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COMPRESSIVE SENSING PETROV-GALERKIN
APPROXIMATION OF HIGH-DIMENSIONAL
PARAMETRIC OPERATOR EQUATIONS

HOLGER RAUHUT AND CHRISTOPH SCHWAB

ABSTRACT. We analyze the convergence of compressive sensing based sam-
pling techniques for the efficient evaluation of functionals of solutions for a
class of high-dimensional, affine-parametric, linear operator equations which
depend on possibly infinitely many parameters. The proposed algorithms are
based on so-called “non-intrusive” sampling of the high-dimensional parameter
space, reminiscent of Monte Carlo sampling. In contrast to Monte Carlo, how-
ever, a functional of the parametric solution is then computed via compressive
sensing methods from samples of functionals of the solution. A key ingredient
in our analysis of independent interest consists of a generalization of recent
results on the approximate sparsity of generalized polynomial chaos represen-
tations (gpc) of the parametric solution families in terms of the gpc series with
respect to tensorized Chebyshev polynomials. In particular, we establish suffi-
cient conditions on the parametric inputs to the parametric operator equation
such that the Chebyshev coefficients of gpc expansion are contained in certain
weighted £;,-spaces for 0 < p < 1. Based on this we show that reconstructions
of the parametric solutions computed from the sampled problems converge,
with high probability, at the Lo, resp. L, convergence rates afforded by best
s-term approximations of the parametric solution up to logarithmic factors.

1. INTRODUCTION

The numerical solution of parametric operator equations on high-dimensional
parameter spaces has recently attracted substantial interest, in particular in un-
certainty quantification. There, one often models uncertainty in input parameters
probabilistically: randomness in the coefficients of a partial differential equation
may account for the fact that the true model, i.e., the true coefficient, is in practice
not known exactly. Having a full parametric solution of the equation at hand, it
is straightforward to (re)insert the probabilistic model and to compute quantities
such as the expected solution, covariances and higher moments. Unfortunately, the
parameter domain is often high- or even infinite-dimensional, making it computa-
tionally hard to approximate the solution well with classical approaches due to the
curse of dimension. On the other hand, the classical Monte Carlo method for esti-
mating the expected solution, say, of a PDE with random input converges at best
at a rate of m~1/2 for m sample evaluations (with constants that are independent
of the dimension).

Received by the editor October 18, 2014 and, in revised form, August 7, 2015 and September
21, 2015.

2010 Mathematics Subject Classification. Primary 35B30; Secondary 65N30, 41A58, 94A20.

Key words and phrases. Compressive sensing, affine-parametric operator equations, parametric
diffusion equation, s-term approximation, high-dimensional approximation, tensorized Chebyshev
polynomial chaos approximation.

(©2016 American Mathematical Society
661


http://www.ams.org/mcom/
http://dx.doi.org/10.1090/mcom/3113

662 HOLGER RAUHUT AND CHRISTOPH SCHWAB

Due to the importance of this problem class, a number of constructive com-
putational approaches have emerged in recent years which alleviate or even over-
come the curse of dimensionality. A first class of methods can be described as
“greedy” adaptive deterministic approximations. By this, we mean that a sequence
of parametric approximations of the parametric operator equation is computed se-
quentially by successive numerical solution of instances of the parametric operator
equation. We mention here adaptive stochastic Galerkin methods [2324][28], re-
duced basis approaches (see, e.g., [3[6]), abstract greedy approximation in Banach
spaces and adaptive Smolyak discretizations [541[55], as well as adaptive interpola-
tion methods (see [I3] and the references there) and sampling methods [59]. While
adaptive Galerkin discretizations as in [23,24, 28] are intrusive, the other men-
tioned approaches are not; they are, however, sequential in the sense that they rely
on successive numerical solution of the operator equation on parameter instances.
This is in contrast to, say, (multilevel) Monte Carlo [39], or Quasi-Monte Carlo
approaches [19] which likewise offer dimension-independent convergence rates for
statistical moments of the solution, and which allow us to access the parametric
solution simultaneously at a set of samples. These methods do not, however, al-
low recovery of the parametric solution, but only compute statistical quantities
such as the mean solution. Further methods include sparse, anisotropic collocation
methods [41], sparse grids [7L27/42], low rank tensor methods [36] and least squares
approximation methods based on sample evaluation at randomly chosen parameters
[T5L38].

In this article, we introduce and analyze a method for approximating functionals
of the solution of affine parametric elliptic operator equations based on ideas from
compressive sensing (CS for short) [26] by exploiting that the solution can be shown
to be well-approximated by a sparse expansion in terms of tensorized Chebyshev
polynomials under certain natural assumptions [I4161730,37/56]. Samples of the
solutions for specific parameter choices are computed via Petrov-Galerkin methods.
Recent work related to compressive sensing approaches for approximating high-
dimensional, parametric PDEs includes [2122]441[53][64], where also rather detailed
numerical experiments were performed. They indicate that CS-based sampling of
the parameter space (such as developed here) does, indeed, capture rather closely
near optimal s-term polynomial chaos approximations of the parametric solution.
However, in contrast to these earlier contributions where only a partial analysis
was performed, we provide rigorous convergence rate bounds which equal, up to
log-terms, the best s-term bounds for the full discretization, i.e., with compressed
sensing in parameter space and with a stable Petrov-Galerkin discretization of the
operator. We use the acronym CSPG for this compressed sensing Petrov-Galerkin
discretization of parametric operator equations.

Specifically, the idea of the method is to exploit (approximate) sparsity of the
coefficient sequence in the polynomial chaos expansion of the parametric solution
in terms of Chebyshev polynomials. Suppose we have a numerical evaluation of
(a functional of) the solution at m parameter points. Reducing to a finite polyno-
mial chaos expansion (on some possibly large index set), the (unknown) Chebyshev
coeflicient sequence satisfies an underdetermined linear system of equations. Com-
pressive sensing methods are able to solve such underdetermined systems under
certain conditions knowing that the solution is (approximately) sparse. This paper
aims at providing a detailed analysis of this idea.



COMPRESSIVE SENSING PETROV-GALERKIN APPROXIMATION 663

The present exposition’s focus is on analytical foundations of the CSPG dis-
cretization. First numerical experiments, confirming and extending the present
theory are available in [4]. Compressive sensing approaches feature the following
advantages in comparison to deterministic collocation or sampling strategies, as
described in [I3][41].

e Parallelizable. The samples of the parameter are taken at random and
in advance. For this reason, solutions corresponding to these parameter
samples can easily be computed in parallel, unlike, for example, strategies
which adaptively (“greedily”) determine subsequent sampling points based
on previous computations; see, e.g., [3].

e Nonintrusive. As just said, the method works with solution samples,
and for computing these any standard method can be applied (that guar-
antees a certain error bound). No additional implementation is required
on the level of the operator equation. One only has to add the compressive
sensing part which operates independently of the PDE solver. In partic-
ular, the CSPG approach is potentially very efficient if the PDE solves
are significantly more expensive in comparison to a compressive sensing
reconstruction.

e Rigorous error bounds. We derive error bounds for the CSPG dis-
cretization which provide near-optimal convergence rates in terms of the
number of computed samples.

e Mild structural requirements on index sets. Sparse adaptive col-
location methods and sparse-grid approximations as, e.g., in [I3]14}55]
require structural conditions on the sets of best N-term polynomial chaos
approximations, such as downward closedness. It is known that optimal
index sets may not always satisfy these conditions (see, e.g., [60]). The
present CSPG approach does not require such conditions and can capture
rather general index sets arising in N-term approximations.

Working with random parameter choices, the method analyzed here is reminiscent
of Monte Carlo methods at first sight. However, once the samples are computed,
they are combined very differently as in Monte Carlo methods in order to com-
pute (functionals of) the full parametric solution. Moreover, Monte Carlo methods
usually only compute expectations or moments rather than (functionals of) full
parametric solutions. The convergence rate of MC methods is, intrinsically, limited
to 1/2 by the central limit theorem, however with constants that are independent
of the dimension of the parameter domains where the MC sampling takes place.
Higher order convergence rates have been shown recently for certain types of Quasi-
Monte Carlo Galerkin methods in [20]. Such methods only aim at computing the
integrals of (functionals of) the solution rather than (functionals of) the full para-
metric solution. As we show in the present work, convergence rates which are
limited only by best s-term approximation rates of polynomial chaos expansions
of solutions to countably-parametric operator equations are achieveable by com-
pressed sensing with random sampling from the probability measure induced by
the weight function of the polynomial chaos — in our case, the product Chebyshev
measure.
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Ahead, we consider linear, affine parametric operator equations of the form

A(y)uly) = f with
Aly) = Ao + ZyjAjv
j>1
where the A; are bounded, linear operators and y = (y;);>1 with y; € [-1,1],
7 =1,2,...,is a countable sequence of parameters. For the sake of concreteness, we
will now illustrate our ideas and findings for the example of a parametric diffusion
equation on a bounded Lipschitz domain D C R™ (where one should think of
n = 1,2,3). For a diffusion coefficient that depends affinely on a parameter sequence
y, such as the formal expansion
(1.1) a(z,y) =a(@)+ Y yj¢y(x), = €D,
i>1
for given functions a,; € L>(D), we consider the parametric, elliptic problem
(1.2) Aly)u :=—-V - (a(-,y)Vu)=f in D, ulsgp =0.

The expansion (II]) may, for instance, arise from a Karhtinen-Loeve decomposition
of a random field. The weak formulation of ((L2)) in the Sobolev space V := H} (D)
reads: Given f € V*, for every y € U := [—1,1]", find u(y) € V such that

(1.3) / a(z,y)Vu(z) - Vo(z)dr = / f(z)v(x)dx forallveV.
D D
We require the uniform ellipticity assumption: there exist constants 0 < r < R < oo
such that
(1.4) r<a(z,y) <R for almost all z € D, for all y € U.

The Lax-Milgram Lemma then ensures that for every y € U, (3] has a unique
solution u(-,y) € V, which satisfies the a priori estimate

sup [lu(y)[lv <
yeU

Given a bounded linear functional G : V' — R, we are interested in a numerical
approximation of the function

F(y):=G(uly), yeU=[-11]"
To this end, we consider a high-dimensional Chebyshev expansion of u(y). We
introduce the L2-normalized univariate Chebyshev polynomials

(1.5) Tj(t) = V2cos(jarccost), j €N, and Ty(t)=1.

