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ESTIMATES OF ¢,0 FOR LARGE VALUES OF z WITHOUT
THE RIEMANN HYPOTHESIS

PIERRE DUSART

ABSTRACT. The enlargement of known zero-free regions has enabled us to find
better effective estimates for classical number-theoretic functions linked to the
distribution of prime numbers. In particular we draw the quintessence of the
method of Rosser and Schoenfeld on the upper bounds for the usual Chebyshev
prime and prime power counting functions to find an upper bound function
directly linked to a zero-free region.

1. INTRODUCTION

We recall that the first Chebyshev function ¥(z) is given by

x) = Zlnp

p<T

with the sum extending over all prime numbers p that are less than or equal to x.
The second Chebyshev function (z) is defined similarly, with the sum extending
over all prime powers not exceeding z,

Y(@) = Inp.

po<e
Both Chebyshev functions are asymptotic to z,
Ha) ~p(x) ~x as © — oo,

a statement equivalent, by [I, Theorem 4.4], to the Prime Number Theorem proved
independently by Jacques Hadamard and Charles Jean de la Vallée-Poussin in 1896.

Let ((s), a function of a complex s, be the continuation of the Riemann zeta
function. We consider R, the set of non-trivial zeros of ¢ which lies in the open
strip {s € C : 0 < Pe(s) < 1}, which is called the critical strip. A classical
explicit formula, that relates the function v to the non-trivial zeros of (, is given
by [3, Theorem 5.9 (p. 172)]

) + o)

1 p
5 =z +In(27) — 3 In(1—2"%) — lim Z r

T—+oco
PER¢| Tm(p)|<T
As the sum of the zeros is not absolutely convergent, Rosser [16, Theorem 13] uses

an average of ¢ on a small interval containing = to obtain bounds on . This
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method was improved by Rosser and Schoenfeld [17] in 1962 to give a function e(x)
bounding the error term

Their result was improved fourteen years later by Schoenfeld [19, Theorem 11], who
showed that

1) (@) = | o X2,

where X = /(Inz)/R and with R = 9.645908801. The proof uses three key
ingredients: the numerical verification of the Riemann hypothesis up to a fixed
height A, an explicit zero-free region and explicit bounds for the number of zeros
in the critical strip up to a fixed height.

The goal of this paper is to show that if the zero-free region has the form (called
the de la Vallée Poussin form of the zero-free region)

1

(2) Re(s) > 1 - Rin|Im(s)|

for |Jm(s)| > 2,

where R is a formal constant parameter, then there is no real need of the com-
putable constant A of the Riemann hypothesis verification, to find a function eg(z)
bounding the error term E(z) for large x.

Theorem 1.1. Let R > 0 be a formal constant such that there exists a zero-free
region of the form Re(s) > 1 — m for |Im(s)| = 2n. Let X = \/(Inz)/R

and eg(x) = \/gXl/Qe_X. Then, for X > max(8.36, %), we have

max{|¥(z) — z|, |¥(z) — x|} < zer(x).

A particular value of R established in inequality (2) may thus be employed in
Theorem [Tl to obtain explicit bounds for the Chebyshev functions. In Section Bl
we use a result of Kadiri [9] to conclude the following.

Corollary 1.2. Let Ry = 5.69693. Then, for x > 3,
8 — nxr
max{|[¥(z) — z|, |P(z) — x|} < /m z(lnxz)l/* e=V(na)/Fo
0

This function is useful for large values of = (i.e. = > exp(10000)). As seen in
Section [4] the recent advances on the check of the Riemann hypothesis have only a
low impact on estimates of the Chebyshev functions for large values of z. For lower
values, a direct evaluation of a bounding expression of many parameters [4, Theorem
1.1] is better. These estimates are widely used in various fields like cryptography,
computer science or for explicit bounds for sums over primes [2][6] 101415 20].
They can also be defined for functions with nearly the same definition. For example,
n [I2], Ramaré gave some estimates on ¥, a function very similar to ¥. The
behavior of ¢ in arithmetic progressions can also be found in [I3]. In the case
where the sum is over the integers congruent to 1 modulo ¢, Lemma 9 of [5] gave
an upper bound function for v in this particular progression.
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2. ROSSER AND SCHOENFELD’S METHOD

