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THE INTERSECTION OF BIVARIATE ORTHOGONAL
POLYNOMIALS ON TRIANGLE PATCHES

TOM H. KOORNWINDER AND STEFAN A. SAUTER

ABSTRACT. In this paper, the intersection of bivariate orthogonal polynomials
on triangle patches will be investigated. The result is interesting on its own but
also has important applications in the theory of a posteriori error estimation
for finite element discretizations with p-refinement, i.e., if the local polynomial
degree of the test and trial functions is increased to improve the accuracy. A
triangle patch is a set of disjoint open triangles whose closed union covers a
neighborhood of the common triangle vertex. On each triangle we consider
the space of orthogonal polynomials of degree n with respect to the weight
function which is the product of the barycentric coordinates. We show that
the intersection of these polynomial spaces is the null space. The analysis
requires the derivation of subtle representations of orthogonal polynomials on
triangles. Up to four triangles have to be considered to identify that the
intersection is trivial.

1. INTRODUCTION

In this paper, we will investigate the intersection of bivariate orthogonal poly-
nomials on triangle patches. This problem arises in the theory of a posteriori error
estimation for finite element discretizations of elliptic partial differential equations;
in particular, if the local polynomial degree of the finite element spaces is increased
during the solution process. Before we give the precise mathematical formulation
of this problem we will sketch its application in the finite element analysis.

A posteriori error estimation and adaptivity are well established methodologies
for the numerical solution of partial differential equations by finite elements (cf. [2],
81, 210, [, B, [18], 9, [16], [19, 7).

Some types of error estimators, for example hierarchical ones (see, e.g., [5], [8],
[6]), require explicitly or implicitly the saturation assumption which states that the
error on the refined mesh and/or with higher polynomial degree is strictly smaller
than the error on the previous mesh/polynomial degree. In the pioneering paper
[10] the saturation assumption is proved for the Poisson problem in two spatial
dimensions under the assumption that the data oscillations are small. In [16] the
convergence of adaptive finite element methods (AFEM) for general (nonsymmet-
ric) second order linear elliptic partial differential equations is proved, where the
term “adaptivity” is understood in the sense of adaptive mesh refinement and the
polynomial degree stays fixed. The theory in [I6] also generalizes the proof of the
saturation property to quite general second order elliptic problems and estimates
the error on the refined mesh by the error of the coarser mesh plus a data oscillation
term.
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FIGURE 1. Triangle patch T := {K; : 1 < i < ¢} around a point z.
The triangles K; and K1 share an edge F;. Each triangle K; has
z as a vertex while its other vertices are denoted by A;_; and A;.

For the proof of the saturation assumption for p-refinement, i.e., when the local
polynomial degree of the finite element space is increased instead of the mesh being
refined, a difficulty arises which is related to a polynomial projection property on
triangle patches. Here orthogonal polynomials in two variables on a triangle (see
[17], [15], [I2]) enter, and the problem just raised is also interesting on its own in that
area. By the way, these orthogonal polynomials also have important applications
in the field of spectral methods for discretizing partial differential equations and we
refer to [I3] for further details. In particular, orthogonal polynomials on triangles
can be efficiently used for discontinous Galerkin (dG) methods or to discretize
boundary integral equation of negative order since no continuity is required across
simplex boundaries.

Let us now briefly state the problem which we will solve in this paper. For
a two-dimensional domain D C R2?, the set of bivariate polynomials of maximal
total degree n is denoted by P, (D). Put P_1(D) := {0}. Let z € R? and let
T :={K;:1<i<q} denote a triangle patch around z, i.e., T is a set of (open)
triangles (cf. Figure [I) which

e are pairwise disjoint,

e have z as a common vertex.

e For all 1 < ¢ < ¢, the triangle K, and K;;; have one common edge,
denoted by E;, which connects the common vertices z and A; of K; and
Ki+1.

Thus
(11) K1 :COHVO(Z,Aifl,Ai),
where conv denotes the convex hull of the given points and conv® the open interior

of this convex hull.

LWe use here the convention Kq := K4 and K441 := K1 and analogously for the vertices A;
and the edges F;. Clearly ¢ > 3 holds.
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Let Q := int (J!_; K;) and let & := QN (U, OK;) denote the inner mesh
skeleton. We denote by P,, (7) the space of piecewise polynomials, i.e.,

P, (T) ::{f:Q\GﬁR\Vie{l,..wq} f\Kie]P’n(Ki)}.

We consider P, () as a linear subspace of P,,(7) by its natural embedding.

For ¢ = 1,...,q define a weight function w; := a;b;c; on K;, where a;,b;, c; are
affine linear functions which vanish on the respective edges of K;. Thus w; is the
product of the barycentric coordinates in K; or, in other terms, a cubic bubble
function which is positive on K;. We define the inner product (-,-); on 7 by

(1.2) (u,v) = Z(UvU)Kw

where

(1.3 ()i, = [ uley)viop)wie.g) dody,

K;
Denote by P+, (K;) the orthoplement of P,,_;(K;) in P, (K;) with respect to the
inner product (L3). Let 117 : P, (Q) — P,_1(7) denote the restriction to P, (Q) of
the orthogonal projection of P,,(7") onto P,,_1(7) with respect to the inner product

@2).