These functions are orthonormal with respect to the probability measure ¢ on

[—1,1], defined as
1
do(t) = ——=dt,
(¥ V1 — 2
that is, f_ll T;(t)Tk(t)do(t) = bk, j,k € No. Let F be the countable set of multi-
indices with finite support

(1.6) F:={v=(v,1,...),v; € Ngand v; # 0 for at most finitely many j}.
For v € F, the tensorized Chebyshev polynomial T,, is defined as
(L7)  To( HTVJ vi)= [ T,w), v=()=1€U=[-1,1]",

jEsupp v
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where the product has only finitely many nontrivial factors due to (Il and the
definition of F. With the product probability measure

dyj

n=Q) ——=——,
j>1 T ]_—y]z,

the functions 7}, are orthonormal, i.e., for every v, u € F,

(1.8) yeU,

(1.9) /UTu(y)Tu(y)dn(y) =y = { (1) gls:e/ -

In fact, they form an orthonormal basis for Lo(U,n). Here, as usual, L,(U,n) de-
notes the Lebesgue space of all p-integrable functions on U endowed with the norm
IFll L, wm = ([ |F(y)|pdn(y))1/p for 0 < p < oo, with the usual modification for
p = oo. We write the solution v = u(y) of (L3) as a so-called polynomial chaos
expansion

(1.10) u(y) =Y d,T,(y)
veF

with d, € V = H}(D). Generalizing initial contributions in [16,[17,[37,556], where
Taylor and Legendre expansions were considered, it was shown in [30] that

1/p
(1.11) [(ldw Dverlly = (Z |d,,||{;> < oo

veF
for some 0 < p <1 provided that
1/p
(1.12) (lsllo)szalle = | D 5115 < o0
j>1

holds in addition to (I4). In order to simplify the discussion, we now consider a
bounded linear functional G : V' — R applied to the solution

F(y) =Gu(y), wyeU.

By linearity and boundedness, we can write

Fy) = Z 9. Tu(y)
veF
with g, = G(dy) € R and |g,| < ||G| ||dv|lv so that (gu)ver € £p(F) under
condition (LI2). A bound due to Stechkin (see, e.g., [26] Theorems 2.3 & 2.5]) then
implies that the map y — F(y) can be well-approximated by a sparse Chebyshev
expansion with s terms; see also [I6L[I7]. More precisely, for 0 < p < 2 and for
every s € N there exists a finite index set S C F with #S5 = s such that

(1.13) 1P =3 0ol aw < 8727 77|g]l,-
ves

In particular, for p close to 0, the approximation error tends to 0 with increas-
ing s at a rate which is determined only by p (the “compressibility” of the input
data), independent of the number of “active” variables in the approximation and,
therefore, free from the curse of dimensionality.

The fact that F(y) is well-approximated by a sparse expansion suggests using
compressive sensing for the reconstruction of F' from a small number of samples
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F(u(y,)),..., F(u(y,,)). Assume that we know a priori a finite set Jy C F for
which we are sure that it contains the support set S corresponding to the best
approximation. We allow Jj to be significantly larger than the optimal set S C Jp.
Ideally, its size scales polynomially (or at least subexponentially) in s. Unlike, for
example, the adaptive collocation methods in [I3L[I4], the presently proposed CSPG
approach does not require structural properties (such as “downward closedness”)
of the set S for its feasibility and optimality (albeit only “with high probability”).
We will provide explicit descriptions of possible sets Jy = Jg later on (see (5.2))
and estimate their size in Corollary (4l Then the map y — F(y) can be well-
approximated by a tensorized Chebyshev expansion with coefficients from 7, i.e.,

(1.14) Fly)~ Y 0.Tu(y).

veJo
Given parameter choices y,...,Y,,, the samples b, := F(y,) = G(u(y,)), ¢ =
1,...,m, can be computed (at least approximately) via numerically solving the
associated diffusion equation and applying the functional G. With the sampling
matrix ® € R™*N N = #7,, which is defined component-wise as

G =To(y,), £=1,....m, vy
we can write the vector b of samples as

b=®g, whereg= (9u)ves,-

Since computing a sample by = G(u(y,)) involves the costly task of numerically
solving a PDE, we prefer to work with a minimal number m of samples so that
m < N and the above system becomes underdetermined. Therefore, we propose the
use of compressive sensing methods for the reconstruction such as £;-minimization,
greedy algorithms or iterative hard thresholding, say; see, e.g., [26]. Rigorous re-
covery bounds in compressive sensing are usually achieved for random matrices
[26], which suggests choosing the sampling points y, ..., y,, independently at ran-
dom according to the orthogonalization measure n in ([8)). In fact, results in
[111126]48,[49,[52] based on the so-called restricted isometry property [26, Chapter
6] (see also below) state that an (approximately) s-sparse vector g can then be (ap-
proximately) recovered from b = ®g via ¢;-minimization (and other algorithms)
with high probability provided that

(1.15) m > CK?slog®(s) log(N),

where K = maxy,e, || Tv]|co. We refer to [4, Theorem 1] for a statement adapted to
the present context. By the definition of tensor product of Chebyshev-polynomials,
Ty ]lo = 2070/2) where ||v|o counts the number of nonzero entries of the index
v € F, and hence, K = max, ¢, 2/*10/2. 1f max,c 7, |v|jo = d, then (LI5) reads

(1.16) m > C2%s1og®(s) log(N) .

For small d we can indeed conclude that compressive sensing approaches approx-
imately recover F' from a small number of samples. However, it can often be
expected that Jy contains indices v with a significant number of nonzero entries
(corresponding to many nontrivial factors in the tensor product (L)), so that the
above estimate obeys exponential scaling in d. In other words, we face the curse of
dimension.

In order to avoid the exponential scaling in d in (I.I0]), we propose passing to
weighted sparsity and weighted £1-minimization, as introduced in [50]. This requires



COMPRESSIVE SENSING PETROV-GALERKIN APPROXIMATION 667

stronger conditions on the expansion coeflicients than just plain ¢,-summability,
namely

> lgplPwp < o0

vEF
for a weight sequence (w,, ), cr that satisfies wy, > || T} ||o = 217/l0/2,

A contribution of our paper that should be of independent interest shows weighted
summability under a strengthened version of condition (I4]). Suppose that for some
weight sequence (v;);>1 with v; > 1 and suitable constants 0 < 7 < R < oo, we
have, for some 0 < p <1,

(1.17) Zv](?*p)/pwj(x)\ < min {Et(:t) — 7 R— d(w)} for all x € D,
i>1

and additionally

2—
(1.18) D IslEv P < oo
i>1
Then the expansion coefficients d,, € V' in ([L.I0]) satisfy
(1.19) Z |dy ||PwE™® < 0o, where w, = 2l”lo/2 H v
v j>1

Consequently, also the coefficients g, = G(d,) satisfy Y, [gu[Pw2™ < oo. In
particular, these weights satisfy w, > ||T, || as desired.

A weighted version of compressive sensing has recently been introduced in [50],
which exactly fits our needs. For instance, Stechkin’s bound extends to the weighted
case; see Section [J and (A below for details. Consequently, a finite weighted
Lp-norm of (g, )ver with p < 1 as in ([I9) implies corresponding convergence
rates for (weighted) sparse approximation. As a recovery method one may use
weighted ¢1-minimization (B.6) or a weighted version of iterative hard thresholding,
for instance [25/35]. If the sampling points yq,...,y,, are chosen independently
at random according to the orthogonalization measure 7 in (I.8) and the weights
satisfy wy, > ||Ty|leo — as valid for the choice in (CI9]) — then recovery guarantees
for weighted ¢;-minimization were shown in [50]. These require that the number m
of samples satisfies

m > Cslog®(s) log(N).
In contrast to (LI, this bound is free from the curse of dimensionality in the
sense that it does not scale with 2¢ anymore. Based on these ingredients, we
introduce an algorithm (see Section[H)) that numerically computes an approximation
of F(y) = G(u(y)) using (a relatively small number m of) sample evaluations F'(y,),
¢ =1,...,m. We show that the approximation F* computed by our algorithm
satisfies

log®(m) log(N) ) Ypoi/z

m

(1.20) 1P = Pl <

log® (m)log(N) ) 1/p-1

m

(121) P = Pl < O

under the conditions (LI7) and (LI8), where N = #J, is the cardinality of the
initial finite index set (depending on the desired sparsity level s). The constant
C in (L20), (LZI) only depends on F and p through the weighted ¢,-norm of
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the expansion coefficients (g,). Comparing to the rate (LI3) for the best s-term
approximation reveals that (L20) and ([2]]) are optimal up to logarithmic factors.
It may be surprising at first sight that we also obtain an L..-bound, which for other
methods is usually obtained only under additional regularity assumptions on the
functions ;.

In the important case that the weights grow polynomially, i.e., v; = ;¢ for some
B> 1,a > 0, our proposed choice of Jy = J satisfies N = #J5 < co, gstes log(s)

and (L20), (T2T)) then imply

10g5(m) 1/1)_1/2
m )

|W—F”mmmﬁam<

1/p—1
log®(m
IF = Flawm < Cos (50)

m
Comparing to the best s-term approximation rate (LI3]), we achieve an optimal
convergence rate up to logarithmic factors using m sample evaluations. Polynomi-
ally growing weights v; = Bj* may appear when the norms of the functions 1; in
(CI) (arising for instance via a Karhunen-Loéve expansion of a random field mod-
eling the diffusion @) decay polynomially like ||1);]|cc < ¢j~7 for some 7 > a + 1.
We refer to Theorem (.l Remark 4] Remark (5] Corollary 5.4l and Remark
for precise statements.

Our algorithm requires that the sample solutions are computed up to a certain
accuracy. We propose using a Petrov-Galerkin (PG) approach for this task. As
usual, convergence rate estimates for the PG discretization errors require additional
smoothness.

In the remainder of the paper, we work in an abstract setting which includes
the case of the parametric diffusion equation, but applies to a significantly larger
range of problems. The reader may keep in mind the specific setup outlined in this
introduction as a guiding example.

The outline of this paper is as follows. In Section 2l we introduce the class of
affine-parametric operator equations which will be considered in the sequel and
provide background on previous results. Section Bl is devoted to the background
on compressive sensing and in particular to its recent extension in [50] to weighted
sparsity. Section[d provides the new weighted £,-bounds on the solution coefficients
in the polynomial chaos expansion in terms of tensorized Chebyshev polynomials.
The compressive sensing algorithm for approximating the functional applied to the
solution of an affine parametric operator equation is introduced and analyzed in
Section [B

2. BACKGROUND ON AFFINE-PARAMETRIC OPERATOR EQUATIONS

Generalizing the parametric diffusion equation from above we introduce a class of
affine-parametric operator equations which depends, at least formally, on a possibly
countable set of parameters. We aim at numerical methods for the approximate,
numerical solution of these equations. To this end, we propose a combined strategy
which is based on (Petrov-)Galerkin projection in the physical variables and com-
pressive sensing techniques in the high-dimensional parameter domain. Approaches
of this type have attracted interest in recent years in the area of computational
uncertainty quantification for partial differential equations [22]29]33] 44| 53] [64].
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In this section, we will provide the necessary background information concerning
affine-parametric operator equations and Petrov-Galerkin projections.

2.1. Affine-parametric operator equations. Consider X and ), two separable
and reflexive Banach spaces. Unless explicitly stated otherwise, we assume X and
Y to have coefficient field R. The (topological) duals are denoted by X’ and ),
respectively. As usual, £(X,)) is the set of bounded linear operators A : X — ).

