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THE MINIMAL CONFORMING H* FINITE ELEMENT SPACES
ON R" RECTANGULAR GRIDS

JUN HU AND SHANGYOU ZHANG

ABSTRACT. A family of C¥~1-Qy finite elements on R™ rectangular grids is
constructed. The finite element space is shown to be the full C¥~1-Q; space
and possess the optimal order of approximation property. The polynomial
degree is minimal in order to form such a H* finite element space. Numerical
tests are provided for using the 2D C!-Q2 and C2-Qs3 finite elements.

1. INTRODUCTION

Recently, Wang and Xu proposed a family of nonconforming finite elements for
2k-th order (any k) elliptic partial differential equations in R™, on triangular grids
[21]. The polynomial degree of finite element is k for 2k-th order PDEs in R" for
any n > k. This is extremely simple when compared to the standard conforming
elements. For example, for m = 2,3,4 and n = 3, the polynomial degrees of the
3D O, C? and C3 spaces are 9, 17 and 25, respectively (cf. [2,/424]), while those
of the Wang-Xu elements are 2, 3 and 4 only, respectively. What is the minimal
polynomial degree on rectangular grids, for conforming and nonconforming finite
elements? We will answer the first question in this paper.

The polynomial degree of the minimal H*-conforming element, i.e, the C*~1-Q,,
finite element, in any dimensional space R™ is simply m = k. Here @y, is the space
of polynomials of separated degree k or less. We note that C*~! is the minimal
smoothing space for 2k-th-order PDE, i.e., C*~' ¢ H*, so-called H*-conforming.
We construct the C*~1-Q, space through the tensor products of 1D splines [1§],
as shown in Figure[ll The spaces constructed are macro-element spaces, as in [I7].
We show that the tensor product space is the full C*~1-Q; space on rectangular
grids, i.e., all C*~1-Q;, functions must belong to the tensor product space. On the
other side, any (k — 1)-st derivatives of a degree k polynomial is a linear function in
n-dimensional space, which is of the minimal degree to have a global continuity. If
we decrease the polynomial degree further, then we get a global polynomial space,
i.e., the C*~1-Qj_1 space is the global Qj_; space. Thus we say the C*~1-Q,
space is the minimal Q,, space to be C*~!, i.e, the minimal H"-conforming finite
element. This work extends the C'-Qy result in [I0]. When compared to the
Wang-Xu element, ours is slightly bigger, Qj versus Py, though both are said to
be degree-k polynomials. But the new C*~1-Q; conforming space exists for any
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FIGURE 1. Tensor products of 1D C'-Q;, C?-Q3 and C3-Qy in 2D.

spacial dimension n, while the Wang-Xu nonconforming spaces limit n > k; cf. [21].
We note that the standard C*~1-@Q,,, finite element requires the polynomial degree
m > 2k — 1, ie.,, C'-Q3, C?-Q5 and so on; cf. [25]. Here the new elements are
C'-Q2, C?-Q3 and so on. Numerical tests on these elements for biharmonic and
triharmonic equations are provided.

The second question about the minimal nonconforming H* elements on rectangu-
lar grids remains open for & > 1. For k = 1, the minimal H*-nonconforming element
is the C~1-P; element (where the P; functions are continuous at the mid-point of
the (n — 1)-rectangular face) on rectangular grids [I1,[16]. An HZ2-nonconforming
element on rectangular grids, is constructed by Wang, Shi and Xu [22], in R™. But
it is not clear if the Wang-Shi-Xu element is the minimal one. Such a question is
difficult to answer for nonconforming finite elements as there are too many possible
variations. For example, it is not even known what the minimal H'-nonconforming
P, element is on rectangular grids. In [I5] Lee and Sheen constructed such a non-
conforming element where P, space is enriched by two bubbles {x?y,zy?}. Note
that a direct corollary of [ Section 5.1] is that there does not exist a conforming
P, element on rectangular grids (even macro-element), otherwise the term of (5.12)
therein will have convergence of order 3, which contracts with the lower bound of
(5.12) therein.

In 1D, our C*~'-Q}, nodal basis generates exactly the k-th B-spline space, if the
macro-element grid points are uniformly distributed. The B-spline space has only
one basis function, defined recursively by integration, which is shifted by the grid
size to form a smooth spline space; cf. (28] below. Using the tensor product of
B-splines, the method of spline finite element method is applied to solving partial
differential equations in [20]. Different from the spline finite element method, we
construct nodal basis functions which are more adaptive to boundary conditions
and to the traditional finite element computation. The other difference is that the
C*~1-Q}, nodal basis can be constructed on nonuniform local grids, and applied to
nonuniform global grids. One numerical test on nonuniform grids is provided.

2. TENSOR PRODUCT SPACE

We define a family of 1D spline functions. Using the 1D splines, we define a
C*k=1.Qy, space in any space dimension, by tensor product.
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Let [0, 1] be uniformly partitioned into & intervals by (k+1) points {z; = i/k, i =
0,1,...,k}:
(2.1) TV ={lwi,m] | i=1,... k)

Here, the internal grid points {z;} are not necessarily uniformly distributed; cf.
Corollary 2Tl Let

Pe(Ti") = {f € L2((0.1]) | fl(os-r.00) € Pi}
be the space of piecewise polynomials of degree-k. Let Iy be an interpolation
operator (cf. Figure [I]),
(2.2) Iy : C*710,1] = Vo :== P(T, V) n €* 10, 1],
TIofD(xo) = fD (o), ILofP(x)=fD(x), i=0,1,...,k—1.
Here h = 1/k is called a grid size.
Theorem 2.1. Ij in [2.2)) is well defined.

