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AN hp-VERSION LEGENDRE-JACOBI SPECTRAL
COLLOCATION METHOD FOR VOLTERRA
INTEGRO-DIFFERENTIAL EQUATIONS WITH SMOOTH
AND WEAKLY SINGULAR KERNELS

ZHONG-QING WANG, YU-LING GUO, AND LI-JUN YI

ABSTRACT. In this paper, we present an hp-version Legendre-Jacobi spectral
collocation method for Volterra integro-differential equations with smooth and
weakly singular kernels. We establish several new approximation results of
the Legendre/Jacobi polynomial interpolations for both smooth and singular
functions. As applications of these approximation results, we derive hp-version
error bounds of the Legendre-Jacobi collocation method under the H'-norm for
the Volterra integro-differential equations with smooth solutions on arbitrary
meshes and singular solutions on quasi-uniform meshes. We also show the
exponential rates of convergence for singular solutions by using geometric time
partitions and linearly increasing polynomial degrees. Numerical experiments
are included to illustrate the theoretical results.

1. INTRODUCTION

In this paper, we consider the numerical solution of the linear Volterra integro-
differential equation (VIDE) of the form

(L) u/((t)) Fautn) + [ -9 psyulshds = 1), 1 0.7
u(0) = wuyo,

where p < 1 (i.e., the kernel is weakly singular if 0 < p < 1, and in particular, the
kernel is smooth if u € Ny := {0,—-1,—2,---}). Moreover, the real functions a(t),
b(t) and f(t) are continuous on I := [0, 7], and wyg is the initial data.

Over the last few decades, various numerical methods have been proposed and
analyzed for linear VIDEs of the form (1)) with smooth and weakly singular ker-
nels; see, for example, Runge-Kutta methods [I[25], collocation methods [2[19],
continuous and discontinuous Galerkin methods [TIL[I2]. We also refer to the mono-
graphs [3l5] and the references therein.

The works mentioned above are mainly concerned with the so-called h-version
method, which means that the convergence is obtained by decreasing the size of the
time steps at a fixed order of approximation, and usually the resulting error bounds
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do not deal with the explicit dependence of the constant ¢ on the approximation or-
der. To address this issue, some high order methods, for instance, the p-version, the
hp-version and the spectral (element) methods, need to be studied. Such methods
usually approximate the problem under consideration by increasing the approxima-
tion order on a fixed time partition (p-approach) or, alternatively, on variable time
steps (hp-approach). Since the hp-version method allows for locally varying time
steps and approximation orders, it can approximate smooth solutions with possible
local singularities at high algebraic or even exponential rates of convergence. Due
to their high accuracy, the high order methods for integral or integro-differential
equations of Volterra type has received considerable attention in recent years. For
example, the hp-version discontinuous Galerkin time-stepping method has been
developed for VIDEs in [4] and for parabolic VIDEs in [I3|, and the hp-version
continuous Petrov-Galerkin time-stepping method was recently analyzed for linear
and nonlinear VIDEs in [23|24]. Meanwhile, the p-version spectral Galerkin and
collocation methods were also studied for integral or integro-differential equations
of Volterra type; see, e.g., [0L8HI0,20,21] and the references therein. Furthermore,
the hp-version Legendre spectral collocation methods were proposed for nonlinear
Volterra integral equations with smooth kernels in [I8] and for nonlinear Volterra
integral equations with smooth kernels and variable delays in [22]. However, to
the best of our knowledge, there are no theoretical results available for the weakly
singular VIDEs by hp-version collocation methods, which are much more difficult
to analyze than spectral Galerkin methods. The main difficulties encountered in
the hp-version of collocation methods for VIDEs include: (i) how to design an ef-
ficient algorithm ensuring the optimal convergence of the hp-version; (ii) how to
analyze the convergence of the hp-version for smooth solutions, on account of the
influence of the weakly singular kernels; (iii) how to analyze the convergence of the
hp-version for singular solutions, and especially, the exponential convergence for
singular solutions under geometric time partitions.

In the present work, we introduce and analyze an hp-version Legendre-Jacobi
spectral collocation method for the VIDE (II]) with smooth and weakly singular
kernels. The hp-version Legendre-Jacobi spectral collocation scheme is constructed
based on three kinds of polynomial interpolations (see (Z21I)), i.e., the Legendre-
Gauss, Legendre-Gauss-Lobatto, and Jacobi-Gauss interpolations. Particularly, in
the numerical scheme (2Z21]), we choose a special weight (o, 8) = (—p,0) for the
Jacobi-Gauss interpolation Ig 15[1) (see the definition (ZI0))), which corresponds to
the kernel (¢ — s)™* in the VIDE ([LI)). We carry out a rigorous error analysis
of the proposed method for both smooth and singular solutions and present some
numerical experiments to verify the theoretical results. The main features and
contributions of this paper are highlighted as follows.

e For analyzing the numerical errors, we derive several new approximation
results of the Legendre-Jacobi polynomial interpolations for both smooth
and singular functions. These approximation results can also be applied
to pseudo-spectral and spectral collocation methods for other problems,
especially for those with solutions of t¥-type singularity.

e The key feature of the hp-version Legendre-Jacobi spectral collocation is
its great flexibility with respect to the size of the time steps and the local
approximation orders, which enable us to cope with problems with non-
smooth solutions. Indeed, our numerical results show that for analytic
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solutions with start-up singularities, exponential rates of convergence can
be achieved for the hp-version collocation method with geometric time steps
and linearly increasing approximation orders.

e We establish a priori error estimate under the H'-norm that is explicit in
the time steps and the approximation orders. In particular, for the VIDE
(1) with weakly singular kernel and singular solutions of t”-type, we derive
optimal error bounds under the H'-norm for the hp-version collocation
method with quasi-uniform meshes. It is shown that the p-version gives
twice the rate of convergence as the h-version for singular solutions on
quasi-uniform meshes, which coincides with the well-known phenomenon
in the p-version of the finite element method for elliptic problems with
corner singularities (see, e.g., [16]). We also show the exponential rates of
convergence for singular solutions by using geometric time partitions and
linearly increasing polynomial degrees.

The remainder of the paper is organized as follows. In Section 2, we introduce
some basic properties of the shifted Legendre-Jacobi polynomial interpolations and
propose the hp-version Legendre-Jacobi spectral collocation method for the VIDE
(TI). In Section 3, we establish some new approximation results of the Legendre-
Jacobi polynomial interpolations for both smooth and singular functions, which
are very useful for the convergence analysis. In Section 4, we derive the hp-version
error bounds of the Legendre-Jacobi collocation methods, for smooth solutions on
an arbitrary mesh and for singular solutions on a quasi-uniform mesh. We also
show the exponential rates of convergence for singular solutions under geometric
time partitions. Our theoretical results are verified by the numerical experiments
in Section 5. Some concluding remarks are given in the last section.

2. THE hp-VERSION LEGENDRE-JACOBI SPECTRAL COLLOCATION METHOD

In this section, we shall introduce some basic properties of the shifted Legendre-
Jacobi polynomial interpolations, and propose an hp-version Legendre-Jacobi spec-
tral collocation method for the VIDE ().

2.1. Preliminaries. Let I} be a mesh on the interval I,
Iy ZZ{tn: 0=ty <t <-"<tN:T}.

We set hy, =ty —tn—1, In = (tn—1, t], and denote by u"(t) the solution of (II]) on
the n-th element, namely,

u™(t) =u(t), tel,, 1<n<N.
From (LI) we have that for any t € I,,,
(2.1)
d n—1 t
Gt @+ [ (=) bt s [ (=M (e = 1),
k=1"1k tn—1

In order to transfer the integral interval (t,—1,t] to I, we make the following
transformation:
()\ - tn—l)(t - tn—l)

N ’

(2.2) E=o(\t)i=tp_1+ Ael,.
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Then equation (2.I]) becomes

d " S — 5)"Hb(s)uk(s)ds
U (1) +a(t)u (t)+kz:1/lk(t $)""b(s)u”(s)d

%)1_” /, (tn = N Hb(a (N 1)u" (0 (A, 1)dX = f(t).

n

(2.3)
+(

Hereafter, for a given interval A and a certain weight function yx(z), we define

Li(A) = {v | v is measurable and |[v][z2 (a) < 00}

1
with the norm ||’UHL§(A) = ([, lv(z)*x(x)dz) . We also denote by H(A) the usual
weighted Sobolev space.

2.2. The shifted polynomial interpolation on I,.

2.2.1. The shifted Jacobi-Gauss interpolation on I,. For o, 8 > —1, let J,’:’ﬁ(x),

€ (—1,1), be the standard Jacobi polynomial of degree k, and denote the weight
function x*#(z) = (1 — 2)*(1 + 2)”. The set of Jacobi polynomials is a complete
Limﬁ (—1,1)-orthogonal system, i.e.,

(2.4) [ @ e e = 5 6,

—1

where dy, ; is the Kronecker function, and

208D (o + DT(B + 1)
B _ T(a+ B +2) ’
T 20+6+1 Dk +a+ DD(k+B+1)
(k+a+pB+1) kT(k+a+pB+1)

In particular, J&?(z) = 1 and
' d d
(2.5) / I (@) I T @) = Kkt ot B+ D) o .
-1
The shifted Jacobi polynomial of degree k is defined by
2 — —t,
hn

The set of JS’,?(t), k > 0, is a complete Liaﬁ (I,)-orthogonal system with the
weight function x%#(t) = (t,, — t)*(t — t,_1)?, namely,

(2.7) /IJ::;ﬂ( BT B (tyde = (M

n

(2.6) Toe () = T ), tel, k>0

h a+B+1 8
«,
2 ) Yk 5k7j'

We now turn to the Jacobi-Gauss interpolation. For any given integer M,, > 0,
we denote by {xn W }M" the nodes and the correspondlng Christoffel numbers
of the standard J acobl Gauss interpolation on the interval (—1,1). Let Py, (I,) be
the set of polynomials of degree at most M,, on the interval In, and let tzf be the
shifted Jacobi-Gauss quadrature nodes on the interval I,,,

