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VARIATIONAL DISCRETIZATION OF
WAVE EQUATIONS ON EVOLVING SURFACES

CHRISTIAN LUBICH AND DHIA MANSOUR

ABSTRACT. A linear wave equation on a moving surface is derived from Hamil-
ton’s principle of stationary action. The variational principle is discretized with
functions that are piecewise linear in space and time. This yields a discretiza-
tion of the wave equation in space by evolving surface finite elements and in
time by a variational integrator, a version of the leapfrog or Stérmer—Verlet
method. We study stability and convergence of the full discretization in the
natural time-dependent norms under the same CFL condition that is required
for a fixed surface. Using a novel modified Ritz projection for evolving sur-
faces, we prove optimal-order error bounds. Numerical experiments illustrate
the behavior of the fully discrete method.

1. INTRODUCTION

In recent years, there have been significant advances in the numerical analy-
sis of partial differential equations on fixed and moving surfaces. Concerning the
latter, we refer to the review articles by Deckelnick, Dziuk and Elliott [4] and
Dziuk and Elliott [IT] and to recent papers on linear parabolic equations on time-
dependent surfaces discretized by evolving surface finite elements and various time
discretizations [9,[T0,13L21L27], by finite volume methods [19], by a grid-based par-
ticle method [20] and by level set methods [IL[29], and to [12] for conservation laws
on time-dependent surfaces. Many more references are found in [I1].

In the present paper we consider a linear wave equation on a given time-depen-
dent surface, which is the natural analog of the classical acoustic wave equation
on a fixed spatial domain. We have no specific application in mind, but consider
the problem as prototypical for dynamical problems on a moving surface that are
described by Hamilton’s principle of stationary action, a fundamental principle of
mechanics. Just as the numerical analysis of the linear wave equation on a fixed do-
main has provided much insight into the numerical treatment of more complicated,
linear and nonlinear, wave problems in a variety of application areas, we expect
similar benefits from a thorough numerical analysis of the linear wave equation on
evolving surfaces based on the variational formulation.

Among novel analytic techniques developed here is a stability analysis of full
discretizations with time-dependent mass and stiffness matrices in the natural time-
dependent norms, and the use of appropriately modified Ritz projections to derive
optimal-order error bounds. Our stability analysis operates at the matrix-vector
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level and could also be applied to discretizations of wave equations on a moving
domain and to moving-mesh methods for wave equations on a fixed domain. The
newly introduced Ritz map on evolving surfaces is potentially useful in a much
wider context than for the particular bilinear forms considered here.

In Section Plwe derive the wave equation on an evolving surface from the Hamil-
ton variational principle with a Lagrangian that is the precise analog of the La-
grangian for the acoustic wave equation on a fixed domain. In Section [B] we de-
scribe a discretization of the variational principle by the piecewise linear evolving
surface finite elements of Dziuk and Elliott [9]. For discretization in time we use a
variational integrator based on piecewise linear approximation, the Stormer—Verlet
or leapfrog method, which is discussed in Section[dl We analyze the stability of the
fully discrete scheme under the natural CFL condition in SectionBl Unconditionally
stable Gauss-Runge-Kutta time discretization is studied in [23].

Our stability estimate is sufficiently strong to permit us to derive optimal-order
error estimates. This is done in several steps. In Section [6l we bound the fully dis-
crete error in terms of the residual of mappings of the exact solution onto the finite
element space on the discretized surface. To estimate this residual, we need the
preparatory Section [7] that provides known and new estimates for lifts of functions
from the discretized to the original time-dependent surface. In Section [§ we intro-
duce the Ritz map for evolving surfaces as the appropriate mapping of functions on
the original surface to finite element functions on the discretized surface, and we
study its approximation properties. This allows us, in Section [ to give an optimal
second-order bound of the residual that results when the Ritz map applied to the
exact solution is inserted into the semidiscrete surface finite element equations.

Combining all the results obtained thus far, in Section [[0] we finally obtain our
main result, which states optimal-order convergence of the full discretization in
the natural time-dependent norms under the CFL condition. We show second
order of the error measured in the L?-norm over the time-dependent surface for
displacements and their material derivatives, and first order for the L?-norm of
the error in the surface gradient of the displacements, uniformly on bounded time
intervals. We conclude the paper with numerical experiments in Section [IT}

Throughout the paper, C' and ¢ denote generic constants (independent of the
spatial meshwidth h and the time step size 7) that take on different values on
different occurences.

2. THE WAVE EQUATION ON EVOLVING SURFACES

2.1. Basic notation. Let I'(¢), ¢t € [0, T], be a smoothly evolving family of smooth
m-dimensional compact closed hypersurfaces in R™*! without boundary. We de-
note the corresponding space-time surface by Gr = ;¢ (o 1 I'(¢) x {t}-

Let v(x,t), for z € T'(t) and t € [0,T], denote the given wvelocity of the surface,
with the interpretation that a material point z(t) on the surface moves with velocity
&(t) = v(z(t),1).

We will work with the following time and space derivatives, for which we refer to
[T4] and [9] for a more detailed discussion. For a smooth function u : G — R we let
9®u denote the material derivative, defined such that Lu(z(t),t) = (9°u)(z(t),t);
that is,

ou

(2.1) 0%u = en +v - Vu,



WAVE EQUATION ON EVOLVING SURFACES 515

where a - b = Z;":ll a;b; for vectors a and b in R™*! and Vu denotes the usual
(m + 1)-dimensional gradient of a smooth extension of u(-,t) to a neighborhood of
I'(t). The material derivative 9*u only depends on the values of the function u on
the space-time surface Gp and is independent of the choice of the extension.

By Vr we denote the tangential gradient on the surface I', which is the projection
of the (m + 1)-dimensional gradient to the tangent space. For a smooth function u

on a neighborhood of I we define
Vru =Vu—Vu-vvu,

where v is a normal vector field to I'. The tangential gradient only depends on the
values of v on the surface I' and is independent of the extension.
The Laplace-Beltrami operator on T is the tangential divergence of the tangential
gradient:
m—+1

Apu=Vr-Vru= Y (Vr);(Vr);u.

Jj=1

2.2. Hamilton’s principle of stationary action. With the Lagrangian (kinetic
energy minus potential energy)

1 1
(2.2) L(u, d%u,t) = —/ 0%l - —/ Vrul
2 Jr 2 Jrw

we consider the action integral

(2.3) S[u] = /0 Llu(t), 8*u(t), t) dt

for u(t) = u(-,t) € HY(I'(t)). The analogous action integral on a fixed domain Q
instead of moving surfaces I'(¢t) is minimized by solutions of the classical acoustic
wave equation 92u — Au = 0. In our situation we arrive at the following partial
differential equation, which was first communicated to us by G. Dziuk. In [I1] this
equation is called the Jenner equation.

Lemma 2.1. If u : Gy — R is a smooth function that extremizes the action
integral S[u] among all smooth functions on G with given endpoints u(-,0) and
u(-,T), then w is a solution of the Euler—Lagrange partial differential equation

(2.4) 9°0°u(x,t) + 0%u(x,t) Vg - v(x,t) — Apgyu(z,t) =0
forz eT(t) and 0 <t <T.

We refer to ([2.4) as the wave equation on the evolving surface. An inhomogeneity
f(z,t) on the right-hand side of (24]) is obtained by adding the term fF(t) fu to
the Lagrangian.

Proof. The result is a consequence of the Leibniz formula on surfaces [0, Lemma 2.2]:

d .
(2.5) — / g = 0%g + ng(t) .
dt Jr ()
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Computing variations of the action while keeping the endpoints of u(.,t) fixed
(6u(0) = du(T) = 0), using (ZH) and partial integration, we get
d

dS[u] = =

T
S (u+ edu) = / / (6% 060 — Ve uVrdu) dt
0 Jr@e

e=0

T4 T
= / — / O%ududt —/ / (8'8'u du+ 0%udu Vg - v+ Vp(t)uvp(t)éu) dt
o dt Jre) 0 Jr)

T
= —/ / (8'6"u + 8'uvp(t) U — Ap(t)u) oudt = 0.
0 Jr)
With the fundamental lemma of the calculus of variations we obtain the result. [

Using the Leibniz formula on surfaces (ZH]), a weak form of the wave equation
([234) is readily obtained: for all smooth ¢ : G — R and for almost every ¢ € [0, T,

d L] 1] 1]
(2.6) — ®up+ Vp(t)u . Vp(t)go = / *ud®p.
dt Jre () I(t)

We will consider the initial value problem of the wave equation on the evolving
surface, with given initial data

(2.7) u(-,0) = ug € HAT(0)) and 0%u(-,0) = 1o € H'(T(0)).