We aim at solving, for given f € )’ and for a parameter sequence y € U =
[—1,1]N, the parametric operator equation

(2.1) Aly)u(y) = f,
where we assume that A(y) depends in an affine manner on y, i.e.,
(22) A(y) = Ao+ > i A;

jz1

with a sequence {A;};j>0 C L(X,)’) which we assume to be summable in the
sense that > ;- [|4;]lc(x,y7) < co. We shall in particular do this by collocation of
1), i.e., by (approximately) solving (Z1) for particular instances of the parameter
sequence y. Hence, conditions are needed which ensure that the sum in (22)
converges pointwise, i.e., for every y € U, in the sense of L(X,)).
We associate with the operators A; the bilinear forms 2;(-,-) : X x Y — R via
Ai(v,w) = p(Ajv,w)y forveX, we), j=0,1,2,...,

where y(u,w)y = u(w) for w € Y and u € Y’ as usual. Similarly, for every
parameter instance y € U, we associate with A(y) the parametric bilinear form
Wy;-, ) : X x Y — Rvia
(2.3) WAly;v,w) = y(A(y)v,w)y forve X, we.
We work under the following conditions on {A;},>¢ (cf. [37]).
Assumption 2.1. (i) Ag€ L(X,)Y’) is boundedly invertible: there exists o >0 s.t.
A, A
(2.4) inf sup Bo(v,w) > po, inf sup Bo(v,w) > po-
veX\{0} wey\(oy [[v]lxl[wlly we\{0} yex\(oy [[v]lxllwlly
(ii) There exists a constant 0 < k < 1 such that
(25) ZBOJ S K, where ﬂO,j = ||A61Aj||[,(X,X) s j = 1,2, e
Jj=21
The parametric diffusion equation (L2 falls into this setup with
Apu = -V - (aVu) and Aju:=-V-(¢;Vu).
1

A symmetric variational form results with the choice X = Y = H{(D) and
X' =)' = H (D). Note that

Bo = 146" Ajllecr 2y < 145l e 149 e ) < llslleo (fnf fa(@)])
so that (28] is implied by

(2.6) D llsllee < t ess inf |a(x)] .
j>1 *

This condition is slightly stronger than the uniform ellipticity assumption (L4]).
This slight drawback of the described general setup is compensated by the fact
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that the results to be developed will hold for operator equations beyond the model
parametric diffusion equation (IL.2]) such as linear elasticity, Helmholtz and Maxwell
equations with affine-parametric operators; we refer to [32] for a class of paramet-
ric, elliptic multiscale problems, and to [3I] for affine-parametric, nonlinear initial
value problems. The possibility of choosing X # ) accommodates saddle point
formulations of parabolic evolution equations.

Example 2.2. In a bounded domain D C R", and in the time interval I = (0,7)
for a time-horizon 0 < T < oo, and for the affine-parametric, elliptic operator A(y)
in (2], for given f(x,t) and for given uy € L2(D), we consider the parametric,
linear parabolic evolution problem

(2.7) Bly)u:=0wu—Ay)u=f, ul,t)opp=0 in (0,7)xD, wu(-,0)=wuq.

We assume that A(y) is given by an expansion as in (Z2)). Then, the parabolic,
parametric evolution operator B(y) in ([Z7)) was shown in [58, Sec. 5] to fit into
the abstract Assumption I with X = Lo(I; V) N HY(I; V'), Y = Lo(I; V) x H,
V = H}(D) and H = Ls(D). Here, the parametric bilinear form 2A(y;w,v) is
defined, for v = (v1,v2) € Lo(I; V) x H, by

A(y; w,v) == /(d—g’(t),vl(t»H —|—/ a(z,y)Vw - Vurdedt + (w(0),v2) i ,

I D
where a(z,y) denotes the affine-parametric, isotropic diffusion coefficient in ().
Then, under assumption (4] condition (i) in Assumption 2] holds true; we refer
to [58, Appendix] for a proof. Condition (ii) in Assumption [Z1]is implied by (26,
for sufficiently small &.

The next result states existence and boundedness of solutions u(y).

Proposition 2.3 (cf. [56) Theorem 2]). Under Assumption 2L for every realiza-
tion y € U of the parameter vector, the affine parametric operator A(y) given by
@2) is boundedly invertible. In particular, for every f € Y’ and for every y € U,
the parametric operator equation

(2.8) find u(y) e X: Wy;u(y),w) = y(f,w)y foralwe)

admits a unique solution u(y) which satisfies with = (1—k)pg the uniform a priori
estimate

1
(2.9) sup [lu(y)llx < — [ flly -
yeU 2
2.2. Parametric and spatial regularity of solutions. To obtain convergence
rates of (Petrov-)Galerkin discretizations, we introduce scales of smoothness spaces

{X: Y0, { Ve hi>0, { X }es0, {V]}e>0 with
X=X%DX DA% D, Y=YDODV1DYVoD---, and

2.10
(2.10) X=X DX DXD>-, V=YV DV,D---.

For noninteger values of ¢, we define the scales {X; };>0 and {J]}+>¢ by interpolation.
In the particular case of scalar, elliptic self-adjoint operators, X; = );. We formalize
the parametric regularity hypothesis below.
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Assumption 2.4. There exists t > 0 such that the following conditions hold:
(i) For every t satisfying 0 < t < ¥, we have uniform parametric reqularity

(211)  sup [A@) Hlera <oo and  sup [(A*(y) "l eearp) < oo
yeU yeU
(ii) For 0 <t <t there exists 0 < py <1 such that
(2.12) DA, < o0
i>1

and 0 <po < py <pg< L.
(i) We assume that the operators A; are enumerated such that the sequence

By in (Z1) satisfies
(2.13) Bo1 > Pog>-->Po; > -

Remark 2.5. Under condition [24)), Ay : X — )Y’ is boundedly invertible, so that
for every y € U we may write A(y) = Ao(I + 2]21 yjAalAj). Then, for [ZT1]) to
hold it is sufficient that Ay' € L(V], X}), A; € L(X;,V)) and that
(214) Zﬂt’j <1 R where /Btvj = |‘A61AjHC(Xt,Xt) .
Jj=1
Furthermore, [212) is equivalent to
1BI5s =D 87 < oo
j>1
since, for every j > 1,
145 Al 2.,

(2.15) [l Aol
1450l 2., )

cixwn S ) < 1A cvr) -
Remark 2.6. Assumption 24(i) on the uniform (w.r.t. y € U) boundedness of the
inverse (A(y))~! has the following uniform regularity implication. For 0 < ¢ <,
y e U, feY and H € X/ define u(y) = (A(y))"'f and w(y) = (A*(y))"*H.
Then there exist constants Cy, C; > 0, independent of f and H, such that
(2.16) sup [lu(y)llx, < Cellflly; and  sup [lw(y)lly, < CillH|x; -
yelU yeU

In [40], for the smoothness scales {X;};>0 and {Y]}i>0 being weighted Sobolev
spaces or Besov spaces in certain bounded Lipschitz polyhedra D C R?, the regu-
larity (ZI6]) was established for second order parametric, elliptic systems. For these
spaces, simplicial finite elements in D on meshes with proper refinement towards
corners and edges of the Lipschitz polyhedron D will yield best possible convergence
rates for 0 < ¢ <t where ¢ depends on the regularity of the data and on the degree
of the elements.

2.3. Petrov-Galerkin discretization. For a given parameter value y € U we
solve the operator equation (2I) approximately by Petrov-Galerkin discretization
(“PG discretization” for short). This will be one building block of the compressive-
sensing Petrov-Galerkin discretization of (1) to be developed below.

Specifically, we consider {X"},~o € X and {Y"},~0 C Y, two one-parameter
families of nested, finite-dimensional subspaces which are dense in X and in ),
respectively, as h | 0. We assume that the subspace families {X"};~0 C X and
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{Y"}1>0 C Y have the approzimation properties: for 0 < t < £, there exist constants

Cy, C} > 0 such that for all 0 < h < 1, all u € X; and all w € ), the following hold:
inf Ju—u"llx < Cih'ullx,

uhexh

2.17
(2:17) Ciht fuwlly, -

A

. h
il llw =y

We will also assume that the subspace sequences {X"},~0 C X and {)"}n~0 C Y
are uniformly inf-sup stable. This is to say that there exist i > 0 and hg > 0 such
that for every 0 < h < hg, the uniform discrete inf-sup conditions

b b
(2.18) inf sup 0L ) forally e U,
oh XM\ {0} wreym foy [[0"[|acllw" |y
b b
(2.19) inf  sup WU s ps g frallyeU
wheYM\ {0} yrexm oy [[0" ]| [w”(ly
hold.

Proposition 2.7. Assume the approximation property (217, the uniform stabil-
ity 218), @I9), and uniform parametric reqularity (211) in Assumption 2.41)

hold. This implies existence, uniqueness and asymptotic quasi-optimality of Petrov-
Galerkin approzimations: there exists hg > 0 such that for every 0 < h < hy and
for every y € U, the Galerkin approzimations u"(y) € X", given by

(2.20)

find u"(y) € X" satisfying  Ay;u"(y),w") = y(f,ut)y  for allw" € V",

are well-defined and stable, i.e., they satisfy the uniform a priori estimate
1
(2.21) [ @)llx < ZIfllyr forally € U.

Moreover, for 0 <t <t there exists a constant Cy > 0 such that
(2.22) lu(y) = u" W)l < Ceh' |lu(y)llx,  for ally € U.

Remark 2.8. Under Assumption 1] items (i) and (iii), the validity of the discrete
inf-sup conditions for the nominal bilinear form (-, -) (see [24)), with constant
o > 0 independent of /, implies the uniform discrete inf-sup conditions for the
bilinear form A(y;-,-) with i = (1 — &)fip > 0, as assumed in Proposition 271

For proving superconvergence of continuous, linear functionals G € X/, we also
assume uniform inf-sup stability of the pairs X" x V" for the adjoint problem. This
assumption implies that for every 0 < ¢t < ¢ there exists a constant C; > 0 such
that, for all 0 < h < hg and all y € U,

(2.23) lw(y) —w" @)y < Ceh'|lw(y)lly,-

Proposition 2.9 (cf. [I8 Theorems 2.4 and 2.5)). Under Assumption 211 and
condition (ZI1), for every f € V' and for every y € U, the approzimations u”(y)
are stable, i.e., (Z21)) holds. For every f € V] with 0 < t <, there ezists a constant
C > 0 such that as h — 0 there holds

(2.24) Sl;pHU(y) —u"(Y)llx < CA | flly;-

Moreover, for a functional G € X}, with 0 < t' <t, for every f € Y} with 0 <t <,
for everyy € U, as h — 0, there exists a constant C > 0 independent of h > 0 and
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of y € U such that the Galerkin approzimations G(u"(y)) satisfy the asymptotic
error bound

(2.25) |Guly)) — Gu"(@))| < CRH | flly; G,

2.4. Dimension truncation. It will be convenient below to truncate the infinite
sum in ([Z2)) to terms and solve the corresponding operator equation (21 ap-
proximately using Galerkin discretization from two dense, one-parameter families
{xhy c X, {Y"} C Y of subspaces of X and Y. For J € N and y € U, we define

J
(2.26)  As(y;v,w) =y (A (y)v,w)y, with AV (y):= Ay + ZyjAj .
j=1

Then, for every 0 < h < hg and every y € U, the dimension-truncated Galerkin
solution u”(y) is the solution of

(2.27) find u}}(y) ex": Ql(](y;u}}(y),wh) = yi({f, U)h>y vl e Y.