1 .
_(hnxg:jﬁ + tnfl + tn)a 0 S J S Mn

aB _
tf =3
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Due to the property of the standard Jacobi-Gauss quadrature, it follows that for
any ¢(t) € Panr,+1(1n),

i \a bt Attty
JRC :(7) . / ¢($)x“5(9€)dw

% /3
a+ﬁ+1 + tn 1+t P
(2.8) = Z¢> i

n,J

Bt 1
= atftl By, a,pB
= (5) Z‘b(tn,j )
§=0
By [27) and (Z8)), we further obtain that for any 0 < p + ¢ < 2M,, + 1,
29) S RDIR] =

n] n] nj_PyP

We denote by Iff}@n : C(I,) — P, (I,) the shifted Jacobi-Gauss interpolation
operator in the ¢-direction, such that

(2.10) Iy oty =v(tr?),  0<j < M,

n,J

2.2.2. The shifted Legendre-Gauss interpolation on I,. In the special case where
a = =0, the shifted Jacobi polynomial JSZZ (t) is reduced to the shifted Legendre
polynomial L,, j(t). Accordingly, we write ¢, ; := t?{,' and wy, ;j = w . Moreover,
we denote by Z; ar, = Z? ]?4 the shifted Legendre-Gauss mterpolatlon operator in

the t-direction. According to the properties of the standard Legendre polynomials,
we have (cf. [22])

hn
(211) [ EaOL 0 = 5,

n

(2.12)
(k+ 1)Ly g1 (t) —hy ' (2k + 1) (2t — t1 —tp) Ly i (t) + kL x—1(t) = 0, k>1,

4k + 2
(2.13) Lypa(®) = Do () = == Laplt), k21
In particular,
2t —tp—1 —1n
Ln,O(t) = 13 Ln,l(t) = —1a
2.14) i
(2. 612 — 6(tn—1 + tn)t + Abp_1ty, +12_; +12
L,2(t) = 0 .
n
Moreover, by taking & = =0 in (Z8) and (29), we get that
B O
(2.15) / o(t)dt = 7" > Ot j)wng. ¥ € Pans,s1(In),
I, .
n j=0
and
M, 9
(216) Ln,p(tn,j)Ln,q(tn,j)wn,j = mdp’q, Vo< p+q< 2M,, + 1.

<.
I
o
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2.2.3. The shifted Legendre-Gauss-Lobatto interpolation on I,. For M, > 0, let

{xﬁﬁj,wﬁﬁj JM:"OH be the nodes and the corresponding Christoffel numbers of the

standard Legendre-Gauss-Lobatto interpolation on the interval [—1, 1], and

1 .
th = 5(hnx,ﬁj Ftn1+tn), 0<j<M,+1.

We also denote by If M, +1 the shifted Legendre-Gauss-Lobatto interpolation oper-
ator in the t-direction with Z}y, v € Py, 41(1,) and

(2.17) Ihy, oty ) =o(th;), 0<j<M,+1.

According to the properties of the standard Legendre-Gauss-Lobatto quadrature
formulas, we get

M, +1
ha,
(2.18) /I o(t)dt = > o(th Jwk i V€ Pany, (L),
=
and
M, +1 9
(219) > Lup(th ) Lng(th Jwh ;= map,q, VO<p+gq<2M,+1.
=0

As mentioned in [3], due to the presence of the weak singularity (e.g., p € (0,1)),
it is natural to consider the weighted interpolatory quadrature formulas whose
weights depend on the weakly singular factor (¢ — s)™# in the kernel. For any
#(s) € Par,+1(Ix), we introduce the weighted interpolatory quadrature formulas,
defined by

My+1
(2.20) /1 (t—s) T o(s)ds = > ot ok, (), tel,, k<n,
k ]‘:0

where &y, (t) = / (t—s) Hl j(s)ds and {l ; (3)};VQO+1 are the Lagrange fundamen-
Iy

tal polynomials corresponding to the collocation points {tﬁ j }jlvikoﬂ. The function
@,f j (t) can be calculated precisely according to the properties of Legendre polyno-

mials.

2.3. The hp-version Legendre-Jacobi spectral collocation scheme. The hp-
version Legendre-Jacobi spectral collocation scheme for solving (Z3]) is to seek
U"(t) € Pu, +1(In), such that

Ty, (%U"(t) +a(t)U™(t) + kz_:l /1 (t = 5)"TE 11 (b(8)U(5))ds

(2.21) +(%)““/{ (tn — A)*#I;@;?LM(b(a(x,t))m(a(x,t)))dx)
— Lo, f(t), tel,
U(tn-1) = Un_l(tnfl)v Ul(tO) = Uo,
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where Uk (t) € Py, +1(Ix) is the numerical solution of u*(¢) on the interval Ij,. We
now describe the numerical implementations and present an algorithm for scheme

22Z1). To this end, we set

Mn+1 Mp+1
=3 WL, = —U" Z up Ly, (1)

M.,
Ty, (a()U" () = apLny(t),  Tiar, f(2) Z S L
=0

(2.22) T Il ((t — t ) (AN ) U (o (N, t)))
M, M,+1

=33 dp L p(8) T, 50N,

pOpO

Tor G (0 Z 2% L,

Then by [222) and ([2ZI3)), a direct computation leads to

Lo, (aOU" (1) = a§ +hy Z@ig (L () = L1 1)
M, —1

n a’ a’
=af — 2L () +hy Y (2 — L (¢
aO 10 7171( ) + n = (4p -9 4p + 6) H,P( )

hnaly
(t) + M‘L;,MnJrl(t)

2.23 — A=
(2.23) A, — 2 M

M L) v () = hy arL! (1)
Similarly,

I, =h, = AN (-

hn f hon £,
(2.24) +mr25 Lo, (O + 335 Lo w41 (1)
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Moreover, with the aid of [220)), (222) and 213, for 1 <k <n — 1, we get
(2.25)

Mp+1
Ty, (t—s)*“ngk+l(b(s)Uk(s))ds—ItM 3" btk Ut )@k (1)
Iy p’=0
M+1 M+1
= Z b(té’p/)Uk(ti’p/)It’Mna)ﬁ’p Z b tk:p Uk tk}p Z A(k
p'=0
My+1 Mp—1 (k) ) o) )
= hy, (th Ukt ( Ppml Pty (¢
Z kp kp) ;(417_2 4p—|—6) n,p()

) &, M1
MLy () 4 M D) =tha Y BLh,(
+4Mn_2 n,M,L()+4M +2 nM,ﬁ—l() pzz:l ) n,p( )’

where
My +1 ~(k) ~(k)
w,., w,,
— th/UktL/( p7p71_ P,p+1) 1< <Mn_1
p/go (k},p) (k?,p) 4p_2 4p+6 ) —p— )
1 M +1
N k
b]IC\/[n 4M _2 Z btk?p Uk(tkp) (’)]\/[ -1
p'=0
M +1

~ 1 (K
bhroir = 7 T3 btk UE(tE )%, .
n p'=0

Further, by using (2Z22]), (217) and a similar argument as before, we obtain that

/I (tn = N T, Tk ((t - tn,l)lfﬂb(a(x,t))U"(a(A,t)))dA

n

=D 2 Gylnp®) / (tn = N) M, B0 (A)dA
p=0 p’'=0 I,
S k)
= n t
p,0~n,p
1 ,up:O

(2.26)
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Applying 211, I3, 2710) and 2.8)) (with M,, + 1 instead of M,,) to ([2.22]), one

can verify readily that

M,
) 2p+ 1 n
ap = — > altn U™ (tn ) L p(tn ) wm 5
j—O
(k) 2p —I— 1
( pp = Zwk p’ L p(tn,j)wn,j,
M, M,+1
n (1=p)(2p+1) < - —u,0
dpo = 0 S0 (i = ta1) T b0 (6,5 1)
i=0 j—=0

2p+ 1 o=
Iy = 2 Zf(tmj)an(tmj)w"»j'
§=0

Next, by using (Z2I)-(220), we deduce that

M,+1 M,+1 Mp+1 n-1
Z Uy Ly p(t) + T Z ay Ly () +ha Yo (D)L (1)
p=1 k=1
(2'27) h My+1 M, +1
+ n Z dn h Z fn
1—p =

According to the property of the standard Legendre polynomials, we know that
{L}, ,(t)}p>1 are mutually orthogonal with respect to the weight (t, —t)(t —tn_1).
Hence, we compare the expansion coefficients of ([2.27]) to obtain that

n—1
N N ~ he o~
(2.28) ult = hp fyf = hngy — hy Y bﬁ_ﬁ v 1<p< M,+1.
k=1

Furthermore, due to Ly, ,(t,—1) = (—=1)P, U(0) = ug and U™ (t;,—1) = U™ (ty—1)
for 2 <n < N, we get from the first formula of ([2:22]) that

My+1 My +1
(229) ug=uo— Y (~DPul,  up=U""'(tn 1) - (—DPur, n>2.
p=1 p=1

The system ([2.28)) can be solved directly, based on matrix factorizations such as
LU decomposition.

3. SOME USEFUL APPROXIMATION RESULTS

In this section, we present some approximation results (mainly shown in Theo-
rems BIH3H]), which will be useful for convergence analysis. Denote by ¢ a generic
positive constant independent of hy and Mj,.

