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LOCAL INVERSE ESTIMATES
FOR NON-LOCAL BOUNDARY INTEGRAL OPERATORS

M. AURADA, M. FEISCHL, T. FUHRER, M. KARKULIK, J. M. MELENK,
AND D. PRAETORIUS

ABSTRACT. We prove local inverse-type estimates for the four non-local bound-
ary integral operators associated with the Laplace operator on a bounded Lips-
chitz domain € in R? for d > 2 with piecewise smooth boundary. For piecewise
polynomial ansatz spaces and d € {2, 3}, the inverse estimates are explicit in
both the local mesh width and the approximation order. An application to
efficiency-type estimates in a posteriori error estimation in boundary element
methods is given.

1. INTRODUCTION

Inverse estimates are a frequently used tool in the numerical analysis of dis-
cretizations of partial differential equations (PDEs). They allow one to bound a
stronger (semi)norm of a discrete function by a weaker norm at the expense of
negative powers of the mesh width. For example, in the context of finite element
methods, it is textbook knowledge that

(1.1)

IRV Vil z2() < Cl|VallL2(q) for all continuous 7p,-piecewise polynomials V.

The constant C' > 0 depends only on the shape regularity of the underlying trian-
gulation T; of Q C R? and the polynomial degree of V},. Here, h € L°°() is the
local mesh width function defined by h|r := diam(T) for T € T},. Inverse estimates
have also been derived for fractional order Sobolev spaces [Geo08|[GHS05,DFG04].
The usual proof of inverse estimates like (ILT]) relies on scaling arguments, i.e., the
powers of h arise by elementwise, i.e., local considerations and transformations to
reference configurations.

In the present work we consider the four classical boundary integral operators
(BIOs) associated with the Laplacian. To be specific in this introduction, we focus
on the 3D simple-layer integral operator

(1.2) Vop(x) = L / L o(y)dy for x € 09,
A Joq |z —yl
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where Q C R?, d > 2, is a bounded Lipschitz domain with piecewise C''-boundary
00. Let T' C 99 be a relatively open subset of the boundary 9. For d € {2,3}
and with the surface gradient Vr(-), we show the estimate

(1.3) ||h1/2(q—|— 1)71VF£U(I>hHL2(F) S C HCI)th—?*l/Z(P) fOI" all (bh S ,Pq(ﬁl),

where P9(Ty) is the space of Tp,-piecewise polynomials on I' of degree ¢ € Ny; see
Section 24 for a precise definition. The bound (3] can be understood as an inverse
estimate: Under appropriate assumptions on I', the operator ¥ is an isomorphism
between H~1/2(I") and H'/2(T'), so that ([3) is indeed an inverse estimate for the
finite dimensional space {U®;, : ®;, € P4(T,)} when considered with the weighted
H'-seminorm and the natural H'/?(T")-norm. Inverse estimates of the form (L3)
will be shown for all four BIOs associated with the Laplacian and discrete spaces
with spatially varying polynomial degree; cf. Corollary In fact, in Theorem 3.1
we will show more general results of the form

lwn V09| 21

(1.4) <C (H wy,

2
2 g W6l + ol ) foral o € Z2(D)

where wy, € L>®(Q) is a fairly general weight function.

Applications. Inverse estimates of the form ([L3)) arise naturally in the analysis
of the adaptive BEM (boundary element method) when one generalizes the conver-
gence and quasi-optimality analysis of the adaptive FEM [CKNS08[Ste07,[CEPP14]
to the adaptive BEM [FKMP13||Gan13]. Indeed, the present results allow us
to prove quasi-optimality of adaptive BEM for piecewise smooth geometries and
higher (fixed) order discretizations; we refer to [FFK14] and [FFKI5], where this
application is worked out in detail for weakly singular and hypersingular integral
equations on polyhedral surfaces, respectively. While the inverse estimate (L3)
features prominently in the analysis of quasi-optimality of adaptive BEM for sym-
metric problems, it is also a key ingredient for plain convergence in non-symmetric
problems such as FEM-BEM couplings. We refer to [AFF13a] and the precur-
sor preprint [AFF12] of the present work for a convergence proof of the adaptive
coupling of FEM and BEM.