Proof. Let us count the dof (degrees of freedom) and the constraints. The dof of
one P polynomial is (k + 1). The total dof on k intervals is (k? + k). To be
Ck=1 at the two end points zo and xj, we have (2k) data. But at each of the
(k —1) middle points, to be C*~! we have k constraints. The total constraints are
(2k) + (k — 1)k = k? + k, matching the total dof. By these counts, we have a square
linear system of size (k? + k). Therefore, the uniqueness implies existence. We are
now left to show the uniqueness of solution.

Let f € Vg in @2). First, as f(xg) = 0, f'(z0) = 0,..., fF"V(x) = 0, by
Taylor expansion at © = xg, we have, on [zg, z1),

f(@) =ci(z—x0)*  on [zg,z1).
We expand the function at x = x7 to get
(x —x0)* = (x — 21 + h)¥
=hF kb N —2) + o Eh(z — ) 4 (2 — 2)F

By the continuity conditions on f)(z;), we can expand the function, also a poly-
nomial, on the second interval, (z1,x2),

flx) = Cl(hk + khk_l(lv —x1)+ -+ kh(x — xl)k_l) + ch(z — a:l)k
=ci(z — 20)* + ez — 21)".

Sequentially, we derive the function on the last interval (z;_1,xg):
fx)=ci(z—z0)* + - + ez —zp_1)"
As fU)(zp) =0, 2 — 5 = (k —4)h,
k(k—1)--- (k=7 +1)(cik* T 4 -+ p1* )k~ = 0.
So, {c;} are determined by the homogeneous system:

koo 2k 1% c1
kkfl . 2k71 11@71 Co
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The matrix is a Vandermonde matrix, and its determinant is nonzero,
det = (k1) ---(2!) - (1)).

Thus, Ij is uniquely defined. O

Corollary 2.1. Iy in (Z2)) is well defined for any nonuniform grid in 21)):
O=zxg<z1 < - <xp =1.

Proof. The proof repeats that of Theorem 2] except replacing the uniform grid
size h, there, by

hi =T — Tj—1-

Then the linear system determining f(z) is

(2;:1 hi)k e (2;:1%1 hi)k Qﬁ C1
(Zi:l hi)kil T (Zi:kfl hi)kil hk_l —0
Ck—1
k k c
Zi:l h; T Zi:kfl h; hy k

The coefficient matrix is again a Vandermonde matrix, and its determinant is
nonzero. ]

Given k sets of linearly independent nodal values f(*(0), f)(1),i =0,1,...,k—
1, the interpolation operator I defines a set of basis functions. That is, a basis
{®iy.jo } 1s defined such that

dn ) . L
(2.3) dx—iléf’io,jo(h) = 01,1005, ,jor 0 <i1,i0 < (k—1), j1,j0 =0,1.

For example, the 6 nodal basis functions for the C2-P3 space Vj on [0,1] are

1—%9&3, 0<x < %,
(2.4) $o,0 = %—I—%x %3:24—9333, % <z< %,

Loy 2op<l Gno0)=1,
—z(—1+ 32?), 0<z<3,

bo=dErfe-ate gt tsach
—3(z—1)3, F<x<l, ¢he(0)=1,
—La%(—6 + 11x), 0<z<i,

br0= —h+ho-at+ et beo<h
—g(z—1)3, F<a<1, ¢50(0) =1,
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%xg, 0<x< %,

b1 =19 45— 5Jz+%a? -9 L<z<i,
1+ 2(z—1)3, 2<a<l, Boa(1) =1,
—343, 0<z< 3,

bpr1=19 —2+2z—622+ J2°, L<a<Z,
—(z—-1)(2—-6x+32?), 2<xz<1, ¢ ,(1)=1,
$a?, 0<z<g,

b=~ fotiel gt p<e<y
Lz —1)2(11z — 5), 2<a<l, ¢5,(1)=1

The global basis functions in 1D combines above two local basis functions on the
left and on the right intervals of a node:

i 1) -1<z<0, |
(2.5) pi(m) = { O Slsws00 L L
¢i70(l‘ — 0) 0<z<1,

We note that, for uniform grids, the 1D C*~'-P, finite element space is exactly
the k-th B-spline space, [I8/20]. So we give another proof of the existence of B-
splines in Theorem 2.1l We give the P; B-spline basis below to show that our C2-Py

basis functions above are truly linear combinations of this (shifted-scaled) B-spline
basis. Let

0 z<—-1/2,
By(z)=¢1 —-1/2<z<1/2,
0 1/2<ux.
The k-th B-spline is defined by
1 k+1 1 1, k+1 1
B = —(— By )+ - (—— —2)Br_1(x — =).
k(@) = 25— +2)Bea(z + ) + (5= —2)Bealz - )
Sequentially, we get that
0 r < —1,
142 —-1<z<0,
By(z) =
-2 0<z<1,
0 1<,
0 x < —=3/2,
%(%4_1«)2 —-3/2<x<-1/2,
Bo(w)= {1 +a) —2)+ L —o)d+2) —1/2<a<1/2,
(3 —1)? 1/2 <z <3/2,
0

3/2 < x,
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0 T < =2,

2+ 2)? —2<z< -1,

2 2 1,..3

22213 —1<2<0
2.6 Bi(z) =<3 2 - ’
(26) 3(2) %—:1024-%963 0<z <1,

FH2—a)8 1<z<2,

0 2<z.