The first part of the proof uses the method developed by Rosser and Schoenfeld
[18] and completed by Schoenfeld [19] to estimate the sum
P
(3) =

PER¢ P

The critical strip {s € C : 0 < Re(s) < 1} can be split into four regions according to
whether the real part is greater than half or not and if the imaginary part is smaller
than a parameter T or not. Let m be a positive integer. As in [I8, p. 256], we
express the sum (B]) according to these four regions, with 8 = fRe(p) and v = Tm(p)
using the new form (2)) of the zero-free region. Define

24+ mé
(5) Si(m,8) = 2 Z TT,
B<L1/2;0<y< Ty P
R,,(0)
(6) Sa(m,d) = 2 Z _ |
s<timm ey O lPlo 1) (p +m)|
v S3(m,9) = 2 Z 2;m5 exp(—X2/1In~),
B>1/2,0<y<T2 o]
R’m 1) _X2 1
: smd) = 2 3
B>1/2;To<~ pLp p

These correspond to expressions (3.6)—(3.10) of [18] with the new form of the zero-
free region. By Lemma 8 of [I§], for z > 1 and 0 < § < (z — 1)/(xm), we have

2 () — fo —n(2m) — 2 (1~ 272))

9) < {S1(m, 6) + Sa(m, )}/ /T + Ss(m, 8) + Su(m, 5) +md /2.

We have a good idea of the repartition of non-trivial zeros. Let T > 2 and
N(T) be the number of non-trivial zeros p = 8 + i~y in the region 0 < v < T and
0 < B8 < 1. In 1941, Rosser [16, Theorem 19, p. 223] proved for T' > 2 that

(10) IN(T) = F(T)| < R(T)
with F(T) = 5~ In &&= — &= + I and an error term
(11) R(T) =0.137InT + 0.443InIn T + 1.588.

The error term R(T") was recently updated by Trudgian [21].
Let n be a non-negative integer, R a constant parameter for the zero-free
region ([2)) and

(12) X = +(n2)/R,

(13) dnly) = y " Mexp(—X?/Iny),
(14) W, = exp(X/vn+1).

The error term ([II]) appears in the Corollary of Lemma 7 of [I8] p. 256]. We rewrite
this corollary for W = W,, and ® = ¢,,:
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Lemma 2.1. Let 2n < U < V. Let ¢, be defined by (3) and W,, by (Id). Let Y
be the middle number in the ordered set {U,V,W,}. Choose j =0 if V > W, and
7 =1 1in the other case. Then

\%4
PEEHCIRS (%Jr(—l)jq(Y))/U ¢n(y)1n%dy+Ej(U7V)7

U<H<V
where

_ R(y)  0.137lny+0.443
(15) W) = (y/@n) = yiny /)
and

Eo(U, V) = 2R(Y)pn(Y)
+ (N(V) = F(V) = R(V))¢n(V) = (N(U) = F(U) + R(U))¢n(U)

EN(U,V) = (N(V) = F(V) + R(V))on(V) = (N(U) = F(U) + R(U))pn(U).

Lemma 2.2. Let m a positive integer and v a positive real. Let

(16) Y = X(1-v)*/v,
(17) Gy = v¥{vr—In(27m)/X},
(18) T, = exp(vX).

Let Ty be a parameter satisfying N(Ty) = F(Ty) such that there are no zeros p
satisfying Re(p) £ 1/2 with 0 < Im(p) < To. If To = To > 27 and v < 1, then

2
(19) Sy(m, ) < 2+ ™2

Trexp(—2X) exp(—Y) X Gy
+ (24 md)R(T2)¢o(T2).

Proof. The proof is similar to [19] (with an update of the form of zero-free region).
As there are no zeros with 8 > 1/2 for |y| < Tp, the summation can begin for
v > Ty in S3. Using Lemma 21] with n = 0 (v < 1, hence Ty < W),

) T
(20) S3(m, ) < 2 +2m ({% _ q(Tg)} . ¢o(y)In %dy + E1> ,

where

Ey = {N(T3) — F(Ts) + R(Ts) }¢o(T>) — {N(Tp) — F(To) + R(To) }¢o(To)
(21) < 2R(T2)¢o(T2)  using [{O) and R(To)do(To) > 0.