3.1. The Jacobi and Legendre interpolation approximations for smooth
functions. In this subsection, we focus on the interpolation approximations for
smooth functions on the interval I,,.
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Theorem 3.1. For anyv € H:ﬁxﬁ(fn) with o, > —1 and integer 1 < m < M, +1,

I(M, +2—m)
3.1 - I Ty + 25 m)
(3.1) [|v t,MnU”LQ&,ﬁ(In) ¢ I‘(Mn+2+m)

Xn

||6?U||Li%+m,ﬁ+m (In)

where H;’:;,B (I,,) is the weighted Sobolev space with weight

Xp P () = (ta = 1)*(t = ta1)".
In particular, for any fived m, we further get

lo = Z257, vl . < (M 4 1)7" (|07 0] 2
b X

I,
xf’f’B( )

a-+m,gm (In)
(3.2) "
< chpt (Mn + 1) 7107 0 2, (1,

Proof. Let 7710\‘45 , a, 8 > —1, be the standard Jacobi-Gauss interpolation operator
with respect to the nodes {xz]ﬁ }jM:"O on the interval (—1,1). According to Theorem
3.41 and (3.261) of [17], for any function u(x) satisfying Ofu(z) € Liu%,wk(—l, 1)

with integers 0 < k <m and 1 <m < M, + 1, we get
a,p
7oz, uw — UHL;"(Q,ﬁ(—Ll)

(M, —m+2)

_— —(m+1)/2||9m
(3.3) =c (M, +1) (Mn + m) ||az uHLiqum,Ber(—Ll)
DMy +2-m)
< ATan 727 m) 107 Y2 (-1

" hpettn_y 41, - Lhen we have
- 2

Next let u(z) := v(¢)

t

I, v(t) = v(ty)) = u(@)) = mifu@lf), 0<j < M.

n,J n,J n n,J

Since If‘}énv(t)’ and ﬂ'f\}fu(x) belong to Pz, (—1,1) in the variable

hpo+tty, 1+tn
t=—————

x, hence

(3.4) I;f;(jnv(t)L_hnwmm = 7% u(x).
- 2

The above with (B3) gives

lo =5, v

|2
Lia’ﬁ (In)

1
:(%%“”*T[JW@»—wmﬁwwﬁ0=ﬂw%1+xﬁdr

(3.5) 1
(M, +2 — m)
< ha+6+1n— / m 2(1 — p)otm(q B+md
< ettt [ O u@) (- 2) (1 4 a) s
L(M, +2—m) , . -
- mo(t ty — )Tt — ™dt.
T3 J, B =0~ t)
This leads to [B1]). The result [B2]) can be derived easily from (BI]). O

By (32) and the triangle inequality, we further obtain the following result.
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Corollary 3.1. For anyv € H;Q,B(In) with a, f > —1,

||Ig}€[ﬂ”1:i%ﬁ(ln) < ”,U”Liﬁ'ﬂ(]") + (M, + 1)71||3tUHLi%+LB+1(In)

(3.6) »
<Hollez (1) + chn(Mn + 1) 100ll22 | (1,,)-

As results of Theorem [B.1] and Corollary B with @ = 8 = 0, we have the
following two corollaries.

Corollary 3.2 (see also [22]). For any v € H™(1,,) with any fized integer 1 < m <
M, +1,

. o = Tosr,vllgagry < e+ D107z, )
| < b7 (M + 1) 07" 21,
where H™(1,,) is the usual Sobolev space.

Corollary 3.3. For anyv € H(I,,),

IZe, 0,01 221y < W0llz2r,y + e(Ma + 1) M0l L2, (1,
Xn

(3.8) )
< ol 2ty + chn (Mo + 1)~ Or0] 2(1,-
Moreover, one can verify readily that

Theorem 3.2. For any v € H™(I,,) with integer 1 <m < M,, + 2 and M, >0,

I'M,+3-m)

(3.9) o= Ting, 10021y < cha m“@””\hiwﬂmflun)
and
(3.10)
I'(M, +3—m)
L n
(v = i, 410) 22r,) < e(Mn +1) m”aﬂﬂhi?,l,m,l(zn)-

In particular, for any fired m, we further get

(3.11) o = Ting 1vllzey < chn(Mu+ )00z,
. Xn
< chp (M, + 1) ™10 0| p2(1,,)

and

10 =T, 10 ez < e(Mn + D)0 02, 1)
Xn

(3.12)
< chy (M + D)0 0] 21,

Proof. Let M,, > 0 and let WJI(/In 41 be the standard Legendre-Gauss-Lobatto in-

terpolation operator with respect to the nodes {xﬁj j.vi’b"’l on the interval [—1,1].
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According to Theorem 3.44 and (3.261) of [I7], we obtain that for any 0J'u €
Lim,l,m,l(—l, 1) with integer 1 < m < M,, + 2,

flu — 7T1%4,L+1u||L2(71,1)

(M, —m +3) (M, +m+ 1)1-m)/2

< gm
(3.13) = (M, + 2) (M, + 1) l9; UHLimfl,vn—l(_lvl)
D(My,+3-m),
T, + 37 m) 107 ez, e
and
(3.14)

(M, +3—m)

|02 (u — 771%4”+1U)||L2(—1,1) < (M +1) F(Mn+—3+)” :c U||L2 m—1,m—1(=1,1)"

hmatt,_y+in - Lhen we have

Next let u(z) = U(t)‘
t= 3

ItL,MnHU(tﬁ,j) = U(tﬁ,j) = U(xﬁg) = WJ%LLHU(%LM)? 0<j<M,+1

Since ZF,, _Hv(t)‘ poottr oo and g u(z) belong to Ppy,41(—1,1) in the
b n t: n-t 7;— n n
variable x, hence

(3.15) Tt 1V 0| o, e = Thz, 42u(2)-

2

t=

The above with [B.I3) gives

n 2
v — ItLM +1U||L2(I = 7/ 7rM u(z )) dx
I(M, +3-m)
3.16 < e
( ) < ch, F(M 35 m) x®) dx
M, +3—m)
h2( t—tmlt—t mlt
"D(M, + 3+ m) =ty
Similarly, by ([B14) we obtain
(3.17)
2
10 (v — tMn-i-lv)HLz(I y = _/ 3 u(x 3x7T1\L4n+1U(l’)) dx
I'M,+3—-m
< h*l 1 2 m 1— 2\m—1
< b (M, + 1 +3+m)/<a () (1 - )" da
(M, +3 —m)

R /In((‘)tmv(t))Q(tn S )™

This leads to the desired results (3.9) and ([BI0). Finally, using [3.9) and B.10)
yields BII) and BI12).
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Corollary 3.4. For any v € H(I,)) and M,, > 0,
(3.18) 10:ZE s, w10 |22 (r,) < cllOwvllrar,,)-

3.2. The Jacobi and Legendre interpolation approximations for singular
functions. In this subsection, we focus on the interpolation approximations for
the t”-type singular functions on the interval I. To this end, we first consider the
interpolation approximations for the (14 x)¥-type singular functions on the interval
(-1,1).

3.2.1. The (1 + z)"-type singularity on the interval (—1,1). Let v be a noninteger
and denote u, (x) = (1 + x)".

(i) The Jacobi-Gauss interpolation approximation. Assume that the Jacobi ex-
pansion of w, (z) is

o0
uy () = Zan.],‘j"o(x), a> -1
n=0

The following lemma gives the expression for the coefficients of the Jacobi ex-
pansion.

Lemma 3.1. Ifv > —1 is a noninteger and o > —1, then
2T (a+2)I(v+1)
- T(w+a+2)
(3.19) o 2’2n+a+1DI'v+DI'(n+a+1)
" nlT'(n+v+a+2)
xv(v—1)wv—-2)---(v—n+1), n>1

Proof. According to (2.4]), we have

ag

)

n+a+1 [* o o

(3.20) Un = —5ait [1 u, () J 0 (2)(1 — )% da.
By the definition of Jacobi polynomial, we know

_ a 7,0 _ (_1)71 dr o n4+ao n

(L=2)" I3 @) = Sir o ((1 2)"+ (1 + ) )

and hence

(-1)"(2n+a+1) /1 dn
3.21 = V—— —x)"te " .
(321)  an et | ) (1 =2y (1 +2)")de

This, along with (24]), leads to the expression of ag. Next, owing to

dnfk
. v—k+1 _ n+o ny) _ _ < <
xlinil(l—l—x) g ((1 )" T (1 + x) ) 0, Ywv>-1,1<k<n,
we use ([3.2I), (24) and integration by parts to obtain
2n+a+1) ! y
a, = (QWFTITL!I/(V— 1)-~-(u—n+1)[1(1—J;)""‘a(l—l—m) dx
(3.22) C22n+a+ 1)+ 1I(n+a+1)

nl(n+v+a+2)
xv(v—1)v—=2)---(v—n+1), Vn > 1.

This ends the proof. |

By using the Stirling’s formula we can easily prove the following lemma (cf. [7]).
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Lemma 3.2. Forn — oo,

629 treg) = (1+06))

where (’)(%) depends on vy and 6.

The following lemma is concerned with the asymptotic behaviour of the coeffi-
cients obtained in (319).

Lemma 3.3. Let a, be the coefficients of the Jacobi expansion of (1 + x)” and let
v > —1 be a noninteger. Then for n — oo,

(3.24) an = <—1>"—1f§fﬂ (1 + O(%))v

with

v+1 o3
Colr) = 2y, 4y

Proof. Clearly, by Euler’s reflection formula I'(1 — 2)I'(z) = , we deduce

sin(7z)
I'(n—v) _ (—1yn! sin(7v)

v =1)v=2)- (v=nt1) = ()" 55 m

P(n—v)I'(v+1).

Hence, we can rewrite (3.19) as

_ +1\ T'(n—v)I'(n+a+1)
3.25 .= (=1l ( a ) > 1.
(3.25)  an=(-1) o) {n+ 2 JTn+ DI (n+v+a+?2) "=
This, along with Lemma [3.2] leads to the desired result. O

Remark 3.1. Gui and Babuska [7] considered the Legendre expansion of u, (x), and
derived some results similar to Lemmas B.1] and 3.3

To establish the result of the Jacobi-Gauss interpolation approximation for the
singular function w, (), we first need to consider the Jacobi orthogonal projection.
For any a > —1 and integer M > 0, the Jacobi orthogonal projection P]?jfo :
L2.0(=1,1) = Par(—1,1) is defined by

1
/ (PS0(x) — v(@))(x)(1 — )%z =0, Ve € Par(~1,1).