We can then combine some Bs functions to get the 6 basis functions above. For
example, the basis function in (2Z4]) is also

(bo,o(x) = B3(3$ - 1) + B3(3.’13) + 33(31‘ + 1), x € (0, 1/3)
One may use nonnodal basis functions like (Z:6]) directly in solving partial differen-
tial equations. Such a method is called the method of spline finite element [20].

Let a square (or a rectangular) domain Q C R"™ be partitioned into (kN)"
rectangles:

@7 Ta={ll, ke x el T 1< <N,

41,51 =17 i1,01 Linrin—1Tin jn

1< <k, 1<Ii<n}.
Here, for simplicity, we assume a uniform grid of macro-elements:

(n0) ) _p 1 ) () _ L
Ti+1,0 — Tij0 = h = N’ Tiygi+1 — i = kN

But we can allow variable grid points inside a macro-element (consisting of k™

n-dimensional rectangles), or variable macro-element sizes, such as one in our nu-

merical test, shown in Figure We define a piecewise @y finite element space
by

(2.8) Vi ={ Z Z G o (@ w) b

11,0 =071,...,jn=0
Here gpj n g the shifted, scaled tensor product basis function:

Jn
T — D ) T, — (n)

(2'9) 90;117 ,,Zj"n (xlv s 7xn) = i1 (T“) RV Spjn(

Here x(l) = ;CE )0 is an end point of macro-element

Out81de the domain €2, we naturally drop the part of definition of ¢, ..

3. THE FULL C*~'-Q} SPACE

We will show that the finite element space Vj, defined in (Z8) is truly a C*~1
space. We define an interpolation operator from C*~! to V},. By this operator, we
will show the space (Z.8) is the whole C*~1-Q;, on the grid.

Given the n-dimensional rectangular grid 7, in ([27), the mathematical (ab-
stract) definition of C*~1-Qy is

(3.1) Vi = {veC* Q) |v]x €QF VK €T},

where Q7 is the n-dimensional Qy, space. Is Vj, = V, (defined in (Z8))? If we show
Vi, € C*=1(9), then Vi D Vj, as the latter is the full space. On the other side, if
the interpolation of a V}, function in V}, is itself, then V}, C V},.
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We define the nodal interpolation operator

(3.2) I, : C*YQ) =V, wve o,
N k—1
(3.3) o= Y > gt (o wy),
i1y in=071,...,jn=0
where the coefficients are nodal values:
o o (m)

D1yeesin

ct o= ().
1y dn ] i1 0 ' Vi
I 9t oxlr §

Theorem 3.1. The space Vj, defined in [Z8) is a C*~1 space.

Proof. Usually, C*~! means the continuity of all derivatives up to the total order
(k — 1), or to the separated order (k — 1), i.e.,

oIt Hin
ozl dxly
Here we take the latter definition which is stronger. For any v € V},, it is a linear

combination of the basis functions. We only need to check if all basis functions are

C*=1. All the 1D basis ¢; ; in (Z3)) and the ¢; in (23] have all their derivatives up
&)

K2

v for0<j1+-+jn<k—-1, or0<7j,....Jn <k-—1

to order £ — 1 matching on the two sides of each grid point, i.e. .’/ is continuous.

So, the shifted scaled product is also continuous by ([2.9),
ajl ajn i/ i/

PR 1refn
Ot Oin J1o 0t
1 n
o e o (n)
hit It X1 xl/l hin QIn Ty — ,’El,n
1 n

as it is a product of continuous functions (each remains constant in the other n — 1
directions). Thus gpzllzj e Ck=1, Sov e Ck T, O

sJn

Theorem 3.2. The space V), defined in &) is the full C*—1-Qy space, i.e., Vj, =
Vb, defined in [B.1).

Proof. By Theorem B V}, C f/h. To prove the reverse, we show that Ipv =v € V}
for every v € Vj,.

To illustrate the method, we first consider the case n = 2, k = 3 and N = 1,
shown in Figure @l By the data of v, Iv is well defined. As v € C?([0,1]?), its
restriction on line BD (see Figure B) is a 1D C2-P5 function. By Theorem 2.1
v = Ipv on line BD. Next, when 9(v—Ijv)/0y restricted on line BD, calling it w,,
it is still a C%-P; function in z. As 87w, (0) = dw, (1) =0, j =0, 1,2, by Theorem
21 w, = 0. Once again, wy, = 9*(v — I;v)/dy*|gp = 0. Thus, all 9 interpolation
data of v — Ipv are 0 at an internal point C of BD. In the same fashion, v — Iv
has all 9 interpolation data 0 at point A; cf. Figure[2l Repeating the argument on
AC, we find v — Iv has all 9 interpolation data 0 at point F'. We conclude v = Ipv
on square CDEF, as all their 36 interpolation values at four corners are identical
(while they have 4 x 4 dof). Hence v = Ijv.