In addition, bounds of the form (4] allow us to prove novel weak efficiency
estimates for the weighted residual error estimators for BEM that are discussed
in [Car97/CMSOILICMPS04]. Before detailing this, we emphasize that the optimal
convergence behavior of adaptive BEM does not require efficiency of the error es-
timator, [FEKI4I[FEK15]; the concept of efficiency is only required to characterize
the approximation classes; cf. [CFPP14]. To fix ideas concerning residual error
estimators, consider again the weakly singular case and suppose that ¢ € L?(T")
solves U¢p = f for some given f € H(T'). Let @) be the Galerkin approximation
of ¢, where the ansatz space consists of Tp-piecewise polynomials of fixed degree
p € Ny. While the reliability estimate

(1.5) Crat 6 = @nll g-s/ory < Mo = [|B2V0(f = B®y)|| 22 (r)

is well known for the weighted residual error estimator 7, o3 (at least for polyhedral
domains ), the converse efficiency estimate is not available in the literature (with
the exception of some 2D situations, [AFF13b]). However, as a consequence of (4],
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we will see in Corollary [3.4] that
(1.6) Cogtmnss < [B2(¢ — @)l 21y,

which expresses efficiency of 7, o with respect to the slightly stronger norm
[hY2(¢ — @1) || 22y 2 Il — @l 7-1/2(r)- We refer to Corollary B for the case of
the hypersingular operator. These efficiency bounds are specific instances of new

stability estimates for the BIOs in locally weighted L2?-norms detailed in Corollar-
ies [3.3] and

Novelty. The results of the present work are required for the convergence analysis
of adaptive BEM for both weakly singular and hypersingular integral equations in
[FFK14,[FFK15]. The discrete inequality ([3)) was first shown independently in
[FKMP13] and [Ganl3|, however, under some restrictions: The work [EKMP13]
considers only lowest-order polynomials, i.e., T,-piecewise constants, but works for
polyhedral boundaries I'. The work [Ganl3] proves (3] for arbitrary 7,-piecewise
polynomials, but its wavelet-based analysis is restricted to C''*'-boundaries I and
the constant C' > 0 depends on the polynomial degree. Our proof of () gen-
eralizes the works [FKMP13|[Ganl3] in the following ways: 1) we generalize the
analysis of [FKMP13| for the simple-layer operator U to all four BIOs associated
with the Laplacian (i.e., the double-layer operator &, its adjoint &, and the hyper-
singular operator 2); 2) we extend our previous analysis from polyhedral domains
to piecewise smooth geometries; 3) we lift the restriction to fixed-order polynomial
ansatz spaces and permit very general ansatz spaces; 4) for ansatz spaces of piece-
wise polynomials of arbitrary order, we make the dependence on the polynomial
degree in the inverse estimates explicit.

The technical difficulty in the proof of (4] and (3] lies in the non-locality of
the boundary integral operator 0, which precludes simple elementwise considera-
tions. We cope with the non-locality of the BIOs by splitting them into near-field
and far-field contributions, each requiring different tools. The analysis of the near-
field part relies on local arguments and stability properties of the BIOs. For the
far-field part, the key observation is that the BIOs are derived from two volume
potentials, namely, the simple-layer potential 2 and the double-layer potential R
by taking appropriate traces. Since these potentials solve elliptic equations, “inte-
rior regularity” estimates are available for them and trace inequalities imply cor-
responding estimates for the BIOs. Section H proves the relevant estimates for
the simple-layer potential U, whereas Section [blis concerned with the double-layer
potential R. The final Section [f] then combines these results to give the proof of
Theorem [311

Although the present paper considers only the four BIOs associated with the
Laplacian, the scope is wider. As just mentioned, the key tool are interior estimates
for potentials; such estimates are available for many elliptic equations, for example,
the Lamé system, so that we expect that corresponding results can be proved as
well for BIOs associated with these problems.

General notation. We close the introduction by stating that | - | denotes, de-
pending on the context, the absolute value of a real number, the Euclidean norm
of a vector in R?, the Lebesgue measure of a subset of R4~ or R? or the (d — 1)-
dimensional surface measure of a subset of 2. The notation a < b abbreviates
a < Cb for some constant C' > 0, and we write a ~ b to abbreviate a <b < a.
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We write By(z) = {z € R : [zt —z[ <r}or By(z) = {z e R" : [z — 2| <7}
for the open balls with radius  and center = in R? or R%1,

2. SPACES, OPERATORS, AND MESHES

2.1. Sobolev spaces. § is a bounded Lipschitz domain in R¢, d > 2, with piece-
wise Cl-boundary 02, [SSTI, Def. 2.2.10], and corresponding exterior domain
Qext .= R4\ Q. The exterior unit normal vector field on 9 is denoted by v
Throughout, we will assume that either I' = 0f), or that I' C 91 is a non-empty,
relatively open set that stems from a Lipschitz dissection 0Q = T UJT U (92 \T)
as described in [McL00O, pp. 99].

