  by(z) =2

Then it follows from (L9) that we must have

(1.11) bi(2) = [A(2) + B(=)]/2,  ba(2) = 2[A(2) — B(2)]/2.
The second construction is
(1.12) bi(z) = (1+2)/2,  by(z) = (1—2)/2.

Then the perfect reconstruction condition in (L9]) will force

(1.13) Bl(z) =[(1+2)A(2)+ (1—2)B(2)]/2, Bg(z) =[(1-2)A(2)+ (1+2)B(2)]/2.

We now discuss filter support and symmetry property of a dual framelet filter
bank. For a filter u = {u(k)}rez € lo(Z), if u(m)u(n) # 0 and u(k) = 0 for all
k € Z\[m,n], then we define

(1.14) fsupp(u) := [m, n], len(u) := |fsupp(u)| :=n —m.

The filter support fsupp(u) is simply the shortest interval containing all the posi-
tions of the nonzero coefficients of u. We say that u has symmetry if

(1.15) u(c — k) = eu(k), VkecZ

for some ¢ € Z and € € {—1,1}. A filter u is symmetric about the point § if (LI3])
holds with € = 1, and antisymmetric about the point § if (LI5]) holds with e = —1.
We call § the symmetry center of the filter u, which is simply the center of its filter
support fsupp(u). It is often convenient to use a symmetry operator S to record
the symmetry type of a filter having symmetry. For this purpose, we define

u(z)
1.16 S =— C\{0}.
(1.16) we)= 2 e C\0)
Now it is straightforward to see that (LIH) holds if and only if Su(z) = ez°.
Note that the perfect reconstruction condition in (II)) with s = 2 implies
(1.17) b1 (2)b}(—2) + ba(2)b3(—2) = —O(2?)a(2)a* (—2).

If all the filters a, 51, 52, a, b1, be, © are required to have symmetry, as we shall see
from Lemma [§ it is natural to have S(by(2z)b7(—2)) = S(bz(2)b3(—=2)), and from

(LI7) we must have the following relation on the lengths of filter supports:
(118) max(len(by) + len(by ), len(by) + len(bs))
. = len(a) + len(a) + 21en(©) + 2¢jen, elen € NU {0}.

Therefore, from any given filters a, a, © with symmetry, it is natural and important
to construct all dual framelet filter banks ({a; b1, b2}, {a; b1, b2})e having symmetry
and the shortest possible filter supports:

(1.19)  max(len(by) + len(by), len(by) + len(by)) = len(a) 4 len(a) + 2len(O).
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We now examine the filter length and symmetry property of the two particular
constructions in (CIO)—(TI3). Assume that all the filters a,a, © have the following
symmetry:

(1.20) SO(z) = egz®, Sa(z) = ez, Sa(z) = &°

and both A and B in (L8) are Laurent polynomials. In order for the Laurent
polynomial A to have symmetry, by Lemma [§ it is natural to require that

(1.21) c=c—cg and €E=c¢e
Then A and B have the following symmetry:
(122)  SA(z) = (—1)"™egzotmm,  SB(:) = (1) eg oo i,

We consider two cases according to either SA(z) = SB(z ) or SA(z) = =SB(z).

Case 1: If ¢ + np is an even integer, then SA(z) = SB(z). The first particular
construction of a dual framelet filter bank ({;b1,bs},{a;b1,b2})e in (CI0) and
(LII) indeed has symmetry and the shortest possible filter support satisfying (L.I9])
with

len(by) = len(by) = ny, max(len(by),len(by)) = len(a) + len(a) + 2len(©) — ny,.

Since S((1 4 2)A(z)) = —=S((1 — 2)B(z)), the dual filters by and by in (LI3) usu-
ally do not possess any symmetry, even though all other filters b1, bo, a, a,® have
symmetry. Hence, the second particular construction of a dual framelet filter bank
({@; by, ba}, {a; by, b2})e in (LI2) and (LI) lacks symmetry.

Case 2: If ¢ + np is an odd integer, then SA(z) = —SB(z). The dual filters
by and by in (LII) usually do not possess any symmetry, even though all other
filters b1,b2,a,a,0 have symmetry. Therefore, the first particular construction
in (CI0) and (LII) lacks symmetry. But the second particular construction of
a dual framelet filter bank ({@;by, by}, {a;b1,b2})e in (LIZ) and (LI3) indeed has
symmetry and the shortest possible filter support satisfying (I.I9)), since by SA(z) =
—SB(z), we deduce from (LI3) that

len(by) = len(by) = np+1, max(len(by),len(by)) = len(a)+len(a)+2len(©)—ny—1.

Though the two particular constructions in (LI0)-(TI3) are explicit and very
simple, a shortcoming of the two particular constructions is that their filter supports
are quite unbalanced: the filter supports of b; and b are very short while the filter
supports of b; and by are usually very long. For the purpose of implementation
and performance of a discrete framelet transform employing a dual framelet filter
bank, it is often desirable for all high-pass filters to have more or less balanced
filter supports. For certain applications such as signal and image denoising, it is of
interest to have a dual framelet filter bank ({a;by,ba}, {a;b1,bs})e which is close
to a tight framelet filter bank, that is, @ =~ a, by ~ b1, and by = by. Furthermore, if
@ = a and if the necessary and sufficient condition in [I3[14] is satisfied, then it is
very much desired that such an algorithm is able to obtain all the tight framelet filter
banks with symmetry and with two high-pass filters as special cases. Undoubtedly,
the particular constructions in (LI0)—(TI3]) cannot achieve this goal. In fact, to our
best knowledge, so far there is no systematic algorithm available in the literature
to achieve such a purpose. This difficulty is probably caused by the fact that
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the overwhelming flexibility and freedom in using four high-pass filters in a dual
framelet filter bank make the task of finding all dual framelet filter banks much
harder.

The above discussions motivate us to develop a systematic algorithm to construct
all possible dual framelet filter banks with symmetry and with short filter supports.
Though many particular constructions of various dual framelet filter banks with
or without symmetry appeared in the literature (see [2]4L/5][7,8] 10} 16} 17,211 22)
and references therein), to our best knowledge, so far there is no systematic algo-
rithm available in the literature to construct all possible dual framelet filter banks
({d;bl,ég}, {a;b1,b2})e with symmetry and with the shortest possible filter sup-
ports derived from any given filters a, a, © with symmetry. The only method that
we know so far is [I7, Appendix] where a system of nonlinear equations has to be
solved in order to obtain some nontrivial examples of dual framelet filter banks
other than the two particular constructions in (LI0)—-(TI3). Given the fact that
the construction of dual framelet filter banks is widely believed to be very flexible,
the lack of a systematic algorithm for constructing dual framelet filter banks in
the literature is a little bit surprising to us. The main goal of this paper is to fill
this gap by developing a systematic and satisfactory algorithm to construct all dual
framelet filter banks ({a;by, b}, {a; b1, b2})e with symmetry and with the shortest
possible filter supports derived from any given filters a,a, ©® with symmetry.

The structure of the paper is as follows. In Section 2 we shall present a step-
by-step algorithm for constructing all dual framelet filter banks having symme-
try and the shortest possible filter supports satisfying (LIS) with €, € {0,1}.
Therefore, our algorithm not only finds all symmetric dual framelet filter banks
({@; by, by}, {a; b1, b2})e with the shortest possible filter supports satisfying ([LI9)
but also all those having slightly longer filter supports satisfying (II8)) with €, = 1.
Our algorithm only involves solving small systems of linear equations and is able
to efficiently find all possible dual framelet filter banks having symmetry and the
shortest possible filter support from any given filters a, @, © with symmetry. More-
over, if @ = a and if the necessary and sufficient condition in [I3[14] is satisfied,
then our algorithm is able to obtain all the tight framelet filter banks with sym-
metry and with two high-pass filters. Our algorithm for constructing dual framelet
filter banks naturally leads to a simple algorithm, stated in detail in Section 3, for
constructing all tight framelet filter banks with symmetry and two high-pass filters.
In fact, our algorithm in Section 3 for constructing all symmetric tight framelet fil-
ter banks ({a;b1,ba}, {a;b1,b2})e is not only slightly more general but also much
simpler than those algorithms developed in [I3|[14L[19]. In Section 4 we shall present
several examples to illustrate our algorithm. To better understand our algorithms
and dual framelet filter banks, since the presentation of our algorithm appears to
be somewhat complicated at the first glance, we shall discuss in Section 5 some
basic properties of dual framelet filter banks and provide some explanations for our
algorithm.

2. ALGORITHM FOR CONSTRUCTING SYMMETRIC DUAL FRAMELET FILTER BANKS

Comparing with the design of tight framelet filter banks with symmetry, since
a dual framelet filter bank employs four high-pass filters, the construction of dual
framelet filter banks with symmetry has much more flexibility and freedom. How-
ever, such overwhelming flexibility and freedom also make it much more difficult in
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finding all possible dual framelet filter banks. In fact, to our best knowledge, there
is no systematic algorithm available so far in the literature for constructing all sym-
metric dual framelet filter banks ({@; b1, bs}, {a; by, bs2})e with the shortest possible
filter supports satisfying (LI9). In this section, we completely settle this problem
by presenting a step-by-step systematic algorithm to construct all dual framelet
filter banks ({@; by, b2}, {a; b1, bs})e having symmetry and the shortest possible fil-
ter supports satisfying (LI8]) with €, € {0,1} from any given filters a,a, ©® with
symmetry.

In this paper we deal with both real-valued and complex-valued dual framelet
filter banks. For complex-valued filters, there is another closely related notion of
symmetry similar to (LI5). We say that a filter u = {u(k)}xez : Z — C has
complex symmetry if

(2.1) u(c — k) = eu(k), VkeZ
for some ¢ € Z and € € {—1,1}. That is, u*(k) = eu(c + k) for all k € Z, where
u*(k) :== u(—k),k € Z. Define a complex symmetry operator S by

u(z

(2.2) Su(z) := u*(—(z))’ z € C\{0}.