By choosing y = (y1,...,44,0,0,...), Proposition 2.7 and Remark 2.8 remain valid
for the dimensionally truncated problem ([2.27), and hence (ZZ1) holds with u”(y)
in place of u"(y), that is,

1
(2.28) sup [} (y) [+ < ﬁllny' :
Yy

Theorem 2.10 ([37, Theorem 5.1]). Under Assumption 21l for every f € ),
GeX,yeU,JeN and h > 0, the variational problem [Z27) admits a unique
solution u®(y) which satisfies

2
(2:20) G) - Gyl < il 161w (3 oy )
j>J+1
for some constant C' > 0 independent of f, G and of J where By ; is defined in
@Z3). In addition, if 2I3) and Assumption 2] hold with some 0 < py < 1, then

1 1/1’0
) ; 0 —(1/po—1
(2.30) > Bo; < min (1/p0 — 1,1> <Zﬁgd,> J—(1/po—1)

j>J+1 i>1

Analogous bounds with constants which do not depend on the discretization param-
eter h also hold for the parametric PG solutions u"(y) in ([220).

2.5. Tensor product Chebyshev expansion. It has been shown in several con-
tributions that the solution u(y) can be represented via polynomial chaos expan-
sions in terms of multivariate monomials [I6[17], tensorized Legendre polynomials
[T4,[16L17] and tensorized Chebyshev polynomials [30]. The coefficient sequence in
these expansions is contained in an /,-space with 0 < p < 1. This fact enables us
to show sparse approximation rates, in particular, the solution can be well approx-
imated via a finitely truncated polynomial expansion with only a few terms. We
will extend such estimates below to the weighted case.

To make precise our notion of sparsity, as in [30] we consider an expansion of
the parametric solution u = u(y) € X into formal series with respect to tensorized
Chebyshev polynomials, i.e.,

(2.31) u(y) =Y dT(y).

veF
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Note that the coefficients d,, are elements of X', and in the specific case of the para-
metric diffusion equation they are functions in V = H}(D). The convergence of the
(formal, at this stage) infinite sum in (23] is, in general, unconditional (see, e.g.,
[16,[17] for analogous assertions for tensorized Taylor and Legendre polynomials,
and [30] for Chebyshev polynomials). Also, as developed in [16,[17] initially for
Legendre polynomials, it has been shown in [30] (for a more general version of the
parametric diffusion equation) that the sequence (||dy||v)ver is contained in ¢ (F)
for 0 < p < 1 provided that (||¢);||oc)jen is contained in ¢P(N). We will generalize
this sparsity result for Chebyshev coefficients to the weighted case (and in the gen-
eral abstract context of affine parametric operator equations). As a consequence of
a well-known estimate (going back to Stechkin; see also [26] Theorems 2.3 and 2.5])
it follows that u can be well-approximated by finitely truncated expansions (2.31]),
that is, by
ur(y) =Y dT(y),
veEA

where A C F has small cardinality, say #A = s. We refer to [16,[17,30] for details.

This observation is the motivation for our method based on compressive sensing
for numerically approximating the solution u = u(y), or at least functionals G :
X — R of the parametric solution F(y) = G(u(y)) described and analyzed in this
paper. We refer to Remark below for reasons why we have chosen Chebyshev
polynomials in our context.

3. COMPRESSIVE SENSING

Compressive sensing allows us to solve underdetermined systems of linear equa-
tions under certain conditions. Our goal is to apply this principle for recovering an
approximation to the parametric solution u(y) of (3] from (approximate) samples
u(yy), £ =1,...,m. For the sake of simplicity, however, we consider here the recov-
ery of a functional G(u(y)) of the parametric solution from samples G(u(y,)), and
postpone the reconstruction of the full solution u(y) to a later contribution. Since
computing a sample corresponds to a numerical solution of a PDE, which is usually
a costly procedure, we would like to take only a small number m of samples. Before
going into detail on this, we first review basic results from compressive sensing.

Given a matrix ® € R™*" with m < N the general aim of compressive sensing
is to reconstruct a vector € RY from

b= dx.

(Later & will be replaced by (g,) = (G(dy)) for the coefficients d,, in (2Z31]).) Since
this is an underdetermined linear system of equations, additional assumptions are
required in order to be able to (approximately) reconstruct . Here we work with
the assumption that @ is s-sparse, i.e., ||| = #{¢ : 4 # 0} < s for sufficiently
small s < m or that at least the error of best s-term approximation
os(T)1 e e — 21

is small (decays quickly in s). The naive approach of recovering  from b = ®x via
£p-minimization is unfortunately NP hard [26], but several tractable alternatives
have been developed. Most notably among these is #;-minimization, which consists
of finding the minimizer of

min ||z||; subject to ®z=0b.
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For a number of random matrix constructions of ®, it can be shown that recovery
of s-sparse vectors via ¢;-minimization (and other algorithms) is successful and
stable with high probability provided that m =< slog®(N) (where a = 1 or @ = 4
for certain constructions).

A particular setup of interest to us arises from random sampling of sparse ex-
pansions: consider functions on a set U of the form

(3.1) u(y) = Z z;9;(y), yeU,

JjET
where the ¢; : U = R, j € J, form a finite orthonormal system (later we extend
to infinite orthonormal systems) with respect to a probability measure 1 on U, i.e.,

(3.2) /U b3 (Oéu(Ddn(t) = 65, G k€ JT.

(Below, we will choose U = [—1,1]", 1 to be the product probability measure (L),
the set J to be F defined in (L) and the ¢; to be the tensorized Chebyshev
polynomials T,.) The function u is called s-sparse if the coefficient vector x in
@B1) is s-sparse. Given samples u(y,),...,u(y,,) at locations y, € U we would
like to reconstruct u. Introducing the sampling matrix

(3.3) Q0 =0i(y,), L=1,....m,je T,
the vector b of samples by = u(y,) can be written as
b= Pz,

and for (approximately) sparse « and small m < N we obtain a compressive sensing
problem with this particular type of matrix. If the samples y,,...,¥y,, are chosen
independently at random according to the probability measure v, reconstruction
results are available if the sequence of norms (||¢;| ) satisfies certain boundedness
assumptions. We will describe this in the slightly more general context of weighted
sparsity [50].

For a weight sequence w = (w;) e satisfying w; > 1, we introduce the weighted
{4, p-space endowed with the norm

1/p
2
(3.4) vy = | D lajlPwi™?
JjET
The exponent 2 — p at the weight w may seem unfamiliar, but is most convenient
in our context; see also [50]. Of course, one can pass to standard definitions of
weighted £,-norms via a change of the weight.

Note that ||z || w2 = ||z||2 reduces to the unweighted ¢ norm, while ||z ||, 1 =
Zjej w;|zj|. Moreover, formally passing with p — 0, we obtain

lzllwo:= > wj.
jEsupp ©

We shall say that * € R is weighted s-sparse if ||z | w0 < s. The weighted
s-sparse approximation error in £, , is defined as

US(w)w,p = inf Iz —=z|| w,p-
zif| 2|l w,p<s
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A weighted version of Stechkin’s estimate was shown in [50], which states that
(3.5)
0s(®)ug < Cpgs/ VPt llup, P<a<2 522w, Cpg =210

Choosing for instance ¢ = 1, the s-term approximation error decreases quickly
with increasing s if p is close to 0 and if || ||, is small (or at least finite). In
order to reconstruct a weighted sparse vector  from b = ®x, we use the weighted
£1-minimization program

(3.6) min || z||,1 subject to @z =b.

This convex optimization program can be solved efficiently with a number of algo-
rithms [26], Chapter 15], [BLI2143]. Weighted versions of iterative hard thresholding
algorithms [25L261[35] or CoSaMP [26[62] may be used alternatively for the recon-
struction.

Weighted ¢;-minimization is guaranteed to reconstruct weighted s-sparse vectors
under a variant of the (by-now classical) restricted isometry property (RIP) of the
matrix ®. The weighted restricted isometry constant d,, s = d,, s(®) is defined to
be the smallest number such that

(1= du )]s < |23 < (1+dus)llz]3  for all @ with [0 < s.

Informally, we say that ® satisfies the w-RIP if §,, s is small for sufficiently large
s. The following result has been shown in [50, Theorem 4.5 and Corollary 4.3]
generalizing the unweighted case [8HI0L[20].

Theorem 3.1. Let ® € R™*N with 6, s < 1/3 for s > 2||w||s. Then for x € RN
and b= ®x + & with ||€|l2 < 7, the minimizer ¥ of

min ||z ||, subject to ||z —b|s < T

satisfies
(3.7) = — x* llwn < cros(@)w1 + div/sT,
(3.8) |z — @ < @ﬂ\g‘“l +dor.

No effort has been made in optimizing the constant 1/3. If 7 = 0 and « satisfies
lz]lwo0 < s, then the reconstruction is exact.

We are particularly interested in the situation when the measurements are (ran-
dom) samples of a function having an (approximately) sparse expansion in an or-
thonormal system {¢;};ecs satisfying (3.2]) with respect to a probability measure
v on U. We further assume that the samples y,, £ = 1,...,m, are chosen inde-
pendently at random according to the measure 7. Then the sampling matrix ®
defined in (B3) is a structured random matrix. In [50], the following bound for the
weighted restricted isometry property has been proven, generalizing the unweighted
case in [IT1[47,48[52].

Theorem 3.2. Letw = (w;)jes be a weight sequence and {$;};c7 be an orthonor-
mal system on (U,n) such that

(3.9) [¢jlloc = sup |¢;(y)| <w;  forallj € J.
yelU

Let ® € R™N N = #7, be a random draw of the sampling matriz in (B3
generated from independent samples yq,...,Y,, distributed according to n. Given
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s > 2||wl|/%, and e,§ € (0,1), if
(3.10) m > C6 25 max{log®(s) log(N), log(c 1)},

then the weighted restricted isometry constant of \/%'b satisfies 0y, s < & with prob-
ability at least 1 —e. The constant C > 0 in BI0) is universal.

The important difference to the unweighted case is the weaker condition (3.9),
which allows the Lo.-norms of the ¢; to grow with j. By ([B.9) such growth requires
us to adapt the weights accordingly. As we will see below, the above generalization
of the previous results in [I1,47[48,[52] is crucial for our application in the setting
of tensorized Chebyshev polynomials. A combination of the weighted RIP bound of
Theorem gives an approximation result in the finite-dimensional setting (finite
index set J). We refer to [50, Theorem 1.1].

For our purposes, we need to extend to infinite-dimensional index sets J. As
already mentioned in the introduction, the idea is to use a weighted £,-assumption
in order to first determine a suitable finite-dimensional subset Jp C J (where Jo
may still be large) and then work on Jp in order to apply sparse reconstruction via
compressive sensing. Here, the samples of u can be interpreted as perturbed sam-
ples of the finite-dimensional approximation of u with elements of the orthonormal
system indexed by Jy. Two approximation results of slightly different nature have
been proven in [50, Theorems 6.1 and 6.4]. Both work with the index set

(3.11) Ts ={j:wj <s/2}.