Theorem 1.1. Let n > 1. Then the following three statements are equivalent and
each of them holds.

(a) If u € P, () and (u,w)7 =0 for all w € P,,_1(T) then v = 0.

(b) ﬂi:1,..,,q ]P%—l(Ki) = {0}

(c) The map 1] : P,,(Q) — P,,_1(T) is injective.

The equivalence of the three statements is trivial, so we can pick one of them as
what we aim to prove. It turns out that (b) is the most convenient statement for
a proof. Then it is natural to examine first the intersection of two such spaces for
adjacent triangles, i.e., P+ (K;) NP, (K;_1). This will be the subject of Section
[Bl, where explicit knowledge of orthogonal polynomials on the triangle for the inner
product (IJ), to be summarized in Section 2] is crucial.

By Section ] the intersection for two adjacent triangles is mostly {0}, but there
are exceptional cases. For these cases it is necessary to consider the intersection of
spaces for three adjacent triangles, and in one case for four adjacent triangles, in
order to get an intersection {0}. This is the subject of Section [ (for n > 1) and of
Section [l (for n = 1).

The equivalent formulation (c) of Theorem [Tl raises the question of whether to
estimate (v, 117 v)7 from below, and on the dependence of the triangle patch 7.
Some generalities about this will be given in Section

In principle, all computations in this paper can be done by hand. Nevertheless,
some of the more tedious computations we have done in Mathematica®, while we
have also checked many of the other computations using this program.

It is quite probable that the results and proofs in this paper can be carried over
to the case that w; := (a;b;¢;)* (o > —1), i.e., that the weight function is some
power of the product of the barycentric coordinates. We have refrained from doing
the computations in this more general case because only the special case is needed
in the application we have sketched.
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2. ORTHOGONAL POLYNOMIALS ON THE TRIANGLE

Let o, 3 > —1. The Jacobi polynomial P,&‘*’ﬁ) (see for instance [20]) is a polyno-
mial of degree n such that

/ PO ) gle) (1 - 2)(1 4+ 0)% de = 0

for all polynomials ¢ of degree less than n, and
(@.8)(1) = @+ Dn
Here the shifted factorial is defined by (a), := a(a+1)...(a+n—1) for n > 0 and
(a)g := 1. All zeros of P lie in (—1,1), so it has definite sign on [1,c0) and on
(—o0, —1].
The Jacobi polynomial has an explicit expression in terms of a terminating Gauss
hypergeometric series

b\ = (e
2F1( . ,z) .—Z (O bl z
as follows:

Pga’ﬁ>(x)_w2F1<—n,n+a+ﬂ+1.1—x).

n! a+1 T2
There is the symmetry relation
P (=) = (1) PP (o),
Let T; be the open (unit) triangle
(2.1) T ={(z,y) | z,y,1 —x —y > 0}.

Let o, 8,7 > —1. Define in terms of Jacobi polynomials the bivariate polynomial

[e3% [e3 2
(22) PP (2,y) = (1 —a)k PP () 9g) pIPY) (1 e > .
s — T

This is a polynomial of degree n in = and y. For (n,k) # (m,j) we have the
orthogonality relation

(2.3) / P (@, y) PP (2,) wa g4 (@, y) da dy = 0,
Ty

where wq, g (7,y) := 2%y? (1 — x — y)?. This follows immediately from the orthog-
onality relations for Jacobi polynomials if we write

. flz,y)dzdy = /01 (/Olz f(a:,y)dy) dz

_ /01(1 — ) </01f(33,(1 —a)t) dt) dz.

Thus with respect to the inner product for L2(Ty, 2%y% (1—x—y)” dx dy) the system
{Pr(noffﬁ)}ogjgmgn is an orthogonal basis of P, (T7).

These bivariate orthogonal polynomials on the triangle were introduced by Pror-
iol [T'7]; see also the survey [15] and the monograph [12]. In the context of numerical
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analysis they were rediscovered in special cases in [11] and they got ample coverage
in the monograph [14].

Denote by P (T}) the orthoplement of P, ;(7}) in P, (7)) with respect to
the inner product just mentioned. (So P+, (T}) = Py(T1) consists of the constant
functions.) Then the system {Pffj’ﬁm}oggn is a basis of P, (T1). In particular,
the polynomial (z,y) — Py(la’ﬁJr’YH)(l —2z) is in P (Ty).