Then a filter « has complex symmetry in (Z1)) if and only if Su(z) = ez®. If u is
identically zero, then Su and Su can be assigned any types of [complex| symmetry.
It is trivial to see that a filter u has real-valued coefficients if and only if u*(z) =
u(z~1). Therefore, for a real-valued filter u, there is no difference between symmetry
and complex symmetry since Su = Su. If a filter u has symmetry and A € C\{0},
then \u also has symmetry. However, if v has complex symmetry, it is not necessary
that Au has complex symmetry and for a nontrivial filter u, in fact, Au also has
complex symmetry if and only if A € R or i\ € R.

For a filter u and a nonnegative integer m, we define the order of sum rules of u to
be sr(u) := m, where m is the largest integer such that u(z) = O(|1+2|™),z — —1.
Similarly, we define the order of vanishing moments of the filter u to be vin(u) := n,
where n is the largest integer such that u(z) = O(|1 — 2z|*),z — 1. To guarantee
that both A and B in ([.8]) are Laurent polynomials, under the natural assumption
a(1)a(1)©(1) # 0, it is necessary and sufficient to require that

0 < np < sr(a), 0 < nj < sr(a),

(2:3) 0(z) — O(2%)a(z)a*(z) = O(|1 — z|™*"%), z— 1.

For an integer j, we define odd(j) := 1 if j is odd, and odd(j) := 0 if j is even, that
is, odd(j) := w By coeff(p, z, j) we denote the coefficient of 27 in a Laurent
polynomial p.

We now present an algorithm to construct all dual framelet filter banks having
symmetry or complex symmetry and having real coeflicients or complex coefficients
with filter supports satisfying ([I8) with €e, € {0,1}. The presentation and
statement of the following algorithm appear to be somewhat complicated at first
glance. To understand better our algorithm and dual framelet filter banks, we shall
provide some explanations for the following algorithm in Section 5. Here we only
present the algorithm and its proof without explaining its various relations and
assumptions appearing in the algorithm.
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Algorithm 1. Let a,a,0 € lo(Z) be given filters having [complex] symmelry (and

real coefficients) satisfying (L20), (L2I), and Z3) for some c,é co € Z, €,€ €o €
{—=1,1}, and ny,n; € NU{0}. Assume that len(a) + len(a) + len(©) > 0, that
18, a,3,© cannot be simultaneously monomials. For the case of complex symmetry,
replace the symmetry operator S by the complex symmetry operator S throughout.

(S1) Define Laurent polynomials A and B as in (L8)), and

Az) B(2)
p(z2)’ p(z?)
Then p,A,B,A,B have [complex] symmetry (and real coefficients). Define
€0, Co, o by

(2.5) €02 :=SA(z) and [co — ng,no) := fsupp(A).

(24) p(z%) := ged(A(2), A(=2),B(2), B(=2)), A(2) = B(2) =

(S2) Select d,c1,€1,n1,n2,€len as follows:
(1) Select a Laurent polynomial d with [complex] symmetry (and real co-
efficients) such that

(2.6) d(2) | D(z) with D(z%) := [A(2)A(—z) — B(2)B(—2)]*.

A
Define €4, cdq,ng by €42° := Sd(z) and [cq — ng,nq] := fsupp(d). We
often restrict cq € {0,1};
(2) Select ¢; € {odd(c + np),odd(c + np) + 2}. Define co :=2cq +2 — c3.
(3) Select €1 =1 if (—1)%eq = —1, otherwise, select 1 € {—1,1}. Define
€ := (—1)“eqeq.
(4) Select e1on = 0 for the shortest filter support satisfying (LI9), other-
wise, select €10, = 1.
(5) Select ny € Z satisfying G < n1 < 25 + ng + €len-
(6) Selectns € Z satzsfymg max( 2nd—|—1 n1) < ng < 5% +ng+€len-
(S3) Parameterize a filter by such that Sby(z) = €2 and fsupp(by) = [¢1 —
ny,n1]. Find the unknown coefficients of by by solving a system X1 of
linear equations induced by R1(z) =0 and

(2.7) coeﬁ(Bg,z,j) =0, j=ng—no—co+14e€en,---,ng+n —cog—2nqg—1,
where Rq and B§ are Laurent polynomials uniquely determined, through long
division using the divisor d(2?), by fsupp(R1) C [2(ca — na), 214 — 1] and

(2.8) B*(2)bi(2) — A*(2)b1(—2) = d(2%)2b5(2) + R (2).

If X1 has no nontrivial solution, restart the algorithm from (S2) by selecting
other choices of d, ¢y, €1,11, N2, Elen.

(S4) Parameterize a filter by such that Sby(z) = €32°2 and fsupp(by) = [cy —
ng,no|. Find the unknown coefficients of the filter bs by solving a system
Xo of linear equations induced by Ro(z) =0 and

(2.9) coeﬁ(B‘f,z,j):O7 j=ng—mni—co+1+€en,...,n0+ns—co—2ng—1,

where Ro and B‘f are Laurent polynomials uniquely determined, through long
division using the divisor d(22), by fsupp(Rz) C [2(cq — na), 2nq — 1] and

(2.10) B*(2)ba(2) — A*(2)ba(—2) = —d(22)2b1(2) + Ra(2).
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If X5 has no nontrivial solution, restart the algorithm from (S2) by selecting
other choices of d, ¢y, €1,n1,N2, €len -
(S5) There must exist a complex number A € C such that

(2.11) Md(2%) = 271 by (2)ba(—2) — by (—2)ba(2)].
If X\ = 0, then restart the algorithm from (S2) by selecting other choices of d,
c1, €1, N1,N2, €len- Otherwise, replace Bl, by by 5\7151,5\’152, respectively.
Moreover,
(212) SBl(Z) = 6061ZCO+CI, SBQ(Z) = 60622’60+C2.
(S6) Find Laurent polynomials q and q having [complez] symmetry (and real
coefficients) such that p(z) = q(2)q*(z). Define
(213)  by() = (1— )by (2)a(z3),  ba(2) = (1— 2~ )™by(2)a(:2)
and
(2.14)  by(2) = (1— 27 )by (2)3(:2),  Ba(2) = (1— 2~ 1)by(2)a(:2).
Then ({a@;b1,ba}, {a;b1,b2})e is a dual framelet filter bank having [complex] sym-
metry (and real coefficients) such that vm(by) > ny,vm(bz) > ny, vm(by) > ng,
vm(by) > ng, and
(2.15) max(len(by) +len(by ), len(by) 4 len(by)) < len(a) +len(a) + 2len(©) + 2e1en.
Proof. We first look at the symmetry property and filter supports of A and B. By
our assumption in (2], we have
(2.16) S(9(2%)a(2)a*(2)) = egeez?®T¢ = egz® = SO(2).
Hence, both A and B have symmetry. Since len(a)+len(a)+len(©) > 0, it is trivial
to see that
len(0) < len(a) + len(a) + 2len(0) = len(0(2?)a(z)a*(2)).
From the definition of A and B in (L), it follows from the above relation and (210])
that fsupp(A) = fsupp(B). Since both A and B have symmetry, p has symmetry

too. Define e,2% := Sp(z) to be the symmetry type of the Laurent polynomial p.
By the definition of A and B in (2.4)), we conclude that

(2.17) fsupp(A) = fsupp(é) = [co — o, o), SA(z) = €2, SB(z) = g2
with
(2.18) € = (—1)" ™ ege,, € = eo(=1)ctm, co = co +nj — np — 2cp.

By (IR) and Sby(z) = €12, we have
S(B*(2)by(2)) = €g€12~ 02 = (=1)Teper 24 T
and ) )
S(A*(z)bl(—z)) = 60612’_00(—2)01 = (—1)016061201_00.
By item (2) of (S2), we have (—1)°* = (—1)"". Therefore,
S(B*(2)b1(2)) = (—1)+ ™ eger 2 = (1) eger 2970 = S(A*(2)by (—2)).
Consequently, it follows from ([28)) and Ry = 0 that

S(d(=2)2b3(2)) = S(A*(2)b1(—2)) = (1) ger2 ™,
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from which we conclude that by has symmetry such that

s S(d(zh)z) gz®t?
P SR G () CDrwae

2cq+2—ci1+co _ cotc2
= €p€22 )

= (—1)%eg€1€02

where we used the definition of ¢y and ez in (S2). Hence, the second identity in

(Z12) holds.
On the other hand, by (ZI7) and [ZI), since fsupp(A) = fsupp(B), we obtain

fsupp(B*(2)bi (2)) = fsupp(by) — fsupp(B) = fsupp(b) — fsupp(A)
= fsupp(A*(2)by(—2)).

Hence, by fsupp(d) = [c4 — nd, 4] and fsupp(by) = [¢1 — n1,n1], we deduce from
23) and Ry = 0 that

(2.19) fsupp(li‘og) Cler —mo—n1 4+ 2ng — 2¢4 — 1,n0 +n1 — ¢ — 2ng — 1.

By the proved symmetry property Sba(z) = egep2°+e* and (1), using the defini-
tion cg = 2¢q + 2 — ¢1, we obtain

(2.20) fSUPP(B2) C [co — no + N2 — €len, C2 + Mo — N2 + €len.

By a similar argument and using (S4) instead of (S3), we can check that the first
identity in (2I2) holds and

(2.21) fsupp(by) C [co — no + N1 — €1en, €1 + No — N1 + €len]-
Since Ry = R2 =0, (I?EI) and (ZI0) together imply
—z)  —ba(2)] [A*(2)
(2.22) d(22 ) (Z) [ 2(=2) = } {o* .
b0y b= bie) | [BCe)
Therefore, multiplying [b * b2 ] from the left on both sides of ([Z22]), we
—2z)
have
bi(z) } b (2) 2 {/&*(2)]
d(z 2 - ’
) [m( L,g M)
where Dy(22) := 2z '[b1(2)ba(—2) — bi(—2)ba(2)]. From the above identity we

further deduce that

bi(2)  ba(2) ][ Bi(x)  ba(s) || _ Dy(s?) [A"(z) B*(—2)
e |l 0] [&(—z) 52<_Z)1 el FAC
Since gcd(A( ),A(=2),B(2),B(=2)) = 1 by (S1), we obtain ged(A*(z), A*(—z),
B*(z), B*(—z)) = 1. Therefore, we must have d(z2) | D;(2?). Thus, the above
relation in (Z23) particularly implies

D; (2?) .
dti(zQ)) A*(z).