For a < 1 and = > 0, the upper incomplete gamma function is defined and bounded
as

INo,2) = / t*tetdt

o0
< x"_l/ exp(—t)dt = 2 exp(—z)
x
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and we also have

b b
/ o(y)In edy = / y~Lexp(—X2/Iny)In - dy
a 27T a 27T

(22) = XHT(-2,V')-I(-2,U")}
—X?In27){T(~1,V") = T(=1,U")}

with U’ = X?/Ina, V' = X?/Inb by putting y = exp(X?/t). We apply 22)

with @ = Ty and b = T». Observing that Ty > 27 and U’ = X?/InT, implies

XAT(=2,U") > X%In(2m)['(—1,U’), we can obtain an upper bound for (22). As

q(Tz) > 0and V' = X2/InTy, = X/v by ([I8), we find by @0) and (ZI) the following

upper bound:

S3(m, d) 2 +2m‘5 : % exp(—V){X*V'™3 — X2V 2In(27)} + 2 +2m5E1
2 0
Z:L exp(—X/){X1* — 2 In(2m)} + (2 + mO)R(To)bo(T).

We have

1 (1—v)?

—-=2—-v+ .

v v
Hence, by (I6),
(23) exp(—X/v) = exp(—2X )Ty exp(-Y).
Finally, by (I1),

2 0

S3(m,d) < tm Ty exp(—2X) exp(—Y)X Gy

+ (2 + m6)R(T2)¢o(T2).
The bound for S3 is similar to [19, (7.11), p. 342]. O
Lemma 2.3. Let m be a positive integer and v a positive real. Let

o om—=1 1 —mln(27)
(24) Gy = e <V+—mX ,
R, (0
(25) Gy = QW(L ) (14 2mq(T3)).
Ifv>1/ym and X > %, then
GQG167Y 2\ ™ _9X —(m—1) 2\ ™

2 —— | = X T - Ey.
( 6) 54(m,(5) < 27r(m—1) <5> e 2 + Go 5 0

Proof. The proof is quite similar to [19]. We just add to the proof of [19] a require-
ment due to the use of the new form of zero-free region
14+2/(2Xvm) — vmIn(27)/X > 0.
Using Lemma [ZT] with n = m for (8),
R (6) 1 > Y
2 (Lo +am} [“onmm ey 4 ).

Ts

(27) Sa(m,6) <

where
Ey < {R(T»)+ F(I3) — N(T2) }om(T2)
(28) < 2R(Tg)¢m(T2) = 2R(T2)¢0(T2)T{m by (DIID and (DB])
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The previous integral can be expressed with incomplete Bessel functions defined for
z>0and xz >0,

(29) K, (z,7) = % /Oo t"HA (t)dt

with
H () = exp{— 2(t + 1/1)}.

We have
(30)
[~ ontm Ly =2 {max v - YU g ox vim v b

Unlike Schoenfeld’s proof, the coefficient before K; is negative and we have to
minimize this term. But we know (by Lemma 4 and Lemma 5 of [18, p. 252]) that
for z > 0and xz > 1:

o Ki(z,x) < 2?H*(x)/{2(2* - 1)},

o Ko(z,2) < (x—1)22H*(z)/{2(2* = 1)} + (1 +2/2)K1(z, z).
First, as we assume that v > 1/y/m, we can apply these bounds for K> with
z =2Xy/m >0 and x = vi/m > 1. Then the upper bound for K5 involves a K;

mIn(27)—

part. As we assume that X > Tl, the total coefficient before K7 becomes
positive. Hence we can apply the previous upper bounds (for Ky and K;) and get

12X Vi w/im) + YT e (0 )

1 —mln(27) vim 1
- X vV — .
< <V+ mX ) 2X (v2m — 1) exp{ m(y m+1/\/m)}
Now, by (I6) and (24]), we have