Wellposedness and regularity results are shown in [22].

3. VARIATIONAL SPACE DISCRETIZATION

3.1. Recap: The evolving surface finite element method. Following [9], the
smooth surface I'(¢) is interpolated at nodes a;(t) € I'(t) (i = 1,...,J) by a discrete
polygonal surface I'j,(t), where h denotes the grid size. These nodes move with
velocity da;(t)/dt = v(a;(t),t). The discrete surface

= U E®
E(t)eTn(t)

is the union of m-dimensional simplices F(t) that is assumed to form an admissible
triangulation 7y (t); see [9] for details. The finite element space on the discrete
surface I',(t) is chosen as

Su(t) = {on € COTw(t)) = dnlp € Py for all E € Ta(1)},
where P; denotes the space of polynomials of degree at most 1. Let x;(-,t) (j =
1,...,J) be the nodal basis of Sj(t), given by x;(a;(t),t) = d;; for all ¢, so that
Sh(t) = Span{X1('7 t), LR XJ(', t)}
We define a velocity for material points X (¢) on the surface I',(¢) by

J
(3'1) X(t) = Vh(X(t)vt)v Vh(xvt) = U(aj(t)vt)Xj(x’ t)’ T € Fh(t)'

Then the discrete material derivative on T'y(t) is given by

0
(3.2) Ohodn = % + Vi, - V.
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The construction is such that the discrete material derivatives of the basis functions
satisfy the transport property [, Proposition 5.4]:

(3.3) Orx; =0.

The discrete surface gradient is defined piecewise as
Vr,9=Vg—=Vg- vy,

where v, denotes the normal to the discrete surface.

3.2. The semidiscrete Hamilton principle. We replace the Lagrangian (2.2])
with the Lagrangian on the discretized surface,

(] 1 (] 1
(3.4) L (Uh,8hUh,t) = —/ \8hUh|2 — —/ |thUh|27
2 Jru 2 Jru)
and minimize the action integral

T
(3.5) SulUn] = / C1, (U (), 33U (2). 1) d

for Up(t) = Unp(-,t) € Sp(t). This turns out to be equivalent to the Galerkin
discretization of (24): for all temporally smooth ¢, with ¢p(-,t) € Si(¢) and for
all ¢,

d ° (] (]
(3.6) E/ R Un o +/ Vr, &) Un -V, )0 = / OpUnOp, oh.-
Fh(t) Fh,(t) Fh(t)

3.3. Matrix-vector formulation and Hamiltonian ODE system. We denote
the discrete solution

J
Un(-t) = qu(t)Xj(vt) € Si(t)

and define q(t) € R’ as the nodal vector with entries g;(t) = Up,(a;(t),t). Then by
the transport property ([B3]), we have

J
ORUR(,t) =Y 4;(1)x;( 1) € Salt),
=1

where ¢; = dg;/dt. We often abbreviate Uy (t) = Un(:,t), OpUL(t) = ORUL(:, 1),

X;(t) = x; (-, 1), ete.
The evolving mass matrix M(¢) and the stiffness matrix A(t) are defined by

M) :/ Xi(t)x;(t),  A(t)i; = V0 Xi(t) - Vi, )X (1)
Th(t) Tr(t)
fori,j =1,...,J. The mass matrix is symmetric and positive definite. The stiffness
matrix is symmetric and only positive semidefinite. Its null-space is spanned by
the vector (1,...,1)T because we consider closed surfaces.
With these matrices, the discrete Lagrangian becomes

1. .1 .
(37) Eh(Uha 8}:Uh7 t) = EqTM(t)q - §qTA(t)q = ‘Ch(qa q, t)

with an obvious doubling of notation. The minimizer of the action integral

T
(3.8) Spla) = /0 Lp(a(t),q(t),t)dt
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is a solution of the Euler-Lagrange equation

(39) & (M(a(n) + Aalt) =0
By introducing the conjugate momenta
p(0)i= G2t (D). d(0).0) = M4 ()
we reformulate (33) as the Hamiltonian system
(3.108) B(1) = ~A()a(r),
(3.100) (1) = M(1)'p(1)

corresponding to the time-dependent Hamiltonian

1 _ 1
H(q,p,t) = 5p"™()"'p + ;d"A(t)a.
‘We work with the norms

lalzx = (alM(t)|a) = q"M(t)q, qeR’,

[Pl = (P M(1) " p) = p"™™(#) 'p, pcR’,
and the seminorm
lalac = (alA@t)|q) = q"A(t)q, qeR’.

Note that for finite element functions Up(t) = ijl q;(t)x;(t) € Sp(t) with the
vector of nodal values q(t) = (¢;(t)) € R’ and p(t) = M(t)q(t), we have
la(®)n@) = U zon@yy  [AB)]aw = Ve, ) Un Lo, i)
() vy = ) Ime) = |03 Un ()l Lo (1))-

The following result from [13] Lemma 4.1] and [21I, Lemma 2.2] provides basic
estimates.

(3.11)

Lemma 3.1. There are constants u,  (independent of the meshwidth h) such that

(3.12) w'(M(s) — M(t))z < pls — t] [wlnm) |2Ime)
(3.13) w! (M (s) = M(t) ")z < pls — t] [Wlnigy-1 |2l -1
(3.14) w'(A(s) — A(t))z < wls — t] [w]aq) |2la)

for all w,z € R’ and s,t € [0, 7).

Apart from the fact that M(t), M(t)~! and A(t) are symmetric positive semi-
definite, the inequalities (B12)—(BI4]) are the only properties of the evolving surface
finite elements that will be used in the stability analysis of the full discretization.

4. VARIATIONAL TIME DISCRETIZATION

For a given set of discrete time points 0 =ty < t; < --- <ty =T, for simplicity
assumed equidistant with step size 7, we compute approximations q,,q, to the
solution q(t,),q(t,) of the Euler-Lagrange equation ([B.9) at time ¢,. Here this is
done by minimizing an approximate action.
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4.1. Recap: Variational integrators. We give a brief review of variational in-

tegrators which have been studied by Suris [25], Veselov [26] and in a series of

papers by Marsden and coauthors. For a comprehensive discussion of variational

integrators we refer the reader to Marsden and West [24] and [16, Section VI1.6].
We use an approximation

tnt1
(4.1) L nsta) = [ La alt),ale)0) o
tn
Then the action integral over the whole time interval is approximated by the discrete

action sum
N—-1

Sh,‘r ({qn}év) = Z Eh,T(qn,anrlvtn)-
n=0
Computing variations of this discrete action sum with the boundary points qg and
qn held fixed, gives the discrete Euler-Lagrange equations

(42) D2£h,7’(qn—17qn7tn—l) + Dl‘ch,‘r(qn7qn+1atn) = 0; 1 S n S N — 17

where D1 and Dy denote the partial derivative with respect to the first and second
arguments of Ly, -, respectively. If we take initial conditions (qg,qi1), then the
discrete Euler-Lagrange equations (£2]) implicitly define a two-step integrator

(anla qn) — (qn> qn+1)

that calculates recursively the sequence {q, }2’ by solving in every step the discrete
Euler-Lagrange equations.

Since we rewrote our problem (BI0) in a Hamiltonian position-momenta form,
we also want to have an integrator in this form. We define the discrete momenta
at every time step n as

Pn = D2‘Ch,‘r(qn717 qn, tnfl) = _Dlﬁh,T(qna qn+1>tn)7

where the second equality holds in view of (£2]). With this definition the variational
integrator in the position-momenta form is written as the one-step method

(433‘) Pn = _Dlﬁh,T (qn; qn+1, tn)v
(43b) Pnt+1 = D2£h,7(qnu qn+1, tn)-

If we take initial conditions (qg, po), then we solve the first equation for q;, then
evaluate the second equation to get p;, and repeat this procedure to get the full
sequence {q, }{’.