The non-negative order Sobolev spaces H'/25(9Q) for s € {~1/2,0,1/2} are
defined as in [McLO00, pp. 99] by use of Bessel potentials on R?~! and liftings via
the bi-Lipschitz maps that describe 9€2. We also need the spaces H1/2+S(F) and
H/2+5(T). In accordance with [McL00], these are defined as follows:

(2.1) HY2+5(T) := {w|p: v € HY?5(6Q)},
(2.2) HY?5(D) := {v: Egpv € HY/*75(00)},

where Eyr denotes the operator that extends a function defined on I' to a func-
tion on 92 by zero. These spaces are endowed with their natural norms, i.e., the
quotient norm [|v]| g1/2+s(ry = IE{||V || zr1/24500): Ve = v} and [[v]| g1jzse ) =
| Eo.rvll gr1/24:(90). Owing to the assumption that 9Q = I'U T U (OQ\T) is a
Lipschitz dissection, we have the following facts (see Appendix [Bl for a sketch of
the proof):

Facts 2.1. (i) Since 99 is piecewise C!, the surface gradient Viu of u €
H'(09) is defined pointwise a.e. on each C'! surface piece I'; as follows:
For a C'-parametrization &; : fl — TI'; of a surface piece I'; the surface
gradient (Vpu)|r, is given by the requirement

(2'3) (VFU r; © &= Z gkfak u o Ez)alfza
k£

kl)d—l

where the matrix (¢"°);,_; is the inverse of the Gramian matrix G(z) =

Dg;(x) " D& ().

For s = 1/2, we have the norm equivalences ||uHH1 00) =~ ||UH2L2(aQ) +
2oy = Tl + 1VrulEa.

(ii) For s = 0, the norms ||ul|g1/2(90) and ||u\|ﬁ1/2(r) can equivalently be de-
scribed by the Aronstein-Slobodeckii norms of u and Eyru (cf. [McL00,
(3.18)] for the definition of the Aronstein-Slobodeckii norm).

(iii) For s = 0, the spaces H'/2(9Q) (respectively H'/2(T')) are equivalently
obtained by interpolation with the K-method between the cases s = —1/2
(i.e., L?(09) respectively L3(I')) and s = 1/2 (i.e., H*(99Q) respectively
HY(T)).

IVrull7z a0y and [Jull%
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Negative order Sobolev spaces are defined by duality, namely, for s €
{-1/2,0,1/2},
H71/2(8Q) — H1/2(8Q)’,
(2.4) H-O/2+) () = HY/2 (1Y,
H_(1/2+s)(F) — ﬁ1/2+S(F)’,

where duality pairings (-, -) are understood to extend the standard L?-scalar product
on 9 or T' (indicated by the corresponding index, if necessary). We observe the
continuous inclusions

HE/249)(D) € gEU/249)(T) s well as HE/249(9Q) = HE1/29(90).

We also note that for ¢ € L?(I") the zero extension Eprt satisfies Eqri €
H~1/2(0Q) with

(2.5) H¢||17—1/2(r) = ||E0,F¢||H*1/2(asz)'

We denote by ~it(-) : HY(Q) — H/2(99) the interior trace operator, i.e., yirtu is
the restriction of a function u € H'(Q2) to the boundary 9Q. With HA(Q) := {u €
H'(Q) : —Au € L*(Q)}, the interior conormal derivative operator v : HX () —
H1/2(9Q) is defined by the first Green’s formula, viz.,

(2.6) (Vi v)aq = (Vu, Vo)g — (=Au, v)q for all v € H(Q).

The exterior trace 7§** and the exterior conormal derivative operator 1$** are de-

fined analogously to their interior counterparts. To that end, we fix a bounded Lip-
schitz domain U C R? with Q C U. The exterior trace operator v : HX(U\ Q) —
H'2(09) is defined by restricting to d€, and the exterior conormal derivative

ext ext

71 is defined as usual by (y{*'u, v)ao = —(Vu, Vo) g — (Au, v)\g for all
ve HY(U\ Q) with 7§y = 0 on OU.

For a function u that admits both conormal derivatives or both traces, we define
the jumps [y1u] := ¥y — iy and [u] = Y§%u — 7M.
Remark 2.2. The operator +i"*(+) generalizes the classical normal derivative oper-
ator: If u € HX(Q) is sufficiently smooth near a boundary point xg, then ity
can be represented near xy by a function given by the pointwise defined normal
derivative d,u.