We now formally show, for all v € Vi,

(3.4) Inv =,
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FIGURE 2. Interpolating a C?-Qs function v on one macro-
element, in 2D.

by a space-dimension reduction method. We examine the difference uv = Inv —v on
[z 1) (1) | x- x [m (n) _.(n) ]

any macro-element K = [z; o, z; in 00 i
squares. When restricted on one boundary edge of K

R SRS N SRR G
where jo,- -+, j, = 0 or k, Iv depends only on the data of v at the two end points
of the edge, as all other basis functions vanish at the edge. I,v and v are both
1D C*~1-P;, functions on the k intervals of the edge of K. By Theorem 21l Ij,v
is the unique interpolation Ipv of v, defined in ([Z2)), i.e., Iyv — v = 0 on the edge.
Repeating the above argument for any partial derivatives (normal to the edge) of
order smaller than k, when restricted on the edge, we get

072 Hin 1 1
P . 8:16]" (Inv —v)(x1, 52)0, . ,x(.")o) =0, z1€ [xgh)o, xgl,)k]
1 n

Tn,
for all 0 < jo, -+ ,jn < k — 1. Now, restricted on a face-internal edge,
1 2 2 3 n
ot} % o i x ol } o x (ol ) 0< b <k,

on a face square of K,

which consists of k™ small

1 1 2 2
[, 2] x (28, 2P ) x {2y < x {2,y

where j3,---,7, = 0 or k, we have the two end points on the boundary edges
considered above. So Ipv matches v with all end point data, proved above, and
Inv = v on such an internal edges. Repeating this argument for the two functions
and their derivatives, we see that Iv, v and all their derivatives match at all (k+1)"
edges. Now, on each square of K we get

o Q) (2 (2
[xilao’xihk] X [ i2, O’I'iz,k} X {1’13 ]3} { L, Jn}
where js, -+, j, = 0 or k, u € Q% but with its value all up to k — 1 (normal,
tangential, or mixed) order derivatives of 0. So u = 0 on the square. Then we work
on 3D face-cubes of K, and so on, until its n-dimensional face, which is itself. Thus
u =0 on K and on 2. Therefore v = Ipv € Vj, i.e., Vj C Vj. O

4. THE FULL ORDER OF APPROXIMATION

By the interpolation operator I, we will show the C*~1-Q} space has the full
order of approximation property. Finally, we use the element for solving 2k-th order
Laplace equations and show its optimal order of convergence.
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In (B.2)), interpolation I}, uses the cross derivative of order (k — 1)™:

aszl aszl
f(xgll), e ,xz(:)).

F—1 k—1
oz Oxn,

By the Sobolev inequality [5], the function has to be in C*~Y7(Q) or
(4.1) f e gHk=hndn/24e(q)

For example, for the 3D C®-Q4 space, the function f to be interpolated must
be in H'3-5t¢. Since the smoothness is too high, we cannot develop the needed
approximation for weak solutions of 2k-th order PDE. That is, for the 3D C3-
Q. space, the function u to be interpolated is assumed only in H*. Therefore, a
generalization of Iy, i.e, averaging Ij, is needed (still denoted as I;). It was first
done by Scott and Zhang [19], for Lagrange finite elements, and it was generalized to
Hermite elements by Girault and Scott [8]. We extended the Girault-Scott operator
to high-order derivative (more than 2) interpolation. That is, the (k — 1)™ nodal
derivatives are defined by averaging the boundary data on a R"~! face square of
H* weak functions.

For each set of cross-derivatives D(q,.... a,) = {90%f | 0 < a1 < k—1}, we need a
set of dual basis of C*~'-Q}, polynomials. First we consider the nodal interpolation
of the function at face vertexes on K7, which is the first face of macro-element K

indexed by the corner vertex (371('11,)07 ceey ;CE:L)O)

A
ozl 0x5? C0xen f(l‘§1?0, xgn),lz e ’xz(n,)ln)’
1 n

Ogllgk—l, lQ,...,ln:O, or k.

The linear functional of taking nodal value at (:vgll?o, . ,x§:?0)7 when restricted to
the Hilbert space Vj, with a weighted L? inner product on K7, is represented by a

. 0,a2,...,000)
Riesz vector 0.0z, .am :
(4 e ™ gy

G H
(0,a2,...,000) 1 — (D 2 (n)
/K VO T (B () = ol g, ),
1 2.l nsln

for all v € V3, where the weight is a bubble function defined by
(42) b () =TT TT s =)
§=21=0,k

The reason for introducing the bubble function as weight is to avoid boundary
integrals when doing integration by parts in (@3] below. Otherwise, if boundary
integrals appear, one would require a higher regularity for the interpolated func-
tion f so that the traces of its higher order derivatives is L'-integrable. These
Riesz representation vectors form a dual basis whose action is to produce the L2-
projection, preserving C¥~1-Q;, (or its derivative spaces) polynomial v on the R"~!
face-square at the interpolation point; cf. [I0,23] for computing such a dual basis
function. By using a macro-element whose derivative is no longer in the original
piecewise polynomial space, we cannot use one set of dual basis as in Girault-Scott
[8], as all derivatives of a polynomial there are still a polynomial of a lower degree.
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Now, the D, nodal derivative of a weak H* function f is defined by

o 9 o CONNE) (n) o f
4.3 \ \ 2y = () lel=h )
( ) 3xl11 61’32 oxor hf($117071'12,12; a«rz,“lz) ( ) . 6$l11 (X)
02 9o (0,a2,...,a0)
. 10250, 0n ) pM dx.
T R TR

Similarly, by rotating xgll?o and a:fgl)o and by rotating o with another index o, we

define all interpolation values on K. Globally, for each vertex x of T, we choose
a boundary square face in K € Ty, if x € 09, otherwise a random R"~! square
face containing x. The interpolation I, f is defined for the H* function by the I, f
nodal values as in (3.2). In particular, Ij, f preserves the homogeneous boundary
conditions and preserves V}, functions,

Irv=v YveV,.