4.2. The leapfrog or Stormer—Verlet method. For a given stepsize 7, we
choose Ly, -(Qn, dn+1,tn) by approximating q(¢) as the linear interpolant of q,
and q,+1 and approximating the first part of the integral (@1l with the two terms
of 31) by the midpoint rule and the second part by the trapezoidal rule. This
gives

qn+%>

({ctn [ Al @n) + (st [Ansi| ) )

T /.
ACh,-r(qny qn+1, tn) = 5 <qn+%
T

4
with qn+% = (Ant1 — dn)/7, Ay = A(t,) and M,/ = M(t, + %T)

MnJr%
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Then we compute the scheme ([4.3)):
) T
Pn = _Dl‘chﬂ'(q’ﬂ) qn+17tn) = Mn-{-%qn—i-% + EAnQna

. T
Pnt+1 = D2£h,T(Qna qn+1, tn) = Mn+%qn+% - §An+1(ln+1-

Inserting the term of q,, , 1 and solving the first equation for q,1, we obtain a
version of the leapfrog or Stormer—Verlet method (see, e.g., [15]):

(4.4a) dn+1 =dn + TM;}F%Pn — %TQM;}F%Anqm
(4.4b) Pn+1 = Pn — %AnQn - %AnJrIQnJrla

or equivalently

(4.5a) Pn+1/2 = Pn — %Anqn,

(4.5b) dn+1 =Qn + TM;}r%anrl/z,

(4.5¢) Prn+1 = Pniyi1/2 — %An-l—lqn-i-l-

The scheme is explicit except for solving a linear system with the mass matrix in
each time step.

From the vectors q, = (¢}) and q, = (¢}) = M(t,,)~'p, we obtain the finite
element functions on the discrete surface I'y(t,,),

J J
(4.6) Up =3 aqixi(ta), ORUR = d7x;(tn),
j=1

j=1

as approximations to u(t,) and 0%u(t,), respectively. We note that OpU;" is just
a suggestive notation (with 0p here having no meaning as an operator) for the
approximation to (05U, )(t,) with the discrete material derivative defined in ([B3.2).

5. STABILITY ANALYSIS OF THE FULL DISCRETIZATION

5.1. Defects and errors. Let q, and p, be reference values that we want to
compare with q,, and p,,, respectively (e.g., a4, = q(t,) and p, = p(¢,)). Inserted
into (@4)), they yield defects df , and d?_, in

~ ~ 1~ 1 _ ~

(5.1a) An+1 = Qn + TMnJlr%pn - iTQMnJlr%AnQn + d%_,’_l,
~ ~ T ~ T ~

(51b) Pn+1 = Pn — §Anqn - §An+1qn+1 + de—i—l'

For the errors we use the notation
(5.2a) el =q, —Qqn,
(5.2b) el =p, —pn
and subtract to get the error equation
1
-1 -1
(5.3a) el | =el +7Mn+%eﬁ — 572Mn+%A,Le‘}L —di .,

T T
(5.3b) €41 =€) — §Ane% - §An+1ei+1 —dy
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5.2. The CFL condition. From now on we assume that the step size 7 fulfills the
following restriction:

(5.4) %TQ,) (M(t)*l/QA(t)M(t)”“) <1-6

for all 0 < ¢ < T and for a fixed 0 < 6 < 1, where p(-) denotes the spectral radius.
For a quasi-uniform triangulation we have p (M(t)~1/2A(t)M(t)~*/2) ~ h72, so
that we have a time step restriction 7 < ch.

Under the CFL condition (5.4]), the symmetric matrix

~ 1
(5.5) A(t)=A(t) - ZTQA(t)M(t)*lA(t) is positive semidefinite,
and there exists Cy such that for every e? € R’ we have
(5.6) <eq‘A )|e?) < (e?]A(t)|e?) < Cg<eq’A )|e?).

5.3. Stability estimate. We use a time-dependent modified energy norm on R2”:
for e = (e?,eP) € R?/,

(5.7) \e||t <eq|M (t)’eq> + <ep’M(t)_1’e”>.
We denote by e,, = (e%,eP) the error vector at time ¢, and by d,, = (d%,d?) the

defect vector in (53). With this notation we prove the following stability result.

Lemma 5.1. There exists 79 > 0 (depending only on u and k of Lemma Bl and
on 0 of [&4)) such that for step sizes T < 1o satisfying the CFL condition (&4,
the error is bounded, fort, =nt <T, by

< (llolls + 3 1l ).

The constant C' is independent of h, 7, and n subject to the stated conditions (but
depends on p, k, 0, and T').

Proof. We prove the lemma in three steps.
(a) Local error: Here we analyze the error after one step, starting with e, = 0.
Thus the error equation (53) simply reads

(5.8a) el =-dl

(5.8b) e 1=

Using the seminorm equivalence (5.0 for the first equation of (58] yields
(€t [Ansr + Mupalel 1) = (df [Mui1 + Apa|di L)

(5.9) <Oy <dZ+1 ‘Mnﬂ + KW’ dZ+1> .

Furthermore, we get by the second equation of (B.8))

r
q p
_§An+1en+1 - dn+1 :

1
< S dn+1 |Mn+1’ e?’L-’rl + dn+1> 172 <e%+1 |An+1M7_L-:il-1An+l| e%+1> .
Thus we obtain
_ 1 _
<eﬁ+1 |Mni1| eﬁ+1> =77 <egL+1 |An+1MnJlr1An+1} eg+1>
4

—2 <en+1 |Mn+1| dn+1> <d +1 ’Mn+1‘ dn+1>
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We estimate the second term on the right-hand side by the Cauchy—Schwarz in-
equality and Young’s inequality to obtain

_ 1 _
(5.10) <ef1+1 |Mn41»1’ ei+1> - 172 <elrzz+1 }An+1Mn}r1An+l} eg7,+1>

< 2 <dp+1 ’Mn-',-l‘ dn+1>

| —

Therefore, adding (5.3) to (5.I0) yields
(5.11) llentall; <C |d

ntl — n+1||tn+1 '

(b) Error propagation: We now consider one step of the error equations without

defects and estimate ||e,41|l¢,,, in terms of ||e, ||, :

_ 1 _
(5.12a) el | =el+ TMnJlr%efL - 572Mni%AneZ,

(5.12b) el | =ebh — %Anez — %An+1ei+1.

We start by direct computation taking the squared A-seminorm of e} 11 at time
tn+1 and the squared M~ '-norm of e | at time tpy 1 to find
<egz+1 | Ayt egl+1>
— (e, |Ansalef) + 27 (e |Ania| ML el ) — 72 (e |Ania | M, L, Anel)

+ 72 (el 1\/1M1An+11v1;l ef) =7 (e ML, Ana M, | Avel, )
+£T4 <e$l 7+1 e?l>,
S ’é+1>
= <efl M;i% eﬁ> — T<eﬁ M ! n> — T<eﬁ M;i% An+1efl+1>
+ 272 (et |AnM, L, AL el ) + %TQ (Anel, ML, [ Anrel, )
+ iﬂ <eg+1 ’AnﬂM;i%AnH‘ eg+1> .
Expressing e}, |, by (5.12al), it follows that
<ei+1 ‘M;}r% efz+1>
= <ef’L M;i% efl> — T<efL M;}r% n n> — T<efL M;i% An+1e%>
e A )+ (0 A e
+ irz <e$l e%> + %7'2 <Ane% . n+1ez>
= <A et M1, An M, 1 e n> . 374 <e;g WML A eg>

+

ﬂkl)—‘l\)l)—‘

2
T < el ’AnHM A,L+1‘eg+1>.
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Adding both expressions leads to

1 _
An+1 - ZT2An+1Mn_~l_%An+1

—1
egL+1> + <9Z+1 ‘Mn-i-% ei+1>
1
et) = Lt (Anuret

2 | Avet)

1)+ (el [Ans1 — Ayl rM‘ilez> .
nT3

(5.13) <e;§ +1
— (e [An 1] ef) + (el

1
+ 17'2 <Ane%

Mn+

We estimate the terms on the right-hand side of (513 separately, starting by the
first and second terms, then the third and the fourth together, and in the end the
last term.

e In the first and second terms on the right hand side of (5I3) we write A, 41 =

(Anyi—Ay) + A, and M 1 = (M;j_% - M;l) + M, ! respectively. Then
conditions ([B.14) and B.I3) yleld
(ef [Anyilef) = (ef [Ani1 — Anlel) + (e [An|e])
(5.14) < (14 k7) (el |A,|el),
(5.15) (en M1, en) < (14 pur) (el M e

e In the third term of ([EI3]) we also write A,,11 = (Ap+1 — An) + A, and add
it to the fourth term on the right side of (5I3)) to get

1
n>+17'2 <Ane;§

! ML Al —172 <eq AM ' A
PR T T

1
(516) - 57’2 <An+1e%

— (et q
= <en en>.