The symmetric group S3 naturally acts on 7. By considering the action of Sj3
on ([Z3) we obtain five further orthogonal bases for P,, with respect to the inner

product for L?(Ty, 2%y? (1 —x —y)? dx dy). The six bases are as follows (considered
as functions of (x,y)):

{P ﬁv (z,9) Yo<j<m<n » {P(ﬂ’m)( + %) Yo<i<m<n »
(24)  {P B’W W1 =2 =y }ocjcmen, (P (@1 -2 = y)Yogj<men,
{P’Mﬁ ( x_y7x)}0§j§m§n7 {P(’Yﬁa ( $—y7y)}0§j§mgn-

In particular, each of these systems, when only taken for m =n, 0 < j < n, is
an orthogonal basis for P+ | (71). In combination with (22) this shows that the
following polynomials in (z,y) are elements of P | (T}):

(25) P - 22), PPt - 2y), PO (e 4 y) — 1),

If T is another open triangle in R? and if A is an affine transformation of R2
which maps T onto T; then the polynomials P( @B 5 A are orthogonal on T" with
respect to the weight function wa, g, 0 A. If o = 6 = v then the inner product on
T is independent, up to constant factor, of the choice of A. In the sequel we will
have a = 3 = v = 1. Similarly, as for 71, we denote by P;- ;(T') the orthoplement

of P,,_1(T) in P,,(T') with respect to this inner product.

3. THE INTERSECTION OF n-TH DEGREE ORTHOGONAL POLYNOMIAL SPACES
FOR TWO ADJACENT TRIANGLES

In this section we keep using the conventions and definitions of Section [2] for
a = =~ =1, and we will compare the orthogonal polynomials on the triangle
T, for the weight function w; 1,1 with the orthogonal polynomials on the adjacent
triangle

(3.1) Keq = conv® ((1,0) (0,0), (d C,dlc)) (c # d)

for the weight function wj 1,1 o A, where A is the affine map sending K. 4 to 17,
which is given by

Az, y) = (z + cy, (d — c)y).
We will prove:

Theorem 3.1. For n > 2 the intersection of the spaces of orthogonal polynomials
of degree n on Ty and K. q, i.e., the space P;_, (T1) NPL_(K.4), has dimension
zero unlessc=0ord=1ord—c=1o0rc=1,d=0. Ifc=0,d =1 then
the intersection trivially has dimension n + 1. In all other exceptional cases the
intersection has dimension 1.

For n = 2 the intersection has dimension zero unlessc=0ord=1ord—c=
+1. If ¢ =0, d = 1 then the intersection trivially has dimension 3. In all other
exceptional cases the intersection has dimension 1.
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For n = 1 the intersection has dimension 1 except in the trivial case ¢ = 0,
d =1, when it has dimension 2.
In the cases that the intersection has dimension 1, it is spanned by a polynomial

ate? (x,y) as follows:

(3.2) gD (,y) = PO (1 - 22),

(3.3) gD (@, y) = PP (2a +y) - 1),

(3.4) gy (2,y) = P (1 - 2y),

(3.5) a0 (e,y) =y (PEY (1 =20+ y) - PEY (1 - 20)),
(ac, y) = 28(62> + 6czy + c(c + 1)y°)

(3.6) —21(c+3)(2x + cy) + 3¢® + 15¢ + 18,

(3.7) D (@,y) =3(c—d+1)a+3cy —2c+d— 1.

In the case d—c =1 the triangles T7 and K. 4 have nonempty open intersection,
so for the application we have in mind the result for this case is not needed.

Observe that, for n = 2, (36) agrees up to a constant factor with (32), ([B3),
B3) for ¢ = 0,2, 1, respectively.

For usage in the proof we pick from the orthogonal systems in (2.4]) one particular
orthogonal basis for P~ | (71), and we also renormalize it. The resulting basis
consists of the following polynomials p, , (k=0,...,n).

1,1,1
PV (y, )
1,1,1
PY(0,0)

-n+kn+k+5 —-k,k+3 =z
=2F1< y> (1- )k2F1( —>

(3.8) pprl(z,y) =

2 2 11—y
k
(3.9) = 2F1< “nk, Z+k+5 )Z#y@ y)k=d

Similarly, for an orthogonal basis of Pi_;(K.4) we will take the polynomials
(z,9) = por(x+cy,(d—c)y) (k=0,...,n).

Proof of Theorem Bl By (23) the polynomials

(3.10) PM(1-22), P (1-2y), PV (2 +y) - 1)

n (z,y) are elements of P (7)), and the polynomials

(311) P12z +ey), PMY(1-20d-c)y), P (2 +dy) - 1)

are elements of P+ (K, 4). Hence for c=0or d =1 or d — ¢ = 1 the intersection
considered in the theorem has dimension at least 1, and the polynomial given by
B2), B3), BA), respectively, is in this intersection.

A general element in Pi_ | (T3) has the form Y, aypn x(2,y), and a general
element in P, (K.q) has the form Y"}_, Bepni(z + cy, (d — ¢)y). Hence each
nonzero element in P+, (1) NP_; (K.4) corresponds to a nontrivial solution of
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the homogeneous linear system of equations

n

(3.12) coeff (Z (akpn,k(x, Y) — Brpnk(w + ey, (d — c)y))7l.7“ym> —0

k=0
(r,m=0,1,....,n, r+m <n)

(n 4+ 1)(n + 2) equations in the 2(n + 1) unknowns ag, ..., @, Bo, .- -, Pn.
y B8) and 22) the n + 1 equations in ([BI2) involving the coefficient of ="
0,...,n) amount to