-1

Clearly,
M
(3.26) Pyuy () = anJ3 0 (x).
n=0
Lemma 3.4. Ifv > —% is a noninteger, a > —1 and M > 0, then
(3.27) [l — PJ(\?OUVHLia’O(le) <e(M+1)72 N

If, in addition, v > 0, then

(3.28) G = Pu) Iz, 1y < e +1)72
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Proof. According to (826 and (2.4]), we have

(3.29)
2 e 2a+1a2
Uy — PQ,O’LLV H an ‘ _ 471.
‘ " Lao(=11) n= 2M:-H L2 o(=11) n=§J\/I:+1 m+a+1
This, together with 3.24), gives that for v > —3,
(3.30)
2 > 2a+1c2(y) 1
‘ M Lia,o(*lvl) ;-i-l (21’L + o+ 1)n41/+2 ( )
c 1
=¢ Z n4”+3 - (M 4 1)4v+3 te nAv+3
n=M+1 - =M 42
&
< —+¢ x_4y_3d.’[
- (M + 1)4”+3 /M-H
C(M + 1) v-2

Similarly, by B.26]), (2.0) and ([3:24) we obtain that for v > 0,

(3.31)
2 © d 2
(A2 P D T2
an+1‘1(*171) neM-1 €z an+1‘1(*1’1)
> +a+1)20T1C2(v) 1
_ Da2~a0 — n(n 0 (1 1, _)
Z n(nta+ Dayy Z (2n + a + 1)ntv+2 * (n)
n=M+1 n=M+1
[SS) 1 »
<c Z RVDEEY <e(M+1)
n=M+1
This leads to the desired result. O

We now consider the Jacobi-Gauss interpolation for the singular function w, (x).
As in the proof of Theorem B we denote by 73" : C(=1,1) — Par(—1,1) the
standard Jacobi-Gauss interpolation operator on the interval (—1,1).

Lemma 3.5. If v > 0 is a noninteger and M > 0, then
(3.32) [l — Wj'\‘/}oul,HLza J—1n) Se(M+ n~ Va> -1
Proof. Clearly,
a,0 o,0 a, a,0
(|, =y uVHLia,o(—Ll) < luww—Pyy UVHL;"(Q,O(—I,l)—’_Hﬂ—M (wy—Pyf UV)||L2 —1,1)
Moreover, according to Lemma 3.8 of [17],

0 -
sy U||Lia10(—1,1) < CH’U”LiaYU(—l,l) +c(M+1) 1||U/||Lia+1,1(—1,1)-
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The previous two inequalities, along with (3.27) and (B.28]), yield
,0 ,0
(s uu”Limo(—l,l) < clju, — Py UVHLiQ’D(—l,l)
_ 0
e+ 1) w ~ PwY iz o
<e(M41)"2 L
This leads to ([B:32]). O

(ii). The Legendre-Gauss-Lobatto interpolation approximation. We now con-
sider the Legendre-Gauss-Lobatto interpolation for the singular function w, (z).
As in the proof of Theorem B.2] for any integer M > 0, we denote by 7T1\L/I+1 :
C[-1,1] = Ppr41[—1, 1] the standard Legendre-Gauss-Lobatto interpolation oper-
ator on the interval [—1,1].

Lemma 3.6. If v > 0 is a noninteger and M > 0, then
(3.33) ty — 71l p2(—1,1) < (M +1)7271

If, in addition, v > %, then

(334) ||(’U,l, — W]I\}[Jrlul,)l”Lz(,Ll) S C(M + 1)_2V+1.
Proof. We first verify the result (333]). Obviously,
(3.35)

= mhr a1y < lluw — Prgtllzznn + 17 (w — Pyl z2 (- 1,1)-

Owing to (3.317) of [I7], we know that
(3.36)

||7T]I¢[+1(u,, - PJ?&%JUV)HL?(—Ll)
< oM + )7 (Juy (1) = PR s (D] + [ (1) = PR (1))
0,0 . 0,0
elu, = Pyl + e + 17 = PR yw) ez, -

Further, by ([B26]) with o = 0, we get

|y (1) — Pﬁ}iluu(l)‘ = | Z an (1)) = | Z an-

n=M+2 n=M+2

This, along with ([324]), leads to

- 1

(3.37) |y (1) = Py un ()] < Y ot <M+ )", Yu>o0.
n=M+2

Similarly,

(3.38) uy (—1) — Py (1) < e(M +1)7%, Yv>0.

Hence, by (30), B36), 217), B2), B37) and B38)), we obtain the result
B.33).

It remains to estimate ([B34]). To this end, we define the following operator:

a1 u(z) ;:/ PR (€)dE € Paria(—1,1).
1
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Then we have
(= 7 y1un) 22 (=1,0) < (e = Marpau) || 2211
+ ||8g;7r]%4+1(u,, - HM+1UV)||L2(71,1)-
Moreover, by ([B.14) with m = 1 we know that for any v € H*(—1,1),
1827711012~ 1,1) < €ll@avll2(—1,1)-

The previous two inequalities imply that
(3.39)

Iy = 7 aw) 22 -11) < ell(uy = Marsaw) || 2211y = ellul, — Pyup |2 -1,)-
The above, together with [3.27), gives that for v > 3,
(3.40) (wy — 71w | p2(—11) < oM +1)72F

This leads to (3:34). O

3.2.2. The t¥-type singularity on the interval I. We next consider the t”-type sin-
gularity on the interval I.

Theorem 3.3. Let M,, = M > 0 and let I, be a quasi-uniform mesh (hy, =~ h).
Assume that v(t) = t¥ with v > 0 being a noninteger. Then for M > v — 1,

(3.41) lv = Zewllee, ) < T (M A1), YVas -,

Xn’
where the weight x®°(t) = (t, — t)* and It%\?[ is the intervalwise Jacobi-Gauss
interpolation operator defined in (ZIQ) for each subinterval.

Proof. Since v(t) has singularity at the endpoint ¢ = 0 of the first element I, we
shall first focus on the approximation error of Itaf }8[1) in I. For this purpose, let

hi

(342) (@)= o®)] ., = (5) W) with w (@)= @+1)"
- 2
Then by [B4) we know
e « hl vV
(343) It’}&v(t) t,h1(w+1) = WMou(I) = (7) ﬂMouV(l‘).
- 2

This, together with (8332)), gives that for v > 0,

a,0

h v eg
_) [y — 7y UVHLiu,D(—l,l)

’U—IQ’O’U _
sag VTl 00 = G

< ch T (M + 1)

where x9°(t) = (t; — t)* and x*0(z) = (1 — z)*.
We next deal with the approximation error of Itaf }8[1) in I, with n > 1. Note that
v(t) is analytic in the interval [t;,T], the regularity exponents m can be chosen
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arbitrarily large. Thereby, we use ([B.2]) to deduce that for any fixed integer 1 <
m<M+1and m > v,

,0 m —m m
lo = Tyvllze, ) < k™M +1)""107]z2 (1)
Xn Xn

(/ t2v=2m (g, —t)“dt)%
I,

< ch? (M + 1)_m‘y(u— D) (v —m+ 1)‘(/} (tn —t)adt)%

- chm(M+1)’m’1/(z/— - (v—m+1)

(3.45)

< ch”“‘T“(MH)*m]u(u— 1)~~~(V—m+1)‘.

If 2v < M, we select an integer m satisfying 2v + 1 < m < M + 1. Then, by ([B.45)
we have

(346) v — I vllee (1) < ch”HIF (M +1)7™ < ch? 55 (M +1)7 2L,
Xn’

Ifv—1< M < 2v, we take m = M + 1 > v. Since M is bounded, and hence the
result ([B.46]) is still satisfied. This ends the proof. O

Theorem 3.4. Let M,, = M > 0 and let I, be a quasi-uniform mesh (h, =~ h).

Assume that v(t) =t with v > 0 being a noninteger. Then for M > v — %,

(3.47) o — ZEyrqoll ey < ch T3 (M + 1)1,
If, in addition, v > %, then
(3.48) (v = ZErpir0) L2y < ch? ™2 (M + 1)~ 21,

Here, IfMH is the intervalwise Legendre-Gauss-Lobatto interpolation operator de-
fined in ZI7) for each subinterval.

Proof. We first focus on the approximation error of szM v in I1. Let u(x) be the
same as that in ([3.42). Then by [B.I3) we know

hy

(3.49) Trarr0®)] sy = (@) = (5) whrau (@),
e

2
This, along with (333]), gives that for v > 0,
(3.50)

hi\v+t sl o
o = Znavlzeay = (5)7 2 luw = mhrpau ey < ch? T3 (M 4+ 17271

Similarly, by 3.34) we get that for v > %,

h
2
< ch’"3(M 4 1)"2+,

Pt
(v = T ) ez = (57)7 210 (w = Ty qw) 22 -1,

(3.51)

We next deal with the approximation error of Z}y,, v in [t;,T]. Note that v(t)
is analytic in the interval [t1,T], we use (BI1)) to deduce that for any fixed integer
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1§m§M—|—2andm>V—|—%,

o = ZEar vl Feq, oy < ™ (M + 1) 7207 0] 321, 1)

2 T
(3.52) = ch2m(M + 1)72771 Z/(V —_ 1) e (V —m + 1)’ / t21’72mdt
t1
2
< Ch2u+1(M—|—1)*2m(m—1/— %)*1’1/(”_ 1)~~(V—m—|—1)‘ )

If 2v — 1 < M, we select an integer m satisfying 2v +1 < m < M + 2. Then, by

B52) we have
(3.53) [[v— ItL,M+1U||L2(t1,T) < Chy+%(M +1H)™" < ch"+%(M 4+ 1)L

If v— % <M <2v—1, wetake m =M+ 2 > V—l—%. Since M is bounded, the
result ([B53)) is still satisfied. A combination of (B350) and 53] leads to B.41).