1
Xvm (u\/m—i— ) =mvX +(2X —vX+Y)
vy/m
and
—v/m1n(2
Ky(2Xv/m,vv/m) + %(W)[Q@X\/m, vy/m)
m
X71 -Y —-2X T 7m+1.
< —Q(m—l)Gl e e ( 2)
Hence by (30),
o0
Y Gy —(m—1) y —2X
m(y)In —dy = ——e ' T. X .
T2¢ (y)n27ry m—le 2 c

We have by 7)) and 23,

GQG167Y 2\ ™ _9X —(m—1) 2\™
— | = X T - Ey.
Salm,0) < S = <5> ¢tz TG {5) Eo

The bound for Sy is similar to the expression to that of [I9, (7.20), p. 344]. O

Some parameters will be set for optimizing the sum of the S3 and S4; bounds.
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Lemma 2.4. Let Go, G1, G2, Ty, Ts be defined as above and a function k defined by

_ X Gg 12 —2X(1-v) —X(1-v)?/v
(31) k(v) = o <G_1> e e .
If there exists a real v €]1/v/2,1] such that k(v) = 1 and if X > v/2In(27), then
(32) T2 = (Gl/Go)1/4{27T6Y/G0}1/2X71/26X,
(33) 5 = \E(GOGQV%—W?XV%—X,
™

and, moreover, if Ty > Ty > 2w, then

S5(2,8) + S4(2,8) + 6 < Go {GoG1 }M* e-m\/gxl/%-x
(34) + 2Go {1+ Go/G1} R(T2)po(T2).

Proof. By @) and (2H), we have 2 + md < 2R,,(8)/2™ < 2G5. We gather the
estimates ([9) and (26) of S3 and S4:

G2€_Y _ G1 2\™ —(m—
S3(m. 8) + Sa(m,8) < 2 ——Xe *¥ {G0T2+m_1 (5) T, ¢ ”}

+ 2G5 R(T2) o (T) {1 + (%)m} .

‘We choose
(35) Ty = (G1/Go)V/™ -2/5
to minimize the first expression between braces. We obtain

2e7Y
(m—1)m
+ 2G2R(T»)¢o(T2) {1 + Go/G1} .

The expression inside braces is minimized by choosing

1 1 “1/m m _ _
S3(m. 8) + Sa(m,8) + smd < imGg{Gé Vm il Xe 2X§ 1+5}

_y 1/2
(36) 5= {Gé‘”’”G}/m—( % 5 } X2 X,
m— 1)m

We get

™ m—1

+ 2Go {1 + G()/Gl} R(T2)¢O(T2)
The coefficient m/+/m — 1 is minimized by choosing m = 2. For this value, we

obtain ([32) by B3] and (B6)
Ty = (G1/Go)/*{2me” /Go} /2 X ~1/2eX
and by (24) with m = 2,

(37) Gl—L(HM).

1 2~ Y 1/2 m
S3(m, 8) + Sa(m, 8) + zmé < Gy {G})”’”G}/m } X1/2e=X

202 —1 2X
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We have two definitions (I8) and [B2)) of T5. They are consistent if
G\ VA
exp(vX) = v2r <@> eY/2X 12X,
0

By taking squares (assume v > 1/v/2 and X > 1/2In(27)), the definitions are
consistent if there exists v such that k(v) = 1 where

X Gg Y2 —2X(1—-v) —X(1-v)?/v
k(v) = 3 (G_1> e e .
It is the same definition as in [19, (7.27), p. 345]. O

3. UPPER BOUND FUNCTION

Lemma 3.1. Let k(v) defined by BI). For X > 8.36, the solution v of k(v) =1
is unique and belongs to the interval

1 X
(38) 097 <1- 5= (%) <v<l

Proof. For v €]1/y/2,1], Gy, defined by (I7), is a positive and increasing function
of v if X > 2/2In(27) and G, defined by (B7), decreases assuming that X >
2In(27) — 1. Hence, for X > 2In(27) — 1, k increases for v €]1/v/2,1]. Now, as
lim, ;4,5 k() =0 and