H Ujloh—l

(r
i PMI(1 — 22)
D (0w = ) Py =0,
k=0 P (1)
which implies o, = B (kK =0,...,n). So the system of equations ([BI2) reduces to
> o coeff (pnk (@, y) = puk(x + ey, (d = c)y),2"y™) = 0
(3.13) =
(r=0,....n—1,m=1,....,n, r+m < n),
which are %n(n—i— 1) homogeneous linear equations in the n+1 unknowns «o, . . . , i
First we consider the case n = 1. From (B3] we get that
pro(z,y) =1-3y pra(z,y)=1-2z-y
Then we have to solve aq, a1 from the equation
ap(l=3y)+a1(1 —2x—y) =ap(l =3(d—c)y) + a1 (1 — 22 — (d + ¢)y).
This yields
3d—c—1Nag+ (d+c—1)ay =0,
which has (if not ¢ = 0, d = 1) a one-dimensional solution space spanned by
(o, ) == (3(1 =d —¢),2(d — c—1)). Then qgc’d)(:my) given by B equals
aop1,0(z,y) + a1p1,1(z,y).

Now let n > 2. The power series coefficients in the left-hand sides of the equations
BI3) can be computed by using [B3). We can rewrite the system ([BI3) as

(3.14) ZakfkTmcd)—O (r=0,....n—=1,m=1,....,n, r+m<mn),

where
Formend) mi“(gk) (—n+k)i(n + k +5);
k,r,m\C, = .
i=max(0,m—k+r) (2)1 it
R (b 3), (B
(2)r(m —i)!

min(m—1,n—k) (_n 4 k)z(n +k+ 5)1
(2)12'

(1= (d=c)™)

i=max(0,m—k+r)

min(k,m+r—i) ‘
(_k)j(k + 3) ( _ k)erT’ i—j —c m4+r—j
" Z (Q)J(J—T)(m—i—r—z—]) ¢~ "(d ) .

j=r+1
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In particular,

-1)"2r+2)! (—n+7r)mn+r+5)mn m

fT’,T,m(Cvd): ( ) ( )'( ) ( ' ) (1—(d—C) )’
(r4+1)(r+2)! (2)m m!

which is nonzero (note that 0 < m < n—r, hence (—n+r),, # 0) except if d = c¢+1

or d=c—1and m even. Thus, for d # ¢+ 1 the system ([B.I4]) has a subsystem

(3.15) > anfurale,d)=0  (r=0,...,n-1)
k=r
with f,,1(c,d) # 0. Thus o, successively determines a,_1, apn_2, ..., &g, by which

the system (BI4) has a solution space of dimension at most 1 if d # ¢+ 1.
For d = ¢+ 1 we have f;, n(c,c+ 1) =0, while

n—r—DI(n+r+6)m_1 (r+4),41

_ m+r (
Fritem(e,e+1) = (=)™t (n—r—m)! (m—1)!m! r+2

This is nonzero unless ¢ = 0, but if ¢ = 0 then d = 1 and we are in the trivial
case. Thus, for d = ¢+ 1, ¢ # 0 we successively get from ([B.I5) together with
frrm(c,e+1) =0, fry1rm(c,c+1) #0that ap =0, a1 =0,...,01 = 0. So only
ap may be nonzero by which the system ([BI4) has a solution space of dimension
at most 1. In the beginning of the proof we already saw that this dimension is at
least 1. This settles the case d = ¢+ 1 in the theorem.

In the next step we consider the cases (r,m) = (n—1,1),(n —2,1), (n — 2,2) of
BI4) (for n = 2 these are all possible cases). This gives the following system of
three homogeneous linear equations in oy, oy, —1, Qp_o:

(3.16)
(=D)™(c+d—-1)(2n+1)! 2(=1)"(c — d+ 1)(n +2)(2n — 1)! »
R i+ " (n—1)!(n+1)! an-1 =0,
(=D (c+ (c+d=1)n)(2n)!
(n—2)! (n+2)! n

(Y2 e(n+1) — (d = 1)(n 4+ 3))(3)n

n(n+1)(n —2)! fn—t

_2AD)Me—d 4@ -3)
(n—2)!n! nre

~ (=) (2cd + (e +d)* = n)(2n)! N
2(n —2)! (n +2)! "
N (=1D)™(c* —d*> +1)(n+2)(2n — 1)!
(n—2)(n+ 1) n—1
B 2(—1)”((c—d)2—1)(n+2)(2n+3)(2n—3)!a 0
3(n—2)In! e

The 3 x 3 determinant of the coefficients of the system (BI0]) can be computed to
be equal to

(=112 (2n)! (3)n-1(3)n+2
3(n=2)!nl((n+1)!)?

Thus o, = ap_1 = a,_92=0ifnot c=0o0rd=1or ¢c—d = £1. Together with

BI5) and frr1(c, ) 0 this implies that all ay, are zero if not c=0or d =1 or

c(d=1)(c—d+1)(c—d—1).
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c¢—d = +£1. This settles the theorem in the nonexceptional case except if c—d = 1.
For ¢ =0 or d = 1 the theorem is also settled now because we already observed in
the beginning of the proof that the solution space has dimension at least 1 in these
cases.