For sufficiently smooth functions u, the surface gradient of yi*u = &% on
each C* surface piece I'; is the tangential component of Vu; that is, with the outer
normal vector v one has (Vryi™u)|r, = (v (Vu — v(v - Vu))|r,. By smoothness

int ext

of u, the operator 7¢"* may be replaced with «§*" in this identity. "

2.2. Boundary integral operators. We briefly introduce the pertinent boundary
integral operators and refer to the monographs [McLO0O,HWOS|[SS11] for further
details and proofs. Green’s function for the Laplace operator is given by

—@ log |z — y], for d = 2,
+ﬁ |t —y|~(4=2), ford >3,

(2.7) Gla,y) = {

where [S?!| denotes the surface measure of the Euclidean sphere in R?, e.g., |S!| =
27 and |S?| = 4m. The classical simple-layer potential U and the double-layer
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potential R are formally defined by

(Vy)(2) = | Gla,y)v(y)dy,
o0

(ﬁv)(x) = /asz 8u(y)G(x,y)v(y) dy, z e R? \ 0%

here, 0,(,) denotes the (outer) normal derivative with respect to the variable y.
These operators are defined for sufficiently smooth functions ¢, v and can be ex-
tended to bounded linear operators

(2.8) U e L(HV2(09); HY(U)) and e L(HY?(0Q); HY(U \ 9)).

It is well known that ADyp = 0 = ARw in U \ 89 for all ¥ € H~Y/2(5Q) and
v € HY?(99). The simple-layer, double-layer, adjoint double-layer, and the hyper-
singular integral operator are defined as follows:

o~ 1 o~ 1 o~ L~
(2.9) Y=~y /= 5+ YR, R = Sk YU, and W = - R

These are bounded linear operators for s € {—1/2,0,1/2} as follows:

(2.10) U e L(HY25(8Q); HY?2(6Q)),
(2.11) R e L(HY?3(0Q); HY* 5 (09)),
(2.12) & e L(HY*5(8Q); H-Y/*+5(0Q)),
(2.13) W e L(HY?+3(0Q); H~1/2+5(00)),

The operators Q~], 0, & will often be applied to functions in L?(T"). Throughout
this paper, we employ the convention that for ¢ € L?(T") we implicitly extend by
zero, e.g.,

(2.14) Bep means %(EO’F’(/J), U1 means V(Ey ryp), and K¢ means K (Ey ).

An analogous extension is obviously used when :é, R, 2 are applied to a v €
HY2(T).

Remark 2.3. Ellipticity of 2 and 20 is not used in our analysis of Theorem Bl and
Corollary In particular, there is no need to scale Q to ensure diam(Q2) < 1 in
2D or to assume that I' is connected. u

2.3. Surface simplices and admissible triangulations. Fix the reference sim-
plex Trep = {z € R 0 < 2q,..., 24 1, Z‘j;% xj < 1}, which is the open convex
hull of the d vertices {0, eq,...,eq-1} (“O-faces”). The convex hull of any j + 1 of
these vertices is called a “j-face” of Tyef.

We require the concept of regular, x-shape regular triangulations 7, of T.

Definition 2.4 (regular and shape-regular triangulations). A set 7, of subsets of
I" is called a regular triangulation of I" if the following is true:

(i) The elements T € T, are relatively open subsets of I' and each T' is the
image of Tyof under an element map R Tief = T. The element map yr is
assumed to be bijective and Cl on_Tref.

(ii) The elements cover I': (Jpcr T =T
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(iii) “no hanging nodes”: For each pair (T,7") € Tp, x Ty, the intersection TNT’
is either empty or there are two j-faces f, f' C 0Tyer of Trof with j € {0,. ..,
d — 2} such that TNT" = v (f) = v (f').

(iv) Parametrizations of common boundary parts of neighboring elements are
compatible: If § # T NT' = yp(f) = yr/ ('), then v oyps : f' — f is an
affine isomorphism.

We call the images of vertices of T, under the element maps nodes of 73, and collect
them in the set NV},. The images of the (d—2)-faces of Tycf are called facets of Ty, and
collected in the set F,. For each T' € Tp,, we set h(T') := diam(T) := sup, ,cr |[2—Yy|.

A regular triangulation is called k-shape regular, if the element maps 7 satisfy

the following:

(v) Let Gr(z) := Dyr(x)" Dyr(z) € REU-Dx(E@=1) he the symmetric Gramian
matrix of yp. The triangulation is called k-shape regular if for all T € T,
the extremal eigenvalues Apin (G7(2)) and Apax(Gr(2)) of Gr(z) satisfy

2
( h(T) + )‘maX(GTQ(x))) <k
)\min(GT(x)) h(T)
(vi) If d = 2, we require explicitly that the element sizes of neighboring elements
are comparable:
h(T) < kh(T")  for all T, T" with TNT’ # 0.
With each triangulation T, we associate the local mesh size function h € L>°(T")

which is defined elementwise by h|r := h(T) for all T € T,. We note that for a
k-shape regular triangulation we have
h(T)d71

2.15 — <1
(219) R < b

sup
TET et

where the implied constant depends solely on x.