(2.24) b1(2)bi(2) + ba(2)b3 (2) =
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Since fsupp(zwl) C [ —n1,n1] and fsupp(lo)g) C [ea — na, no|, by ([220) and 221]),
we must have

(2.25) fsupp(bl( )b (2)) € [-=10 — €lens N0 — €0 + €len],

fsupp(bg(z)bg(z)) C [~n0 — €len, 10 — €0 + €len]-
Consequently, it follows from (Z24) and fsupp(A*) = [—ng, ng — co] that

fsupp(D ( )/d( )) [—€len; €len]-

Since €jen € {0, 1}, this forces fsupp(Dg (2?)/d(2?)) C{0}. That is, X := Dy (2?)/d(2?)
must be a constant. In other Words Dy(z) = Ad(z). By our assumption A # 0,

after replacing by, by by Aby, A 1bo, respectively, we must have

bi(s)  ba(2) [ [ Bi(2)  ba(2) ] _[A()  B(2)
(2.26) lgll(_z) 522(— )] {bl(—z) b22(— )] {B(—z) A(—ZJ

For the case of complex symmetry, since A = D (2?)/d(2?) and since both Dy and d
have complex symmetry, the constant A must have complex symmetry. This is only
possible for )\ € R or z)\ € R. Hence, complex symmetry will be preserved after

replacing bl, b2 by A~ 1b1,)\ 1b2, respectively. If all filters have real coefficients,
then A must be a real number and therefore, all the constructed high-pass filters
must have real coefficients too.

Now it is straightforward to check that ({@; by, ba}, {a; b1, b2})e is a dual framelet
filter bank with [complex] symmetry (and real coefficients).

By [2I7) and(2I]), we have
len(A) = len(B) = 2ny — co = 2ng + ny, — ng + 2¢c, — co.

We now check the inequality in ZI5). It follows from ZI13), (ZI4), and [225)
that

len(by) + len(by) = ny + ng + 2len(p) + len(by) + len(zl)
< ny +ny + 2len(p) 4 2np — co + 2€ien.
By the definition of B in (L)), we have
2len(p)42ng —co = 2len(p) +len(B) = len(B) = len(a)+len(d)+2len(©) —n, —nj.
We deduce from the above inequalities that
len(by) + len(b;) < len(a) + len(a) + 21len(©) + 2€jep.
Similarly, we can verify
len(by) + len(by) < len(a) + len(a) + 21len(©) + 2€jep.
Hence, (215 holds. This completes the proof. O
We now make some remarks on Algorithm [Il Since a Laurent polynomial d is
selected in advance in (S2), the unique Laurent polynomials ég and Ry in (23)
and lg)l and R in (2I0) can be easily olo)tained by long division. Moreover, since A

and B are given, all the coefficients in by are linear combinations of the unknown
coefficients in b;. Therefore, the system X; consists of linear equations involving
only the unknown coefficients from b;. Similarly, the system X5 consists of linear
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equations involving only the unknown coefficients from Eg. Therefore, we only
have to solve two small systems X; and X5 of linear equations in Algorithm [l
Hence, whether there exists a nontrivial solution to X; or Xs can be completely
determined. For the case © = 1, it is easy to check that we must have p(z) =1 in
[@4). Since we often take ny to be the largest possible integer, without any loss of
generality, we can always take ¢; = 1 in (S2) since |by (1)| + |ba(1)| # 0. It is pretty
trivial to see that the first particular construction in (LI0) and (LI is covered
by Algorithm [l by selecting d = 1,¢; = 0,1 = 1,n7 = 0,n0 = 1,616, = 0 and
q = g = 1, while the second particular construction in (ILI2)) and (LI3)) is covered
by Algorithm [l by selecting d = 1,¢; = 1,61 = 1,n7 = 1,n9 = 1,61, = 0 and
a=qg=1

Note that if two Laurent polynomials d in (2.0 differ only by a multiplication
of a monomial while other choices of €1, ¢y, 11, N9, €len are the same, then the cor-
responding constructed dual framelet filter banks are essentially the same. Since
all the possible choices of d, ¢, €1, 11, 12, €1en in (S2) are finite, there are essentially
only finitely many cases involved in Algorithm [[I We shall explain the seemingly
complicated relations and constraints on parameters in (S2) in Section 5. We shall
see then that Algorithm[Ilis capable of finding all possible dual framelet filter banks
({@; b1, ba}, {a; b1, b2 })e having [complex] symmetry (and real coefficients) and hav-
ing the shortest possible filter support satisfying (LI8]) with €, € {0,1} from any
given filters a, a, © with [complex] symmetry.

In the rest of this section, we address the issue on the construction of a desirable
moment correcting filter © from a given pair of low-pass filters. The following
result (also cf. [4L[5]) guarantees the existence of a desired moment correcting filter
O having [complex| symmetry and the shortest possible filter support.

Lemma 1. Let u be a filter having symmetry Su(z) = z¢ (or complex symmetry
Su(z) = 2¢) and u(l) = 1. For any nonnegative integer n, there exists a filter
© € ly(Z) such that

(2.27) o(1)=1 and 0(z) — 0(2%)u(z) = O(]1 — 2|, z—=1,

SO(z) = 27¢ (or SO(z) = 27¢), and fsupp(©) C [—c — m, m] with m := [2=L=1].
Moreover, if u has real coefficients, then © has real coefficients.

Proof. By [0, Lemma 2.2], there always exists a unique filter © with fsupp(©) C
[m —n + 1,m] such that (Z27) holds. For the case of symmetry, we replace ©
by [©(2) + 27°©(271)]/2; for the case of complex symmetry, we replace © by
[O©(z) + 27°©*(2)]/2. Noting that —c —m < m —n + 1, we see that © is a desired
moment correcting filter satisfying all the requirements. ([l

Since (ZZ7) induces a system of linear equations, a desired moment correcting
filter © in Lemma [I] can be easily obtained by solving a linear system which is
guaranteed to have a solution.

When a moment correcting filter © is given in advance, we can also design a
filter a derived from a given low-pass filter a such that (Z27) holds. Since a general
moment correcting filter does not introduce any additional difficulty, here we only
discuss the commonly used case © = 1. By [0, Lemma 2.2], the following result can
be proved in the same way as in Lemmal [Tl

Proposition 2. Let M, N be positive integers and a €ly(Z) be a filter with a(1)=1.
For any subset A of Z such that the cardinality of A is N, there exists a unique
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solution {ty}rea to the system of linear equations induced by

(2.28) 4(2)a*(2) =1+ 0(lz— 1Y), z—=1, with a(z):=1+2)™ Y t2*.

keA
If the filter a is real-valued, then so is the filter a. If in addition a has sym-
metry Sa(z) = z° (or complex symmetry Sa(z) = 2z¢) for some ¢ € Z, take

A = ([N [ SMEN Y provided that ¢ + N 4+ M is an odd integer
(this requirement can be dropped if N is even and either a is real-valued or a has
symmetry), then Sa(z) = z¢ (or Sa(z) = 2°).

Using Lemma [ or Proposition Bl we shall present several examples of dual
framelet filter banks in Section 4 to illustrate Algorithm [l

If @ = a and if the necessary and sufficient condition in [I3[I4] is satisfied, then
Algorithm [0 is able to obtain all the tight framelet filter banks with symmetry
and with two high-pass filters as special cases. We shall discuss this issue in detail
in Section 3. Algorithm [0 can be also straightforwardly modified to handle dual
framelet filter banks without symmetry but with the shortest possible filter support.
For the convenience of the reader, a detailed algorithm is provided as follows.

Algorithm 2. Let a,a,© € lo(Z) and ny,n; € NU {0} satisfying (23).

(S1) Define A and B as in ([L8) and p,A B as in @4). Define [mg,no] =
fsupp(B*) and assume that fsupp(A) = fsupp(B).

(S2) Select €jen, s1,82 € {0,1} and ¢1,05 € N U {0} such that max(f1,43) <
ng — mo + 2€en. Select a polynomial d satisfying 28) and fml <
mg < ng < LLWJ, where [mqg,nq] := fsupp(d).

(S3) Parameterize a filter by by by(z) := 2 E?:O t;z7. Find the unknown coef-

ficients {to,...,te, } by solving a system X1 of linear equations induced by
Ri(z) =0 and
coeﬁ(Bg,z,j) =0, j=mo+s1—2mg—1,...,mg— 82 —€len — 1 and

j=mng—38s2—Lla+€en+1,...,m9+ 51+ —2ng—1,

where Ry and B§ are Laurent polynomials uniquely determined by fsupp(R1)
C [2mg, 2nq — 1] and 2.8)).
(S4) Parameterize a filter by by bo(z) := 2°2 E?“:O t;z?. Find the unknown coef-

ficients {to,...,ts,} by solving a system Xo of linear equations induced by
Ra(z) =0 and
coeﬁ(B’f,z,j) =0, j=mo+s2—2mg—1,...,myg—81 —€len — 1 and

J=ng—51 — {1+ €en+1,...,m0+ 52+l —2ng — 1,

where Ro and 5{ are Laurent polynomials uniquely determined by fsupp(R2)
C [2mg,2ng — 1] and ZI0Q). If both X1 and X5 have only trivial solution,
restart the algorithm from (52) by selecting other choices of d, €jen, S1, S2,
£y, 45,

(S5) There must exist A € C such that 2II) holds. If A\ = 0, then restart
the algorithm from (S2) by selecting other choices of d, €ien, $1,82,41,¥2.

Otherwise, replace by, bo by A 1by, A 1b, respectively.
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(S6) Find Laurent polynomials q and q such that p(z) = q(2)q*(z). Define by, by

as in ZI3) and by, by as in ZId).
Then ({@; by, by}, {a;b1,b2})e is a dual framelet filter bank satisfying (ZI5).