We start with the first term on the right-hand side and use condition (3I4) and
Young’s inequality to get

q
<en

-1
Mn-i-%

n+1 —

n+1 —

2N~ q q 2N~ q
Mn+1Anen> <Crlella, ‘—T Mn+1Anen

A,

1
§CT<e%in 4‘ QMn+1A el

2
An> .
Using the CFL condition (&.4]), similar arguments to those used for (5I4) and
(EI3), and (B0 yield that this is further bounded by

q
<en

2

2 q
Mn+1A el

n+1 — An

1
2n g1 q q2
T Mn+%Anen> <C7 | leffa, + ‘

4

1
2

n+%
q 2 1 2 q 2
<Ot lells + -7 |Anel|y-1
n 4 !
1
<or (letfh, + 7 1Anel e

q
).

<Cyr <e% ‘;&n
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For the last term of (5.16) we write M;Jlrl = (M;}rl — M;l) + M, ! and use
2 2
condition (BI3)), the CFL condition (54 and (56) to get

1
— i (e A eq>

= —ZT <A el

M—l

L, —1
n n>_ ZT <e%‘AnMn An‘egz>
<CT< M 1A,el A, |eq>——7'2<eq |A M, A, |ef)

SCO 7—<egl n

1
e?l> — 17'2 <e$1 ‘AnM,:lAn‘ e%> .
Combining the above bounds yields
1
weh) g7 (A weh)

< —272 <e;11 ‘AnMglAn‘ e%) + Cy T<e% A,

1
(517) - 57’2 <An+1eﬂt

—1
M},

q
).

e For the last term on the right-hand side of (.I3), we use condition (B14),
Young’s inequality, and the CFL condition (54)) to estimate
n|TM + el >)

q
(et

n+1—

1
-1 _p q q 1 4p
n TMn+%en> <Crt ((en |An|en>—|—4 <TM ,eb

7L+
< Or (te1Aden) + (on [t fen)
(5.18) < Co (et [An] et ) + (eh [V eh) )

Now we take the squared M-norm of egLH at time thy1 to find
<e%+1 ’Mm—% eZL+1>
= (e [M,,. 5| @) + 27 (ellel) — 7% (el |An| ef) + 72 (e o)

. 1
-7 <e§’l n> + 17'4 <e% efl> .

The Cauchy—Schwarz inequality, the CFL condition (&4]) and the bound BI2)

yield
(et

—1
M, !

—1 —1
M, |, AM, | A,

n

M,

i) < (1+ pur) (e, M, | )

2r (ehleh) < 7 (ledRa, + [ehl2-1 )

1 ~
—72 <e% A, — ZTQA,LM:L}F%A,L e‘}L> < (=% + Cot®) <e$l ‘An e?L>
73 <eﬁ Mn+1 A eq> < 7"3|ep|M_ |A en|M_

2

<Crt (\eﬁ’l\M,l +Cy <en A,

eg>).
e;g>.

Thus we have

(5.19) <e;§+1 ‘MH% A,

ei+1> <(1+Cr) \e%\%,[n—l—CT\eﬂi/rl + Cy1 <e$l
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Combining (5I13)-(EI8) and the above bound (B19) yields

,7_2
(5.20) <eg+1 —A, M| eg+1>
_ 2
+(ehir M1, | @) < (L4 Cor) llenll7 -

4
This is almost the desired estimate, except that here we have M,, |/, instead of
M, ;1. It remains to show that we have a bound of the same type also with M, ;.

Since by BI2) and BI3)),
<e;11+1 ‘Mn+1 M,
< Cnt1 ‘Mn-i-l M;-H
and by BI3) and (),

2
q
<en+1

T _ _
_An+1(MnJlr1 -M ié)An—H
we obtain

Mn.:,_% + An+1 An+1

n+1

eg+1> < pt <egL+1 |Mn+1/2} eg+1> )

p p p
n+1> < pr <en+l ‘Mn+1/2‘ n+1>

q
en+1>

2
T -1
ZAn+1Mn+1An+1

4 n

egz+1> < pr <ei+1 | A1l egz+l> )

q
en+1>

p
!

<pr <efLJrl

7-2 1
7AiM A

M, 1+ An— 1

2
fewiall,, < 1+ ) (et

+ <e£+1 ‘M;i%
which together with (B20) finally yields
Hen+1”tn+1 <(1+C7)

(¢) Error accumulation: A standard application of Lady Windermere’s fan (see
[T718]) completes the proof. O

6. BOUNDING THE ERROR IN TERMS OF THE SEMIDISCRETE RESIDUAL

We compare the numerical solutions U}’ and 0pU;}" given in (&6]), which are finite
element functions on the discretized surface T'y(t,,), with a near-identity mapping
of the PDE solution u to the finite element space Sy (t) at t = ¢,:

J
Phu Z Phu ZQJ XJ

The map P, with (Phu)( ) € Si(t) is arbitrary in thlS section and will later be
chosen as the Ritz map of Section[B The finite element function (Pnu)(t) on I'y(t)

has a residual Ry (t) = Z}le rj(t)x;(t) € Si(t) when inserted into Equation (3.6])

of the spatial semidiscretization: for all temporally smooth ¢, with ¢ (-,t) € Sp(t)
and for all ¢,

d .
(6.1) —/ Oh (Pru) ¢p, + Vo, @) (Prtt) - Vo, 1) Pn
dt Jr, ) T (t)

=/ Oh (Pru) 6}:¢h+/ Rpén,
Ty (t)

Tn(t)
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or equivalently, on inserting the nodal vector q(t) = (g;(t)) of (Pru)(t) into (3.9),

(62) & (MOED) + AW = M)

where r(t) = (r;(t)) € R’.

Using the stability bound of the previous section and translating it back into
a function-space framework, we will show the following result which reduces the
problem of estimating the fully discrete error to estimating the semidiscrete residual.

Theorem 6.1. Under the CFL condition (B4l) and suitable regularity conditions
on the exact solution u of the wave equation (24), the errors Eff = U* — (Pru)(t,)
and ORE} = OpUr — On(Phu)(ty,) are bounded for sufficiently small h < hg and for
th,=n17 <T by

IER L2y )y + IV ER 20, 00)) + IORER |22 (r, (1)

<C (HE?LHL?(Fh(tO)) + HVFhEgHLz(rh(to)) + HaﬁEigHLz(rh(to)))
n

+CBT? + O Y I Ru(t)ll 2 (ry 1))-
k=0

Here C' is independent of h (but depends on T and 0), and

T 4
Bh — /O (HVF}L (Phu)(3) (t)”LQ(Fh(t)) —+ Z ||(Phu)(e) (t)|L2(1“h(t))> dta

(=1

where the superscript (£) denotes the (th discrete material derivative.
Proof. We reformulate ([6.2)) as

(6.3) B(t) = —A()(H) + M(B)r(D),

(6.3b) d(t) = M) B(0).