1/2
X 1— In(27)\3
) - X <41< )
+—x
k(1) > 1 for X > 8.36,
we have a unique v €]1/v/2, 1] such that k() = 1. The validity bound (8.36 value)

can be exactly computed: ?(Zm cos(% arctan( % —1)) + v31n(27)). Let

(39) o (X
=tTox M an )

For X > 8.36, the function X — 1 — ﬁ In (%) reaches its minimum for X = 27we
with the value 0.97 and has an asymptotic maximum equal to 1. We now show

that k() < 1. We have by (B9) and (BI)

ko) = () oo (- g /(27

with, by (IT) and 24)),

G(3) 4 9 111(27T) 2 1
G_1V0(2V0_1)<V0_ X ) (1_2XV0—2111(27T)+1>.

With v €]1/v/2,1], we have for X > In(27),

GS
4 -9 <. O
(40) 0<G1<
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Lemma 3.2. Let GO,Gl,GQ defined as above, with m = 2. For X > 8.36 and
097 <1 - 1 ln( ) < v <1, we have the following bounds:

0.61 < GGy < 1,
Go/G1 < 1,
1 <e¥ <1.0223,
Gy > 1.
Proof. With m = 2, by ([I7) and (24]), we have

GG = V8 (1+1—21n(27r))<1_M).

202 —1 2Xv Xv

For0.97 < v <1, the function v —» 2’3—61
v <1, GoGi < 21/2 7 <1 and for X > 8.36 and v > 0.97, G0G1 > 0.61. We have
by ([[7) and @4), for m =2, Go/Gy <22 —1<1. As1— 2 In (5 )<V<1and

. 2 In X =
the function (1 — v)?/v decreases for v €]0, 1], we have by (I:IEI)7 0<Y < m

X
which is bounded by 0.022--- for X > 27 (maximum reached for X =~ 45.43). 152’>y
@) and 25), we have 1 <14 md/2 < R,,(5)/2™ < Ga. O

is increasing. Then we have for X > 0 and

Lemma 3.3. Let R(T), ¢o(T) defined respectively by [l) and [@3), To > 27 de-
fined by ([I8) with v < 1. Then, with Y defined by ([I8) and X > 8.36, we have

R(Ty)¢o(Ts) < 1.15X e~ 2%,

Proof. We have R(I3)¢o(T) = 22 In(Tp)eYe=X by ([G). By Lemma B2
e Y <1. Asv <1, InTy, < X. We study the function %, which decreases for
> 1.1. For y > 2m, B8  ROT) o 1477, O

’ Iny

Lemma 3.4. Let X and R be defined respectively by (A2) and [@). We assume
X > 8/R. Then, with the choice B3)) of §, we have for X > 8.36,
(41)

%{51(2, 8) + 52(2,0)} +1.43/v/x +In(2m) /2 < 0.0033\/§GQ(G0G1)1/4X62X.
o

Proof. Taking Ty = 0, we obtain by (&) and (@),

) 1 Rz
ﬁ{51(2’5)+52(2,5)} < Jz Z|V|3

< se(s)

4
< mGQ -0.00167 by Lemma 17 of [16]

8
< CO\/;GQ(G0G1)1/4X6_2X by m
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Y
with Co = YOWTIVIRC AX ) /i As X > 8/R, ¥ /\F < 1 by @). For

X > 8.36 by Lemma [3.2] Cy < 0.003277. In the same manner,

1.43 In(27 8 _
ﬁ + (:E ) < Cl\/;Gz(G0G1)1/4X€ 2X

—2X —6X
with C} = @1'4322(0:51)1/41;(%) < 1078 by Lemma B2 O

Lemma 3.5. Let Gy be defined by @5) with v > 1/v/2. With the choices m = 2
and § set by B3), assuming k(v) =1 exists, we have for X > 2m,

(42) G < exp (2.64X1/26*X) .