Now consider the case d = ¢ — 1. Then the third equation in (3I0) is a multiple
of the first equation, so we can solve from the first and second equation of (B.I0)
that

(c—Dn(2n+1)
(22 ™
(n—1)n(2n—1)(3(n+1) 4+ c(c—2)(2n+1))
(n+1)(n+2)%(2n+3)

For n = 2 we conclude that the intersection has dimension 1 and that it contains
the polynomial ps o (x, y) +cap2.1(x, y) +aop2.o(x, y) with aq and ag given by [BI7)
for n = 2 and ay = 1. Together with (B.9]) this yields (3.4).

For n > 2 we plug the above two equations into the cases (r,m) = (n—3,1), (n—
3,2),(n —3,3) of BI4)) with d = ¢ — 1. The result is three homogeneous linear
equations in a,, a,_3 of which the one for m = 2 is trivial and of which the other
two yield o, = an—3 = 0 unless ¢ = 0,1,2. Again, together with ([BI3) and
frr1(c,d) # 0 this implies that all «y, are zero if not ¢ = 0,1,2. For ¢ = 0 and for
¢ = 2 implying d = 1 we already saw that the solution space has dimension 1.

So the only remaining case to be considered is (¢, d) = (1,0). We will show that
gn(z,y) = q%’ )(a?,y)7 given by (B3, clearly a polynomial of degree n, yields a
(nonzero) element ¢, of P, (T1) NPL_ | (K.q). By @3) and ([Z2) we see that

(z,y) — Pfl}&) (1—2z) is an orthogonal polynomial of degree n+1 on T with respect

to the weight function z and that (z,y) — Pflil)(l 2(x+y)) = (-1 )”P,gﬁ)( 2(x+
y) — 1) is an orthogonal polynomial of degree n+1 on T} with respect to the weight
function 1 — 2 — y. Then it holds for any polynomial r(x,y) of degree < n that

Op—1 =

(3.17)

Ap—2 = Oy

//T an(z,y) r(z,y) 2y(l — 2 —y) dz dy
= [[ PR -2 s 0 —a -y sdsdy
T
/T P —22) ar(z,y) (1 — 2 — y)dedy =0 —0=0.

Hence g, € P+ (T). Since g, is invariant under the transformation (z,y) — (z +
y, —y), we have g, € P;- (K1) NP1 (T1). Since we already proved that in this case
the intersection has dimension at most one, we are finished. O

4. THE INTERSECTION OF n-TH DEGREE ORTHOGONAL POLYNOMIAL SPACES
FOR A TRIANGLE PATCH (CASE n > 1)

Since polynomial spaces P, (D) are invariant under affine coordinate transfor-
mations, it suffices to prove Theorem [I1] for a reference configuration with center
= (0,0) and with one of the triangles, say K;, equal to the unit triangle T}
given by (2.1]). Hence, the adjacent triangle K;y; to the left of K; lies in the left
half-plane while the other one, i.e., K;_; lies in the lower half-plane. See Figure 2
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1804
In this Section we will prove the intersection property Theorem [[.I(b) for poly-

nomial degrees n > 1. First we will describe the exceptional cases in Theorem [3.1]
in terms of geometric quantities. For this we introduce the “critical sets” for a

triangle; for an illustration see Figure [3l

,": i A= ((5

FIGURE 2. Reference configuration. K; = T} is the unit triangle,
K41 is in the left half-plane and K;_; in the lower half-plane.

%
’7%

e/()

chilical(TA)
chilica](Tl 7(

Liiea Ty >( (1) ) ,(

~
<
e

F

2
L criticall

FiGURE 3. Critical sets for the triangle T" and critical sets for the

unit triangle.
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Definition 4.1. For a triangle T' with verticesd A, B,C, the critical sets with
respect to two vertices A, B are

Ecritical (T,A, B) = {A +1t (B — A) > 1},
chitical (T7 A) =B+C-— A,

L2teal (T,A):={2B— A+t (C—B) : t € R},
‘CZ;itt?zal (T> A) i= Laitical (T7 A, B) U Leritical (T, A, C) ) {chitical (T, A)} (n > 2),
‘Ci;ti:‘?itcal (T’ A) = Ecritical (Tv A, B) U Ecritical (T; A, C) U ﬁgmical (T, A) (n = 2)

Note that an orientation preserving affine map sending a triangle T to a tri-
angle T maps the critical sets of T' to the corresponding critical sets of T. Also
note that, for n = 2, £2,,..; (T, A) contains Qeritical (T A) and intersects with
Lecritical (T, A, B) and with Leritical (T, A, C)

Proposition 4.2. Let K1 = conv® (4, B,C) and Ky = conv® (B, A, D) be two
disjoint triangles with common edge AB. Then for n > 1:

0 ifD¢ L, (Ki,C),

critical

1 ifDeLlh (K,,C).

critical

dim (PTJL1 (K1) N ]P’rjl_fl (K2)) = {

Proof. We consider first the case that K; = T3, and apply Theorem [B.Il Let
D= ( g ﬁ) (cf. (3ID). The exceptional cases are given by

(1) ¢=0. Since K; and K3 have disjoint interior this is equivalent to
D e [/Critical (T17 (05 1)7 (05 O))

(2) d = 1. Again, taking into account that K; and K, have empty open
intersection we get that this case is equivalent to

D e Ecritical (T17 (07 1)’ (1’ O))

(3) d — ¢ = 1. This case contradicts the condition K; N Ky = ) and, hence,
cannot arise.