Analogously, we use (3I2)) to deduce that for any fixed integer 1 < m < M + 2
and m > v + %,

1 = Ting 1) [Ty < b2 (M + 127271070320, )
(3.54) 1 2
< ch® Y M+ 1) (m —v — 5)_1 viv—1)---(v—m+1)
If 2v — 2 < M, we select an integer m satisfying 2v < m < M + 2. Then, by ([B.54)
we get

(3.55) 1w = Zfarg10) 2o,y < h¥ ™2 (M 4 1) 72,
Ifl/—%<M<21/—2,Wetakem:M+2>V+%. Since M is bounded, hence

the result ([B.53)) is still satisfied. Finally, by [B.51]) and ([B.53) we obtain the result
B43). O

By using a similar argument as in Theorem [3.4], we obtain

Theorem 3.5. Let M,, = M > 0 and let I, be a quasi-uniform mesh (h, =~ h).

Assume that v(t) = t” with v > 0 being a noninteger. Then for M > v — %,

(3.56) [0 = Ty aevll 2y < ch? 3 (M +1)"271,

where Iy pr is the intervalwise Legendre-Gauss interpolation operator.

4. ERROR ANALYSIS

In this section, we shall analyze and characterize the hp-convergence of scheme
(221)). We first study the error bounds for smooth solutions on an arbitrary mesh.
Then we consider the error bounds for singular solutions on a quasi-uniform mesh.
Finally, we show the exponential convergence for singular solutions on a geometric
mesh.

To this end, we introduce two lemmas. The first one is about the Poincaré
inequality stated below.

Lemma 4.1. Let « < 1 and Kk > t,—1 be any given constants. For any u €

HL(0,t,-1) and u(0) = 0 with w(t) = (k — t)~%, we have

(4.1) /0 (s 1) < ﬁ /0 )20 — 1),



2304 Z. WANG, Y. GUO, AND L. YI
Proof. Clearly,

L R A (O LR I

Hence, for t € [0,t,_1],
(4.2)

w?(t)(k — )1 —a tu2 k—y) %y = tu W (y)(k—y)t—?
(k- + (1 >/O (4)(r — )~ dy 2/0 () () (s — )~ dy

1
2

<o [ uean) ([ wwre-vieaw)’
which implies that for any o < 1 and ¢ € [0, ¢,,—1],
(4.3) /Ot u?(y)(k —y)~"dy < ﬁ /Ot(u’(y))Q(K —y)*dy.

Letting ¢t — ¢,,_1 in the above inequality leads to the desired result. |
The second one is about Gronwall’s inequality given in [I§].

Lemma 4.2. Assume that {k;} and {p;} (j > 0) are given nonnegative sequences,
and the sequence {e,} satisfies g < po and

n—1 n—1
7=0 7=0

with g; > 0 (j > 0). Then

n—1 n—1
En Spn+Z(Qj+ijj)eXp(ij)> n =1
=0 =0

We now begin with the error analysis. For convenience, we denote
ep(t) :==uf(t) = U*(t), 1<k<n.
Clearly,
(44) e Oll72r,y < 21T, 8u™ = U™ [F2(r,y + 2010u™ = Tiaa, O 122z, )-
We next estimate the term ||Z; s, Ou™ — 8,5U”H2L2(In).

Lemma 4.3. The following inequality holds:

3
(4.5) 1Ze o, O = U™ 31,y < 3D 1Bl 1,
j=1
where
Bu(t) = Tur, (alt) (U7 (1) = " (1)) )
n—1
By(t) = Y Tom, / (t = 5) 7 (ZEr,a (B()U(3) = bls)u" () ) s,
k=1 T

By(t) = Ty, [ (1) / (tn = N (T 1 (o U (0 (1))

n n

—bo(n ) (o (A, t)))d)\] .
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Proof. By [2.3) we have

d n—1
i () + a(t)u™(t) + (t — )" b(s)uf(s)ds
(4.6) v (ar ; /f

t—tnq 1 - .
HEEE (= N e ) (0 )AN) = Toss, T
n I,
By subtracting ([2.21)) from (4.4), we derive the desired result. O

Lemma 4.4. For a(t) € Clt,—1,t,] and u™ € H'(1,,), we have

2 _
(4.7) 1Bz, < cllenlZar,) + ch2 (M + 1) 2l 22 -

Proof. By [213) and (8], we deduce that

2
1Bl s,y = | (T, (@)@ @) = 0) ) o
h ) M, 2
=5 Z 0 (tn,5) (U™ (tn,j) = 4™ (tn,5)) wnj
j=0
(4.8) M, ,
< hn S (U (tng) — 0" (tny)) om
j=0
< | Zenr, (U™ = u) |32y, < U™ = w20y,
+ eh2 (My, + 1) 2 [0:(U" — u™)[3a(s.-
This ends the proof. |

Lemma 4.5. Assume that b(t) € CHtp_1,t]), 1 < k <n—1, b(t) € H'(0,t,,_1)
and u € H*(0,t,_1). Then we have

n—1

— /!
(49) 1Bal3a(r,) < chaT* S (llewlrs iy + 1 (ZEagy ) = 06%) 22, ).
k=1

Proof. Let V(s) and W (s) be the global functions defined on [0, ¢,—1], such that

V(s) = ISL7MR+1(b(s)Uk(s)) — b(s)uk(s), W(s)
= IiMk_i_l(b(s)Uk(s)), 1<k<n-1

s€ly

Clearly, W(s) is a piecewise polynomial. Since ZF ‘M, +1 15 the Legendre-Gauss-
Lobatto interpolation operator, we can verify readily that W(s) € C(0,tn—1).
Hence, W (s) € H(0,t,_1). Accordingly, we have V(s) € H'(0,t,_1) and V(0) =
0. Next, by (ZI3), the Cauchy-Schwarz inequality and the definition of By, we
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obtain that

(4.10)
2
1Ball3=qs, = LAIEZ/'t—st T (HU(3)) = bla(s) ),
tn—1 2
= I — K ‘
HMMA (=) Vs,
2
== w,w(/ tnj —8)~ “V(s)ds)
7=0
My n— 1 tn—1
< 7” Z / “ds/o (tn; —8) "V?(s)ds
tn—1
<c ”ijw/‘ (tny = 5) V2 (3)ds,
M,
Due to (£I]) and the fact ZW"J = 2, we further get
=0
M,, tn_1 9
||B2||%2(IH) < ch, T+ Zwmj / (tn; — 8)>#(V'(s)) ds
(4.11) i=0, 0
n—1
< chnTS*Q”/ (V’(s))zds
0
Hence,
(4.12)
n—1 . N 2
Bl < a2 3 [ |2ty ()0 (9)) = 0, (bt (9) [

k=1" 1
n—1 2
< ch, T372H Z/ ’&ISL’MkH (b(s)Uk(s) - b(s)uk(s))’ ds
Iy
n—1 9
+ch, T3 2+ Z / }8SISL,M]C+1 (b(s)uk(s)> — Oy (b(s)uk(s))’ ds.
k=1"1x
Applying BI8) to @I2), we derive that
(4.13)

2
1Ball2aqy,) < chn U*(s) — b(s)u(s)) | ds

2 (0005 (5)) = 0, (o) () [ s

— !
smﬁwz@mmm+mMmmwwwmmJ
k=1

This leads to the desired result. O
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Lemma 4.6. Assume that b(t) € C[t,_1,t,] and u™ € H*(I,). Then the following
inequality holds:

(4.14)
1Bsl 221,y < chiy 2 llenll 2,y + chn *llen |72,y

2

M,
I /1 (1 = N #| @2 ) = 1) (oAt ) (0 (1)) | A,
j:() n

where I is the identity operator.

Proof. By [2.I5) we have

_nl)lu

IBslZ2(r,) = wa

X/(tn A)” “(I/\lfv10+1(b(a()‘vtn,j))Un(a(/\atn,j)))

n

’I'L

2
r

= b(o (At )" (0 b g) ) dA

M.,
< chy, E Wn,j
j=0

| (6= (T (e Ot ) (O )

2
= b b)) (0 (N b)) )42
My,
< chy, an,j(Dlj + Dsy;j),
§=0

where

Dy; = ‘/ (tn = N T 4 (b(o()\ DO (0N tny)) — u"(a(/\,tmj))))
- ’/ (I, PJQOH 7) (b(U()\,tn,j))u”(o(A,tn’j))>d)\’2_

We next estimate the terms D1, and Ds;. Clearly, by (Z8)) (using M,,+1 instead
of M,,) and the Cauchy-Schwarz inequality, we have

(4.15)
h M, +1
Dy =|E Y b(o(t;f;*‘%tn,j))(U“(a(t;‘;*‘%tn,j))
- —u"(o(t, ”0 )w_uo’
Mp+1 5 !
< ch2-2m Z (U” (6,20, 0 5)) — ) w10

< el / \Iyxfﬂ( U (oA b)) — 0" )\2 “Hdx,
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The above with ([B.0) gives that

Dy gchggﬂ/ U (00 t3)) w0t )| (10— NN
+ch (M, +1)” / ‘f‘A(U" (A tn5))
o0t )| (1 = VPO~ o)A
<o [ U000 tug) - w00 )
— UMt ;) + u"(tnd-)r(tn — \)HdA
(4.16) + chi—%‘U"(tn,j) - u"(tn,j)‘2
+chf’f2“(Mn+1)_2/I ]aA(U”(a(A,tn,j))—un(a(x,tw)))fdx
<t [ |0t — ()
U (b)) (0= 2) A

2
2—2p
+ ch

U™ (tn,j) — u"(tn,;)

2
+ch3 (M, +1)” / 03 (U™ (A 0 5)) = W (0 (A 1)) ) | .
Owing to ([22), we assert that

(U0 ) =" @t ))) ||, = U () = (1),

Hence, we use the Hardy inequality to obtain that
(4.17)

2
Dy <ehlH / 03 (U7 (00 b)) = (At g)) )| (k0 = 2)' 1A
I,
2
(tn.s) = u" ()
2

eh32 (M, + 1)~ / }aA U™(0(A tn)) — u"(a(A,tn,j)))‘ X

—|—ch2’2“

2
< b2 |U (b ) = 0" (b))

Feh3—2m (U”(o()\, tn) — u™(o(A, tw))) fdA.