Proof. By Lemma B2 (GoG1)"/* < 1 and e~¥/2 < 1, hence § < \/glee_X by
@) and for X > 2m, 6 < /2v/27e " and 3436 + 6> < 3.01122

R»(0) (14632 +1)° 1 )2
= —————————— = 1 —_—
52 5 +25(3+3(5—|—6)
2
< (1 n 3.011225>
2
2
< exp (3'012122 6) = exp(3.011224)

< exp(2.41- XY2e=X) by @3).
As X > 27, v > 1/y/2 and Ty = exp(vX) by ([I8), we have T > exp(27/+/2). Then

0.137+0.443/InT, 2
1I1(T2/(27T)) T2

0.137 4 9448 G\

— 14— W i) —Y/2x1/2,-X |

e VT (@) e ¢ by 6

<140.23XY2e~X by @Q)

< exp(0.23- X1/2e=X). O

{14 2mq(To)} =1+ by (@3

Proof of Theorem [L1l By (@) or Lemma 8 of [I8] with m = 2, we have 1|¢(z) —
x| < (S1(2,6) + 55(2,8))/v/T + S3(2,6) + 54(2,8) + & + C™ with § defined by
B3). The choice for ¢ satisfies the conditions (@) set by Lemma 8 of [I§] for
X > max(8.36,8/R) with Lemma B2l Now Theorem 13 of [I7] gives

219(w) 2l < T(z) — o] + 143/VE.

We choose Ty = 17.8478 -+ - such that F(Ty) = N(Tp). We have Ty > 2w and Ty
satisfies the condition on zeros with the verification [8] of the Riemann hypothesis
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up to Tp. By Lemmas B.1] 2.4] and 3.2]
S3(2,0) + 54(2,6) + 6
< Gz(GoG1)1/4\/§X1/2e_X+4G2R(T2)¢0(T2)
< GQ(G0G1)1/4\/§X1/26_X(1 +3.2618X Y/2¢7X) by Lemmas B3 and

By Lemma [3.4]

In(27)  1.43
+ -
T

(51(2,8) + S2(2,8))/v/x + S3(2,08) + S4(2,0) + 6 + NG

< G2(GOG1)1/4\/§X1/26_X(1 + 3.27X1/26_X)
s

< GQ(G0G1)1/4\/§X1/26XeXp(3.27X1/2€X)
s

8
< (GoG)Y* \/;Xl/zex exp(5.91X /27X by Lemma B3

Let Gz = (GoG1)Y*exp(5.91XY2eX) = [(12Gy) (58 exp(23.64X1/2e~X))] v
By (4), we have v2G = 2ul;i1 (1 + 1_22;?1(12”) ) The derivative of the function v —
2@ has the same sign as the expression 6 Xv3+(2—41n(27))v2 -5 X v+4 In(27)—2.

For X > 0 and v € [0.97,1], this expression is positive. Then v2G; < 1+ #;1((%)

By ([T and v < 1, &8 exp(aX'/2e7X) = (v — In(27)/X) exp(aX/2e~%) < (1 —
In(27)/X) exp(aX'/2e~X). By studying the derivative, if ln)((—zf) > av/Xe X, the
function increases and is bounded by 1. For o = 23.64, the condition is valid for
X > 7.64. Then an upper bound function for |¢(x) — z|/x or |(x) — z|/x is

In(27) — 1/2\ /4
enlz) = §(1_%) X1/20-X 0

™

Proof of Corollary [L2. We apply the Theorem [Tl with the value R = 5.69693
found by Kadiri [9]. Our result is sharper than Schoenfeld’s () only for = >
exp(300). We show that the result holds between exp(300) and exp(400) using
[19] (entry b = 300 of Table p. 358). We have checked numerically the bounds for
3 <z <101, (]

4. ESTIMATES FOR MODERATE VALUES OF %

For moderate values of x, direct computations are significantly better than the
global upper bound and can be computed to extend the area where the global upper
bound holds.