If T is the union of pieces of (d — 1)-dimensional hyperplanes and the element
maps are affine, then the Gramians are elementwise constants and Definition 241
generalizes the classical concept of a k-shape regular triangulation of I'. In the
non-affine case, the following example illustrates how triangulations as stipulated
in Definition [Z4] can be created; cf. [SS11l, Section 4.1.2]:

~

Example 2.5. Let I' C 92 be an open surface piece and assume I' = ~(I") for
some reference configuration [ C R and some sufficiently smooth map . Let
T = {ﬁ, e ,fN} be a standard, regular, shape-regular triangulation of T with
affine element maps ﬁﬁ, i = 1,...,N. Then, the triangulation with elements
T =0z (Tret) and element maps Yovg, satisfies the hypotheses of Definition 2.4
This concept generalizes to surfaces consisting of several patches; it is worth em-
phasizing that in that case the patch parametrizations need to match at patch
boundaries. "

For an element T € T, we define the element patch wy,(T) by
(2.16) wn(T) = (AT : T’ € To with TN T #0})

The assumptions on the element maps of a k-shape regular triangulation imply that
elements of a patch are comparable in size. Furthermore, the fact that I' results
from a Lipschitz dissection of 92 imposes certain topological restrictions on the
patches.

o
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Lemma 2.6. Let T;, be a reqular, k-shape regular triangulation. Then, there is a
constant C' > 0 that depends solely on k and the Lipschitz character of 02 such
that the following holds:

(1) WT) < Ch(T") for any two elements T, T" with T NT' # (.

(ii) The number of elements in an element patch is bounded by C.

(iii) For any two elements T, T' in the element patch wy(T") there is a sequence
T=Ty,....,.T, =T of elements T, € T,i=0,...,n, in wp(T") such that
two successive elements Ty, T;y1 share a common facet: T; N T 1 € Fy, for
1=0,...,n—1.

Sketch of proof. Statement (il): We first show (i) for the node patch
wn(2) == (U (T : TeT, with z € T})

and any node z of T”. This follows from the fact that T' results from a Lipschitz
dissection and considerations in R?~! using local charts. Indeed, after a Euclidean
change of coordinates, we may assume that 92 is (locally) a hypograph, i.e., there
is a Lipschitz continuous function A : B,.(0) — R with » > 0 such that the set
{(z,A(z)): € B.(0)} C 9. Without loss of generality, we assume the Euclidean
coordinate change is such that z = (0,A(0)). One may also assume (cf. [Ste70,
Thm. 3, Sect. VI]) that A is defined on R4~! and Lipschitz continuous so that the
map A : R? — R given by (z,t) — (2, A(x) + t) is bi-Lipschitz.

We distinguish the cases z € I' and z € JI'. Let z be an interior point of I'. Then,
the pull-backs 7' := A=Y(T'), T C wy(2), are contained in the hyperplane R%~! x {0}
and (identifying this hyperplane with R4~1) completely cover a neighborhood of
0 € R4~L. This together with (i) of Definition 4] shows the claim. If z € 9T, then
the fact that the elements are contained in I' and that I" results from a Lipschitz
dissection implies that near 0 € R¢~!, the pull-backs T are all on one side of a
Lipschitz graph in R?~!. This together with (i) of Definition 2.4] again implies the
claim. Since wp(T") is the union of the d node patches wp(z) associated with the
d nodes of T”, this concludes the proof of ().

Statement (): Consider the case of an interior point z € I'. The assumption
() of Definition 24l and the fact that the map Ais bi-Lipschitz implies that the
solid angles of the elements T at 0 are bounded away from zero by a constant that
depends solely on k and A. This implies the claim for a node patch wy(z) and thus
for wp(T) with T € Tp,.

Statement (l): For d = 2, this follows by definition. For d > 3 we first note
that two elements sharing a facet f € Fj, have comparable size by ()—®) of
Definition 241 We conclude the proof with the aid of statements () and @@). O

2.4. Admissible weight functions and discrete spaces.

Definition 2.7 (o-admissible weight functions and polynomial degree distribu-
tions). A function wy, € L>®(T") is o-admissible with respect to Ty, if

lwn || () < cwp(x) for almost all z € wp(T).