Considering the errors

e% =dqn — gl(tn)v
eﬁ = Pn — f’(tn),
the defects appearing in the error equation (B.3)) satisfy
~ ~ 1~ 1 _ ~
dgLJrl q(tnt1) —alts) — TMnj_%p (tn) + §T2Mn_,l_%Anq (tn)
~ ~ T . . T ~
dZJrl =P (tnt1) —P(tn) + gAnq (tn) + §An+1q (tn+1) -
By (63) and Taylor expansion, we obtain
dl =7 /Kl a(ty (tn +67)d0 +7°M / Ko (0)D(t,, + 67) b
2
(64) + _7'2M_ 1Mnrna

(6.5) db =7 / Ks(60 t +67)do + M nn + Mn+1rn+1,

with bounded Peano kernels K7, Ky and Ks.
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Using Lemma B0l and the norm identity (Il we first have
la(t)[mes) +1a(t)]acs)
<V2 <||(Phu)(?’)(t)||m(rh<t)) + HVFh(Phu)(?’)(t)||L2(Fh(t))) ,

provided that plt —s| < 1 and k|t — s| < 1. Now by Lemma [B.I] and the CFL
condition (5.4]) we estimate for t € [t,,, tpt1]

S‘Mn_i_lp( )‘Mn+l < \/_T3|M +1p( )|Mn+%

7M1 ()] A, < Cor®lp(t -, < 2Co7[B(t) )1
Ty

< 27°|p(t) vy -1 5

Therefore in view of ([G3]) we find for sufficiently small 7:

67) (ML B0, + ML B0, ) < Cr2ME) ()l

Lemma 9.2 of [I3] shows that for wp(t) = ijl w; (t)x; () with w(t) = (w;(t)):

k
¢
(6.8) (Mw) Oy < 3 oy lzeqr, -
j=0
Thus, ([E8) and (©71) yield

3
7 (ML B0, + ML B0, ) < C7 3 1Pw) (0 Leaqr, o
=1

Again by Lemma Bl and the CFL condition (54) used similarly to (67), and by
the norm identity (3I1]), we get the bound

(6.9) 7 (IM, L, Matulst, .y + ML Matala,.y ) < O Ra(t) |22, )
Combining (66) and ([G9), we thus have by (G.4)

n

(6.10) Z |4} ar, + [df]a, < OB+ CT Y | Ruti)llzary )
k=0

For dj_ , of (IZE) we use the same arguments (Lemma B.I] and (G.8))) as above to
find

B0l < c|'5< Dl = O MDY (6)laagey-+

< CZ 1(Prw) O ()| 2 (1) -

Thus, it follows that

(6.11) Y1}y < OB+ O Y I Ra(to)ll 2oy ua)-
k=1 k=0
Inserting the bounds (610) and (GI1) into Lemma BTl and using the norm identity
(3II) completes the proof. O
7. LIFTS

In this section we summarize some results from [8HI0] and show some others
about lifts of functions from the discretized to the original surface.
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7.1. Estimates between surface finite elements and their lifts. We denote
by d(x,t),x € R™* 1t € [0,T], the signed distance function to the smooth closed
surface I'(t) and let NV (¢) be a neighbourhood of I'(¢) such that for every x € N (t)
and ¢ € [0, T] there exists a unique p(x,t) € I'(¢) which is the normal projection of
x onto I'(t), i.e.

(7.1) x —p(x,t) = d(z, t)v(p(a, t),t).

We assume 'y (t) € N (t). Thus for each triangle E(¢) in I';(¢) there is a unique
curved triangle e(t) = p(E(t),t) C I'(t), and this induces an exact triangulation
of I'(¢) with curved edges. Furthermore we assume that I'y,(¢) consists of triangles
E(t) in T3, (¢t) with inner radius bounded below by o, > ch for some ¢ > 0.

For any continuous function 7, : T, — R we define its lift ! : I — R by

M (p.t) = mn(z,t),  peT(t),

where x € T',(t) is such that p = p(z,t). Then we have the lifted finite element
space

Sh(t) = {en =9 + on € Sh(t)}.

Note that x:(-,t)(j = 1,...,J) form a basis of S} (t).

We denote by d;, the quotient between the smooth and discrete surface measures
dA and dAy, defined by 0,dA, = dA.

We further introduce Pr and Prj as the projections onto the tangent planes
of I' and T'j, respectively and the Weingarten map H (Hij = O,;v;). Defining
Qn = 3 (I — dH)PrPryPr(I — dH) we get the relation [I0, Lemma 5.5]

(7.2) Ve, n(x) - Vi, b(x) = 6,95 Vrn' (p) - Ve (p).

Lemma 7.1. Assume I'(t) and T'y(t) satisfy the requirements stated above. Then
we have

Hd||L°°(F;) <ch?, It - 5hHL°°(1"h <ch?, v - VhHLoc(r,) < ch,
2 (€) 2 (£) 2
1Pr = Qnll o r,) < €h?, Ha dHLw oy SR Ha 5 HLN S
HPr 29 0,) PrH < ch?,

oo Fh
where the superscript (£) denotes the (th discrete material derivative.

Proof. A proof for the first four estimates can be found in [9] Lemma 5.1]. To
prove the other estimates, we consider a single element E(t) C I',(t), and w.l.o.g.

we assume E € R? x {0}. Since 8,(f)d = 0 in the vertices of the triangle E, the

linear interpolant [ h@é@d vanishes on E. By the standard interpolation estimates
it follows that

|0 = o7 - 1ol < cn?||ofd] < ch?.
W 2,00

Lo (E) L (E) (E)

Similarly,

AN
o
>

for j=1,2.

Oz, (af(f)d) HLoo(E) N
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Since vj = 0;,;d and O} (0x, f) = Ox; (O} f) — 02, Vi - Vf, we obtain recursively

H@,(f)ujH <ch for j=1,2.

Lo (E)
For x = (z1, z2,0) € E we have by (1)
Pa;, = €5 — ViV — duy, (j=1,2),

where e; € R3 denotes the jth standard basis vector. Then direct computation
yields

On = [|pay X Pao || = |v3| + dR(v, vz, Vi) = \/ 1- V12 - V22 +dR(v, Ve, s Vi, )

with some smooth remainder function R. Since |d|, |8}(f)d| = O(h?) and |y, ‘8,(1Z)Vj|
= O(h) for j = 1,2, it follows that |8}(f)1/3| < ch? and
|08 < ch?.
Le<(E)

Let us now prove the last estimate for £ = 1. The general case follows recursively
with similar arguments. We note that for 9y, in (Z.2), we have

1
Qh—a

with some smooth remainder function R. Since |d|, |0rd| = O(h?), §, = 1+ O(h?)
and |086,| = O(h?), we find

PrPry Pr+ dR(oy, Pr, Pry, H)

(7.3) Pr(08Qn) Pr = Pro} (PrPr,Pr) Pr+ O(h?).
Using the fact that Opv - v = 0, we get

Prog (PrPr,Pr) Pr = Pro} (PrPr,Pr — Pr) Pr
(7.4) = —Proy, (PrvyviPr) Pr.

We keep in mind that in our situation v, = e3. Thus

(7.5a) |Prvp| = |vp — (vn - v)v| = |les — vsv| = \/1 —v2= \/1/12 +v2 = 0O(h),
(7.5b) |0p(Prvy)| = | — (Orvs)v — v30pv| = O(h).

Inserting the bounds (7H]) into (Z4) and finally into (Z3]) completes the proof. O

7.2. Error bound of the lifted interpolation. We shall make use of the follow-
ing interpolation estimate given in [8 Lemma 5]:

Lemma 7.2. For a given n € H?(T),
I = Tl ey + B IV e = )y < h? ([[VRnl| oy + R IVEDll ey )

where Ipn € S}, is the lift of the pointwise linear interpolation fhn € Sh.
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7.3. Velocity of lifted material points and material derivatives. By the
definition (BI]) of the discrete material velocity V}, for a material point X (¢) on
T'n(t), we get the associated material velocity on I'(t): for y(t) = p(X(¢),t), we
have

y(t) = vn(y(t), t)
with
dp
vp (y,t) = n (:v t)+ Vi (z,t) - Vp (z,t)
(7.6) = (Pr—dH)(z,t)Vi(z,t) — Oud(z, t)v(x,t) — d(x, )0 (x, t),

for y = p(z,t). We note that —0;d(z,t)v(x,t) is just the normal component of
v(p,t), and the other two terms on the right-hand side of (Z.6)) are tangent to I'(t)
in p. It follows that

(7.7 v, — v is a tangent vector.

The discrete material derivatives on I';(¢) and T'(¢) then read

° ¢h

Oron = . + Vi - Vén,
opp

Ohpn = o " o Vn.

It was shown in [10, Lemma 4.1] that the basis functions of S} (¢) also satisfy the
transport property

(7.8) s = Onak = 0.