Theorem 4.1. Let w € H" for some r > k, then

k
(4.4) Z W= R u — Iyul iy < CR™™ " | g g,
i=0
where I, is defined in [B2) with nodal values evaluated by [@3), interpolating u to
the space Vy,, defined in (2.8)).

Proof. First, by (@3], following the scaling argument of Scott-Zhang [19] or Girault-
Scott [§] on the dual basis functions, one can show the stability of Ij:
nul gry < Clulgr)-

Next, by [B.4), I, preserve C*~1-Q;, polynomials locally, i.e., [yu = u if u € Q1(Sk)
where Sk is the union of all macro-elements touching K. Thus, by existence of
local optimal-approximation polynomials, it is standard to show (@4); cf. [19] for
details. 0

We apply the C¥~1-Q;. element to solve the following k-harmonic equations:

(4.5) (-1)*AFu =g, inQc R,
oF—1

4.6 u=---=——u=0, on
Onk—1

The finite element problem in the weak variational form for (1) is: find u;, € V},
such that

(47) /Vkuhvkvh:/gvh Yo, € Vj,.
Q Q

Theorem 4.2. Let u solve {3 and up € Vj, solve {@T). Assume thatw € H" for
some r >k, then

(4.8) = up | ey < CR™ Ty g ).
In addition, assume the solution of the dual problem has the reqularity H". Then,

(4.9) u — up|gm () < CRMMZ2R )00, m=0,...,k— 1.
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Remark 4.1. An H” (r > k) regularity is assumed for (£9]). For smooth domains,
the regularity H¥** can be proved for g € H**(Q) and for any s > 0, in any
dimension; see for instance, [7] and the references therein. A regularity of H***
with s € (0,1/2) is obtained for n-dimensional k-harmonic equations on Lipschitz
domains in [3, Theorem 1]. In a highly-referenced work [13], is shown an H**1/2
regularity for the n-dimensional Laplace operator on Lipschitz domains. For bihar-
monic equations, an H¥t1/2 regularity is also obtained on n-D Lipschitz domains
in [I]. Some special regularity results on 3D polyhedral domains can also be found
in [6L7].

Proof of Theorem 2. As Vj, ¢ H* by Theorem B uy, is the Galerkin projection
of u in the subspace. By Céa lemma, and (@),

|u — uh\Hk = inf |u — Uh|Hk < Ohmin{l"rik}|u|Hr(Q).
vREVR

For one lower order normal estimate, we use the standard duality argument to
obtain

(4.10) lu— up| 21 < CR™T=EY 0| ol — g, | o
< Clu — up |- K220 gy )
where w is the solution of (7)) with g = u—wuy,. For the error bound ([@9) in further
lower order norms, we use Poincaré inequality so that, for u, u, € H*(Q)NHE(Q),
|u —up|gm < Clu—up|lge-—1, 0<m<k—1

We note that the error bound (9] for m < k — 1 is no longer of optimal order,
i.e., is of a higher order than that of the interpolated error, |u — Inu|g~. But the
estimate is sharp, confirmed by the numerical test, in the next section. This can be
shown following a trick of [I2]. That is, (£9) can be shown as a lower bound. O

5. NUMERICAL TESTS
We compute four examples.

5.1. Example 1. In the first example, we solve ([@H) with ¥ = 2, n = 2, and the
exact solution

(5.1) u=2"23(1 — 2)%y*(1 — y)%.

So we use the C1-Qy finite element. The initial grid is one square which is refined
into 4 subsquares as the macro-element. Then we use the nested refinement to get
higher level grids. The errors on various level grids and the orders of convergence are
listed in Table[dl The finite element equation is solved by the conjugate gradient
method, and the number of iterations are listed also in Table [ The orders of
convergence in H! and H? norm are truly optimal, as proved by Theorem

5.2. Example 2. In the second example, we solve the triharmonic equation (€3]
where n =2 and k£ = 3, i.e.,
—A3u=g.
The exact solution is
(5.2) u(z,y) = e"Ysin(nwz),

which provides nonhomogeneous boundary conditions in ([6]). The exact solution
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TABLE 1. The errors e, = Ipu — up, and orders O(h") of conver-
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gence by the 2D C'-Qy element for (5.1)), Example 1.

grid | |lenllz A" | lewlgr h" | lenlgz h" | #CG
2 0.69506 0.0 | 3.90929 0.0 | 33.7811 0.0 7
3 0.42990 0.7 | 3.03623 0.4 | 42.9961 0.0 40
4 10.12061 1.8 | 0.89970 1.8 | 24.9250 0.8 139
5 0.03088 2.0 ] 0.23386 1.9 | 12.9061 0.9 430
6 0.00776 2.0 | 0.05902 2.0 | 6.5088 1.0 | 1514
7 10.00194 2.0 0.01479 2.0 | 3.2614 1.0 | 5869

(0,0,23.140692)

(0,0,0.000021)

is plotted in Figure Bl We apply the 2D C?-Q; finite element to solve the problem.
The errors in various norms and the orders of convergence are listed in Table2l The

method does converge with the optimal order h in H3 norm, as shown in Theorem
A2 and also h? in H? norm.