A function gy, € L*°(T") is called a o-admissible polynomial degree distribution with
respect to T, if g5, is o-admissible with respect to T;, and ¢, (T") := qn|r € Ny for
all T € Ty,
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We write

(2.17)
PYT,) == {V, € L*(I') : VT €T, ¥j, 097 is a polynomial of degree < g,(T)},

for the space of (discontinuous) piecewise polynomials of local degree gy (T). More-
over, we introduce spaces of continuous piecewise polynomials of local degree
qn(T) + 1 by

(2.18) SI(Ty) == PYTY(T,) N HY(D),
(2.19) SIHL(T,) = ST N HY(T).

We note the inclusions P9(T,) c L2(I') ¢ H-Y*(I), Seti(7,) ¢ HYT) c
HY2(I'), and S9tY(T,) ¢ HY(T), as well as S9T(T,) = S9T(Ty,) in case of
r'=09Q.

For ¢ € Ny, the use of non-boldface superscripts in P4(7), S9T1(T,), and
S9L(T,) indicates that a constant polynomial degree is employed.

Remark 2.8. In Definition [2.4] the conditions on the triangulation are formulated so
as to ensure that the spaces S971(7},) of continuous functions have good approxi-
mation properties. For the spaces P9(7,) of functions that may be discontinuous
across element boundaries, the conditions (i) and () in Definition 2Z4] could be
relaxed. .

3. MAIN RESULT AND APPLICATIONS

3.1. Inverse estimates. The following Theorem Bl is the main result of this
work.

Theorem 3.1. Let T, be a regular, k-shape regular triangulation of T' and let
wp, € L®(T) be a o-admissible weight function with respect to Tr. Then,

wrn Vel 2oy + w2y
< Cinv(||wh/h1/2||Lw(r)||1/’H1§—1/2(r) + lwntl La(ry)
lwn VR 220y + ||wn20v]| L2 (1)

(3.1)

(3.2)
< Ciny (1w /02| Lo 0y 0]l 512y + [0n Vo]l 2(ry),

for all functions 1 € L*(T) and allv € H(T). The constant Ciny > 0 depends only
on 02, ', the k-shape reqularity of Ty, and o.

In Corollary below, we apply the estimates (BI)-B.2)) of Theorem [31] to
discrete functions ¥, € P4(T;,) and Vj, € S91(T;,). We mention that the restric-
tion to d € {2,3} in Corollary is due to the fact that the underlying reference
[KMRI16] restricts to this setting.

Corollary 3.2. Letd € {2,3} and let Ty, be a regular, k-shape regular triangulation
of I'. Suppose that qy is a o-admissible polynomial degree distribution with respect
to Tn. Then, there exists a constant Ciny > 0 such that the following estimates hold
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for all discrete functions ¥, € PA(T;) and Vi, € SYT(T):
(3.3)
122 (gn + 1) V0@ 20y + 2 (gn + 1) 7 KU 20y < Cine €0 -1/
(3.4)
1212 (gn + 1) 7" VeRVal L2y + 1% (an + 1) 7 WVl 2y < Conl[Vall 722 -

The constant Cipy > 0 depends only on 002, T, the k-shape reqularity of Tr, and the
o-admissibility of qpn, but is otherwise independent of the polynomial degrees and
the mesh Ty,.

Proof. We start with the following two inverse estimates:
(35) ||h1/2(qh + 1)_1 \I]h”Lz(F) 5 H\IJ}LHH*U?(F) for all \IJh S ,Pq(,]—h),
(3.6) 122 (@n + 1) 7 VeVallawy S IVall gy for all Vi, € S¥(T,),

where the implied constants depend solely on 02, T', the k-shape regularity of
T, and the o-admissibility of ¢g;. The bound ([BI) is essentially taken from
[Geo08, Thm. 3.9]. However, since the non-trivial interpolation argument is not
worked out in [Geo08| Thm. 3.9] and since [Geo08, Thm. 3.9] is not concerned with
open surfaces I', we present the details in Lemma [A.J]l We remark that its proof
employs the characterization of fractional Sobolev norms in terms of the Aronstein-
Slobodeckii norm. The bound ([B.0) follows also from polynomial inverse estimates
and an interpolation argument for spaces of piecewise polynomials, which is non-
trivial; see [KMRI6] for details. We also refer to [AFF15], Prop. 5] for the h-version
of 8), in which the dependence on the polynomial degree gy, is left unspecified.
We define a weight function by wy, := h'/?(g, +1)~*. Note that [[wy,/h'?| (1)
< 1 and that wy, is T-admissible, where 7 depends only on x and 0. The combination
of B3) with BI)) leads to (B3). The bound (3] in conjunction with 2] yields
@), O

3.2. Application to efficiency of residual error estimation.

3.2.1. Weakly singular integral equations. The next corollary proves that the esti-
mate (BI) provides stability of U and R’ in weighted norms for subspaces
(1 — P,)L*(T") C L*(T), where P}, is some projection operator. Note that the fol-
lowing corollary is in particular applicable to the Galerkin projection onto P4(7y).