Therefore the discrete material derivative and the lifting process commute in the
following sense: For ¢, = ¢! € S!,

Oon = (O on)’ Z%,;XW

where ¢y, ;(t) = dn(a;(t),t) = n(a;(t),1).
We have the following bounds for the difference between the different velocities:

Lemma 7.3. The error between the continuous velocity v and the lifted discrete
velocity vy, on the smooth surface I' satisfies the bounds, for £ > 0,

(7.9) 1857 (v — vi) | oo (ry + AU VE8L (0 — vp) || Lo (ry < Ce h?

Proof. The definition (Z.6) of v, together with the fact that Vj, = Ihv give (see
[10, Lemma 5.6])

lv(p,t) — vp(p, t)| = | Pr(v — Iyw)(p, t) + d(HIyv(p, t) + Ov)| < Ch2.
For ¢ =1, we have by the transport property (Z.8)) and Lemma [7]
|05 (v —va)| < [(ORPr)(v — Inv)| + |Pr(Ohv — 1n03)|
+ [(Opd)(HIpv + Ow)| + |dOy, (HIpv + Opv)|
< Ch*.
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Using the fact that Vrd = Vrdpd = 0 and Lemma [LT] we obtain
|Vr(v—vp)| < c|v — | + ¢|Vr(v — Iv)| + ch? < ch,
[Vroph(v—vp)| < clv—Ipv| 4+ ¢|Vr(v — Ipv)| + c|Opv — Inopv|
+¢|Vr (v — I,05v)| + ch?
< ch.

For ¢ > 1 the proof uses the same arguments. O

7.4. Lifts and bilinear forms. We define the bilinear forms for w, p € H(T') as
(7.10a) a(w, p) = / Vrw - Vi,
r

(7.10b) m(w,p) = /chﬂ,

where the forms also depend on time t. We write a(w, p;t), etc. when we want to
make the dependence on t explicit.
The discrete analogs of the above bilinear forms for Wy, ¢, € S, are defined by

(7.11a) an(Wh, on) = / Vi, Wh - Vr, én,
EeT, ' E
(7.11Db) mp(Wh, ) = | Whon.
Tn

We are interested in the time derivatives of these bilinear forms. For this we need
some more bilinear forms:

(7.12a) g(v;w, ) = /F(Vr “V) W,

(7.12b) b(v;w, @) = / B(v)Vrw - Ve
T
with the matrix
B(’U)ij = 6iij -V — ((Vp)ivj + (Vr)jvi) , t,3=1,...,m+1.

Their discrete analogs read

(7.13a) 9 (Vs Wh, &) Z/ (Vr, - Vi) Whon,
Tn
(713b) bh(Vh; Wh, ¢h) = Z / Bh(Vh)VFhWh . th¢h
EeT, ' E
with

Bn(Vi)ij = 6 Ve, - Vo = (Vr,)iVis + (V)3 Vhi) - 45 =1...,m+ 1.
We shall make use of the following transport lemma [I0, Lemma 4.2].

Lemma 7.4. For ¢, w,8%p, 0w, 08¢, Osw € H*(T') we have:

d (] [ ]
am(wm = m(0*w, @) +m(w,0%p) + g(v;w, @),

d
Ea(uu ©) = a(0®w, ¢) + a(w,0*p) + b(v;w, ).
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The same formulas hold when 0° and v are replaced with 0; and vy, respectively.
Furthermore for Wy, ¢p, € Sp, we have the following analogs:

d

Emh(W}u én) = mp(pWh, ¢n) + mu(Wh, 0pén) + gn(Va; Wh, én),
d

Eah(W}u on) = an(OpWh, on) + an(Wh, 0r on) + bn(Va; Wi, dn).

We show the following bounds for the lifting process.

Lemma 7.5. For any (W, ¢r) € Sp X Sy, with the corresponding lifts (wp, n) €
S,ll X S;L we have

Im(wn, on) — ma(Wh, é1)| < ch®|lwn |l 22 llenllpzm.
|a(wn,on) — an(Wh, ¢n)| < ch®||[Vrwn |l L2 @) I Vrenll 2w,
l9(vns wh, @n) = gn(Vie; Wh, én)| < eb®||lwn|| 2y llonll 22y,
b(vn; W, on) — b (Vi; W, én)| < ch?(|Vrwn | 2oy | Vogn |l L2 ).
Proof. The first two estimates have been shown in [I0, Lemma 5.5]. To prove the

third estimate, we apply the transport lemma, Lemma[7.4] once on I'j, and a second
time on I', to get the following identities:

d d
Em(whﬂph) = Emh(wthsh - 0n)

= mh(aﬁWh, on - 5h) + mh(Wh, ({)ﬁcﬁh . (5;,) + mh(Wh, On - 8,:(5;,)
+ 91 (Vi; Wh, 6 - 61)
= m(Opwh, @n) +m(wn, Opon) + g(vn; Wh, @n)-

Due to the fact that dgw, = (93W},)!, using Lemma [I1] and the equivalence of
norms between the continuous and discrete surface, it follows that

|g(vn; why ) = Gh (Vi Why @n)| = [mn(Wh, ¢ - 030n) + gn(Vi; Wh, &5 - (6n — 1))
< ¢ (1920n o= 0y + 190 = Uiy ) Nl ey lenllazery

< ch®||wp || g2y lenll L2y

Similarly we prove the last estimate. We use Lemma [T and the relation (7.2)) to
find

d

- VF;LWhVF,Lfbh:/QZerth@h
dt I r

:/ngvraﬁwhvrwh-f—/ QLVthVFa}.ﬁph+/aI:Q£LVthVFSDh
r r r
+/B(Uh)Q§LVthVF<Ph
r

— [ V0,0 WaVr, én + / Vo, WiV, dtén + | Bu(Vi) Ve, WaVr, b
T'n Iy Tn
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Therefore, the relation dgwy, = (9gW},)!, ([.2) and Lemma [7.] yield
161 (Vii; Wh, 1) — b(vn; wh, n)|

/ 9}, Vrw, Vg + / B(vn) (Q), = I) Vown Ve
T T

< ch?||Vrwn | 2@y | Veenl 2y,
which completes the proof. (Il

8. THE RITZ MAP FOR EVOLVING SURFACES

8.1. A modified Ritz projection. It turns out to be convenient in the error
analysis to use a modified Ritz projection Py (t) onto Si(t) defined in the following
way, where we use the bilinear forms of Section [7.4] and the lifted discrete velocity
of Section [[3 To motivate the definition, we rewrite the weak form (26) of the
wave equation in terms of the bilinear forms,

d

% m(a.uv <P) + a’(ua 90) = m(a.ua a.@)a
and use the Leibniz formula with the discrete material derivative 95 on I' and note
that 05 = 0°¢ + (vn, — v) - Vo, because v, — v is a tangent vector (see (L1)).
Then this equation becomes

m(Ohhu, ) + g(vn; 0%u, ) +m(0p0%u — Iy Opu, ¢)

(8.1) +m(0%u, (v —vy) - Vi) +a(u, p) = 0.
We now define a Ritz map that collects the last two terms on the left-hand side
of this equation, which are the only terms that contain the surface gradient of the

test function . Since a(:,-) is only positive semidefinite, we consider the positive
definite bilinear forms

a*(w,p) = a(w, ) +m(w, p), w,p € HY(D),
ap,(Why ¢n) = an(Wh, ¢n) +mp(Wh, én), Wh, én € Sh.
We note that a*(w,w) = ||w|\%11(r). We write a*(w, ¢;t), etc. to make the depen-

dence on t explicit.

Definition 8.1. Let z : Gy — Rand t € [0,T]. If 2(-,t) € H'(I'(t)) and 9°z(-,t) €
L?(T(t)), there is a unique (Pp2)(t) € Si(t) such that for all ¢;, € Sj,(t) we have,
with the corresponding lift ¢y = gzblh,

(8:2)  a;((Prz)(t), dnit) = a™(2(t), enit) + m(8°2(1), (v(t) = vn(t)) - Vrayenst).
We define (Pp,2)(t) € St (t) as the lift of (Prz)(t), ie., (Phz)(t) = (Prz)(t)".
8.2. Error in the Ritz map.