In
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Finally, by (@.17), 2.15), 22) and [B.8) we get

(4.18)
M,

M, )
h Dy; < ch3— 2K ;
n Wn,j V15 = Chy, Wn,j

=0 =0

u" (tn,j) —u" (tn,j)

My,
+ch;*;2ﬂzwn,j/ ‘8,\(U”(0(>\,tn7j))—u"(a()\,tn,j)))rd/\
=0 In

< chi&“ /
I

n

Ty, (U™ () — u™ (1)) fdt

L 2
+ch;ﬁ*2ﬂzwn,j"vﬂh—n“/l ’85<U”(§)—u"(§)>’ de

Jj=0

< chi—zﬂ/ (U™(t) —u™(t))?dt

In

+ =2 (M, +1)2 / <8t(U"(t) - u”(t)))th

In

+ chi—2n / (8t(U”(t) —u”(t)))zdt

I,
< chy llenlZaqr,) + chn~* llenllZar,)-

It remains to estimate Dg;. By the Cauchy-Schwarz inequality, we deduce that
(4.19)

2
Dy; <chih / (tn = N | @b = D (Mo tag)u" (0 1)) | .
I

n

Thereby,
(4.20)

M,
ha, E Wn,j Da;
=0

M, 2
<2 /1 (tn = N [Ty = D) (Mot (0 1)) |
Jj=0 "

This, along with (£I8]), leads to the desired result. O

4.1. Error bounds for smooth solutions on an arbitrary mesh.

Theorem 4.1. Assume a(t) € C(I), b(t) € H'(I), b(t)|iep, 0] € C™ [tn—1,tn],
f(t) € C), uw € HY(I) and ulier, € H™ (I,,) with 1 < n < N and integers
2 <m, <M, +2. Then for h, sufficiently small (cf. (EZT)), we get
(4.21)

[u" = U™ r,y < chy™ 72 (M + 1272 a3 1,

n—1

T exp(eT 24 ST W22 (M 4 122 [l B .
k=1
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Proof. By (B1) we get that for integer 2 < m,, < M,, + 2,

(422) 10" = Tyar, O0u” 7o (r,y < chy™ 72 (My +1)*72mn

32”"“"”%?(1”)-

Moreover, applying (3.12) to (E3)), we derive that for b(t)|ief, ,.t,] € C™* [tr—1, ti]
and 1 < my < My, + 2,

(4.23)
n—1
B2,y < chaT?72 ) (”‘f’f”%ﬂum + AT (M + 1)272m HukH}%mkuk))'
k=1

Further, by (B:2)) and (Z2]), we obtain that for 1 < m,, < M, + 2,
(4.24)

[ (=07 |@ - D (Mot O 1) |
I

n

< c(M,, + 1)=2m / (b = A" (A — _y)™
In

X \a;% (b(a(A, to i ))um (o (N, tn,j))) ‘de

bn.j tnj — th—1\2"n1 m
< ch2mnH (M, + 1) / (P2 e o)

tn—1 ha
2
< chim”‘“(Mn+1)‘2m"/, 9 (e (©)) e

‘ 2

dg

Therefore, by ([@24]) and ([@I4]) we have
HBS||2Lz(1n) < Ch%_%”enH%?(]n) + Chi_%”e/nniz(jn)

(4.25)
+ch%+2mn—2u(Mn + 1)—2mn

2
H/VnTL (171) :

Thus, by (@&4), (@5), @1), E22), [E23) and [@25), we deduce that for 2 < my <
My, + 2, we get

u™|

lenllZz,.)

< cllenlliaqy) + (M + 1) Zllerllia )
—}—chnm”7 (Mn+ 1) —2m, at nunHLz(I”)

(4.26) — _
+chy, T3 2+ Z (||ek‘|%{1([k) + R (M + 1)272m HukH?qm;c(Ik))
k=1

+Ch%_2u||€n‘|%2(1n) + Chi_ZHHe;z”QLZ‘(In)
ehp PR 2 (M + 1) 72 ", -

Assume that h,, is sufficiently small such that
(4.27) ch? + chi 2" <np < 1.
Then we may rewrite (£20) as

n—1

2 _
(4.28) Heln||L2(1n) < CHEnHZL?(]n) + ch, T3>+ Z ||6k||2Hl(Ik) + Qn,
k=1
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where

Qn = chy™ 72 (M + 1) 72" u" | 3mn 1,

n—1
e, T2 3T R (M 122 [ [,
k=1
It is clear that
() — €A (tx1) =2 / eh(Den(t)dt < llexlZp ),
k

er(th—1) = ep—1(tk—1), e1(to) = 0.

Summing up all these inequalities, we obtain

n—1
(4.29) 21 (tat) < 3 ekl
k=1
Therefore,
(4.30)
lealloar = | / (s +ealtn) e < 2 g+ 2hach )
n—1
= R )+ 2 () < 2020 2 D e,
k=1

This, along with ([A28]) and [@27]), yields
n—1

(4.31) ||6n||§11(1n) < ch, T3 2H Z H6k||%11(1k) + Q.
k=1

By taking ¢, = h,;1||ek||%[1(1k) in Lemma [L2] we get

||en||%{1(ln) < ch2mn=2(M, +1)2-2mn u”%{nl"(ln)
n—1
+chy, exp(cT42H) Z R T2 (M + 1)2 72 ||y %pnkuk).
k=1
This leads to the desired result. O

Let U(t) be the global numerical solution of (II]), which is given by
ut):=0"t), tel,, 1<n<N.
Then, by Theorem 1] we further obtain

Theorem 4.2. Assume that p < 1, a(t) € C(I), b(t) € H'(I), b(t)leeft, 11, €
C™nty,_1,tn], f(t) € C(I), w € HY(I) and uliecr, € H™ (I,) with 1 <n < N and
integers 2 < my, < My, +2. Then for hy, sufficiently small (c¢f. [@27)), the following
inequality holds:

N
(4.32)  lu = Ullfry < exp(eT™*72) 37 ™72 (Mg + 12727 [ul Fpms 1, -
k=1
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Remark 4.1. The estimate in Theorem shows that the spectral collocation
method converges either as the time-steps hi are decreased or as the degrees of
the polynomials M;, are increased. Moreover, we also observe that the H'-estimate
in Theorem is optimal in both hy and M.

Remark 4.2. 1f the exact solution u of (1)) is analytic on [0, 7], then by [@2T]) and
the standard approximation theory for analytic functions, we have the error bound
lu = Ullgi(ry < cexp(—d(M + 1)), with the degree M = minj<x<ny My > 0 and
the constants ¢, d > 0.

Remark 4.3. We may also consider the nonlinear VIDE with the weakly singular
kernel,

t
(4.33) u'(t) = f(t,u(t)) —1-/0 (t—s) "K(t,s,u(s))ds, te(0,T],
’LL(O) = Uo,
where 0 < g < 1, and the functions f(¢,y) and K(t, s,u) are continuous.
The Legendre-Jacobi spectral collocation scheme is to seek U™(t) € P, +1(In),
such that
(4.34)

d

n—1
av%w—zﬂxﬂuww»+gaéﬁ—@'ﬂﬁxﬂKmaUﬂﬁmS

t—1tnh— _
+(T”1)1—“/I (tn — )\)_”I/\y’fv}‘iHK(t,o()\,t),U”(a(A,t)))dA),
n n
U"(tn_l) :Un_l(tn_l), Ul(to) = ug.
By using the analysis techniques developed here, we can derive almost the same
convergence property as in Theorem (2] stated below:
Let 0 < p < 1 and integers 2 < m,, < M, + 2. Assume that f(t,y), K(t,s,y(s))
are continuous and satisfy the Lipschitz conditions:

|f(tu1) = f(t up)| < vplur —ual, 75 20,
|K(t757u1)_K(t757u2)| §7K|ul_u2|a FYKZO
Then for h,, sufficiently small, the following inequality holds:
N

lu— Ul S he™ 2 (Mg +1)72m
k=1

8;”’“K(t,-,u(~))H2 )

x (107 uli3aqr,) + | e

4.2. Error bounds for singular solutions on a quasi-uniform mesh. In gen-
eral, the solutions of (LI) with u € (0,1) will not be smooth at ¢t = 07, even if
one has smooth data. Hence we need to analyze the hp-version convergence of the
Legendre-Jacobi spectral collocation method for nonsmooth solutions. We recall
the following regularity results.

Lemma 4.7 (see [3]). Assume that a,b, f € C™(I) (m > 1), and let p € (0,1).
Then:

(1) The regularity of the solution u of the equation (L)) is described by
ue CHI)NC™M(0,T], with [u"(t)] < ct™" fort € (0,T].
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(2) The solution u can be written in the form
@3)  ul)= Y w4 Y, el
(4:F)
where (j, k), (J,k) : j,k € No,j+ k(2 —p) < m+ 1}. Moreover,
Yioi1(p) € C +1( ), and the coefficients v; (1) are dependent on j,k
and p.

The following theorem establishes the hp-version convergence of the Legendre-
Jacobi spectral collocation method for singular solutions on a quasi-uniform mesh.

Theorem 4.3. Let M,, = M and let I}, be a quasi-uniform mesh (h, =~ h). Assume
that p € (0,1), the functions a, f € C™(I) and b € C™F(I). Then for 1 < m <
M+1, M > % — p and h sufficiently small (cf. [E28)),

(4.36)  [lu— U3y < exp(cTh2) (h?"Q“(M +1)46 4 p2m (M + 1)—2m).