Proof. Note that fsupp(by) C [s1,s1 + £1] and fsupp(bs) C [s2, 50 + fo]. ([@I0)
implies that fsupp(l?){) C [mo+s2 —2mg— 1,10+ s2 + €2 —2ng — 1] and (2.8]) implies
that fsupp(tgg) C [mo + 81 — 2mq — 1,n0 + s1 + €1 — 2nq — 1]. The constraint on
the coefficients of B{ in (S4) implies fsupp(tg)c{) C [mo — S1 — €len, N0 — s1— 01+ €len)s

and the constraint on the coefficients of b} in (S3) implies fsupp(b}) C [mo —

S92 — €len, Mo — S2 — lo + €1en]. Therefore, fsupp(l;1(z) B‘f(z)) C [mo — €1en, N0 + €len)
and fsupp(gg (2)b3(2)) € [mo — €1en; M0 + €1en]- By the same proof of Algorithm [

({a; b1,b2}, {a;b1,b2})e is a dual framelet filter bank satisfying (Z.15]). O

3. ALGORITHM FOR CONSTRUCTING SYMMETRIC TIGHT
FRAMELET FILTER BANKS

Since a tight framelet filter bank is a special case of dual framelet filter banks by
using the same set of filters for both analysis and synthesis, Algorithm [Il developed
in Section 2 allows us to obtain all symmetric tight framelet filter banks as special
cases. To reduce the complexity of Algorithm [ for constructing symmetric tight
framelet filter banks, in this section, we derive from Algorithm [ a simple algorithm
for constructing all tight framelet filter banks having [complex]| symmetry (and real
coefficients) from any given filters a and © with [complex] symmetry.

For = € R, its sign function is defined to be sgn(z) := 1 if z > 0, sgn(0) = 0, and
sgn(z) = —1 if x < 0. Recall that {a;b1,b2}e is a tight framelet filter bank if

(3.1) O(z%)a(z)a*(2) + by (2)b}(2) + ba(2)b3(2) = ©(2)
and
(3.2) O(z%)a(z)a*(—2) + b1 (2)b}(—2) + ba(2)bs(—2z) = 0.

We first show that the symmetry types of the high-pass filters b; and by in a tight
framelet filter bank {a; by, b2} with [complex] symmetry are uniquely determined
by the filters a and ©.

Theorem 3. Let {a;b1,b2}o be a tight framelet filter bank such that all the filters
a,b1,b2,0 € lo(Z) are not identically zero and have symmetry:

(3.3) SO(z) =1, Sa(z) = ez, Sby(z) = €12, Sba(z) = €32

Jor B3) holds with S being replaced by the complex symmetry operator S]. If
(3.4) len(bz) < len(by) < len(a) + len(©) # 0,

then up to a trivial switch of by and be for the case len(by) = len(b2), the symmetry
centers ¢1 and co are essentially uniquely determined by

(3.5) %—(%—HQ)EQZ, %"ZHM—Fl—%,
and for the case of symmetry (or real coefficients), €1 and ea are uniquely determined
by

(3.6) €1 = —esgn(©(ne)), ea = (—1)%sgn(N),
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where O(ne) is the leading coefficient of © (that is, O(ne) # 0 and ©(k) = 0 for
all k > ng ), \2>"M s the leading term of the Laurent polynomial det(M, q.0(2)).
Moreover, if ¢+ na is an even integer, then len(bs) < len(by) = len(a) + len(©).

Proof. To verify the claims in (B3] and B.6]), we simply compare the leading coeffi-
cients in the two equations in ([B.1]) and [B2). Since ©(ng) is the leading coefficients
of © and SO(z) = 1, we have fsupp(0) = [-ne,ne|. Define n,n1,n2 € Z by

[c —n,n] :==fsupp(a),  [c1 —n1,m] :=fsupp(b),  [c2 — n2,na] == fsupp(b2).
For the case of complex symmetry, we define
)\() = e@(n@)(a(n))z, )\1 = Gl(bl(nl))Q, )\2 = Eg(bg(ng))z.

For the case of symmetry or real coefficients, we define

(3.7 Ao := €O(neo)|a(n)|?, A1 = eq|bi(ny) )%, Ay := ea|ba(na)|*.
The leading terms of each addent in (B are

(3.8) Ngz2netin=c Apz2mTer Apz2n2—c2, O(ne)z"e,

and the leading terms of each addent in (3.2]) are

(39) (1) a2t (Ll (e,

respectively. Note that all Ag, A1, A2 are nonzero. Our assumption in ([B.4]) becomes
2ng —co < 2n1 — ¢ < 2n — ¢+ 2ng # 0, from the last relation we must have
ne < 2n—c+2ng (otherwise, len(a) = len(©) = 0). Since the perfect reconstruction
condition in I and 2] must hold, the above inequalities imply that we have
two cases to consider. By a simple argument (see [I3,[14]) on symmetry types of
addents in (82), we can easily deduce from (32 that

(3.10) g —c€27 and ¢ —c € 27Z.

Case 1: 2ng —cy = 2ny — ¢ = 2n — ¢ + 2ne. By (BI0), the following two
equations must hold:

(3.11) Ao+ A1+ =0, Ao+ (=1)™7A + (=1)"2 7" Ay =0,

from which we deduce that (—1)"~" = (—1)"2~" = 1; otherwise, the above two
equations will force at least one of Ay, A1, A2 to be zero. Hence, ny —n € 2Z and
ng —n € 27Z. Now we deduce from 2n, — ¢; = 2n — ¢ + 2ne that

c1=c+2n; —2n —2ng = ¢ — 2ng + 4k

with k := (ny —n)/2 € Z. Hence, ¢; — (¢ — 2ng) € 47Z. Similarly, we also have
ca — (¢ —2ng) € 4Z. Since {a; b1, b2}e is a tight framelet filter bank, we must have
O(z) 20forall ze€ T:={(eC : |(|] =1}. Consequently, SO(z) = 1. If all
filters have real coefficients or have symmetry, by S©(z) = SO(z) = 1, the moment
correcting filter © must have real coefficients. Therefore, by [B7), all Ag, A1, A2 are
real numbers. Now it follows from the first identity of (I that at least one of
the signs of A; and Ay must be different to that of Ag. Without loss of generality,
we assume AgA; < 0. That is, we must have €7 = —sgn(Ag) = —esgn(©(ne)).

Case 2: 2ng —cy < 2n1 — 1 = 2n — ¢ + 2ne. By (BI0), the following two
equations must hold:

(312) Ao+ A =0, Ao + (_1)711—71)\1 =0,
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from which we must have (—1)™~" = 1, that is, ny —n € 2Z. We deduce from
2n1 —c1 = 2n — ¢ + 2ne that

c1 =c+2n1 —2n —2ng = ¢ — 2ne + 4k,

where k := (ny —n)/2 € Z. Hence, we also have ¢; — (¢ — 2ng) € 4Z. 1If all the
filters have symmetry or real coefficients, then it follows from the first equation of
BI2) that Ay = —Ag, that is, we must have e, = —esgn(0(neg)).

We now investigate the property of co and e2. By the perfect reconstruction
condition in () with s = 2, we have D(2?)D*(2?) = det(Mgq,0(2)), where
D(2?) := 27 ![by(2)ba(—2) — b1 (—2)ba(2)]. By BI0), we have S(by(z)ba(—2)) =
S(b1(—z)ba(2)). Hence, it follows from the definition of D that SD(z) = €1ea(—1)°

citca

2z~ 2 ' where we used [BI0). From the relation D(2%)D*(2?) = det(My q.0(2))
and comparing their leading coefficients, we must have ¢; + co — 2 = 2n, and
e162(—1)°=sgn(\). Hence, the second relation in (B3] holds and es = (—1)%;sgn ().

If ¢ + npq is an even integer, by (B.I0), we conclude that ¢ — (5 —ne) ¢ 2Z.
Therefore, Case 1 cannot happen. As a consequence, we must have Case 2, that is,
len(bz) < len(by) = len(a) + len(O®). O

If {a;b1,b2}e is a tight framelet filter bank and A1, A2 € T, then it is trivial to
check that {a; A\1b1 (- —k1), Aaba(-—k2) }e is also a tight framelet filter bank provided
that k1 and k5 are even integers. However, if all filters are not identically zero in a
tight framelet filter bank {a; b1, b2}, then {a; A\1b1 (- — k1), A2b2(- —k2) }o cannot be
a tight framelet filter bank if at least one of k1 and ks is an odd integer. Therefore,
Theorem [Bltells us that up to even integer shifts the symmetry types of the high-pass
filters by and by in a tight framelet filter bank {a; b1, b }o with [complex] symmetry
and the shortest possible filter supports are uniquely determined by the filters a
and O, that is, ¢; = ¢ — 2ng and ¢c3 = 2na¢ + 2 — ¢;. For the case of complex
symmetry, since S(ib;) = —Sby, we can always assume €¢; = eo = 1. That is, for the
case of complex symmetry, there is no essential difference for a filter being complex
symmetric or complex antisymmetric.

We now derive from Algorithm [ a simple algorithm for constructing all sym-
metric tight framelet filter banks with the shortest possible filter supports.

Algorithm 3. Let a,0 € lo(Z) be filters having [complex] symmetry (and real
coefficients) such that Sa(z) = ez® withe € {—1,1} andc € Z, SO(z) =1, ©(z) > 0
forall z €T, and

(3.13)  0<ny <st(a), O(2) —O(2%)a(z)a*(2) = O(]1 — z|*™), z— 1.

Assume that len(a) + len(©) > 0. For the case of complex symmetry, replace S by
S throughout.

(S1) Define Laurent polynomials A and B as in (L) and p, A, B as in &) with
a = a and ny = ny such that p(z) > 0 for all z € T.