Theorem 8.2. Let z : Gy — R with z(-,t) € HY(T(t)) and 8°z(-,t) € L*(I'(t))
for 0 <t <T. The error in the Ritz map satisfies the bounds, for 0 <t < T and
h < hg with sufficiently small hy,

83) [12(t) ~ (Paz) Ol 2oy + 1 Ve (2(0) = (Pa2) )| o ooy

< OW2 (I ey + 1920 aqre)

The constant C is independent of h and z and t.
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Proof. We omit the omnipresent argument ¢ in the following. We first note that in
view of (79) and Lemma [75] we have for all o5, € S!:

a*(z = Puz, on) = aj(Pnz, ¢n) — a* (Puz, o) — m(9°z, (v — va) - Vreon)
(8.4) < CW2 [Pzl gra oy 2l g oy + CR210% 2 Loy lomll gy -

This relation will serve as a substitute for the Galerkin orthogonality in standard
finite element theory on fixed domains. Together with the interpolation error bound
of Lemma this yields

Iz — th”ill(l") =a"(z = Ppz,z — Inz) + a*(z — Ppz, Iz — Ppz)
<|z- PhZHHl(F) Iz — IhZHHl(F)
+ ChQ(‘|th‘|H1(F) + ||a.zHL2(F)) 1z — th||H1(F)
< Chllz = Przll gy 121 g2y
+ OB (IPn2ls oy + 10° 2l oy ) Mz = Pl -
Using Lemma once more we estimate

(IPu2l s oy + 10211 2y ) Mz = Pzl ey

< (IPnz = 2l ey + Iliasy +10%2l ey ) (CR Izl agaqry + 12 = Przllan o))
2 2 o 112 2
< 2|z = Pzl ey + Izl oy + 11020220y + OB (2152 ) -
Combining both of the above inequalities yields, for sufficiently small A,
2 2 o 2
(8.5) 2 = Pazlirs oy < OB (Ialaqry + 10%20300r) )

which implies the gradient estimate in (83)).
Now we use the Aubin-Nitsche trick to prove the O(h?) bound of the L?(T) error,
and solve the problem

—Arw+w=2z—Prz onl.

Then by the elliptic theory on smooth surfaces (see [2] and [28] for more details),
w € H?(T') satisfies the bound

(8.6) ||w||H2(r) <cllz— th”[ﬂ(r) .
The Cauchy—Schwarz inequality, the interpolation estimate of Lemma and the

bounds ([8H) and ([84)) yield

Iz — 73hz||2LQ(F) =a"(z — Ppz,w)

=a"(z — Prz,w — Iyw) + a*(z — Ppz, Inw)
< C2 (12l ey + 102 22y ) 10l ey
+ CR2 (1Pl g oy + 10° 2l oy ) 1Tl oy -
Noting, from (B3] and Lemma [[2]

1Pl oy < Nzl + Ch (2l sy + 1%l oy ) -
1Tl g py < Nl g ry + CP o] gy
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we obtain
2 °
Iz = Puzlary < O (el ey + 1672l ) Nl -
Applying the bound (B8] completes the proof. |

8.3. Error in the material derivatives of the Ritz map. In general, 0y P,z #
POy, z, but we have the following result.

Theorem 8.3. The error in the material derivatives of the Ritz map satisfies the
bounds, for £ > 1,0 <t <T and h < hy with sufficiently small hy,

Ha}f) (2 — Ppz) (t)‘ +h va (0 (== Puz) (1) }

LQ(F(t)) L2(T(1))

L2<r<t>>> '

Proof. We prove this bound only for £ = 1. The general case follows with similar
arguments.

We take the time derivative of equation ([B2]) and use the transport lemma,
Lemma [T4], the relation

(8.7) <Gy (Ha< Ha@“ )‘

Q1.

m—+1
6,:fo = Vra,:f - D(’Uh)VFf with D(’Uh) VF ﬂ)hj Z VlVl VF ’Uh s

which is proved in [12) Lemma 2.6], and the definition of the thz projection (82)
to arrive at

a*(0hz — OpPrz,on) = — blvp; 2 — Prz,on) — g(vn; 2 — Prz, on)
(8.8) + Fi(¢n) + Fa(¢n)
for ¢, € Sk, where
Fi(on) = a, (08 Pz, én) — a* (08 Prz, on) + bu (Vs Pz, é1) — b(vn; Prz, on)
+ 91 (Vi Prz, én) — 9(n; Puz, on),
Fy(pn) = —m(930%2, (v —vp) - Vrgn) — g(vp; 0%z, (v —vp) - Vrgn)
—m(0°z, (Op[v — vr]) - Vren) + m(0°z, (v — vg) - D(vp)Vren).
We start by bounding Fj(¢p) and Fa(¢p). Lemma [0l yields
(8.9) |Fi(¢n)| < CR? (Haf.LPhZHHl(F) + ||th||H1(F)) lonll g r)
In view of ([Z9) and the fact that (v — vy) is a tangent vector, it follows that
10702l L2 (ry S N0R0%2 = 0°0%2| papy + 10°0° 2| 121
= [l(on = v) - Vr0®zl| 2 (ry + [10°0%2]| 121y
< ch? HVF8.2||L2(F) + ||8.8.ZHL2(F) :
Thus we get the bound
(810)  [Fa(en)] < Ch2 (10°0* 2l ey + 19* 2l sis ey ) Iomlon oy -
We use the relation (7.9) to find
||31:Z||H1(1“) < Ha.ZHHl(F) +ChHZ||H2(1")'
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Then inserting @5, = 07 Prz in ([8S), and using Theorem B2, (89) and (810,
for h < hg, we obtain
107 P2 2 ry < C 0% 2l g1y + Ch 2] g2y + OB [|0°0° 2| Loy -

Combining the above bounds, we estimate the right-hand side of (8], for suf-
ficiently small h < hg, as follows:

a*(Orz — Oy Prz, ¢n)
(8.11) <Ch (HZ||H2(F) +h|[0°0%z| 2y + B ||8.Z||H1(F)) lonll g ry -
So we obtain
(8.12)
1072 — 0Pzl )
a*(Opz — OpPuz, 08z — I,0°2) + a™ (O 2 — Op Prz, I0® 2 — O Pr2)
|0rz — a;LPhZHHl(F) 05z — Iha.ZHHl(F)

+ Ch (12l raqey + 1 10°0° 2 oy + 1O 3y ) 1100°2 = D3Pzl oy

IN

The interpolation error bound of Lemma and (79) yield
|0pz — Iha.Z”Hl(r) = [|0hz — a.ZHHl(F) + 0%z — Iha.Z”Hl(F)
<Ch ||ZHH2(F) +Ch ||3.2||H2(r) )
and similarly
[1n0%2 = OR Przll g ry < CRI10°2| g2y + CR 12 g2y
+ [Hh0hz = O3 Przll gy -

Applying the last two estimates to (8I2) and using Young’s inequality, for h < hy,
yield

(813) 107z = B3Pazlin ey < CW? (Ilirary + 102 03a ey + 107020 3ary )

which implies the gradient estimate in (8.7]).
To prove the L?(T") estimate, we use as before the Aubin-Nitsche trick and solve
the problem

—Arw+w=0pz—0rPprz onl.
Then by the elliptic theory it follows that
(8.14) lwll g2y < cllOhz = O Przll Lo -
A calculation that is nearly identical to [I0, proof of Theorem 6.2] gives
—b(vn; 2 — Pz, Iyw) < Ch? (||ZHH2(F) + ||6.ZHL2(F)) lwll gz ry -
Therefore combining (RS)), (89), (8I0) and Theorem [B2] yields

@Oz = Paz Tuw) < O (12l ey + 10"l sy + 10°0% 2 oy ) Ny -
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Together with (8I3) and Lemma [7.2] this yields
1052 = O3 Pn2lar) = @ (972 = O Paz, w)
=a*(0hz — O Prz,w — Ihw) + a*(Orz — Op Prz, [hw)
< Oh? (I12llgaqry + 0%l sraqey + 10°0° 211 Lagry ) Nl gagry -
Finally applying the bound (8I4) completes the proof. a

9. BOUND OF THE SEMIDISCRETE RESIDUAL

We show an optimal-order bound of the residual Ry, (t) € Si(t) of (61) when we
take the mapping Py (t) to be the Ritz map Py, (t) defined in (82).