Proof. Tt can be seen from (£35)) that the solution u has t”-type singularity near
t = 0 for noninteger v. Note that the most singular term in 38 is yo.1(u)t>~*,
which governs the convergence rate. Hence, without loss of generality, we may
assume that v can be written as

u=Cut> " + Y1 (t, 1) = uy (t) + ua(t),

where Y,,,41 € C™1(I) and C}, is a constant depending on x. We will approximate
the functions u; and g, respectively. By ([B50) we obtain

(437) ||8tu1 - It,MﬁtulH%Q(I) < Ch3_2M(M + 1)4H_6.
Moreover, by B1) we know that for 1 <m < M + 1,

(4.38) 10cuz = Te arOpualia ) < ch®™ (M + )72 07" ualZa s, -
Combining (£37) and ([38) yields

(4.39)
10cw = T, arOpul|Za gy < ch®72(M +1)%70 4 ch>™ (M + 1) 7™ [07" ua T2 -
Since the most singular term in b(¢)u(¢) is still ui(t), we use (B48) and BI2) to

getthatforbeC’m"’l(I),0§m§M—i—1&ndM>%—,u7
(4.40)

n—1

S TIEE e (bu) = b))

k=1
n—1
! I
<23 (I 0u0) =) sy + 1 (Fhaesao) =) )
< ch3 2”(M + 1)4=6 p ch?m (M 4+ 1)~ 2m||3m+1(buz)||L2(I)
< chP7(M + )70 4 ch®™ (M + 1)~ 2m||u2||Hm+1(1)

Applying (£40) to (@), we derive that
(4.41)

n—1

1Ballfar,y < ehT*720 ) lexllfn gy

k=1
RT3 =2 (372 (M 4 1)*=0 4+ R2™ (M + 1) 7™ |ua | Fmi 1) -
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Next, by (2:2) and an argument similar to Theorem B3] and ([£.24]), we deduce that
(4.42)

[ =2 @ =D (o0t s (0 10))| 0 < A1)

n

Further, by ([@24]) we have that for 0 <m < M + 1,

[t =07 |@ 8 = D (oo tr )l )|
I

< eh2m=t2(0 + 172 =2]|9  (bua) |17, -

Therefore, by [@14), (E42) and [@43) we get that for b € C™HL(I),
(4.44)
||B3||%2(1n) < Ch272“||6n||%2(1n) + Ch472”\|€/n||2L2(1n)
L eh2n (h5*3“(M 4 1) 10 g p2mept2 1)72m72”w||§1m+1(1n)).
Thus, by (@4), (£5), (@), @A) and (@A), we deduce that
(4.45)
He/n||2L2(In)
< c||en\|%2(1n) + ch?(M + 1)72”6%”%2(1”) +2(|0u _It,MatU”%z(In)

n—1

+ chT* 2 " ler I3 o,
k=1

+ chT?72H(R72 (M + 1) 70 4 B2 (M + 1) 7™ uz||Fpms 1))

+ch® 2 lenllTar,y + ch' T len T2,

+ ch?TH(RPT (M + 1) 4 B2 (M 4 1) 7 ug | g, )-
Assume that h is sufficiently small such that
(4.46) ch? + ch*™ <n < 1.
Then we may rewrite (£45) as

(4.43)

n—1

) _
(4.47) ”e;z”L?(In) < C||6n||i2(1n) + chT3— 2K Z Hek”%{l([k) + Qn,
k=1
where
Q. = 2)|0u — Ty nOpull32 s,
+ chT3 721 (W37 (M + 1)78 4 B2 (M + 1) 72" [z || 3 1)
+ ch?TH(RP T (M + 1) 710 4 PR (M 1) 722 ug | Fs 1) -

This, along with (£30) and (£486]), yields
n—1

2 _
(448) ||€n||H1(In) < chT32u Z Hek”%{l(lk) —+ Qn
k=1

By taking ex = h™'[lex %1 (s, in LemmaEL2 we get
n—1

||enH%{1(In) < Qn+ hexp(cT4_2”) Z Q.

j=1
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Thereby,
N
(4.49) [l — U||§{1(I) < exp(cT*2#) Z Q.
n=1

Finally, by ([@39) and ([@49]) we obtain
(4.50)  Jlu— U3y < exp(eT*2) (hS*QH(M 4 1)4H6 4 p2m (0 1)*2m).
This ends the proof. O

4.3. Exponential convergence for singular solutions on a geometric mesh.
In this subsection, we show that the hp-version of spectral collocation method
with geometrically time partitions and linearly increasing polynomial degrees yields
exponential rates of convergence.

We assume that p € (0,1), the data a(t) and b(¢) are analytic functions, and
f(t) has the form

(4.51) ft)=f@)+t°f(6), B>1, BEN,

where f; and fy are analytic functions. Recall that an analytic function g can be
characterized by analyticity constants Cy,d, > 0 and the growth conditions (see
[16, pp. 78-79] for details),

g ()] < CydiT(s+1), t€[0,T], s>0.

The following result describes the analyticity properties of the exact solution w.
Lemma 4.8 ([4, Theorem 4.1]). Assume that the data a(t), b(t) are analytic func-
tions and f(t) has the form [@XI). Then there exist constants ¢, d > 0 depending
only on the analyticity constants of a, b, f1 and fa such that the solution u of (L)

satisfies
W] < cd*T(s + 4=, te(0,T], seN,.

Definition 4.1. A geometric partition Ty, = {I,}\_; of (0,T) with grading factor
p € (0,1) and N levels of refinement is given by
to=0, t,=Tp ™", 1<n<N.
For 2 < n < N, the time steps h,, = t, —t,_1 satisfy h, = Agt,,—1 with Ay = ¥.
Definition 4.2. Let Ty, be a geometric mesh of (0,7) as defined in Definition

Il An approximation degree vector M on Ty, is called linear with slope 6 > 0
if My =1, M,, = max{1, [#n]}, 2 <n < N, on the geometrically refined elements

{In}izs-

Lemma 4.9. Assume that the data a(t), b(t) are analytic functions and f(t) has
the form @51). Let Ty, be a geometric mesh with {I,})_, denoting the geometric
refinement of (0, T). Then the solution u of (Il) satisfies

[ullfriee 1,y < €
and for s > 0,
[ullfyest s,y < cd®T(2s 4 1)p? N HDA=E=) 9 <p < N,

where the constants ¢, d > 0 are independent of n, N and s.
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Proof. The assertions follow from Lemma [£.8] Definition 1] and the property of
the Gamma function. |

The following result establishes the exponential convergence rate of the spectral
collocation method for the VIDE ().

Theorem 4.4. Assume that p € (0,1), the data a(t), b(t) are analytic functions
and f(t) has the form [@L1). Let Tn,, be a geometric mesh of (0,T). Then there
exists a slope 01 > 0 solely depending on p, pu, B and the constants ¢ and d in
Lemma 9] such that for all linear polynomial degree vectors M with slope 6 > 61,
the spectral collocation approzimation U of (1) obtained by 221)) satisfies the
error estimate

(4.52) ||u — U||H1([) < cebo DOF,
where the constants ¢, by > 0 are independent of the degrees of freedom DOF.

Proof. The error bound ([£52) can be proved using similar techniques as in [4[T4115].
For convenience, we select § > % such that M, = |#n] > 1 on the geometrically
refined intervals {I,}2_,. Since B > 1, we have f € C1(I), and hence the results
of Lemma [£.7] with m = 1 hold. Without loss of generality, we may assume that u
can be written as

u=Cut> " + Ya(t, ) = ui(t) + ua(t),

where Y, € C%(I) and C,, is a constant depending on p.
We first estimate the term ||Oju — Tt ar, Opul|12(s,,)- By B.4I) with o = 0 we
obtain

(453) H(“Jtul — Itleatulniz(]l) § Ch?izH(Ml + 1)4”76.
Moreover, by ([B.1) we know that

(454) 18rus — Ty ar, pusal|72(r,y < chf(My + 1) 72|07 usl|72 ()
< chi(My + 1) 2(|0F ua|7  1,)-

Combining (£53)) and ([54) yields

(4.55)
10kt = T ar, O3 21,y < chy ™2 (M + 1)"76 4 b (My + 1) 72107 ual|7 < 1,
< e(pB2N=1) L BIN=1)) < (320 (N-1),

According to Lemma [£8] the solution w is analytic away from ¢ = 0. Thus, the
regularity exponents m,, can be chosen arbitrarily large for 2 < n < N. Therefore,
on the subintervals I, for 2 < n < N, we use (31]) with a = 8 = 0, Lemma[L.9 and
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the equality h,, = A\ot,,_1 with ¢, 1 = TpN’”Jr1 to obtain that for 1 < m,, < M,,+1,

(M, +2—my)

2 2m., matl, (12
0w — Lt i, Opull72(s,) < chy, T(My + 2 + 1) 10y ullz2(r,)
a1 LMy +2—=mp) | om
< ch2mm 16¢ "+1u||2Loo(1n)

T(M, + 2+ mn)
2mn+1 I'(My, + 2 — my,)
I'(M,+2+m,)
om,+1 L (Mp +2 —my,

T(M, + 2+ my,
T'(M, + 2 —my)
T(M, + 2+ my)

<c (}\OTPN—n-l-l) d2mn11(2mn + 1)p2(N—n+1)(1—u—m")

< Cp(372,u)(N7n+1) ()\OT)

;dzmnr(an +1)

< Cp(372”)(N*”+1) ()\on)2m" T'(2m, + 1).

Now setting m,, = €, (M,, + 1) with &,, € (0,1), with Stirling’s formula we get
10w = Tt aa,, Osul| 2,

(1 —¢g,)ten Mntt
< cp@ 2N (M, 41)2 <(>\0Td)2 W) '

( 1—¢

1—
Note that the function gy, 7.4(g) = (A\oT'd)**

< tisfi
———— Sallisiies
(1+¢)tte

1

V1+ T2

and thus, setting gmin =: gxy,7.d(Emin) and choosing &, = epin for 2 <n < N, we
conclude that

0 < inf g)xo,T,d(e) =: g)\O,T,d(smin) <1 with epn =
0<e<1

||8tu — It,M,,L 6tu||2L2(In) < cp(3—2u)(N—n+1) (Mn + 1)%gr11\ifi?l+1
< cp3-2N (g N)% (pB-2m (= gbn

Next, let

0y = max{

(3 —2u)logp 1}
IOg(gmin) 2

Then, for 6 > 6y, we have ggﬁn < pB=2m7 and hence,
(4.56)
1 1
1041 = Ty ag, Orul|72p, ) < cp® 2N (ON) 2 pP 72 < cp@2N (N)Z, 2<n < N.
Combining the estimates in (453 and (£50) leads to

(4.57) 100 — Ty ar, Opurl|72(p,) < ce™™N, 1<n<N,

1
as N — oo, where we have absorbed the term (9N ) 2 into the constants ¢ and by.
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We next estimate the term || Bz| 12(z,). Since the most singular term in b(t)u(t)
is still wq(t), we use B51]), (BI12) and a similar argument as in ([£55) to get that

H(ZE gy (bu) = bu) 1321
< 2||(ISL,M1+1(b“1) - bul)/”%%h) + 2| (IsLMl-i-l(bU2) - b“2),||2L2(11)
(4.58) < ehy T (My 4 )70 4 B3 (My + 1) 72|02 (bua) 1324,
< hiT My + 1) 0 + ch (M + 1) 2 [ug|[32 )
< cpB=2m(N-1)

Moreover, by (BI0) and an argument similar to ([@h0]), we obtain that for 2 < n <
N

)

(T a1, 2 (Bu) = bu) 32

< ch2™n (M, + 1)?