(S2) Select a Laurent polynomial d with [complex] symmetry (and real coeffi-
cients) such that d(z)d*(z) = D(z), where D is defined in ([26l). Define
€42% := Sd(z), [c4 — n4, nd] := fsupp(d), and

c1:=c—mny—2ne, € :=¢e(—1)"sgn(0(ne)),

(3.14) ) X
[—n0,n0] := fsupp(A), ny = g2
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where ng is defined in Theorem Bl If O(neg) is not a real number, define
€1 := 1.

(S3) Parameterize a filter by such that Sbi(z) = €12 and fsupp(by) = [¢1 —
ny,n1]. Find the unknown coefficients of by by solving a system X of linear
equations induced by R(z) =0 and

(3.15) coeﬁ(l;g, 2,7)=0, j=ni—cd,...,n0+n1 —2nq — 1,
where R and b} are uniquely determined by fsupp(R) C [2(cq —ng), 2ng — 1]
and

(3.16) B*(2)b1(2) — A*(2)by(—2) = d(2?)2b%(2) + R(z).

(S4) For any nontrivial solution to the homogeneous system X in (S3), there
must exist X > 0 such that (Z11)) holds. Replace bl, by by A\~ 1/2b1 A~ 1/2b2
respectively.

(S5) Find two Laurent polynomials q1,q2 with [complex] symmetry (and real
coefficients) such that

Sq1(2)

(3.17)  ai(2)ai(2) +az2(2)az(z) = p(z) and Saa(z) (—1)*eqz

Define
bi(2) = (1 —271)™ [b1(2)a1(2*) + ba(2)as(2*)],
b(2) := (1 — 271)™ [ba(2)ai(2%) — b1 (2)a3(=*)].

Then {a;b1,ba}e is a tight framelet filter bank having [complex] symmetry (and
real coefficients) such that vin(by) = ny,vm(be) > ny,, and max(len(by),len(bs)) <
len(a) + len(©).

(3.18)

Proof. By the definition of A, we see that ny := "%“1 must be an integer. By the
same proof of (Z19) in Algorithm [[] with ¢y = 0, we have

fsupp(tofg) Cleg —no—ny+2ng —2¢4g — 1,ng + 11 — 2ng — 1]
and SBg(z) = €222 with ¢ 1= 2¢q + 2 — ¢; and €3 := (—1)egeq. It follows from
(BI4) and BI5) that
fsupp(loog) Cl-ca—ni4+ca+1l,ni—cg—1]=[c1 —n1—cg—1,n1 —cqg —1].
Hence, len(Bg) < 2n1 — ¢; = ng. By the definition of n;, we also have len(Bl) <
2n1 — c1 = ng. ) ) ) ) )
Since R =0, we deduce from (B.I8]) that by (2)d*(22)2~1 =B(2)bf(2)—A(2)bf(—2),
from which we see that
[B*(2)ba(2) — A*(2)ba(—2)]d* (2%) 2
= B*(2)[ba(2)d* (2*)27 "] + A*(2) [ba(—2)d* (2*) (—2) "]
= [B*(2)B(2) — A*(2)A(=2)]b] (2) + [A*(2)B(~2) — B*(2)A(2)]b} (~2).
Since ©(z) > 0 and D(z) > 0 for all 2 € T, we shall see in Lemma [@ that
Maa,0(2) = 0 for all z € T. Therefore,

A(z)  B(2)

(3.19) {é(—z) A(—z)] >0, VzeT.
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Since A*(z) = A(z) and B*(2) = B(—z), by d(22)d*(22) = D*(z2) = A(2)A(—z) —
B(z)B(—z2), we deduce from the above identities that

[B*(2)ba(2) — A*(2)bs(—2)]d* (2*)2~" = —d(2%)d*(2)b}(2).
Since d is not identically zero, the above identity implies
(3.20) B*(2)by(2) — A*(2)by(—2) = —d(22)zb%(2).

Now the same proof to [223) in Algorithm [I shows that ([223) is satisfied with
él = b; and 952 = by and X = D;(2?)/d(2?) is a complex number. By (@I3J),
it follows fromc(IZZ?]) that A must be a nonnegative real number. If A = 0, then
([2.23) implies by (2)bj(2) + ba(2)b3(2) = 0, which is only possible when by = by =
0, a contradiction to our assumption. Hence, A > 0. After replacing by, bs by
)\_1/251,)\_1/252, respectively, we see that ([226) is satisfied with b, = b; and
l?)g = BQ. Note that

o o)

{(1 — 2w

A {Bﬁit(—% BE?(—Zi>] ) )

Using (BI7), we can directly check that {a;b1,be}e is a tight framelet filter bank
having [complex] symmetry (and real coefficients). O

We make some remarks here about Algorithm [8l From [I3] Theorem 4.2] (also
see [I41[19]), there exists a tight framelet filter bank {a;b;,b2}e with [complex]
symmetry (and real coefficients) if and only if

(i) ©(2) 2 0 for all z € T;
(ii) there exists a Laurent polynomial d with [complex] symmetry (and real
coefficients) such that d(z)d*(z) = D(z);
(iii) there exist Laurent polynomials qi,qs with [complex] symmetry (and real
coefficients) such that (BI7) is satisfied.

For the case of complex symmetry (and real coefficients), a Laurent polynomial d
in (S2) satisfying (ii) is essentially unique and can be easily derived from D (see [13]
Theorem 2.8] and [14]). For the case of symmetry, there are essentially finitely many
such choices of d satisfying (ii) (see [I3} Theorem 2.9]). Laurent polynomials q1, qo
with [complex] symmetry satisfying (iii) can be found by [I3] Theorems 2.6 and 2.7].
Under the conditions in (i)—(iii), an algorithm, based on matrix factorization with
symmetry, has been developed in [I3|[14119] to construct a tight framelet filter
bank {a; b1, b2}o with [complex] symmetry (and real coefficients) derived from any
given filters ¢ and © with symmetry. If the conditions in (i)-(iii) are satisfied, it
is guaranteed by [13] that the overdetermined system X in (S3) of Algorithm [l
must have a solution. Comparing with the algorithms proposed in [13,[141[19], our
algorithm in Algorithm [3]is much simpler and more efficient.

Without the symmetry constraint, from any given filters a and ©, Algorithm 3
can be easily modified to construct all possible tight framelet filter banks {a; b1, b2 }e
having the shortest filter support. By a similar argument as in Algorithms [l and [3],
for the convenience of the reader, we provide an algorithm here.
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Algorithm 4. Let a,0 € lo(Z) satisfying ©(z) = 0 and O(z) —O(2?)a(z)a*(z) = 0
for all z € T. Let ny, € NU{0} satisfying BI3). Assume that len(a) + len(©) > 0.

(S1) Define A and B as in (L8) and p,A,B as in Z4) with @ = a and ng = np
such that p(z) = 0 for all z € T. Define [—ng, no) := fsupp(A).

(S2) Select €jen, $1,52 € {0,1} and a polynomial d such that d(z)d*(z) = D(z)
and [%] <mg < ng < L%J + ng + €1en, where D is defined in
@8) and [mg,ng] := fsupp(d).

(S3) Parameterize a filter by by by(z) = 2 Z?igele" t;z7. Find the unknown
coefficients {to, ..., tng+en, } Y solving a system X of linear equations in-
duced by R(z) =0 and

coeﬁ(lo);,z,j):O, j=s1—ng—2mg—1,...,80—1 and
J=52+n0+€en+1,...,51+2n0 — 2ng + €1en — 1,

where R and b} are uniquely determined by fsupp(R) C [2mq, 2ng — 1] and
(ELI0).

(S4) For any nontrivial solution to the homogeneous system X in (S3), there
must exist A > 0 such that (Z11)) holds. Replace Bl, bs by )\71/261, )\71/262,
respectively.

(S5) Find Laurent polynomials q1,qz2 such that q1(2)q¥(z) + q2(2)a5(z) = p(2).

Define by and by as in BI8). Then {a;b1,b2}e is a tight framelet filter bank
satisfying max(len(by),len(b2)) < len(a) + len(©) + €jen.-

4. EXAMPLES OF SYMMETRIC DUAL FRAMELET FILTER BANKS

In this section, we present a few examples to illustrate Algorithm [II Though
many different dual framelet filter banks with short filter supports can be de-
rived by Algorithm [ from given filters a,a and ©, for simplicity of presenta-
tion, we only provide examples of real-valued symmetric dual framelet filter banks
({@; b1,b2}, {a;b1,b2})e such that all the four high-pass filters have more or less the
same length of filter supports. We always take €e, = 0 in this section so that the
constructed symmetric dual framelet filter banks have the shortest possible filter
supports satisfying (LI9). Since Algorithm [3]is a special case of Algorithm [I we
do not apply Algorithm B explicitly for constructing symmetric tight framelet filter
banks.

Before we present several examples, let us recall some basic definitions. Let
u € lo(Z) such that fsupp(u) = [m,n]. It is handy to list the filter v as u =
{u(m),...,u(0),...,u(n)}mn), where we underlined and boldfaced the number
u(0) to indicate its position at the origin. For a filter a € lo(Z) with a(1) = 1,
we define ¢ as in (L3). If ¢ € Lyo(R), then we can define a function ¢%(z) :=
limy, o0 5= [ @(€)ed€ in Ly(R). More generally, b0 = @ in the sense of tem-
pered distributions. For b € lg(Z), we define v** := 23", _, b(k)¢*(2-—k) or, equiv-
alently, 1e:(2¢) = b(e™%)p(€). Write a(z) = (1 + 2)*@y(2) for some v € Iy(Z)
and define 22{:4{ w(k)z* := v(2)v*(2). The smoothness exponent sm(a) of a filter
a ([9)) is defined to be

(4.1) sm(a) := —1/2 — log, v/ p(a),
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where p(a) denotes the spectral radius, the largest modulus of all the eigenvalues,
of the square matrix (w(2j — k))—k<jrk<k- The smoothness exponent sm(a) is
closely related to the smoothness of the refinable function ¢ and the stability of
affine wavelet systems; see [3L9,TTL15] and references therein.