1,1,0.000000)

,1,1-0.011965)

FIGURE 3. u and (u — up) for (B2) at level 3.

5.3. Example 3. In this example, we solve the triharmonic equation

—A3u =0

on the L-shaped domain shown in Figure [4 with Dirichlet boundary conditions

(@8 given by the exact solution

(5.3)

u(z,y) = r*5sin 2.50,
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TABLE 2. The errors e, = Ipu — up, and orders O(h") of conver-
gence by the 2D C2-Q3 element for (5.2)), Example 2.

grid | |lenllzz A" | lenlmr A" | lenlgz A" | lenlgs AT

2 10.01131 0.0 | 0.0802 0.0 |0.8029 0.0 |10.679 0.0
0.00382 1.6 |0.0241 1.7]0.2894 1.5| 6.585 0.7
0.00099 1.9 | 0.0058 2.0 |0.0796 1.9 | 3.509 0.9
0.00025 2.0 | 0.0014 2.0 |0.0206 1.9 | 1.821 0.9
0.00006 2.0 | 0.0003 2.0|0.0052 2.0| 0931 1.0

S O W

FIGURE 4. The level 3 grid for the L-shape domain in Example 3,

for (B3)).

TABLE 3. The errors e, = Inu — up, and orders O(h") of conver-
gence by the 2D C2-Q3 element for singular solution (5-3)), Exam-
ple 3.

grid | [lenllz2 h" | lenlgr A" | lenlw= A" | lenlmgs A"

2 0.0036 0.0 | 0.02377 0.0 | 0.2048 0.0 | 2.523 0.0
0.0018 1.0 | 0.01057 1.2 |0.0983 1.1 1.896 0.4
0.0009 0.9 | 0.00510 1.1 |0.0459 1.1| 1.374 0.5
0.0004 1.0 | 0.00247 1.0|0.0214 1.1 | 0.983 0.5
0.0002 1.0 | 0.00119 1.1 |0.0100 1.1 | 0.698 0.5

SO W

where (r,0) are polar coordinates. We apply the 2D C2-Q3 finite element to solve
the problem. Due to a singularity at the origin, we can see a large error near it,
in Figure[Bl But the error pollutes further away in the triharmonic equation, com-
paring to that of harmonic and biharmonic equations. The errors in various norms
and the orders of convergence are listed in Table Bl The method does converge
with the optimal order A'/? in H? norm, under the singularity. As the regularity
index in ([4I0Q) is k + 1/2 instead of k + 1, the order of convergence in lower norms
is 2(1/2) = 1 instead of 2, verified by the numerical data in Table 3.
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(-1,-1,-0.00235)

(1, 1,0.00080)

FIGURE 5. The error for the singular solution (5.3) on the level-4
grid in Example 3.

5.4. Example 4. In this example, we solve the triharmonic equation
—A3u =0

on the L-shaped domain with Dirichlet boundary conditions (£6]) given by the exact
solution

(5.4) u(a,y) = a® — 4.

We apply the 2D C2-Q3 finite element on uniform grids on graded grids; see Figure
[Bl This is because a large error occurs at the boundary. The solution, the error on
a uniform grid, and the error on a graded grid are plotted in Figure [dl The errors
in various norms and the orders of convergence are listed in Tabled on both family
of grids.

FIGURE 6. The level 3, level 4 and level 5 graded grids for problem
(E4) in Example 4.
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(-1,-1,1.00000)

(1.0,1.0,-1.00000)
(-1,-1,0.00090)

(1.0,1.0,-0.00090)
(-1,-1,0.00053)

(1.0,1.0,-0.00053)

FIGURE 7. The solution (top) for (5.4)), the error on the 4-th level
uniform grid, and the error on the 4-th level graded grid (see Figure
[6), in Example 4. The error on the graded grid is about 1/2 of that
on the uniform grid.
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(1]

(9]

(10]

11]

(12]
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TABLE 4. The errors e, = Ipu — up, and orders O(h") of conver-
gence by the 2D C2-Q3 element for solution (5.4]), Example 4.

grid [ lenllez A" [ lenlmr A" | lenlyz A" | lenlus A"
On uniform grids, cf. Figure 4

2 |1 0.008674 0.0 | 0.0496 0.0 | 0.4058 0.0 | 4.762 0.0

3 10.002472 1.8 |0.0137 1.9 0.1377 16| 2.834 0.7

4 10.000634 2.0|0.0034 2.0|0.0384 1.8| 1.553 0.9

5 10.000116 2.5 | 0.0006 2.4 |0.0092 2.1 | 0.808 0.9
On graded grids, cf. Figure [6l