Corollary 3.3. Let T, be a reqular, k-shape reqular triangulation of I', and let
Xy, be such that PO(Ty) € X, C L3(T). Suppose that X}, is a closed subspace of
H=Y2(T) (and hence also of L2(T')). Let Iy, : L2(T') — X}, be the L2-orthogonal
projection onto X5, and Py : H-Y/2(T') — X, C HY2(T') denote an arbitrary
PNI’l/Q(I‘) -stable projection onto Xp,. Then, there is a constant é'inv > 0 depending
only on the k-shape reqularity of Ty, the stability constant of Pp,, 02, and ', such
that for Py € {Ilx, Py} and all € L*(T") we have

(3.7)

W2V e B(1 = Pa)o Loy + |R2R (1 = Pu)gllzary < Cia[B2(1 = Pa)o| L2(ry-
Proof. Let I, : L*(T') — P°(T,) be the L?(T')-orthogonal projection onto PY(7).

For arbitrary w € H'/2(9Q) we get by transformation to the reference element and
standard approximation results that |[(1 — Hh)w||2L2(T) < h(T)||wH§LP/2(T)7 where
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we employ the Aronstein-Slobodeckii norm in the definition of || - || z1/2(7). Hence,
by summation over all T' € T, and using the Aronstein-Slobodeckii characterization
of || - lg1/2(90), We obtain [A=12(1 = p)w|| g2y < lwll gr1/2(90)- Next, using the
characterization of the norm || - || 1/2(ry, We arrive at

(3.8) IR (1 = p)wl 2y S llwllgaszy  for all w e HY?(T).

Orthogonality properties of Ilx, , the inclusion P%(7;,) € X, and a duality argu-
ment then shows (see [CP06, Theorem 4.1] for the analogous proof on polygonal
boundaries)

(39) (0 =Tx,)ll g /oy S IBY2(L = 1x, )8l 2y for all ¢ € L*(I).

Combining (3) with the inverse estimate B for ¢ = (1—1lx, )¢ and wy, = h'/?,
we get

12V B(1 = Tx, )6 2y + [|AY2R (1 = TLx, )| ary
< I/2(1 = L, )llpaqry for all ¢ € LA(T).

For an FI‘l/Q(F)—stable projection Py, we start by noting that the choice X} =
PO(Ty) is admissible and then ([33) takes the form

(3.10) 1L = T0)l faszry S P21 =)@ 2y for all ¢ € L*(T).

We observe that the projection property of P, implies (1 —Pp)(1 —1I;) = (1 —Pp).
This and elementwise stability of II;, imply, for all ¢ € L*(T),

11 =Pn)@ll g-1/2py S N = TT) Sl g-1/2r

A

2/\@ =

|21 = Th) @ 2y S IR 2 ¢l L2y
Finally, we use the projection property (1 —P;)% = (1 —P},) and argue as for Iy,
to obtain
|2V B(1 = Pr) @l L2y + [|B2R (1 = Pr)gll 2
S A2 (1 = Py) || p2(ry for all ¢ € LA(T).
This concludes the proof. O

One immediate consequence of Corollary B3] is a weak efficiency of the weighted
residual error estimator 7, o from [Car97,[CMS01]: Suppose that U is H=1/2(I)-
elliptic (in the case d = 2, this can be enforced, for example, by the scaling require-
ment diam(Q) < 1). For f € HY(T'), let ¢ € H~/2(I') be the unique solution of
the weakly singular integral equation U¢ = f. Let X} C ﬁ_l/z(l’) be a closed
subspace with P°(7,) C X, C L3*(T), and let ®, € X} be the unique Galerkin
approximation of ¢, i.e.,

(311) <m(¢ — <I>h) R \I/h>p =0 forall ¥, € Xj.

Then [CMS01] proves (strictly speaking, only for polyhedral T") the reliability esti-
mate

(3.12) Cr;ll ¢ — ‘I)thI—l/z(r) < Nhw = ||h1/2v1“(f - QI(I)h)HL’L’(F)-

The constant Cpq; > 0 depends only on I', 092, and the k-shape regularity of 7p,.
The following corollary provides a kind of converse estimate, where the norm is
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the slightly stronger weighted L?-norm. We note that the additional assumption
¢=0"1f e L*(T) is in particular satisfied for T = 9.