(4) ¢=1,d=0. This case is equivalent to D = Qcritical (T17 (0, 1)) =(1,-1).

(5) n=2and d =c—1. Then D = (s,—1) (s € R), so this case is equivalent
to D e ‘Cgritical (Tl’ (07 1))

The general case follows by employing an affine pullback of a general triangle
Ky = conv® (A, B,C) to Ty such that C is sent to (0,1). O

Proof of Theorem [LTb) for n > 1. We use the numbering of triangles, edges, ver-
tices in 7T, as in Figure [Il If there exists an edge E; with adjacent triangles K;
K1 such that

Ai+1¢ﬁn’t0t (Ki,Ai—1) V Ai71¢£n’t0t (Kit1,Ait1)

critical critical
we conclude from Proposition that
Py (Ki) NPy (Ki1) = {0}

and the statement follows.
Hence, for the rest of the proof we always assume that

(41) Vi € {1, Ce ,q} Ai+1 € En’tOt (Ki,Aifl) AN A1 € En,tot (Ki+1,Ai+1) .

critical critical

2As a convention we list the vertices A, B, C of a triangle T' = conv® (4, B, C) always in the
counterclockwise ordering.
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Ai—lz(g)

FIGURE 4. Tlustration of Case a) in the proof of Theorem [[.T(b)
for n > 1.

Clearly we can pick a vertex A; such that the inner angle at A;, (i.e., the angle
LA;—1A;A;41, seen from z) is less than 7. This property excludes that A;11 €
Leritical (Ki, Ai—1, A;), or equivalently A;_1 € Leritical (Kiv1, Aig1, A;). The prop-
erty is also preserved under affine maps. We distinguish between the following
cases.

Case a) Ait1 € Leritical (K, Ai—1, 2).

Without loss of generality we can work in the reference situation (cf. Figure ) that
K1 =T, ie., Aiy1 = (0,1), z=(0,0) and A;_1 = (0, s) for some s < 0. From
Theorem Bl in particular from ([B:2)), it follows that P | (K1) NP, (K;) is
spanned by the polynomial ¢(z,y) := pLt3) (1 — 2z). Note that the adjacent trian-
gle K; 1o left to T3 lies in the left half-plane. Hence ¢ is either positive on K; o or
negative, by which it cannot be orthogonal to all constant functions on K; 5. We
conclude that

Por_y (Kiy2) NPy (Kir) NPy (KG) = {0}

Case b) A; 1 = Qcritical (i, Ai—1) and A;_3 € Leyitical (K, Aj, 2).
Then A; € Leitical (Ki—1,4i-2,%). So as in case a), but now with K; = Ty, we
conclude that

Py (K1) NPy (Ki) NPy (Ki) = {0}

Case c) Aiy1 = Qeritical (K, Ai—1) and A;_5 € Leriticar (K, Aiy Ai—1).

Without loss of generality we can work in the reference configuration (see Fig-
ure H) that Kz = Tl with Ai—l = (O,O)7 A,L' = (170), z = (0, 1) Then Ki+1 =
conv® ((1,0),(1,1),(0,1)), K;—1 = conv®((0,0),(0,1), (s,0)) for some s < 0, and
Ko = conv®((0,1),(1,1),(t,u)) with w > 1. From Theorem Bl in particular
from (B3], we conclude that P;- ; (K;) NPL | (K; ;) is spanned by the polyno-
mial r(z,y) := pY (1 —2y). By arguing as in Case a) we conclude that r is not
changing sign in K; o (since y > 1). Hence

]P)vjzll (Kifl) N P’rjl_fl (Ki) N ]P)vjzll (KiJrl) N ]P)vjzll (Ki+2) = {0} :
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Ayir = (;)

A, = (D

a\
G
- g
—T

0 4.-(Q)  A=0"

FIGURE 5. Tllustration of the geometric argument for case ¢). The
points A; o, A;_1, A; are collinear and K; U K;;; form a parallel-
ogram.

Case d) Aj11 = Qeritical (K, Ai—1) and A;j_2 = Qcritical (K, As).