We will use arguments of their proofs for showing our main result, Theorem [5.]
below, and refer to [50] for details about the original results.

4. WEIGHTED /,-ESTIMATES FOR CHEBYSHEV EXPANSIONS

We now return to the parametric operator equation (21, i.e.,

(4.1) Aly)uly) = f  with  Aly) = Ao+ > 54, yeU.

j>1

We will use the expansion (231]) of the solution u(y) in terms of tensorized Cheby-
shev polynomials. The previous section, and in particular ([B.H]), motivates us to
study whether the expansion coefficients d, € X in (Z31) satisfy (||dv||x)ver €
Ly, p(F) for a suitable choice of the weight sequence (wy ), e 7 under certain assump-
tions on the sequence (||%; o) jen-

4.1. Analytic continuation of parametric solutions to the complex do-
main. In order to develop weighted £,-bounds we rely on analytic continuation of
the parametric solution map y — w(y) as in [I6,[I7,B30]. To this end we consider
complex parameter sequences z = (2;);>1 where z; = y; + twj, 1 := V-1 € C.
For a radius r > 0, we denote by D, = {z € C : |z| < r} the (closed) disc of
radius 7 in C centered at the origin. We denote, for a sequence p = (p;);>1, by
D, := HjeN D,, C CN the corresponding polydisc. All function spaces X, Y, etc.,
are now understood as their “complexifications”, i.e., as spaces over the coefficient
field C.
The complex extension of the parametric problem (Z38) reads: given z € CN,

(4.2) find wu(z) € X such that A(z;u(z),w) = y(f,w)y foralwe Y.
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Using Assumption I, we may write, for every z € CV,
A(z) = Ao(I+ )z Ag ' 4;).
Jj=1
A Neumann series argument then shows that A(z) is boundedly invertible for every
z € D, under condition (2Z5]), provided that

(4.3) ijﬂo,j <1-4, forsome 0<d<1-—=s.

j>1
A sequence p will be called §-admissible if this condition holds. Then, for z € D,,
the complex-parametric problem (£2]) admits a unique solution u(z) which satisfies
with dpg < pp= (1 — k)po (cf. 29)) the uniform a priori estimate

(4.4) sup |lu(2)||lx < m

z€D, 6/140
To see this, we fix in z all components except zj, say. Then, the affine parameter de-
pendence of A(z) implies that for z € D, the parametric solution u(z) = (A(z))~' f
is holomorphic with respect to z, € D,,, being the image of f under a resolvent
operator since, with B, := Ay A;, we have

-1
u(z) = (I—i—ZZij)—i—szk Agtf.
7k

Together with (24)), this identity also implies the bound (@4]), since for every
z € Dy,

-1 -1
lu(z)le = ||| T+> 2B | AMf|| <|(1+D_=B; 14 fll 2

j>1 j>1
X L(X,X)
1 f1ly

TS
Assumption 2.1 implies that the constant sequence p; = 1 is J-admissible for 0 <
0 <1—k and that for 0 < § < 1— &, there exist /-admissible sequences with p; > 1
for every j > 1 so that U C D, with strict inclusion, in each variable.

4.2. Bounds for Chebyshev coefficients. Let us now consider the tensorized
Chebyshev expansion (231]) of the parametric solution u(y) € X of the affine
parametric operator equation (21), i.e.,

(4.5) u(y) = > dT,(y) forally € U .
veF

Such an expansion is valid with unconditional convergence in Lo(U;n) where 7 de-
notes the countable product Chebyshev measure (L8); see, e.g., [30]. The following
estimate on the norms of the coefficients d, € A will be crucial for us; see also
[30, Proposition 5.2]. Below, we will use the usual notation p* := [];5, p';j with
the understanding that 00 = 1.

Proposition 4.1. Let p = (p;);j>1 be a §-admissible sequence. Then

(4.6) ldullac < (80) ~HIf 12110727
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Proof. We proceed similarly to [51], Section 3] and [61]. By orthonormality (I.9) of
the T,

dy = /U u(y) T (y)dn(y) € X.

For v = 0, the bound follows from

ldolly = H/ u(y)dn
U

where we have used the a priori bound (@4]) and the fact that 5 is a probability
measure. Let us assume now that v = ne; = (n,0,0,0,...) with n € N. Then
writing U = [-1,1] x U’ and u(y) = u(y1,y’) with ¢y’ = (yg,yg, ...), we have

dt
ne1 n t d ! .
/EU// Y') T n(y’)

By a change of variables and the definition (3] of the normalized Chebyshev
polynomials we obtain

! / dt _@ " /
| muoute)—E = 2 [ afeos(s). /) costng)

— Q " u(cos(¢),y’) cos(ng)do

2 J_,

_ V2 u(<+<1 ,><“+<”g
= 2mi o 2 Y 2 ¢

\/§ (C C_l /) n—1
= — d
P |<|=1u 5 Y ¢ ¢

-1

y)|| < max|u(y)|| < (Spo) | £y
v weU

47rz

where we have applied the transformation ¢ = e**. The Joukowsky map ¢ —
J(¢) = (¢ +¢71)/2 maps the unit circle {¢ € C : |¢| = 1} onto the interval [—1, 1]
(traversed twice) and more generally, both circles S, = {{ € C:|¢| =0} and S,
for ¢ > 1 onto the Bernstein ellipse B, = {(¢ + (7 1)/2 : |¢| = o}. Furthermore,
for 0 > 1, it maps the annulus A, = {¢ € C : 07! < [¢| < o} onto the region
E, bounded by the Bernstein ellipse B,. As outlined in the previous section, the
function z; +— wu(z1,¥y’) is analytic on the disc D,, = {z1 € C: |21| < p1} and since
E, C D, itisin particular analytic on £, . Therefore, by the previous remarks,
the functions

C — u (< +2<17yl> Cn71 and C — U <C +2cl7y/) Cfnfl

are analytic on the annulus A,,. Hence, by Cauchy’s theorem, we have, for any
1 <o <p,

/ T utt, ) —2
—1 " ’ 7T\/1—t2

_ Q " (C—i_(_l,y/) Cn 1 \/_ " (C—i_(_l,y/) C_n_ldC‘
¢l=o—1 2 i e 2

47



680 HOLGER RAUHUT AND CHRISTOPH SCHWAB

Employing the a priori bound (44 we obtain

1 -1
-1 ™1 -ty 4 d g 4T dpo
Iflly 5 -
4.7 = L2957,
(4.7) e

Since this holds for any ¢ < p; and since 7 is a probability measure we obtain by
another integration

dne, llv < (80) 1 Flly V201"

For general d,,, with v € F, we reason analogously: given v € F, Cauchy’s integral
theorem is iterated in the (finitely many) variables {z; € C: v; # 0}. O

With these tools at hand we can now consider weighted ¢, estimates of the
coefficients d,,. We introduce a weight sequence v = (v;);>n with v; > 1 on the
natural numbers. We strengthen Assumption 2] by requiring that there exists a
constant 0 < K, < 1 such that

2— _ .
(4.8) ZBOJUJ(' PP < Kvp, where Bo; = |4, 1Aj||£(X,X) ., j=1,2,...
jz1
and that
(4.9) > B < oo,
j>1
Since v; > 1, these assumptions imply ([2.5) and (2.I2)) for ¢ = 0. Associated to the
weight v and a number 6 > 1, we introduce a weight sequence w = (wy),ecr on F
via
(4.10) Wy = H ijy-j = glvllogyv,
JjEsupp v

We have the following bound on the weighted ¢,-summability of the coefficient
sequence (d,),cr, extending main results from [16}17,30].

Theorem 4.2. Let 0 < p < 1. Assume that [AL8) and @I) hold for some weight
sequence v > 1. For 6 > 1 construct a weight sequence w on F via [EIQ). Then
the sequence of norms of the coefficients (||dv||x)ver of the parametric solution
u(y) in the tensorized Chebyshev expansion [@D) is contained in £, ,(F), i.e.,
Sverwy Pldullf < oo

The proof is based on the following observation in [16], where we use the con-
vention that for v € F we define v! = [, ., ¥j! and [v| =35, v;. Note that
vl > vl

|

Theorem 4.3. For 0 < p < 1 and a sequence (a;)j>1, we have (U—,!a”) €
- ’ veF

Ep(F) if and only if 3,5, a; <1 and (a;)j>1 € £p(N).

Proof of Theorem 2. We proceed similarly as in [I7]. The idea is to construct,

for each v € F, a suitable d-admissible sequence p = (p;) (depending, in general,
on v) with p; > 1, where we choose § = (1 — ky,)/2 so that by (Z.8)

2 -
(4.11) |l < 6—m||f||y/2”l/|\0/2 e

j=1
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For convenience we introduce v; = vj(?*p)/p and 6 = 92—2)/P_ For given v € F, we
construct the sequence p by first choosing a finite index set £ C N such that, for

F=N\E,

(4.12) > 60, <

JEF

%)~

Such a set E exists by assumption (8. We further choose a > 1 such that

- ]
(Oz — 1) Z UjBO,j < 5
JjEE
Then we define the sequence p via
ov; itjek,

pPj = ~ (2] ap s
maX{Uj,m} lfj EF,

where |vp| =) ;. The sequence p is §-admissible since

jeF
- - 51/]'
> _pifoj =) abifo;+ Y max |7, Swrides )P0
j>1 JEE jEF Fl1P0.
- - . 5
<(a—-1) Z ;80,5 + Z,Ujﬂo’j + Zvjﬂovj + 5
JEE JjEE JEF
) 1)
<§+Hv+§:I€v+5=1—5.

Here, we have used that v; > 1 together with ([£8]), and furthermore that s, = 1—26
by the choice of §. Therefore, the bound (&II]) is valid and implies

mms%WWﬂYMWWHm%%“(%&)}
J

jEE JEF
with Cs = 2(6p0) || f|lv+ and

gj = 257150,]"

Above we adopt the convention that a factor equals 1 if v; = 0.
Now we estimate the weighted £,-norm with the weight w,. For convenience we
~Vj

introduce @, = w,(f_p)/Q = glvllo szl v;7. We let Fp be the finitely supported
sequences of natural numbers (including 0) indexed by F' and likewise define Fg.