Example 1. Let a = {8, 3 8, 8}[ 12,0 = {%,%}[071]. If © = ¢ (that is, © =
{1}0,0)) and np = nj =1, then p(z) = 1 and D(z) = %. Takingd =1, ¢; =0,¢; =
1,n, =0,ny =2, we have

a=3{Lpy, b=q{2-1 20120412 +1} 0y, ba=3{-1.1}py
and

a= {%a%a%a%}[—l,?], by = i{_l,l}[—l,O], by = i{_tvt_z,Z_tat}[—l,Q];

When ¢ = 1/2, this is simply the first particular construction given in (LI0) and
(CII). When t = 0, multiplying b; by 1/2 and b; by 2, the above dual framelet
filter bank becomes

i=3{1,1}p1, bi=32{-1,—1,1,1} o102 =3{=1,1}p

and

(42) a = %{1a§7371}[71,2]5 bl = %{_151}[71,0]5 b2 = %{__171}[0,1]5
which is essentially the first particular construction in (LI0) and (IIII) by switching
a with a.

%}[ 12 f © =6 and n, = ny = 1, then

c1 =0,e1 =1,n1 = 1,n9 = 2, we have

Example 2. Let a
p(z) =1 and D(z) =

a:g{lé,&l}[,m}, élzg{—l,l}[q,@], by = 1{-1,-8,3,1}_1 9

@|c,o H

and
(43) a = %{173737 1}{71,2]7 by = %{_171}{71,0]7 by = %{_17__3737 1}[71,2]7

which is essentially a tight framelet filter bank and can be also easily obtained by
Algorithm 3
Taking d = 1,¢; = 0,e; = 1,n; = 0,n2 = 1, we have {a;b1,b2} as in [@2]) and

= {1,831} 19, b= 35{-1,-3,-10,10,3,1}{ 3,
- 8{_17__35371}[—1,2]'

This example shows that for a given {a; by, by }, there are many choices of {a; by, l~)2}
so that ({a;b1,b2}, {a;01,b2})e forms a dual framelet filter bank.

By Lemma [l we can take © = 2130, —175, %, —%, %}[_272] with ny = ny = 3.
Then p(z) = 1 and D(z) = ZH% + 2155 (2 + 27 1). Taking d(2) = 1,¢; = 0,1 =
1,n1 = 2,n9 = 3, we have

b = 735{—26, 78,29, 485, —485, —29, 78, 26}(5 5],
by = 15 {—13, 153,524, =524, 153, 13} _3 9

a
by =

and

by = 135{—3,-9,7,45,—45=7,9,3} 59, b2 = 15g{—1,—3,14,-14,3,1}_3 9
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with vm(by) = vm(by) = vmn(b;) = vin(by) = 3. Since D has two real roots, using

_ . 44/458247—2719
d(z) =FT T o
involves radicals.

, we can also easily obtain a dual framelet filter bank which
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Example 3. Let a = {% %, %}[_172] and © = §. Setting M =3 and N =4 in

3
) 8
Proposition [2, we have

w

~ 3 9 3
a={-33, 32 16’16732’ 53 H-2,3]

with sm(a) ~ 1.0981905 and sr(a) = If np, = 1 and ny = 3, then p(z) = 1,
D(2) = —%z’ and ny = 1,n; = 3. Takmg d=1,¢1 =0, =1,n; =0,ny = 2,
we have

b= {1, =38, ~1} 21,  bo=355{3,-1,212,12,1, -3} )

and {a; by, by} is given in @3). Then vm(by)=vm(by)=1 and vin(b;) =vm(by) = 3.
Example 4. Let a = a = 116, i, %, %, 116 [—2,2- If © =6 and ny = nj = 1, then
p(2) = 1 and D(z) = &5 + 13g(z + 2z71). Taking d(z) = 1,c1 = 1,e; = 1,y =
2,n9 = 2, we have

bi=75{~1,-6,0,6,1}_02), bo=gg{~1,-12,26, 12, ~1}{ 52
and

by = %{_L _4793 4, _1}[—2,2]; by = %{_L —47E, —4, _1}[—2,2]

with vim(b) =vm(b;) =1 and vm(by) =vm(by) =2. Moreover, by (—1) = b(—1)=0
Though we can also take d(z) = z + 15 + 41/14, no solutions can be found by
Algorithm [T

By Lemma [l we can also take

@_{_ 311 22 1657 2452 1657 22 }
- 15120° 105>  1680° 945 > 1680° 105° 15120 J[—3,3]

with n, = nj = 4. Taking d(z) =1,c1 = 0,61 = 1,n1 = 3,n2 = 4, we have

by = g5io5{933, —308, 20504, 94172, 146086, 94172, 20504, —308, 933} g3/,

by = ﬁ{l?éﬂl, 4976, 701, —16420, —51345, 121688, —51345, —16420,
701,4976, 1244} g 41,

by = 155{1,4,—4,-36,70,-36, =4, 4, 1}[_¢ .2,
by = £5{5,20,1,-96, —70, 280, =70, —96, 1,20, 5}{_ 4
with vin(by) = vim(by) = vin(by) = vm(by) = 4.
Let © = §. Setting M = 2 and N = 4 in Proposition 2] we obtain

F—{_3 1 7 1 3
a={ 16° 47 82 47 161 1-2.2]

with sm( ) 0.098191 and sr(a) = 2. Let np, = 1 and ny = 4. Then p = 1 and

D=- Fs L Takingd=1,c; = 1,61 = 1,n1 = ny = 2, we have
= %{13 -2,0,2, _1}[—2,2]a 32 = %{13 —4,6,—4, 1}[—2,2]
and
bl = %{_13 _4793 4) 1}[72,2]7 b2 = %{_1’ _47m7 _4’ _1}[72’2]

with vmm(b;) = 1,vm(by) = 2 and vin(b;) = 3,vm(by) = 4. Moreover, by (—1) =
bi(—1) =0.
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If n, = nj = 2, then p = 1 and D = 1—;’8. Taking d = 1,¢; = 0,¢; = 1,
n1 = 1,ny = 2, we have

61 = %{—1, 2,—_1}[7270]7 62 = %{_3747__2747 _3}[72,2]
and
by = 1{-1,2, =1} 20, by = 15{—1,-4,10, -4, —1}_2 9

with vn(b1) = vm(by) = vmn(b1) = vm(by) = 2.

Example 5. Let a = a={—35,0, 5, 3, 35,0, —35 }[—3,3]- If ©=0 and ny = n; =2,
then p(z) =1 and D(z) = 55 — =5(2 + 27!). Takingd=1,c1=0,e; =1,n; =2,
ng = 3, we have

Z~71 = %{_17 -2, 6,__2a _1}[—3,1]; Z~72 = 3%{13 0,-9,16,-9,0, 1}[—3,3]
and

by = %{_17072797 _1}[73,1]7 by = %{_1707 7,16, _7707 _1}[73,3]

with vin(b;) = vm(by) = vin(by) = 2 and vm(by) = 4.
4 7 223 376 _ 223 4 _ 11
By Lemma [l we can take © = {~55i5, 105+ — 160" 818 315>~ 1680 105° — 5010} [~3.3]

with n, = ny =4. Then p=1. Taked =1,¢; = 0,1 = 1,1 = 4,n2 = 5, we have

T 1
b1 = m{—55, —64,1489, —112, —10554, 18592, —10554,
—112, 1489, —64, —55}[_13],
1
by = m{—44, 0,933,896, —4668, —2736, 11238, —2736,
— 4668, 896, 933, 0, —44}[_7,5],

and

= 515{~1,0,3,16,—66,96, —66,16,3,0, —1}(_7 3,
= =15{—1,0,18,16, —63, —144,348, =144, —63,16, 18,0, —1}_7 5

with vn(b1) = vm(by) = vn(b1) = vin(by) = 4.
If © = ¢ and ny = ny = 2, setting M = 2 and N = 4 in Proposition 2] we obtain

1 _ 1
v 40 T 16J[-2.2]

)

(4.4) a={-

5l
Bl
|oo|c.w

with sm(a) ~ 0.885296 and sr(@) = 2. Then p=1and D = &;. Takingd =1,¢; =
0,e;1 = 1,n1 = 2,ny = 3, we have

Z)l = %{_172a__1}[—2,0]a 52 = %{1a _47§7 _45 1}[—2,2]a
and
= i{_17 0,2,0, _1}[73,1]7 by = 3%{_17 0,-7,16, _77 0, _1}[73,3]

with vin(by) = vm(by) = vm(b1) = 2 and vm(by) = 4.
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5. PROPERTIES OF DUAL FRAMELET FILTER BANKS
AND EXPLANATIONS FOR ALGORITHM [I]

To understand better our algorithms and dual framelet filter banks, in this sec-
tion we investigate several basic properties of dual framelet filter banks. Then we
shall provide some explanations and discussions on Algorithm [

Let us first recall the multilevel discrete framelet transform associated with a
dual framelet filter bank from [5]. Recall that {(Z) denotes the set of all sequences
on Z. For a filter u = {u(k)}kez € lo(Z), the subdivision operator S, : (Z) — I(Z)
and the transition operator T, : 1(Z) — I(Z) are defined to be

(5.1) [Suv)(n) =23 wv(k)u(n —2k), neZ,
kEZ

(5.2) [Tuv](n) =2 Z v(k)u(k — 2n), nez
keZ

for v € I(Z). In terms of the z-transform, we have

(5-3) [Swv](2) = 2u(2)v(z?),  [Tav](2?) = u*(2)v(2) + u™(=2)v(~2),

where u*(k) := u(—k),k € Z and u*(2) = >, o, u*(k)2" = 3 cqu(k)z".