Without loss of generality we can consider the reference situation that K; = T
with z = (0,0), Ai,Q = (1,—1), Ai,1 = (1,0), Al = (0,1), AiJrl = (—1,1) From
Theorem 3.1 we conclude that P;- ; (K;)NP;-_; (K;_;) is spanned by the polynomial
an(z,y) == v (z,y) given by B.3), and that P;-_; (K;11) NP, (K;) is spanned
by the polynomial ¢, (y,x). Since these two polynomials are linearly independent
(compare the highest degree part of both polynomials), we have shown that

Py (Ki—1) NPy (Ki) NPy (Kiq1) = {0}

Case €) Aj11 € L2 0 (Ki, Ai—1) and A;_s € Leitical (Ki, Aiy Ai—1).
We can assume that K; = T; with z = (0,0). Then A;;1 = (—1,¢). From (B.6]) we
have that P | (K;.1) NP, (K;) is spanned by the polynomial qéc’cfl)(y, x) and

from (B3] that P+ (K;)NP;:_; (K;_1) is spanned by the polynomial P,(ll’?’)(Z(x—F
y) —1). A computation shows that these two polynomials are linearly dependent

iff ¢ = 2. But then the inner angle at A; equals 7, which we excluded.

Case f) Aip1 € L2400 (Kiy Ai—1) and A;_s € Levitical (K, Ai, 2).

Again assume that K; = T with z = (0,0). Then A;_o = (0, s) for some s < 0.
We can argue as in case a), but now with K, = T;.

Case g) A1 € ‘Cgritical (Ki, Aj—1) and A;_» € ‘Cgritical (K, Ag).

Again assume that K; = T with z = (0,0). Then 4,41 = (=1,¢) and A;_5 =
(d,—1) for some ¢,d € R. From (B6) we have that P, (K;11) NP, (K;)
is spanned by the polynomial qéc’c_l)(y,x) and that P | (K;) NPL | (K;_1) is
spanned by the polynomial qéd’d_l)(z,y). A computation shows that these two
polynomials are linearly dependent iff c = d = —3 or ¢ = d = 2. But in the first
case the triangles K; 1 and K, intersect, and in the second case the inner angle

at A; equals . O
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A=A
RS~ SRR N NS — T SS— T W

FIGURE 6. Illustration of the last part of the proof of Lemma, [5.1]
(g even). A;11 = A; (left picture) because otherwise the top right
picture gives a contradiction. But now the bottom picture gives a
contradiction.

5. THE INTERSECTION OF n-TH DEGREE ORTHOGONAL POLYNOMIAL SPACES
FOR A TRIANGLE PATCH (CASE n = 1)

In this section we will prove the intersection property Theorem[IT(b) polynomial
degrees n = 1. We need two simple lemmas.

Lemma 5.1. Let T := {K;:1<i < q} denote a triangle patch around z € R?.
Then there are K;—1, K;, K;11 of which the barycenters are not collinear.

Proof. Let M; be the barycenter of K;. We will show that the points M; (i =
1,...,q) cannot be collinear. This will imply the statement of the lemma.

We may choose z = (0,0). Suppose that the points M; = %(Ai_l + A;)
(¢t = 1,...,q) are collinear. Then all vectors 3(M; — M;_1) = A; — A;_o are
proportional. If g is odd then this implies that all vertices A; are collinear, which
is impossible. If ¢ is even then the set of vertices A;, As, ..., A;—1 and the set of
vertices Az, A4, ..., Ay are both collinear and the two collinear sets lie on parallel
lines. Since all vertices cannot be collinear, these two parallel lines have to be dis-
tinct. After applying an affine linear map we may assume that one of the lines is
y = 0 with A; = (0,0) for some ¢ and with all other vertices on this line having
coordinates (z,0) with « > 0, and that the other line is y = 1 with A; = (0,1) for
some j # ¢ and with all other vertices on this line having coordinates (z,1) with
x > 0. First we show that j = i+1. Indeed, if j # ¢41 then the edge connecting A;
and A;_; will cross the edge connecting A; and A; 1, which is not allowed. Thus
Aiy1 = (0,1). But now the edge connecting A;y1 and A;o will cross the edge
connecting A; and A4;_1, which is not allowed (see Figure [f] for this last part of the
proof, where we successively arrive twice at a contradiction). Thus we cannot have
two collinear sets of vertices if ¢ is even. O

Lemma 5.2. Let K be a triangle with barycenter M. Let i be a finite measure on
K which is invariant under all affine transformations mapping K onto itself (these
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form a group ismorphic to Ss). Then

/Kpdu =p(M) i(K) for all p € P1(K).

This holds, in particular, if du(z,y) = w(z,y)dxdy with w the product of the
barycentric coordinates for K.

Proof. Let A, B, C be the vertices of K. Since the assertion is trivial for constant
functions, it is sufficient to prove the property for affine linear functions p vanish-
ing on one of the medians AM, BM, CM. Suppose p vanishes on AM. Then
the function p — p(M) is sent to its opposite under the affine map fixing A and
interchanging B and C' (check this for the reference triangle T' with A = (0, 0),
B = (1,0), C = (0,1)). Hence [, (p—p(M))du=0. O

Proof of Theorem [LTAb) forn=1. Let T := {K;:1<i<gq} denote a triangle
patch around a point z € R? and let Q := UgZIE. By Lemma [5.1] there are
K;_1, K;, K;+1 such that their barycenters M;_,, M;, M;, are not collinear. Now
suppose that u € P1(Q) and u € Pg(Kj;) for j =i — 1,i,i + 1. By Lemma (5.2 we
have for j € {i —1,4,i+ 1} that

i, W@, y)wj(w,y)dedy

O pu—
ij w;(z,y) dxdy

Since the affine linear function u vanishes on three points which are not collinear,
u is identically zero. ([l

Remark 5.3. If we take the triangle patch such that K; = T with z = (0,0),
A1 = (1,0)7 A; = (071), A5 = (d_fc, dic) and A; 11 = (ﬁ, d,%clc,), then we
see from ([B7) that

Py (Ki—1) NPy (K;) NPy (Kit1) # {0}

implies that the polynomials qgc’d) (z,y) and qgc/’d/) (y, z) are multiples of each other.