682 HOLGER RAUHUT AND CHRISTOPH SCHWAB

‘We obtain
(4.13) > Wi Plldullh =Y @blld b
vEF veF
< C(I; ZQH'/l\O/?élll’Ho H f);?”j ()P
v JjEE
N\ PYi
x | T % min {f;j‘p”j, (—'VZ_"%> }
jEF J
<c? Z (v/26)l1llo H PV
veFg JjEE
~ 24
71Vl v r|0i9;
>< —_—
> e I ()
veFr JEF

Let us bound the first factor above,

s o\ H#E
> (vag) vl TT a7 = I (1 +\/§§;a—p”> = (1 + ﬁ%) .

veEFE JEE JEE

For the second factor in ([@I3]), it follows as in [I7, Section 3.2] (via Stirling’s
formula) that

) g\ PYi ! 7] :
vayiio TT (8 ) 7 < AR T (01090 maxtr. vadieym7) < 2R,
jEF J - JeF |
where
hi = ev/20v;g; = 2v2e6™'00; 0 ;.
By ({12) we have

2v2
Sony < Y2y
, 8
JEF
Since h = (hj);>1 € £,(N) by assumption (43), it follows from Theorem [3] that
the sequence (%h”F),,GF € £,(FF) so that also the second factor in (£13)) is finite
and, hence, (||dy||x@w)ver € €p(F), which means that >, » [|dy |Rw2 ™7 < co. O

Remark 4.4. In case of the parametric diffusion equation (L3]), assumption (8]
may be relaxed to a weighted version of the uniform ellipticity assumption, i.e.,

S0P P Ply;(2)] < min{a(z) —r, R —a(z)} forallz € D,
jz1
while ([£9) is replaced by

va._prjH’go < oo for some 0 <p<1.

i>1
Under these conditions, the coefficients d,, € X = H{(D) in the Chebyshev expan-
sion ([I0) of the solution of the parametric equation (L2)) satisfy >, [|dy ||vw2™? <
oo with the weights w,, given by ([@I0). This fact is shown analogously to the above
proof; see also [17] for unweighted ¢,-summability in the diffusion equation context.



COMPRESSIVE SENSING PETROV-GALERKIN APPROXIMATION 683

Remark 4.5. We comment on possible choices for the weights.

e With the trivial weight v; = 1, the above result generalizes the one from
[17] in the sense that (8o ;) € £,(N) (or (||¥jllec) € £p(N) in case of the
diffusion equation) implies that (||dy|v)vcr is contained in the weighted
space £, ,(F) with w, = 0I*lo for any 6 > 1. As this weight grows expo-
nentially with the number of nontrivial components in v, the coefficients
of T,, with many factors in the tensor product are unlikely to contribute
much to the expansion.

e The unweighted condition (23] for some x < 1 already implies a weighted
version. In fact, we may “squeeze in” weights of the form v; = (1 + 7)
with 7 > 0 sufficiently small so that the weighted summability condition
E3R) holds with some k, ), satisfying x < k, < 1. For this weight, if
(Bo,j) € £p(N), then (Bo;) € €po(N) so that Theorem states that
(ldullv)ver € £y p(F) for the weight

wy = Ollo(1 4 7yl

e Polynomial decay of the sequence (5, ;) allows us to insert a polynomially
growing sequence of weights v; > 1. Suppose that |5y ;| < ¢j~* for some
t > 1 and sufficiently small ¢ > 0 so that

ZBO,] _CZ] <CC 7

Jj=1 Jj=1

which means that the unweighted condition (X)) is satisfied. Now let
v; = vj7 for some 0 <7 <t—1andy>1. Then

> wiBog < ey Y i =exl(t—T).

j=21 j=1

If 7 and 7 are such that ((t —7) < (¢y) ™! (which is possible by ((t) < ¢™*
and continuity of the (-function), then the weight sequence (v;) is a valid
choice as Zj21 Bo,jv; < Ky < 1. The resulting weight w on F, i.e.,

wp =0l T v =l T 2+

jEsupp v jEsupp v

grows polynomially with respect to the dimension j and exponentially with
respect to each v;.

e Similarly, exponential decay of the sequence (5 ;) allows us to choose an
exponentially growing sequence of weights v; > 1. Assume that 8y ; < ca’
for some 0 < o < 1 and that ;5,805 < X255, of =t =k <1,
implying the unweighted condition ([2X). Choosing v; = oJ for some
o > 1 with ca < 1, we have

. ox
D wiboj <) (oa) = T oo

Jj=>1 Jj=>1

If o is sufficiently close to 1, then ijﬁ’jﬂO,j < Ky < 1 so that the
weighted condition (3] is satisfied. The corresponding weight w is defined
as

w, = Il H olvi, veF.

JEsupp v
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Remark 4.6. At this stage it is appropriate to discuss why we prefer to work with
tensorized Chebyshev polynomials rather than other polynomial systems. Clearly,
Taylor monomials are immediately ruled out because they do not form an orthonor-
mal system (with respect to any measure), so that the setup described above does
not apply. One-dimensional Legendre polynomials L; have the disadvantage that
their Lo-norms grow as ||L;|l« = v/2j + 1 (see, e.g., [49]), so that the tensorized
Legendre polynomials L, (y) =[] jesupp,, Ly, (y;) yield

ILulle = J] V2 +1.

JjEsupp v

In principle, we can compensate for that by using weights v;, j > 1, such that

(4.14) wy =072 TT 0 > ||Ly [l

jEsupp v
see Theorem B2 (it seems that an analog of Theorem introducing these weights
w, also holds for tensorized Legendre polynomials, but details are not worked out
yet). However, [II4)) puts stronger conditions on the set of admissible weight se-
quences (v;);>1 and thereby on the operators A; than those required for Chebyshev
polynomials.

In the one-dimensional (or low-dimensional) case, one may alternatively apply
the preconditioning trick from [49] to overcome the problem of growing L..-norms
of the Legendre polynomials. This demands that we work with the premultiplied
functions Q;(y) = /7/2(1 — y?)}/4L;(y) which satisfy the nice uniform bound
[Qjllc < V3 for all j € Np; see [49]. However, in the d-dimensional case the
functions Q,(y) = H?:l Qu, (y;) satisty [|Q;llec ~ 7 for some v > 1, essentially
because ||Qollcc = v/7/2, and in particular in the case d = oo, the infinite product
defining @,, for v € F does not even converge, which prohibits the preconditioning
trick in the high- or infinite-dimensional case.

5. COMPRESSIVE SENSING PETROV-GALERKIN DISCRETIZATION

Let us now return to our main goal of approximating the solution of the affine
parametric equation (1)), A(y) u(y) = f, with A(y) = Ao + 3,5, y;A4;, via com-
pressive sensing techniques. Consider the Chebyshev expansion (EII:I) In view of
condition ([BJ), we need to choose weights w satisfying w; > [Ty |l = 2/¥l0/2,
Given a weight sequence v = (v;);jeny with v; > 1, the previous section suggests
using weights of the form

(5.1) wy =0l T ¥ with 0 = V2.
JjéE€supp v

For the sake of simplicity, we consider a functional evaluation of the solution u(y)
in this paper, i.e., given a bounded linear functional G : X — R, we are interested
in numerically computing an approximation of

Fly)=G(u(y)), F:U—-R.

Then, the tensorized Chebyshev approximation to F(y) is given by the (uncondi-
tionally convergent) expansion

F(y) = Z guTu(y)a

veF
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where g, = G(d,) with d, € X as in ([L3). By boundedness of G, the sequence
g of coefficients g, = G(d,) € R satisfies g € £, ,(F) if (||du|lx)ver € luwp(F).
Sufficient conditions for this inclusion were obtained in Theorem 2] For the choice
(1) and for s > 0, the index set @.I0), ie., J5 = {v € F : w2 < s/2}, can be
written as

(5.2) Jo={veF: [ 0% <s/2}.

jEsupp v

This set is always finite if the weight sequence satisfies v; > 1 and monotonically
grows to infinity as j — co.

Let us now formulate the compressive sensing Petrov-Galerkin (CSPG) algorithm
for numerically computing an approximation to a functional of the solution of an
affine-parametric operator equation of the form (21]).

Algorithm for the approximation of a functional G(u(y)) of the
solution of a parametric equation via compressive sensing

Input:
o Weights (v;);>1 with v; > 1 satisfying ([£.8) and (£3]) for some 0 < p <
1
e Accuracy ¢ and sparsity parameter s
e Index set J5 = {v € F : 2lI¥lo HJ-Esuppyvfuj < s/2} such that N :=
#I5 < o0
e Number of samples m =< sIn®(s) In(N)
Algorithm
1: Choose samples y,...,y,, € U independently at random according to the

Chebyshev product measure (L8]).

2: For given € > 0, choose h = h(e) > 0 and truncation level B = B(e) €
N such that the dimension-truncated Galerkin approximations u.(y,) =
u]g((?)(yz) € A}, defined in [227) to the solution samples u(y,) € X of the

parametric operator equation A(y,)u(y,) = f admit the following bound of
the approximation error at y, for by := G(u(y,)):

(5.3) lbe = G(u(ye))| = |G (u(y,) —ue(y))| < e
3: With the sampling matrix
(5.4) S, =T,(y,), ¢=1,....m, veJy,

and the weights w,, = 2/¥l0/2 Hjeb,uppu v;j, compute the solution gf € R7
of the weighted ¢;-minimization program

(5.5) min ||g|l,1  subject to |®g — b|2 < 2y/me.
Here, HgHw,l = ZVGJOS wu|9u|'
4: Output approximation F.(y) to F(y) = G(u(y)):

(5.6) Fy)= Y ¢ T.(y).

veJy
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If the sparsity and accuracy parameters are set accordingly, we obtain the fol-
lowing error estimates.

Theorem 5.1. Consider u(y), the parametric solution to the affine parametric
equation A(y)u(y) = f with A(y) = Ao+ 325, yjAj, satisfying Assumptions 2]
and 24 with some p = py € (0,1). Let v = (v;);>1 be a weight satisfying ([ES)
and @3) and let G : X — R be a bounded linear functional. Then the expansion
coefficients g = (gu)ver of F(y) = G(u(y)) = X cr 9T (y) satisfy g € Ly, p(F)
with weight
wy, = 2lwlo/2 H v;j, veF.
jEsupp v

Let ¢ > 0 be an accuracy parameter and assume that the sparsity parameter s
satisfies the condition

(5.7) V54l egl/2m e Il 9 ”lw,p <e< 0231/2_1/p Il go w,p >

where Cy > /5-411/P js q constant that is independent of s. Further let J§ := {v €
F 2 2lvlo HjESuppuv?Vj < s/2} be such that N := #J§ < co. Draw m sampling
points independently, identically distributed according to the product measure 7,

where
(5.8) m = Cslog®(s)log(N),

for a universal constant C > 0. Let ﬁs : U — R denote the function computed
vie (@3) and (@0). Then there exists a universal constant C' > 0 such that with
probability at least 1 — 2N~ log3(5)7 the computed function F. : U — R satisfies

)

log? (m) log(N) \ /" ~/?
m

69 IR~ Fla< gl > < ch

1@%M%WUW”

(5.10) |a—mwsammﬁ“wé%( m

The constant C" depends only on Co, while Cy depends on C' and ||g||, p-
Remark 5.2.

(a) The dimension-truncated Petrov-Galerkin approximation is computed us-
ing the B-term truncated expansion A(y,)p := Ag + Zle y;Aj. More-
over, the entries in the matrix ® only require us to evaluate T, (y;) =
[Lcouppe Ti((ye);) for v € Jg, so that only components (y,); with j €
{1,...,B'} for B = max{j : 3u € J5 with pi; # 0} are needed. This
means that in practice it is enough to sample independently from the fi-
nite product measure

B

_ dy
= ® j
=1 Tyl —y3

with B := max{B, B'}.
(b) The required error estimate |G (u%) — G(u(y,))| < ¢ can be guaranteed via
Proposition2Z9and Theorem [ZI0 by choosing the parameters h(e) > 0 and
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B(e) € Nin the Petrov-Galerkin approximation in terms of the parameters
t,t', po in Assumptions 2.1l 2.4l as

h(e) = et/ (+1) B(g) > e~Po/(1=po)

Note that this demands higher regularity assumptions than (£J). If A(y)
operates nicely also on A for some ¢ > 0 in the sense that ([2.I1) holds,
then |G(u"(y)) — G(u(y))| < Ciht. For instance, [ZII) is implied by
[2I4), which is similar to [AJ)) but works with the operator norms on X;
rather than the one on X.