(In
I‘(M +2-—my)
I'(M, +4+m,)
(M, +2—m,)
2Mmy, n n 2
< chy, (M, +2+my) ||u||Hmn+1(ln)

< cp3-2N (ON) 3

107 (bu) 1721,
(4.59)

Applying (£58), [@59) and @5T) to [@I), we derive that

n—1

(4.60) 1Bal3a(r,y < chaT* 3 Nl gy + chne ™™
k=1

We now estimate the term || Bsl[z2(;,). By (@42) we know

(4.61) /I1 (tr - A)_M‘(I;/X/’I?H -1 (b(U()\,tl,j))“l(”(%h,j))) ‘Qd)\

< ch} (M + 1)

Further, by ([@24]) we have

/ (=N | (Th0 s = D (o t)ua(e () \de
I

< chy (M + 1) 7O (bua)lIF o,y < ey~ (My+ 1) luz|| e, -

(4.62)
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Hence,

[ =N @it - D0 nuen )| i
I

(4.63) :
< epB=3IN=1) 4 o p(4=i)(N=1) < ce=boN

Moreover, by [B.1]) and similar arguments as for ([@24]) and (£5T), we obtain that

for2<nm< N and 0 > 6, :max{m,l},
log(gmin) 7 2

2
[ (=N @R = D (O bl )
“ F(Mn +2-— mn) My +1 2

(M, +2—m,)

2m, —p+2 -2 n n 2

< e M D) R 2 gy i)
< cp(5_3“)N(6‘N)_% < ce bV,

Therefore, by [@.14), [63) and @EG4) we get that for all 1 <n < N,
(465)  WIBsliacr,y < ki llenlliaq, ) + ki ez, + chitem™.

Thus, by (@4), (£3), (@1), @E5T7), (@60) and (60, we deduce that

||6In‘|%2(1n) < C||€n||2L2(1n) + chy (M, + 1)72He/n||%2(1n) + etV

< Ch%mn—u-ﬂ

(4.64)

n—1
(4.66) +ehn T3 lerlF 1, + chillenl|Z2qs,.
k=1
+ehn = e 1221,
Assume that h,, is sufficiently small such that
(4.67) ch? +chi 2 <p < 1.

Then we may rewrite (L60) as

n—1
2 _ _
(4.68) lenllzzcr,) < c||6n||2L2(In) + ch, 321 Z ||6k‘||§—]1(1k) 1 ce—boN
k=1
This, along with (@30) and ([@67), yields
n—1
(4.69) ||€n||§{1(1n) < ch, T2~ Z ||ek||§{1(1k) +cem N,
k=1

By taking ¢, = h,;1||ek||%[1(lk) in Lemma [2] we get
lenlF(r,) < ce PN 4 chy, exp(cT*2#)Ne PN < ceboN

where we have absorbed the terms h,, exp(¢T*~2#)N into the constants ¢ and by.
Thereby,

(4.70) lu=Ullfpey < cem™m.

Since DOF < ¢N? for N sufficiently large, we obtain the desired result. O
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5. NUMERICAL RESULTS

In this section, we present some numerical results to illustrate the efficiency of
the Legendre-Jacobi spectral collocation method. Consider the linear VIDEs (cf.

1):
t
u'(t) + u(t) +/ (t —s)"He'u(s)ds = f(t), te(0,T],
0
u(0) = 0.
We choose the right-hand side f such that the solution u of (&Il is given by
u(t) = t2~He L.

(5.1)

5.1. Smooth solution. We start by considering the case y = —1 so that the
solution u in (B1) is analytic on [0, T7.

In Figure B, we list the discrete H'-errors of the h-version of the Legendre-
Jacobi spectral collocation method with 7' = 1. The uniform time partitions are
refined by bisection of each time step at a fixed uniform mode M = 0,1, 2, 3. In Ta-
ble 511 we also list the convergence rates of the discrete H'-errors of the h-version,
which are algebraic and in accordance with the h-version results as predicted by
Theorem

In Figure 5.2 we show the discrete H'-errors of the p-version of the Legendre-
Jacobi spectral collocation method with 7'= 1. The mode M is increased for each
fixed time-step h = 1,1/2,1/4,1/8. The results show that exponential rates of
convergence are achieved, which are in agreement with the comments in Remark
4.2.

,1)-errors

H'(0

10° 40
DOF DOF
FIGURE 5.1. h-version: p = —1. FIGURE 5.2. p-version: y = —1.
TABLE 5.1. h-version: pu = —1.

h M | H'-errors order || M | H-errors order || M | H -errors order
1/64 3.50 E-03  1.00 1.93 E-05 2.00 1.22 E-07  3.00
1/128 1.75 E-03  1.00 4.82 E-06 2.00 1.52 E-08 3.00
1/256 0 | 8.74 E-04 1.00 1 | 1.21 E-06 2.00 2 | 1.90 E-09 3.00
1/512 4.37 E-04 1.00 3.01 E-07 2.00 2.38 E-10  3.00

1/1024 2.18 E-04 1.00 7.53 E-08  2.00 2.97 E-11  3.00
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10 10
——h=1
A-h=1/2
& » -o-h=1/4
10 10 -o-h=1/8f]
BT 200
T T
107 107
107° 107°
10° 10' 10° 10° 10* 10° 10' 10° 10°
DOF DOF
FIGURE 5.3. h-version: p = 0.6. FIGURE 5.4. p-version: pu = 0.6.
TABLE 5.2. h-version: u = 0.6.

h M | H'-errors order || M | H-errors order || M | H -errors order
1/256 2.57 E-03 0.84 5.53 E-04 0.91 2.70 E-04 0.90
1/512 0 | 1.43 E-03 0.85 1 ] 296 E-04 0.90 2 | 1.45 E-04 0.90
1/1024 7.87 E-04 0.86 1.58 E-04 0.90 7.75 E-05 0.90
1/2048 4.32 E-04 0.87 8.48 E-05 0.90 4.15 E-05 0.90

5.2. Nonsmooth solution. We next consider the case ;1 = 0.6 so that the solution
w in (BI) has a weak singularity at ¢ = 0.

We first test the h-version of the Legendre-Jacobi spectral collocation method
on the uniform partitions as adopted in Subsection [B.Il In Figure 5.3l we present
the discrete H!'-errors of the h-version with 7' = 1 and the fixed uniform mode
M = 0,1,2,3. In Table 52] we also list the convergence rates of the discrete
H'-errors of the h-version. It can be observed that almost the same algebraic
convergence rate of order 0.9 for the H'-errors is achieved, which coincides well
with the h-version results as predicted by Theorem

In Figure 5.4l we show the discrete H'-errors of the p-version of the Legendre-
Jacobi spectral collocation method with 7' = 1. The mode M is increased for each
fixed time step h = 1,1/2,1/4,1/8. In Table 53] we also list the convergence order
of the discrete H!'-errors of the p-version. The order of convergence for the H!-
errors is about 1.8, which is twice as fast as the h-version results. This confirms
the doubling convergence rates for the p-version in Theorem

TABLE 5.3. p-version: p = 0.6.

M || h | H-errors order h | Hi-errors order

21 1.21 E-03 1.77 3.21 E-04 1.78
22 1.12 E-03 1.79 2.96 E-04 1.80
23 ||1|1.03E-03 1.80 ||1/4|2.74E-04 1.82
24 9.56 E-04 1.82 2.55 E-04 1.83

25 8.88 E-04 1.84 237TE-04 1.85
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10 10
“-p=0.1 , =1
1072 ~4-p=0.2 10 “4-0=15
-0-p=0.3 10 -o+-0=2
107 -0-p=0.4 -0-9=25
1< 0 -6
S 6 o 10
510 5
X L10®
S0 S
o o —
e = 10 10
-10
10 10-12
107" 10
107" 107°
0 5 10 15 20 25 0 5 10 15 20 25 30
DOF "2 DOF'"2
FIGURE 5.5. hp-version: u = 0.6. FIGURE 5.6. hp-version: u = 0.6.

To resolve the singular behavior of the solution more efficiently, we shall make
use of geometrically refined steps and linearly increasing degree vectors as described
in Subsection 3l

In Figure 5.5 we plot the discrete H(0, 1)-errors against the square root of the
number of degrees of freedom, with u = 0.6, § = 1.5 and various values of p. It can
be seen that the exponential convergence is achieved for each p. In Figure (.6, we
present the discrete H!(0, 1)-errors with p = 0.1 and various values of §. The near
straight lines also indicate exponential convergence for each 6. These experimental
results agree well with the theory in Theorem (4l

6. CONCLUDING REMARKS

In this paper we introduced an hp-version Legendre-Jacobi spectral collocation
method for Volterra integro-differential equations with smooth and weakly singular
kernels. We derived a priori error estimates under the H'-norm that are explicit
with respect to the time steps and the approximation orders. These theoretical
results were confirmed by some numerical examples. Furthermore, as shown in
Theorem 4] and the numerical examples, for problems with start-up singularities,
the hp-version Legendre-Jacobi spectral collocation method with geometric mesh
refinement and linearly increasing polynomial degrees in the discretization can yield
exponential rate of convergence.
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