2 10.008185 0.0 | 0.0475 0.0 ]0.3971 0.0 | 4.750 0.0

3 0.001974 2.1 | 0.0110 2.1 {0.1194 1.7 | 2.731 0.8

4 10.000381 2.4 0.0020 2.410.0271 21| 1.382 1.0

5 |0.000093 2.0 | 0.0005 2.0|0.0061 2.1| 0.639 1.1

REFERENCES

Vilhelm Adolfsson and Jill Pipher, The inhomogeneous Dirichlet problem for A2 in Lip-
schitz domains, J. Funct. Anal. 159 (1998), no. 1, 137-190, DOI 10.1006/jfan.1998.3300.
MR1654182/(99m:35048)

Peter Alfeld and Maritza Sirvent, The structure of multivariate superspline spaces of high
degree, Math. Comp. 57 (1991), no. 195, 299-308, DOI 10.2307/2938675. MR1079007
(92m:65017)

M. S. Agranovich, On the theory of Dirichlet and Neumann problems for linear strongly
elliptic systems with Lipschitz domains (Russian, with Russian summary), Funktsional. Anal.
i Prilozhen. 41 (2007), no. 4, 1-21, 96, DOI 10.1007/s10688-007-0023-x; English transl., Funct.
Anal. Appl. 41 (2007), no. 4, 247-263. MR2411602/[(2009b:35070)

J. H. Argyris, I. Fried, D. W. Scharpf, The TUBA family of plate elements for the matrix
displacement method, The Aeronautical Journal of the Royal Aeronautical Society 72 (1968),
pp. 514-517.

Philippe G. Ciarlet, The Finite Element Method for Elliptic Problems, North-Holland
Publishing Co., Amsterdam, 1978, Studies in Mathematics and its Applications, Vol. 4.
MR0520174//(58 #25001)

Monique Dauge, Problémes de Neumann et de Dirichlet sur un polyédre dans R3: régularité
dans des espaces de Sobolev Ly, (French, with English summary), C. R. Acad. Sci. Paris Sér.
I Math. 307 (1988), no. 1, 27-32. MR954085|/(90a:35057)

Monique Dauge, Elliptic Boundary Value Problems on Corner Domains, Lecture Notes in
Mathematics, vol. 1341, Springer-Verlag, Berlin, 1988. Smoothness and asymptotics of solu-
tions. MR961439 (91a:35078)

V. Girault and L. R. Scott, Hermite interpolation of nonsmooth functions preserving bound-
ary conditions, Math. Comp. 71 (2002), no. 239, 1043-1074 (electronic), DOI 10.1090/S0025-
5718-02-01446-1. MR 1898745 /(2003e:65012)

J. Hu, Y. Q. Huang and Q. Lin. The lower bounds for eigenvalues of elliptic operators-by
nonconforming finite element methods. arXiv:1112.1145v2[math.NA], 2013.

Jun Hu, Yunging Huang, and Shangyou Zhang, The lowest order differentiable finite el-
ement on rectangular grids, STAM J. Numer. Anal. 49 (2011), no. 4, 1350-1368, DOI
10.1137/100806497. MR2817542 |(2012h:65274)

Jun Hu and Zhong-ci Shi, Constrained quadrilateral nonconforming rotated Qi element, J.
Comput. Math. 23 (2005), no. 6, 561-586. MR2190317|/(2006k:65324)

Jun Hu and Zhong-Ci Shi, The best L? norm error estimate of lower order finite element
methods for the fourth order problem, J. Comput. Math. 30 (2012), no. 5, 449-460, DOI
10.4208/jcm.1203-m3855. MR2988473


http://www.ams.org/mathscinet-getitem?mr=1654182
http://www.ams.org/mathscinet-getitem?mr=1654182
http://www.ams.org/mathscinet-getitem?mr=1079007
http://www.ams.org/mathscinet-getitem?mr=1079007
http://www.ams.org/mathscinet-getitem?mr=2411602
http://www.ams.org/mathscinet-getitem?mr=2411602
http://www.ams.org/mathscinet-getitem?mr=0520174
http://www.ams.org/mathscinet-getitem?mr=0520174
http://www.ams.org/mathscinet-getitem?mr=954085
http://www.ams.org/mathscinet-getitem?mr=954085
http://www.ams.org/mathscinet-getitem?mr=961439
http://www.ams.org/mathscinet-getitem?mr=961439
http://www.ams.org/mathscinet-getitem?mr=1898745
http://www.ams.org/mathscinet-getitem?mr=1898745
http://www.ams.org/mathscinet-getitem?mr=2817542
http://www.ams.org/mathscinet-getitem?mr=2817542
http://www.ams.org/mathscinet-getitem?mr=2190317
http://www.ams.org/mathscinet-getitem?mr=2190317
http://www.ams.org/mathscinet-getitem?mr=2988473

RECTANGULAR FINITE ELEMENT 579

[13] David Jerison and Carlos E. Kenig, The inhomogeneous Dirichlet problem in Lipschitz do-
mains, J. Funct. Anal. 130 (1995), no. 1, 161-219, DOI 10.1006/jfan.1995.1067. MR 1331981
(96b:35042)