Instead of the Petrov-Galerkin method, any other stable and consistent
discretization scheme for numerically approximating the functional of the
parametric solution of A(y)u = f for fixed parameter y can be applied
in step 2 as long as the accuracy is good enough. We have proposed
the Petrov-Galerkin method here to cover all standard, as well as certain
conforming, mixed finite element discretizations for elliptic as well as space-
time discretizations of parabolic problems.

The computations in step 2 are easily parallelized: the sampling points
Yy, £ =1,...,m, are drawn in a preprocessing step, and the approximate
evaluations G(u(y,)), £ = 1,...,m, are mutually independent. Only step
3 requires the combination of the samples.

For the solution of the weighted ¢;-minimization problem in step 3, vari-
ous algorithms may be used; see for instance [26] Chapter 15] or [43] for
overviews. Preferably, one uses a method that operates only by multiplica-
tions with A and its transpose A* and does not require more complicated
operations such as solving linear systems. In this case, one can exploit
fast (approximate) matrix vector multiplication routines that are avail-
able for Chebyshev-structured matrices [21,[34,[45.[46]. Extending these
routines to high-dimensional problems with favorable scaling is, however,
not straightforward.

In order to implement the algorithm as stated, an a priori estimate of
Il o || w,p is required. Such an estimate may in principle be computed.
In fact, tracing the proof of Theorem and of the auxiliary results re-
quired therein may provide an estimate in terms of the weighted ¢,-norm
of (||¥]ls)j>1. However, this bound may be very crude. In practice, one
may as well work with the equality constraint ®g = b in (1) with the
sampling matrix ® defined in (B.4]). Although there are no rigorous bounds
available for this strategy, there are theoretical results [26] Chapter 11],
[63], suggesting that similar estimates should be possible.

Alternatively to weighted ¢1-minimization, one may use a variant of iter-
ative hard thresholding as recovery method [25[35]. This may have the
advantage that no a priori estimate of the accuracy parameter € as in (B.7))
is required. Only the weighted sparsity parameter s needs to be chosen. If
the sample solutions G(u(y,)) are computed with some accuracy ¢, then
the final error estimates take the form

||F — FSHLQ(U,U) S 0181/2_1/p + CQE,
||F — FEHLOC(U) S 0181_1/p + CQ\/EE.
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If the number m of samples is given, then s should be chosen such that
m~ s logg(s) log(N). Alternatively, if a prescribed accuracy level is given,
Stechkin’s estimate ([B.5]) provides a guideline for choosing s, which in turn
determines the number m of sample evaluations. Details will be presented
elsewhere.

Proof of Theorem [5.l. The fact that g € ¢, ,(F) follows from Theorem With
Fi:=F\ Jg, we write
F(y) =Gu(y) = Y _ 9. Tu(y) = Fo(y) + Fi(y)
veF
with

FO(y) = Z guTu(y), Fl(y) = Z guTu(y)'

vedg veF

We interpret the computed samples b, as perturbed samples of Fj. Then, the
corresponding sample error can be bounded by

b0 — Fo(y,)| < [be — F(y,)| + [Fi(y,)| < e+ [F1(y,)l,

where we used (B3). It is shown via Bernstein’s inequality in the proof of [50]
Theorem 6.1] that

3
< g Z |gu‘wu

veF

1 m
LS 1A= Y laf
/=1

veF

with probability at least 1 — e=3"/(25) Here, also the definition of Js is used.
Furthermore, w2 > s/2 for v ¢ J§ implies that

<Z Igul2> " < \/g > lgvlwws

veF,
see [B0, proof of Theorem 6.1]. Altogether, with probability at least 1—exp(—3m/(2s))
>1— N7 (by (BR)),

1 & i 5 5
2
(€3 SILTAR) D SO

veF1

since the support of the weighted best (s/2)-sparse approximation to g is contained
in J5 because no index v with o.)?/ < s/2 is contained outside J3. Furthermore,
the weighted Stechkin estimate (33]) together with g € 4, ,, implies

T2(8)w1 <2771 (s/2) P g lwp =47 I gl wp
so that

1/2
1 < 5 _ _
(a Z |F1(y4)|2> < \/;US(g)w,l < Vb AVPTLS R g, L < e
=1

with probability at least 1 — N —log®(s) by assumption (B.77). This implies that in

this event
1 m 1/2
—> b — Fo(y€)|2> < 2.
<m =1
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It follows from Theorem [B.2] that the weighted restricted isometry property of order

s of the sampling matrix ® € R™*¥ in (5.4) holds with probability at least 1 —

N~108°() (precisely, 0w.as < 1/3, say) since m > Cslog®(s)log(N) by assumption.

Then Theorem B.Tlimplies that the reconstructed vector g supported on J§ satisfies
1/2

> lgw —gil? <%:8loa 4 o
veJy \/g

Z ‘gl/ - g.ﬁ/|wu < Cgs(g)w,l + O/\/gé‘.

veJy
Since the T, form an orthonormal system we obtain for the L?-error:

IF = Fellz.m < 1Fo = Fellzz@ag) + 1Pl L2
1/2

1/2
o —dilP]  + (Z Igul2>

veds veF,

g (g)w.l 5

< 28ty o \/j < w

< \/g +Ce+ SO’ /Q(g) 1
< (C+ VB2 s 2P g, + Ce
<C"sVPP gl wp

Here, we have applied the weighted Stechkin estimate (3Z]) as well as the upper

bound of (57). Finally, since ||T,||o < 21¥10/2 < w;, the L=-error can be bounded

as follows:

|1 F = Felloo < [[Fo = Felloo + [ Filloo = || Z (9 —QE)TuHoo + 1l Z 90T ||

veds ver
< D g =gl + D 1ol T oo
veds vEF
< Z % _QMWU"’ Z 9w |wr

veds veF
< Coy (8w + C'Vse+0a(8)un < C's' P gl
For the bound = |gv|wy < 04/2(9)w,1 we have used again that by the definition

of Jg the support of the weighted best s/2-term approximation is contained in Jg.
The second inequalities in (5.9) and (5I0) follow from m = slog®(s)log(N). This
|

completes the proof.

In order to make the estimate m > C'slog®(s)log(N) on the number of sample
evaluations precise, we also need a bound on N = #J¢ (depending on s). The size
of J3 will also determine the complexity of the weighted ¢;-minimization step. If
the weight sequence v; grows to infinity as j — oo, then the number of active indices
j which are relevant for J3, i.e., the number d := max{j : v € J3 with v; # 0}
is finite. In fact, if the sequence v; is monotonically increasing, then d = max{j :
v; < +/s/4}. Therefore, setting t = s/2, it suffices to bound the size of

Ja(t,v) == {v e Ng : 2lllo H v?”j <t}.

jEsupp v
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Theorem 5.3. For a finite weight sequence v = (v1,...,vq) with v; > 1, a; =
2logy(v;) and A := logy(t), we have

min{d,| A]}

(5.11) #Tat,v) <1+ > % > et

k=1 scld €S
#S=k
Yjesa;SA-k

Proof. Taking the base-2 logarithm, the defining condition of the set Jy(¢,v) be-
comes

Ivlo+ D 2logy(v;)y; < logy(t),

jEsupp v

which by the definition of a; and A is equivalent to

(5.12) > (+ap) <A

jEsupp v

In order to estimate the number of points v with nonnegative integer coordinates
satisfying this inequality, we introduce, for L > 0 and b = (by, ..., bx) with by > 0,
the cardinality of a set of multi-indices for which all components of its members v
are at least 1:

k
Ti(L,b) :=#{v e N*: Y "bj; < L}.
j=1

Observe that T'y(L,b) = 0 if Z§:1 b; > L. Moreover, for v with ||v]p = &,
condition (5.I12) becomes jesuppw WVj < A—k. Considering all possible support
sets S = supp v C [d] of cardinality k£ and summing over all possible k we obtain

min{d,| A]}
(5.13) #Tat,v) =1+ > > Th(A—k, (a))jes).
k=1 Scld]
#S=k

If k> |A], then I'y(A—k, (a;)jes) = 0, which is why the first sum above runs only
up to |A] if |A] < d. We claim that

Lk

5.14 Tw(L,b) < —— .
(5.14) k(L,b) NI b

We show this by induction on k. For k = 1, we have

Ty (L,by) = #{v1 € N: by < L} = |L/by] < L/by.
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Next, assume the claim holds for £ € N. Then

LL/bk+1]
Tia(L,byy oo biobiern) = Y Tr(L = by, b be)

Vi41=1
[L/bk+1]

Z (L = bryavei1)®
k
V}c+1:1 k! HJ:l b]
1 /L/karl .
< — (L = by12)"dx
KT by Jo !
1 Lk+1
ORI by (kDb
Lk+1

(k+ T by

j=1

Here, we have applied a simple majorization of a sum by an integral. This shows
the claimed inequality (5.14)). Recalling that I'y(A — k, (a;)jes) = 0 for #S = k if
> jes @j > A —k, equation (5.13) yields the claimed estimate. O

With the same technique a lower bound can be shown as well. We illustrate the
estimate of the theorem with some important examples of weights. The proofs of
these estimates will be provided in the appendix.

Corollary 5.4. Assume s > 1.
(a) Letv; =B, j=1,...,d, for some § > 1 and v; = oo for j > d (so that

the sum in ([Z2) representing A(y) involves only d nonzero terms). Then

d .
. (logg=(8%s/2)) if d < loggge(s/2),
#Jy < . log,42 (/2) ,
((1 + —logQ(ﬂ2)> ed) otherwise.

(b) Let v; =cj*, j =1,2,..., grow polynomially for some ¢ > 1 and a > 0.
Then there are constants Co c > 0 and Yo, > 0 such that

#\.705 S Ca CS’YQ’C 10g(s).

(c) Let vj =7 for some 3> 1. Then

V1085 572)
(5.15) Je<i4— 1 (63,/1og5(s/2)) e

2w, [logg(s/2)

Remark 5.5. We briefly illustrate consequences for the number m > C's log®(s)log(N)
of samples required in Theorem B.11

a) For constant weightsv; = 8 > 1,5 =1,...,d, the resulting bound becomes
Jj

s { Cs log(d)s log*(s) if s < (28)%,
= | Csdslog®(s)log(log(s)) if s > (26)%.
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(b) For polynomially growing weights v; = ¢j* with ¢ > 1 and a > 0 we need
m > Cmcslogs(s).
Moreover, the resulting error bound (G.I0) becomes
IF = Felloo < Cacllgllop(log® (m) /m)" /7,

and likewise for the error bound in L2.