Lemma 4.1. Let Ty > 12030.00896 and b > 1/2. Let Ty be such that

<
Ty < expy/b/R. Let m be a positive integer, z = 2X/m = 24/mb/R, Y =

A
Y
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max(Te, W), Ts = (2m/z) InTs. Let

2 +md 7, 1\? 1
43 0, = ™7 {(1n—1+—) +—2+G(T1)}
m m

47 2

2.31m
with G(1T1) = —0.212544 — ————,
( 1) (m + 1)T1

(44) QF = (0'159125;);}{”1(5) {zK5(z,T5) — 2mIn(2m) K1 (2, Ty)}
R () {2R(Y)om (Y)},

24 mb [y b b
45) & = —5 {X {F(_2’R1nT2)_F(_2’RInA)}

—X21In(27) {r(—L #TQ) —T(—1, ﬁ;A)H

[2R(T2)é0(T2) — R(A)do(A)] + Q567™,

2+ md

3

If0O< 8§ < (1—e7b)/m then, for all z > €®,
[(z) — 2| < ex

where
e=Me 2+ Qs+ md/2+ e bIn(2m).

Proof. Tt is a rewriting of Theorem 5 of [I8, p. 264] for the new zero-free region,
combined with Lemma 9* of [I9, p. 352]. O

Theorem 4.2. If x > eb, then
[(z) — x| < ep,
where &, can be chosen in the tabulated values of € against b in Tables [ or 2 .

Proof. The last work on numerical verification of the Riemann Hypothesis is from
Platt [11] in 2011. His method does not reach great heights but his approach is
different from previous ones. In particular, Wedeniwski [22] in 2003 and Gourdon
[7] in 2004 had announced higher values of A.

We use two values for A: the first, Ag = 30 610 046 000 is deduced from the
work of [I1} p. 12], and the second A; = 2 445 999 556 030.34 from the work of [7].
We use Lemma [£]] to compute the values €. These values have been computed by
Pari/GP software, using approximations of K;(z,z) and K(z,z) given in pp. 251—
252 of [I§]. The dichotomy method was used to find the best T value between A
and exp(X). The values have been also checked with Maple software. Note that the
influence of the height A fades for large values of z. Note also that, for b < 5000,
the method and the values obtained by [4] are better. O
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TABLE 1. |¢(x) — x| < ex for z > exp(b) with A = Ay

b|lm ) T2 3
4000 | 2]1.1890-10~ 1 176299633876 | 2.2732- 1011
4500 | 2 |2.4925-10712 818607249859 | 4.8205 - 10~ 12
5000 | 2 |5.5813-10713 3689208595186 | 1.0887 - 10~ 12
6000 | 2 |3.4159-10"14 62122 177420055 | 6.7839 - 10~ 14
7000 | 2 |2.6079-10715 836413 627936444 | 5.2649 - 10715
8000 | 2| 2.3743-10716 9408404902 762 368 | 4.8646 - 1016
9000 | 2| 2.4968 - 1017 91354948828 713929 | 5.1847 - 10717
9963 | 2 |3.2000-10718 725724755308 452 870 | 6.7240 - 10~ 18

10000 | 2 |2.9627-10718 784268 545258 411 610 | 6.2288 - 10~ 18

13900 | 2| 1.7387-1072! 1416 256 696 499 307 770372 | 3.8041 - 10~2!

20000 | 2| 9.7193-10726 | 26995 134915435 610800 632 362 | 2.2294 - 10-25
TABLE 2. |¢(x) — x| < ex for z > exp(b) with A = 43

bl m ) T2 e
4700 | 2| 1.1561-10"12 2445999556 030 | 1.7342 - 1012
5000 | 2 |5.5901 1013 3671451453116 | 9.3307 - 10713
6000 | 2| 3.3945-10"14 63329872175071 | 6.7604 - 10~ 4
7000 | 2 |2.6067-10"15 837621322691 459 | 5.2647 - 10~ 15
8000 | 2 |2.3741-10716 9409612597517 383 | 4.8646 - 10~ 16
9000 | 2 |2.4968-10~17 91 356 156 523 468 944 | 5.1847 - 10717
9963 | 2 |3.2000-10718 725725963 003 207 885 | 6.7240 - 10~ 18

10000 | 2 |2.9627-10~1'8 784269752953 166 625 | 6.2288 - 1018
13900 | 2| 1.7387-10"2! 1416 256 697 707 002 525 387 | 3.8041 - 10~2!
20000 | 2 |9.7193-10726 | 26995134 915436 818 495 387 377 | 2.2294 - 10~ 2°
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