[14] Vladimir Kozlov and Vladimir Maz'ya, Asymptotic formula for solutions to elliptic equations
near the Lipschitz boundary, Ann. Mat. Pura Appl. (4) 184 (2005), no. 2, 185-213, DOI
10.1007/s10231-004-0108-6. MR2149092 (2006b:35070)

[15] Heejeong Lee and Dongwoo Sheen, A new quadratic nonconforming finite element on rect-
angles, Numer. Methods Partial Differential Equations 22 (2006), no. 4, 954-970, DOI
10.1002/num.20131. MR2230281(2007a:65201)

[16] Chunjae Park and Dongwoo Sheen, Pi-nonconforming quadrilateral finite element methods
for second-order elliptic problems, SIAM J. Numer. Anal. 41 (2003), no. 2, 624-640 (elec-
tronic), DOI 10.1137/S0036142902404923. MR2004191/(20041:65125)

[17] M. J. D. Powell and M. A. Sabin, Piecewise quadratic approzimations on triangles, ACM
Trans. Math. Software 3 (1977), no. 4, 316-325. MR0483304/ (58 #3319)

[18] Larry L. Schumaker, Spline Functions: Basic Theory, 3rd ed., Cambridge Mathematical Li-
brary, Cambridge University Press, Cambridge, 2007. MR2348176//(20081:41002)

[19] L. Ridgway Scott and Shangyou Zhang, Finite element interpolation of nonsmooth func-
tions satisfying boundary conditions, Math. Comp. 54 (1990), no. 190, 483-493, DOI
10.2307/2008497. MR1011446 (90j:65021)

[20] Chung Tze Shih, On a spline finite element method (Chinese, with English summary), Math.
Numer. Sinica 1 (1979), no. 1, 50-72. MR656879 (83e:73059)

[21] Ming Wang and Jinchao Xu, Minimal finite element spaces for 2m-th-order partial differential
equations in R™, Math. Comp. 82 (2013), no. 281, 25-43, DOI 10.1090/S0025-5718-2012-
02611-1. MR2983014

[22] Ming Wang, Zhong-Ci Shi, and Jinchao Xu, Some n-rectangle nonconforming elements for
fourth order elliptic equations, J. Comput. Math. 25 (2007), no. 4, 408-420. MR2337403
(2008¢:65366)

[23] Xuejun Xu and Shangyou Zhang, A new divergence-free interpolation operator with appli-
cations to the Darcy-Stokes-Brinkman equations, SIAM J. Sci. Comput. 32 (2010), no. 2,
855-874, DOI 10.1137/090751049. MR2609343 (2011g:76108)

[24] Shangyou Zhang, A family of 8D continuously differentiable finite elements on tetrahedral
grids, Appl. Numer. Math. 59 (2009), no. 1, 219-233, DOI 10.1016/j.apnum.2008.02.002.
MR2474112/(2010a:65250)

[25] Shangyou Zhang, On the full C1-Qy finite element spaces on rectangles and cuboids, Adv.
Appl. Math. Mech. 2 (2010), no. 6, 701-721. MR2719052(2011i:65230)

LMAM AND SCHOOL OF MATHEMATICAL SCIENCES, PEKING UNIVERSITY, BELJING 100871, PEO-
PLE’S REPUBLIC OF CHINA
E-mail address: hujun@math.pku.edu.cn

DEPARTMENT OF MATHEMATICAL SCIENCES, UNIVERSITY OF DELAWARE, NEWARK, DELAWRE
19716
E-mail address: szhang@udel.edu


http://www.ams.org/mathscinet-getitem?mr=1331981
http://www.ams.org/mathscinet-getitem?mr=1331981
http://www.ams.org/mathscinet-getitem?mr=2149092
http://www.ams.org/mathscinet-getitem?mr=2149092
http://www.ams.org/mathscinet-getitem?mr=2230281
http://www.ams.org/mathscinet-getitem?mr=2230281
http://www.ams.org/mathscinet-getitem?mr=2004191
http://www.ams.org/mathscinet-getitem?mr=2004191
http://www.ams.org/mathscinet-getitem?mr=0483304
http://www.ams.org/mathscinet-getitem?mr=0483304
http://www.ams.org/mathscinet-getitem?mr=2348176
http://www.ams.org/mathscinet-getitem?mr=2348176
http://www.ams.org/mathscinet-getitem?mr=1011446
http://www.ams.org/mathscinet-getitem?mr=1011446
http://www.ams.org/mathscinet-getitem?mr=656879
http://www.ams.org/mathscinet-getitem?mr=656879
http://www.ams.org/mathscinet-getitem?mr=2983014
http://www.ams.org/mathscinet-getitem?mr=2337403
http://www.ams.org/mathscinet-getitem?mr=2337403
http://www.ams.org/mathscinet-getitem?mr=2609343
http://www.ams.org/mathscinet-getitem?mr=2609343
http://www.ams.org/mathscinet-getitem?mr=2474112
http://www.ams.org/mathscinet-getitem?mr=2474112
http://www.ams.org/mathscinet-getitem?mr=2719052
http://www.ams.org/mathscinet-getitem?mr=2719052

	1. Introduction
	2. Tensor product space
	3. The full 𝐶^{𝑘-1}-𝑄_{𝑘} space
	4. The full order of approximation
	5. Numerical tests
	5.1. Example 1
	5.2. Example 2
	5.3. Example 3
	5.4. Example 4

	References