Let ({a; b,..., BS}, {a;b1,...,bs})e be a dual framelet filter bank. For J € N, a
J-level discrete framelet decomposition is given by
(5.4) vjq1:= @Evj, Wjt1 = @’Ezvj, £=1,....,8, j=0,....J—1,

where vg : Z — C is an input signal. After a J-level discrete framelet decomposition,
the original input signal vy is decomposed into one sequence v of low-pass framelet

coefficients and sJ sequences wj,, of high-pass framelet coeflicients for £ =1,...,s
and j =1,...,J. Such framelet coefficients are often processed by thresholding or
quantization. A J-level discrete framelet reconstruction ([5]) is
(55) 'ljJ = @**/f)J,
(56) v 1= TSanJrl + 7 ZSbeij;g, j=J-1,...,0,
=1
(5.7) recover Ug from ¥y via the relation 99 = ©* x 9.
When nothing is performed on the framelet coefficients, that is, v; = v; and

Wy = wje forall € =1,...,sand j = 1,...,J, we say that the above J-level
discrete framelet transform has the perfect reconstruction property if 09 = vg.

The following result shows that the condition () in the definition of a dual
framelet filter bank ({a; bi,..., 55}, {a;b1,...,bs})e corresponds to the perfect re-
construction property of its associated discrete framelet transform.

Theorem 4. Let @, by, ..., by, a,by,...,bs,0 € lo(Z). The following statements are
equivalent:

(i) The perfect reconstruction property holds: for all v € I(Z),
1 I
(5.8) 58‘1(@* * Tav) + 3 ZSbe’ﬁ;lv = 0" xv.
(=1

(ii) The identity in (B8) holds for all v € lo(Z).
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(iii) The identity in (B8) holds for the particular sequences v =3 and (- — 1),
where ¢ is the Dirac sequence such that 5(0) =1 and 6(k) = 0 for all k # 0.
(iv) ({@;b1,...,bs},{a;b1,...,bs})e is a dual framelet filter bank.

Proof. (i)==(il)==(iii) is trivial, since {6,8(- — 1)} C lo(Z) C I(Z). By (53), (8)

can be equivalently rewritten using the z-transform as follows:
O (<45 (2 + 3B 0

+v(—2) l@*(z2)§*(—z)a(z) + Z B}(—Z)bg(z)] =v(2)0*(2).
=1

v(z)

(5.9)

To prove (iii)=>(iv), plugging v = ¢ into (B3] and noting v(z) = 1, we see that

@*( _|_ Z b* ]
0*(2%)a*(—2)a(z) + Z Bz(—z)bg(z)l .
=1

Plugging v = 6(- — 1) into (2.9 and noting v(z) = z, we deduce from (59) that
0*(2) = le*( Z by (= ]
- le*(zz)é*(—Z)a(Z) + Z 52(—Z)be(2)] :
=1

From these two identities, it is straightforward to see that (ILI]) must hold. There-
fore, (iii)==(iv).

If (I is satisfied, then it is straightforward to see that (59) holds for all
v € lp(Z). That is, we proved (iv)==-(ii). The claim (ii)==(i) follows from the
locality of the subdivision operator and transition operator. O

0*(z) =

For a tight framelet filter bank, we have the following result.

Proposition 5. Let 0,a,b1,...,bs € lo(Z) be finitely supported sequences on Z.
Then

(5.10) [10+Tavll, 2+ Tor0ll7, 2y ++ -+ 1o, 0
if and only if {a;b1,...,bs}o is a tight framelet filter bank with © := 0 % 6*.

= 20|0xv|lf,z), Vv € b(Z),

Proof. Note that ©* = © and ||6 * ””122(2) = (©* xv,v). By the duality between S,
and 7,, we have

1|6 = 771“”122(2) = {0 % Tov,0 % Tov) = (0% x Tov, Tov) = (Se (0% * Tov), v).

Now all the claims follow from Theorem [4] by using the polarization identity. [

We now show that the moment correcting filter © in every tight framelet filter
bank must take the special form in Proposition
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Lemma 6. Let M, , 0 be defined in (IL2) with & = a. Then

(5.11) Mayao(z) 20 VzeT:={CeC : |(| =1},
if and only if
(5.12) O(z) =2 0, VzeT
and
d Ma a
(5.13) et(Ma,a,0(2))

=0(2)0(—2) — ©(2*)[0(—2)a(2)a*(z) + O(z)a(—2)a*(—z)] > 0

for all z € T. Consequently, if {a;b1,...,bs}e is a tight framelet filter bank, then
there exists 0 € lo(Z) such that © = 6 % 6*.

Proof. Suppose that (5.I0]) holds. Then it is trivial that (513)) holds, M} , o(z) =
Ma.q,0(2), and the (1, 1)-entry of M, 46 must be nonnegative, that is,

(5.14) 0(2) —O(zHa(z)a*(z) =20  VzeT.

Since M}, , (2) = Ma,a,0(2), we have [My,4,0(2)]] 2 = [Ma,a,0(2)]2,1, from which
we conclude that ©* = © if a is not identically zeros. If a is identically zero, then
Maa0(2)]11 = [Maae(2))1,1 implies that ©* = ©. Therefore, ©(z) € R for all
zeT.

We use proof by contradiction to show that (5I12) must hold. Suppose that
O(e~%0) < 0 for some &, € R. Since © is continuous on T, there exists a nonempty
open interval (¢, d) such that ©(e~%) < 0 for all £ € (¢, d). However, if ©(e~%) < 0,
then (5.14) will force ©(e~2¢) < 0. Consequently, ©(e~%) < 0 for all £ € (2"c, 2"d)
and n € N. Since T is compact and ¢ < d, we must have ©(e~%) < 0 for all £ € R.
Hence, ©(22)©(z) > 0 for all z € T and by (5.13) we have

[0(2)~6(2%)a(2)a*(2)]O(~=2)

> 0(2)0(—2) — O(2%)[0(—=2)a(2)a*(z) + O(z)a(—z)a*(—z)]> 0
for all z € T. Since O(z) < 0 for all z € T, the above inequality and (5I4]) imply
(5.16) 0(2) —O(zHa(z)a*(z) =0  VzeT.

From (5.I5) and (5.16), we see that ©(22)©(z)a(—z)a*(—2) = 0 which forces a to
be identically zero. By (5I6) again, we conclude that © is identically zero, which
is a contradiction to ©(z) < 0 for all z € T. Therefore, ©(z) > 0 for all z € T must
hold.

Conversely, suppose that (512) and (EI3) hold. Then (GIH) holds. Now by
(E12), we see that (I4) holds. That is, the (1,1)-entry of M, 4 o must be non-
negative. Since (BI3) holds, by results from linear algebra, we conclude that (EIT])
must hold.

By (1)) with a = a,by = by,...,bs = by, we must have Mo q0(2) = 0 for all
z € T. Therefore, ©(z) > 0 for all z € T. By Fejér-Riesz lemma, we see that
O = 0 x 0* for some 0 € 1y(Z). O

(5.15)

We now explain the choice s = 2 in Algorithm [ The number of high-pass
filters is preferred to be as small as possible in applications. As demonstrated by
the following result, if the number of high-pass filters in a dual framelet filter bank
is s = 1, then it is essentially a biorthogonal wavelet filter bank.
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Theorem 7. Let ({@;b}, {a;b})e be a dual framelet filter bank such that © is not
identically zero. Then there exists a nonzero number A € C such that

(5.17) 0(2?) = X\O(2)0(~2), VzeT

and ({@; b}, {a;b}) is a biorthogonal wavelet filter bank, that is,

(5.18) La((_zi) btz(_zi)} [aa((_z;) bt()(—zz)}:[(l) g]

where all the above filters are finitely supported and are given by
(5.19) a(z) := a(2)A0(—=2) and b(z) := b(2)/0(z).
Moreover, (518]) implies

b(¢) = c7T2*"a(—2),

(5.20) b om1s
(2) =cz a*(—=z), for some ¢ € C\{0}, n € Z.

If, in addition, @ = a and b = b, that is, {a;b}e is a tight framelet filter bank, then
© = 0x0* for some 0 € lo(Z) and {a;b} is an orthogonal wavelet filter bank, where
a,b € lo(Z) are given by

(5.21) 3(2) == a(z)VA0(—2),  b(z) :=b(2)/0(z).

Proof. Since s = 1, () can be rewritten as the following equivalent matrix form:

LT et | L | it B e

Taking determinant on both sides of (5.22)), we have

(5.23) O(*)n(2)n*(2) = ©(2)0(~2),

where

(5.24) 9(z) == z(a(2)b(—2) — a(—2)b(z)) and n(z) := z(a(2)b(—2) — a(—2)b(z)).
Note that the filter support of ©(z?) is the same as the filter support of ©(2)O(—z).
Since (5.23) implies that ©(z?) is a factor of ©(2)©(—2) and © is not identically
zero, we see that (BI7) must hold for some A € C\{0}. Consequently, we have
AA(2)n*(z) = 1. By the definition of n and 7, we must have n(z) = —cz?" for

some nonzero ¢ € C and n € Z. By a direct calculation, it follows from (B.I7) and

(B:22) that (5.I8) holds with 3 and b being defined in (5.19). By (5.18), we deduce
that

S b B i Rl s g

Plugging n(z) = —cz?" into the above identity and comparing the entries of the
matrices on both sides, we conclude that (5.20) holds. Consequently, b must be a
finitely supported sequence.

When @ = a and b = b, by (5.19), @ and b are finitely supported filters. Since
©(z) = 0 for all z € T by Lemma [6] we see that A > 0. Using (5.17) and (522)), we

can directly check that {a; I;} is an orthogonal wavelet filter bank. ]
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We make a remark here on discrete framelet transform. There is a de-convolution
in (B7) to recover vy from @ if © is not a nonzero monomial. We can easily avoid
this troubling deconvolution by the following argument. Let ({a,; Z)mﬁl, ce, Bm,sm 1
{@m;bm1,-- -y bms, He,,, m =1,...,n be a family of dual framelet filter banks.
For any input signal v, let 0p ,, be the reconstructed signal before deconvolution us-

ing the dual framelet filter bank ({am;bm.1s-- - bm.s }> 1@mibm1s- - bm.s, }o,.-
Suppose that there exist ©1,...,0,, € ly(Z) such that

(5.26) 01(2)05(2) + -+ 6,(2)0%(2) = 1

Avoiding deconvolution in (57]), we can recover 0y via g = 6, *Ug 1+ - "Fén*ﬁom-

In the rest of this section, we provide some explanations and discussions on
Algorithm [[l Let us first discuss symmetry property for a linear combination of
filters with symmetry. Let u and v be filters having [complex] symmetry. If both
u and v have the same symmetry types, then it is trivial to see that v + v also has
[complex] symmetry. However, if the symmetry types of u and v are different, then
u £ v usually does not have any symmetry. More precisely, we have the following
result.