(c) For exponentially growing weights v; = B9 with 8 > 1 the upper bound
BEI8) on #£J¢ grows slower than s. This means that m may actually be
chosen smaller than N = #J3 which leads to an overdetermined linear
system. In this scenario, the application of compressive sensing may not be
required, and it is likely good enough to use least-squares methods [15[38]
to compute coefficients b from sample evaluations.

6. CONCLUSIONS

In the present paper, we developed a convergence theory of compressed sens-
ing based approximations of solution functionals for high-dimensional, parametric
operator equations. Such problems arise generically in numerical uncertainty quan-
tification, when laws of random field inputs are described by countably parametric,
deterministic functions, and the response, i.e., the parametric solution of the affine-
parametric operator equation (Z2]), is to be approximated in terms of the countably
many parameters. As our main contribution we showed that given m (approximate)
sample evaluations at randomly chosen parameter points, the computed parametric
solution F' approximates the true function F (y) = G(u(y)) at rates

. 1 5\ 1/p—1/2
HF—HMSC($M1> ,
m

5\ 1/p—1
|F—F|. <C (—log(m) )
m

under a weighted /,-summability assumption with 0 < p < 1 on the input pa-
rameters (for polynomially growing weights v;, see Section [ for details). Up to
the logarithmic terms, this matches the rates of best s-term approximation and for
p < 1/2 outperforms the (best possible) convergence rate for Monte Carlo methods.

As an important ingredient, potentially of independent interest, we generalized
available ¢,-estimates for polynomial chaos expansions [I41[16,[17,[30,B87,56] to the
weighted case, which allowed us to apply recent results on weighted sparsity and
recovery via weighted ¢;-minimization [50]. These weighted estimates also allow
us to determine good a priori choices for a finite subset of F containing the rel-
evant Chebyshev coefficients — the set J5 defined in (5.2). The actual support
set of the best s-term approximation may be much smaller than J;, but such an
initial choice is required in order to run weighted ¢;-minimization for the recon-
struction. We note that J; may be a good choice also for other approaches such as
least squares methods [I5138]; see Remark [55(c). We developed our theory for the
affine-parametric operator equations (.1); we point out, however, that the com-
pressive sensing part of our analysis is independent of the particular parameter
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dependence: the proof of p-summability of the Chebyshev coefficients of the para-
metric solution given in Sections E.T] only required the existence of holomorphic
extension of parametric solutions into polydiscs. Such extensions are available for
several more general classes of parametric problems: for affine-parametric, non-
linear initial value ODEs [31], for more general, nonlinear countably parametric
operator equations [I4] (including in particular also uncertain domain parametriza-
tions). We expect the presently developed methods to apply also for these more
general classes of parametric operator equations.

Let us place the present results into perspective with other approximation meth-
ods for high-dimensional problems: adaptive stochastic Galerkin methods [23]24]
28], reduced basis approaches [3L[6], adaptive Smolyak discretizations [55,[67] and
adaptive interpolation methods [I3] are all sequential in the sense that they rely
on successive numerical solution of the operator equation on parameter instances
(adaptive Galerkin discretizations being intrusive on top). This is in contrast to,
say, Monte Carlo or Quasi-Monte Carlo approaches which likewise offer dimension-
independent convergence rates for statistical moments of the solution, and which
allow us to access the parametric solution simultaneously at a set of samples. These
methods do not, however, allow recovery of the parametric solution as does the
presently proposed approach. Moreover, the convergence rates of MC are well-
known to be limited to 1/2.

We have discussed the approximation of functionals of parametric solutions. MC
methods, for instance, are also able to compute expectations of the full solution
Eylu(y)], not only E,[G(u(y))], i.e., expectations of a functional of the solution.
Extensions of our method to the computation of parametric solutions u(y) that are
fully resolved in the physical domain will be the subject of future investigations.
We strongly expect that we will again obtain near-optimal convergence rates so
that the resulting method shows the same advantages with respect to MC and
other methods outlined above for the case when functionals of the solutions are
computed.

In contrast to the above-mentioned sequential and deterministic methods, our
CS-based methods are similar in nature to so-called least-squares projection meth-
ods, recently proposed in [I538], which also rely on sample evaluations at randomly
chosen parameter locations. These least squares approaches require a priori knowl-
edge of a near-optimal set of active indices in the gpc expansions of the parametric
solution and have complexity exceeding the cardinality of that set. In contrast, the
presently proposed CS approach requires only specification of a (conservative and
possibly large) superset [J§ containing the optimal s-term approximation set. The
complexity of the CS approach is, as we showed in the present article, sublinear
in the cardinality of this candidate set and will pinpoint the “essential” gpc coef-
ficients within this set, even if the set of these coefficients is “gappy” or lacunary.
Expressed differently, given a budget m of samples, least squares methods need a
good guess for an index set of cardinality somewhat smaller than m of relevant gpc
coefficients, while compressive sensing methods need only a very rough estimate for
this index set which is allowed to be significantly larger than m.

In the present paper, we considered only affine parametric operator equations.
We expect that extensions to nonaffine, but still holomorphic, parameter depen-
dence is possible analogously to [14], which will allow the application to Bayesian
inverse problems for parametric operator equations [541/55]. These topics will be
developed in detail elsewhere.
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7. APPENDIX: PROOF OF COROLLARY [5.4]

(a) Set a; = 2logy(v;) = logy(8?) and A = log,(s/2). Observe that condition
> jes@j < A—k in the second sum in (5.II) can be met for some S with #5 =
k if and only if £ < A/(1 + log,(8%)). Let us first consider the case that d <
A/(1 4 1ogy (7)) = A/logy(28%) = logypa(s/2). Then clearly d < A and (E.11)
yields

A—k)* .
W s s

SCld] Jjes
#S=k
2jesajSA—k

d AY:
=13 (Z) (loz2(6%) "
=1

(Z) (A/logy(B

A / logs( 62)—1—1) = (logg= (B 23/2))d.

M=

#Ja(t,v) <1+
k

Il
-

On the other hand, if d > A/ log,(23?), then we have

LA/ log,(28%)
pat < Az (1) oo

k=0
[A/1og(25%)]

< Y (e

k=0

) LA/ log,(2587)] d
< (A logy () 4wy (1)

k=0
ed ) 4/ 10g,(26%))

A/ Tog,(282)]
< (10g2(262)ed/ log (ﬁ))A/10g2(262)

((1 4 1/10g2 d)Ing 5/2)/ logy(28%)
(1+1/ 10g2<@2)> d)iesa2 ¢/

< (A) log, (57)) 1A/ 1052(28)] (

Here, we have applied the inequality Y ,_, (Z) < (ed/n)" (see, e.g., [I, Theorem
3.7]) and used the fact that x — (K/z)* is monotonically increasing for 0 < z <
K/e'K,

(b) We first note that the largest effective component of the indices in Jg is
given by

d =max{j : v € J§ with v; # 0} = max{j : v; < \/s/4} = [ (s/(4c))"/ Y.
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We set a; = 2log,(v;) = 2aclogy () + 2logy(c), A = logy(s/2). The estimate (B.11))
then gives

LAl

RO LD Y | ()

Scld] jeSs
#S=k
Ejesang_k
LA] k
(A—F) 1
SRS YLD SR | et
|
L & ios 2alogs(f) + 2logy(c)
#S=k
2alog, (k! <A—k(1421log,(c))
<1+ > AR s D" (a+1logy(e) " * 1 (logy(c))
— k' 22 25}
ke[lA]] Scld]
2alog, (k) <A—k(1+2logs(c)) #S=k
A "1 /d
TR OIS SR A S o V)
kellAl] 2a+ 2logy(c) ) KI\E

2alog, (k) <A—Ek(1421log,(c))
Let K be the maximal number k such that 2« log, (k!) < A—E(1421og,y(c)). For k >

4 we have log,y(k!) > k. (The case K < 3 only occurs for s < D,, which can be han-
dled by potentially adjusting constants.) Therefore, K < WM Moreover,
Stirling’s inequality gives k! < v/2mke!/(12%)(k/e)¥ for k > 4 so that for such k we
have logy(k!) < log,(2me!/?4k)/2 + klog,(k/e) < (w + 1og2(k/e)) k=
log, (Dok)k with Doy = (871'61/24)1/8/6 ~ 0.55. Therefore, K also satisfies the lower
bound K > 20 Talog,(DoK) > 1+alog2(D1A) with Dy = 2Dy = 1.1067. Further-

k
more, observe that, for kK =1,..., K, the sequence by = (m) % takes the

maximum for k = K so that, exploiting the Stirling inequality K! > V27K (K /e)&
we obtain

#«705§<1+10gj()) <2a+2ﬁog2 ) K'Z<>

= (1 + logj(c)> <2a n ﬁogz(c))K \/W(lK/e)K (ed/E)"

= (1 * logj<c>) = (K%zaiﬁogxc»)}{

1o ), [eln(id) (e 1talog (D 4))HETRE
log,(c) 2r A A 2log,(2%¢) :

Inserting here A = log,(s/2) yields
« ) 1 + alogy (D1 log,(s/2))
0gy(c) 2mlogy(s/2)

o s o a+l,
e?ad 10g2(21/aD A) log;(s/2)/ log, (2" ¢)
210g2(s/2) log, (2%¢) .

#JOSS<1+1
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Further using that d < (s/4c)'/® yields

o\ [1+ alogy (D logy(5/2))
log,(c) 27 logy(s/2)

" e2a(s/4c)t/ 2
2logy (s/2)
for suitable constants Cy, ¢, Va,c > 0 depending only on « and c.
(c) For exponentially growing weights v; = 37 we have

#Ty < <1+

< CO( CS'YQ,C log(s)

logya+1,(s/2)
0gpen (217D, log2<s/2>>)

logy(s/4)

d =max{j: v € J§ with v; # 0} = max{j:v; < s/4} = .
{ § with vy 0} = max{j £ vy < s/4) = |22 200
We set a; = 2logy(vj) = 2jlogy(5), A =logy(s/2). The estimate (GI1) now reads
min{d,|A]}
. (A—k)* 1
#I <1+ Y o Z e
k=1 jeSs
#S k:
EJES a;<A—k
min{d,|A]} k
(A - k) kT -1
<1+ Z D Qg ()[4
=1 ScCld] JjES
210g2(6)2 1 JSA-k #S=k

Note that since Z 17 =k(k+1)/2 > k?/2, the condition 2log,(3) Z?le < A-k

is implied by k < | /+=5= oz, (B) < d. Therefore,
[/ A/ logy(B)]

. A N\Fray 1
#I <1+ ) <210g2(6)> (k)W

A /A 1o, (B)) ) VA oz (B))

S”(ﬂogz(m) AT <’f>

1 A \/A/10g2(ﬁ) 1

< -

= <210g2<ﬁ>> A/ 10g,(B)(A/ logy(B) /e2) VA 1og2(®)
ed \/ A/ logy(B)

< A/log2(6)>

. B4 A/logy (B)
=1
N 27‘(’\/14/ log,(B) (\/A/ 10%2(5))

+ 1 (631Og2(3/4)/10g2(5)>\/m
2m+/10g,(5/2)/1ogy(B) \ \/10gy(s/2)/ logy ()
S TowRTY (es 10g6(8/2)) et

log(s/2)

This concludes the proof.
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