Lemma 9.1. Assume that the solution u of the wave equation is sufficiently smooth.
Then, there exist C' > 0 and hg > 0 such that for h < hg and 0 <t < T,

(9.1) IBA () 22 r, 1)) < O

Proof. We start by rewriting the residual equation ([G.I) for Ry, € Sy with P, = P
as

d _ _ _
mp(Rp, on) = %mh(aﬁphu, én) + an(Pru, ¢n) — mp (0 Pru, Op én)
= mn (O8O0 P, &n) + gn (Vi Op P, én) + an(Phu, ),

where we have used the transport lemma, Lemma [ 4l Combining this equation
with (B and using the definition of the Ritz map (82]) yield

(9.2) mp(Rn, #1) = Fi(en) + Fa(on) + F3(pn) + Falen),  on =8, € Sh,

where

Fi(pn) = mu (0308 Pru, én) — m(ORhu, o),
Fo(on) = gn(Va; O Pru, 1) — g(vn; %u, on),
F5(on) = m(0p0ru — 05,0%u, pp),

Fi(pn) = m(u,on) — mn(Puu, én)-

Applying Lemmal[Z5] using (a,;agphu) = 0p 0y Pru and applying Theorem 3 with
{ =2 yields

|1 (pn)| = |ma (0707 Phu, én) — m(O508 Puu, on) + m(OR 07 Pru — 9505 u, on)
< ch? lonll 2ry »
and with the same arguments
|Fa(pn)| < eh? [|onll Loy
|Fa(pn)| < ch? [|onll pary -
Furthermore Lemma, [7.3] yields

|Fs(en)l = m(3[(v = vn) - Vrul,on) < ch® [lonl| 2 r) -

Inserting the above bounds into ([@.2]) with ¢, = R and noting the equivalence of
L?-norms between the original and discretized surfaces completes the proof. ([l
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10. ERROR BOUND FOR THE FULL DISCRETIZATION

We consider the lifts of the fully discrete numerical solution and its numerical
material derivative as determined by (6],

Uy Z 45 (t Oy, = (GRU)! Z QX

which are lifted finite element functions defined on the surface I'(t,). This will
be compared with the solution u(t,) of the wave equation ([24) and its material
derivative 0°u(ty,).

We rewrite the error by subtracting and adding the Ritz map applied to the
exact solution:

up = utn) = up — (Pru)(tn) + (Puu)(tn) — u(ty).

We use Theorem [61] together with Lemma [0.] (residual bound) and Theorem [83]
(for estimating (;,) to bound the first difference and note the equivalence of norms
on the discretized and original surface (Lemma [71]). We use Theorems [8.2] and R3]
directly to bound the second difference. This proves our main result:

Theorem 10.1. Let u be a sufficiently smooth solution of the wave equation (2.4
and assume that the discrete initial data satisfy

||u2 - (Phu)(O)HLz(r(o)) + ||VF(0)U2 — Vr(0) (?hu)(O)HLz(F(O))
+ |08 ui — 95 (Pru)(0)

Then, there exist ho > 0 and 19 > 0 such that for h < hg and 7 < 19 satisfying the
CFL condition [&4), the following error bound holds for 0 < t, =nr <T:

||L2(F(O)) < Coh?®.

llup, — u(‘>tﬂ)||L2(F(tn)) +h HVF(tn)“Z - Vr(tn)u("t”)HLz(F(tn))
H|0Rul — 0%ulstn)ll 2 rqr,yy < C (B2 +72).
The constant C' is independent of h, T, and n subject to the stated conditions.
The condition on the starting values is satisfied with the choice
uj = (Pru)(0),  Opuy) = I,0°u(0).
For the nodal vectors q° and p® = M(0)¢" this corresponds to the entries

= (Pnu)(a;(0),0), ¢ = io(a;(0)).
Instead of using the Ritz map P, defined by ([82]) we can use the simpler approxi-
mation ug given by the more standard Ritz projection

a;(ul, on; 0) = a*(ug, pp; 0)  for all ¢y, € S,(0), @y = o

with a sufficiently accurate approximation to the integrals on the right-hand side.
By the estimates of Theorem B2] (with 0 in place of 0°z(t) at ¢t = 0 in the definition
and proof), this approximation still satisfies the condition on the initial data in
Theorem [[0.J1 While this simplified projection is sufficient for determining the
numerical initial values, it cannot replace the Ritz map of ([82)) in the second-order
error analysis (see the proof of Lemma [0.]).

This construction of the starting values requires solving a linear system with the
extended stiffness matrix A(0) + M(0) for q°. As for the classical wave equation
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on a fixed domain, the simpler choice of the linear interpolant u) = I,u(0) does
not guarantee second-order convergence (cf. [7]).

11. NUMERICAL EXPERIMENTS

In this section, we present two numerical experiments to illustrate our theoret-
ical results. The implementation is done using the DUNE-FEM module, which is
based on the Distributed and Unified Numerics Environment (DUNE); see [3}516]
for details. The implementation of the evolving surface finite element method is
described in [9].

Example 1. We solve the wave equation

(11.1) 0°0°u+0°u Vr-v—Aru=f onT(t),
where
P(t)=qz R’ : u +ai+a25—-1=0
" 140.25sin(r-t) 273 '

The right-hand side f is calculated so that the exact solution is given by
u(z,t) = sin(V6t)z 12,

Let {7} }fzo and {Ti}fzo be a sequence of meshes of a surface by uniform refinement
and a sequence of time steps respectively. The uniform refinement is such that
h; ~ %hi,l, and since we have the same rate of convergence in 7 and h, we choose
T = %Ti_l. In order to satisfy the CFL condition, we start with 7o = 5 x 1072.
Then the experimental order of convergence (EOC) is given by

E;_
log =

log 2

EOCz: 5 Z.:la"'>k7

where E; presents the error for the grid size h; and the time step size 7;. We solve
on the time interval 0 < ¢ < 1. In Table 1 we give the errors and the corresponding
EOC:s in the following norms:

00 2\ . w
L= (L?) : oax iy —ultn)ll o))
) 1) . n
L (HY) omax [V = Vegultn) | arg,)) -
L= (L) Jmax [0huh = 0% utn)ll L2 (rgs, ) -

Example 2. We choose a time-dependent surface of the form

gz, )za  g(x,t)ws 2
11.2 I'(t) := < z1 + max(0, z1)t, , xel(0)=5°,,
a2 T { (0, )t G SR e ()

glz,t) =e 2\ /a2 + 23+ (1 —e?) ((1 —23) (2% +0.05) +23/(1 — x%)) :

We consider the wave equation (II.1)) posed on the above surface on the time interval
[0, 3], with right-hand side f = 0 and initial data u(z, 0) = e~5le=20* 4 g=5le—a1]*
where zg = (1,0,0),z1 = (—1,0,0), and 9*u(x,0) = 0. The surface evolves from an
initially spherical shape at ¢t = 0 to a “baseball bat” like shape. Simultaneously we
observe a wave traveling from the right to the left and another from the left to the
right. They superimpose for a short time and cross paths without any dissipation.
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TABLE 1. Errors and observed orders of convergence for Example 1.

Level | Dof | L*(L*) | EOC | L* (H') | EOC | L* (L*)" | EOC

0 318 [205-1072| - |177-107Y| - |226-1072| -
1 1266 | 5.27-1073 | 1.958 | 8.91-1072 | 0.996 | 5.88 - 1073 | 1.942
2 5058 | 1.34-1073 | 1.970 | 4.27-1072 | 1.058 | 1.47-1073 | 2.001
20226 | 3.35-107% | 2.003 | 2.18-1072 | 0.968 | 3.74-10~* | 1.971
80898 | 8.35-107° | 2.006 | 1.11-1072 | 0.969 | 9.50-10~° | 1.980

ot W

323586 | 2.08 -107° | 1.999 | 5.58 - 1072 | 0.999 | 2.37-10~° | 1.999

We choose the time step 7 =5 x 10™% in order to satisfy the CFL condition (5.4)).
Figure 1 shows snapshots of the discrete solution at time ¢t = 0,0.8,1.2,1.8,2.2,3
from the left to the right.

FIGURE 1. Snapshots of the discrete solution of the wave equation
on a time-dependent surface of the form (IT.2]).
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