Lemma 8. Let u,v € lo(Z) be nontrivial filters having symmetry Su(z) = €,z
and Sv(z) = €,2° (or complex symmetry Su(z) = €,2° and Sv(z) = €,2°) for
some €, €, € {—1,1} and cy,c, € Z. If u+v also has symmetry S(u+v) = ez (or
complex symmetry S(u+ v) = €z¢), then one of the following two cases must hold:

(i) €y = €, and ¢, = ¢, that is, u and v have the same [complex] symmetry
type.

(i) e€uz° # 1 and e€,2° % # 1, that is, Su # S(u+v) # Sv (or Su #
S(u + v) # Sv for complex symmetry). Moreover, u and v must take the
particular form: u(z) = w(z)a(z),v(z) = w(z)v(z) with w := ged(u,v) and

1 — €€,z % €€,2 % —1

u(z) := ) v(z) = a0
where q is a Laurent polynomial with [complex] symmetry such that
q(z) | ged(l — €€y 27, 1 — €€, 27 ).

Proof. We only prove the case of symmetry while the case of complex symmetry can
be proved in the same way. Since u(z71) = €,27u(z) and v(z7 1) = €,27%v(2), it
follows from S(u + v) = ez that

u(z) +v(z) = ez(u(z™h) +v(z™Y)) = e 2 u(2) + €€, 25 v(2)
from which we deduce that
(5.27) u(z)(e€, 27 — 1) = v(2)(1 — €€, 2°7).

If either €€, 27 » —1 =0 or 1 —e€,2°"“ = 0, since both u and v are not identically
zero, we conclude from (B.27]) that both €€, 2 —1 = 0 and 1 —€€,2°"“ = 0 must
hold. That is, Case (i) must hold.

Otherwise, both €€, 27 —1 # 0 and 1 — €€,z # 0. That is, we must have
Case (ii) with €€, 2% # 1 and €€,2° % # 1. For this case, we now show that
u and v must take the special form. Since w := ged(u,v) and both u and v have
[complex] symmetry, w must have [complex] symmetry (see [13]). Therefore, (E271)
implies

(528) G(Z)(EGUZC_C“ _ 1) _ \7(2’)(1 _ eevzc_c”).
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Note that ged(u,v) = 1. From (5.28)), we must have u(z) | (1 — €€,2° ). Define a
Laurent polynomial q(z) := (1 — €€,2° ) /u(z). Then q has [complex]| symmetry.
Now it follows from (B.28)) again that

u(2)q(z) =1 — e,z and v(2)q(z) = €€, 2~ — 1.

Hence, u and v must take the special form in Case (ii). ]

By Lemma[ if u+v = w and all u, v, w have [complex] symmetry, then it is very
natural to assume that Su = Sv = Sw (or Su = Sv = Sw for the case of complex
symmetry).

Since we discuss Algorithm [lin this section, without further mention, we always
assume that ({a;b1,bo}, {a;b1,b2})e is a dual framelet filter bank such that

(1) min(vm(by), vin(bz)) >ny and min(vm(b; ), vin(bs)) >nj so that by, by, by, by
in (IH) are well defined;
(2) all filters have symmetry such that (L20) holds and

(5.29)  Sby(z) = €12, Sby(z) = €22, Sby(z) = &12%, Sho(z) = &2
For the case of complex symmetry, replace S by the complex symmetry
operator S throughout;
(3) all filters by, ba, by, by, a,3, © are not identically zero.
Note that the perfect reconstruction condition (1) with s = 2 in the definition
of a dual framelet filter bank can be rewritten as (LI7) plus

(5.30) b1 (2)b}(2) + ba(2)b5(2) = O(2) — ©(2%)a(z)a*(2).

According to Lemma [ since all filters have symmetry, by (ILI7) it is natural to
assume that

(5.31) S(b1(2)bj(—2)) = S(ba(2)b5(—2)) = S(O(z%)a(z)a* (—2)).
Note that Su(—z) = Su(z) or Su(—z) = —Su(z) for any filter v having symmetry.
By (5.31)), we have two cases to consider.

Case 1: S(bi(z)b3(2)) = S(ba(2)b3(z)). By (B30) and Lemma [ it is very
natural to assume that
(5.32) S(b1(2)bi(2)) = S(ba(2)b3(2)) = SO(2) = S(O(*)a(2)a*(2)).

Case 2: S(bi(2)bj(2)) = —S(ba(2)b3(2)). By (B:3L) and S(O(2%)a(2)a*(~2))

+5(0(2%)a(z)a*(z)), we have either

S(9(2%)a(2)a"(2)) = S(bi(2)bj(2)) or S(O(z*)a(2)a*(2)) = S(ba(2)b3(2)).
Therefore, by (5.30) and Lemma [ it is natural to have S(by(z)b 1(2)) =50(z) =
S(by(2)b3(2)), which contradicts our assumption S(by(2)b%(2)) = —S(ba(2)b5(2)).
Hence, this case can rarely happen.

It follows from the last identity in (5.32]) that (L2I) must be satisfied. Conse-
quently, both A and A have symmetry. For siomplicity, in the following discussion
we assume p = 1 and therefoge7 A = A and B = B. The general case is similar.
Note that SB(z) = (—1)°t™SA(z). Since len(a) + len(a) + len(©) # 0, we already
proved that (ZI7) and (ZI8) hold.

By (&) with s = 2, using (L9]), we can equivalently express the conditions in
E31) and (B32) as

(5.33) (=) = (=1)2 = (=1)t"™, €16 =exéo =€y, ¢1— 1 =0 —C2 = Co.
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Our choice of ¢; in (2) of (S2) is fully justified by the first relation in (5.33).
We now show that the following well-defined Laurent polynomial d has symmetry,
where

d(2%) := 271 [by(2)ba(—2) — by (—2)ba(2)],
d(2?) := 27 by (2)ba(—2) — by (—2)ba(2)].

By (—1)® = (—1)* in (533)), we can easily deduce that ¢; + ¢z is an even integer
and

(5.34)

S(b1(2)ba(—2)) = (—1)Z€1€22 T = (—1)“Lege2° T2 = S(by (—2)ba(2)).

Hence, d has symmetry €42 := Sd(2) = (—1)0161622'01;02 —1 that is,

(5.35) e = (—1)ereq and cq = % —1.

Equation (53] directly leads to the relations co = 2c4+2—c1 and €5 = (—1)eqe;.
If (—1)°%eq = —1, then €1e2 = (—1)°?eq = —1 and hence either €; or ez must be
one. Without loss of any generality, we can assume €; = 1, otherwise, we simply
switch by with by. This justifies items (2) and (3) of (S2).

Note that ({a;by(-—2k), ba}, {a; by (-—2k), by })e is a dual framelet filter bank for
every k € Z and its corresponding new d in (5.34)) gains a factor z¥. This explains
our restriction ¢4 € {0,1} in item (1) of (S2), since up to an integer shift there are
only two symmetry centers. It follows directly from (9) that d(z)d*(z) = D(z).
Hence, d is a factor of D and has symmetry. That is, all cases of possible d are
covered by item (1) of (S2). Note that fsupp(A) = [co — ng, no] and

(5.36) 2no — co = len(A) = len(B) = len(a) + len(a) + 21len(©) — np — nj.
Since fsupp(Bl) = [e1 — n1,m] with symmetry center §-, we must have ¢ < n;.
Since we assumed p = 1, by our assumption on filter supports in (ZI3]), we must
impose the following constraint:

o

2n;1 —c; = len(by) < len(a) +len(a) + 2len(0©) — ny — nj + 2€1en = 210 — o + 2€en.

Hence, 5 < ny < 95% + ng + €en. This justifies our choice of ny in (5) of (S2).
c2

By the same argument, we have ¢ < ny < 25 + ng + €en.  Also, by

the definition of d in (5.34), we must have 2len(d) < len(b;) + len(b,), that is,
2(2nqg — c4) € 2n71 — ¢1 + 2ng — co. Using this inequality and the justified relation
€1+ ca = 2¢q + 2 in item (2) of (S2), we conclude that 2ng + 1 — n; < ne. Hence,
our choice of ny in (6) of (S2) is justified.

From ([9) and (&34), 222) holds, that is, (Z8) and (ZI0) must be satisfied
with Ry = Ry = 0. The conditions in (Z9) and (7)) follow trivially from the
requirement for the filter support in (2.I5]).

Though it is more complicated, the general case of p can be checked similarly.
When p is not a constant, Algorithm [ indeed may miss some very special rare
solutions, solely due to our simple splitting of p in (S6). However, this can be easily
avoided by constructing Laurent polynomials q1,...,q4,q1,-..,q4 with symmetry
such that

e 00 SE) R0 &) e
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Sq1(2) _ Sqs(2) _ Sq1(2) _ Sqs(2) _ ca—c1
Sqa(z)  Saa(z)  Sd2(z)  SQa(2) '
Note that ¢y — ¢1 is an even integer by (533). Then one can directly check that

({@; b1, bo}, {a;b1,b2})e is a dual framelet filter bank having [complex] symmetry,
where

(5.38)

b1(2) = (1 — =) [b1(2)a1(22) + Ba(2)aa(22)].
ba(2) = (1 — =~ [b1(2)as(=2) + Ba(2)aa (=2)].
B1(2) := (1 — 21" [by ()1 (=2) + ba(2)da(=2)],
ba(2) i= (1 — 21" [by () (22) + ba(2)u(22)].

For simplicity of presentation, here we do not address the issue about how to
construct qq,...,q4,q1,.-.,qs satisfying (BE37) and (E38). Interested readers are
referred to [I3}[14] for solving (B37) and (B.38]) for the particular case of tight
framelet filter banks as discussed in Section 3.
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