A computation shows that then

d=k(c—d+1), d=k(l-d)+1 (0£keR).

Hence A; 1 = (ﬁ, %) Then A;11 — A;_1 and A; — A;_ are proportional.

By the Proof of Lemma [5.1] this gives the collinearity of the barycenters of K;_1,
K; and K; 1. Thus we have shown once more that, if the barycenters of these three
triangles are not collinear, then Py (K;_1) NP¢ (K;) NPy (K;11) = {0}.
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6. INJECTIVITY FOR THE POLYNOMIAL PROJECTION OPERATOR:
SOME FOLLOW-UP

Recall Theorem[IT](c) about the injectivity of the polynomial projection operator
7 : P(Q) — Py (T). Let ||| := (-,)5* and define

7 11
(6.1) ¢, (T):= i WL o)7 in T vl >0,
veP, (Q\{0} (v,0)T veP, (\{0} |[v]|%
(6.2) an(T):= inf ol >0,
vEP,, (2)\{0} ||1;\|L2 @)
HT
(6.3) en(T) = inf (v, I V)7 > (T, (T) > 0.

veP, (D\{0} (v, V) L2(q)
The inequality in (1)) follows from the injectivity of II”, while the inequality in

([62) is a consequence of the equivalence of all norms on a finite dimensional space.

Remark 6.1. We can expand the squared norms in (GI)) and ([@2). Let A; be
the orientation preserving affine linear map of 77 onto K; which sends (0,0) to z.
Let {pm}m=1,....n(nt+1)/2 be an orthonormal basis for IP,,_1(71) with respect to the
weight function w on 77. Then

In(n+1)

2
‘HTUHT ZdetA Z </ ’UOAZ‘pmw>,
an%:ZdetAi /T (wohi?w, vl mdeetA / (vo Ay,
i=1 1

T
Hence ¢, = ¢/(T) is independent of the choice of the patch 7 and it equals

vz, )?zy(l—x —y)dxd
(6.4) o= inf le @y wy( Y 4 .
veP, (T1)\{0} S, v(@,y)? d dy

Remark 6.2. From [2I Prop. 3.46] there follows an n-explicit lower bound for ¢/
as given by ([6.4): ¢! > C/(n + 1)* with a fixed n-independent constant C' > 0.

Since the quotients of integrals in (GI)—([E3) are invariant under affine linear
maps, we might restrict to the case that K is the reference triangle 77. But in
view of the numerical applications, we consider only translations and rotations of
triangle patches. Thus we restrict in the following to the case that z = 0 and
Ay = (r4,0) for some 4, > 0. The further data determining 7 are, for i = 1,...,q,
the angles «;, 8;,; of the triangle K; at z, A;_1, A;, respectively, together with the
length r; of the edge connecting z with A; (see Figure [7]). Evident constraints on
these numbers are that «; + 8; +v; = 7 and a1 + -+ + oy = 2m. But 7 would
already be completely determined by s, ..., a4, B2, ..., and r4, or by as, ..., a4
and 71,...,74. The map (ao,...,aq,B2,...,84,7q) < (02,...,0q,71,...,7¢) IS
continuous in both directions, as can be seen from the following identities obtained
by a combination of the sine rule and the cosine rule for the triangle K; :

(65) sin oy _ sin 3; _ sin(m — o — i) .
\/7"1‘2—1 + 72 —2r;_1r;cos Ti Ti-1
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FiGure 7. Hlustration of angles a1, §;,7;, and radii r; for a trian-
gle patch.

The quotients of integrals in (GI)—(G3) will depend continuously on v and the
data of 7. Therefore, the three constants in (1) (3] will depend continuously
on the data of 7 and they will remain bounded away from zero if we let the data
of T range over a compact set. To fix a compact set, choose § € (0,7/3] and p > 0.

Definition 6.3. The compact set of triangle patches X, s, consists of all 7 with
g, Bi,vi > dand r; > p (i=1,...,q). Furthermore, define

q,6,p

By the second equality in (G5) we see that, for given § and g there exists C' > 0
such that p <r; <Cp(i=1,...,q)if T € Xg5,. Since the quotients of integrals in
EI)-([©3) are invariant under dilations, é,(q, d, p) will be independent of p. Since
necessarily ¢é < 27w, X5, is nonempty for only finitely many values of q. We
conclude:

Th 6.4. inf ¢ 1) 0.
eorem p>%)r’1q230n(q, ,p) >
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