Corollary 3.4 (Weak efficiency of ny, o for weakly singular integral equations). Let
Tn be a reqular, k-shape regular triangulation of I'. Assume ¢ =0~ 1f € L*(T') and
let X;, € H-Y2(T) be a closed subspace with PO(Ty,) C X), € LA(T). Let ®, € X},
be given by BII). Then the weighted residual error estimator from BI2) satisfies

(3.13) Mo < Cett [1'/%(¢ — @4) || L2,
where Cog = dnv > 0 is the constant from Corollary 3.3l

Proof. With the Galerkin projection P, : H~1/2 (T) —» Xp, and @), = Pp¢, Corol-
lary B3 yields np, o = [|hY2Vr (¢ — @4)| r2ry S 1226 — 1) || 22(1)- O

Remark 3.5 (Stronger efficiency of 2D BEM). While the efficiency estimate ([B.13)
involves a slightly stronger norm on the right-hand side, particular situations with
known singularity expansions (as, e.g., the 2D direct BEM formulation of the Dirich-
let problem [AFEF13b]) allow us to bound [|h!/2(¢ — @4)||p2(r) by ||¢ — <I>h\|ﬁ,1/2(r)
up to higher-order terms. In [AFF13b], this is achieved by decomposing ¢ in a
singular part associated with the vertices of 2 and a regular part; the higher-order
terms depend only on the regular part of ¢. .

3.2.2. Hypersingular integral equations. Results similar to Corollary B3] also hold
for the double-layer integral operator £ and the hypersingular integral operator 20.
Here, particularly interesting choices for the projection Pj are Scott-Zhang type
projections onto S (7y,); see [SZ90] as well as the adaptation to BEM in [AFF15),
Section 3.2].

Corollary 3.6. Let T, be a regular, r-shape regular triangulation of I'. Let X), C
H'Y2(T) be a closed subspace with S'(T,) € X, € HY(T). Let P, : HY/2(I') — X,
be an H'/?(T)-stable projection onto X,. Then, for allv € HY(T),

12T 81 = By )ol| ey + [1B/22(1 = Pr)ollary

(3.14) _
S Cinv||h1/2vl'*(1 - Ph)UHL2(F)-

The constant Ciy > 0 depends only on the k-shape regqularity of Tr, the stability
constant of Py, and T'.

Proof. We argue along the lines of the proof of Corollary 3.3l _
Step 1: We construct a modified Scott-Zhang projection J;, : L2(T') — S*(Tx)
with the properties

(315)  [[(1 = Jn)wll gy S 12Ve(1 = Ju)wl L2(ry for all w € H'(T'),
(3.16)  ||hY2Vrdpwl| L2y S 1BV Vrw| 2 for all w € H(I).

In order to make the proof self-contained, we sketch the main arguments and refer
to [AFF15], Lem. 7] for more details (strictly speaking, [AFF15, Lem. 7] is formu-
lated for polygonal boundaries only, but the proof transfers with minor changes to
the present case). To understand the construction of Jp, let us briefly review the
classical construction from [SZ90]: There, for any vertex a; of the triangulation
with a; € OI' a facet f; with a; € f; C O is selected. For the remaining, interior
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vertices a; of the triangulation, an element T; with a; € T; is chosen. The clas-
sical Scott-Zhang projection Jszv € SY(Tp,) is then determined by the conditions
Jszv(ai) = v;, where v; is a weighted average of v on f; (if a; is a boundary vertex)
or T; (if a; is an interior vertex); the weight is given by the so-called dual basis.
This ensures the projection property JpZv = v for all v € S'(7T3). Moreover, J3%
is then stable in H'(I"). Note that J3%v € HY(') if v € HY(T') as the contributions
of shape functions associated with vertices a; € II' vanish. We define J;, in the
same way as J3Z, but simply omit the degrees of freedom on the boundary a; € 9r.
It can be checked that J, is (locally) stable in L*(T'). Furthermore, J;, = J5Z on
HY(T'). Hence, Jj, is (locally) stable in H*(I), and is also a projection onto S*(7,).
This proves (3I6). By interpolation Jj, is stable in HY/2(I'). The approximation
and projection properties of Jp follow from those of JS‘Z. An interpolation argu-
ment and (1 — J;)% = (1 — Jj) reveals (B.I5). The suppressed constant in (B.15)
depends only on I', 012, and the x-shape regularity of Tj.

Step 2: Combining (BI5) with the inverse estimate (2] for v = (1 — J)w and
the weight function wy;, = h'/? we arrive at

1P 2Tr R = Jwll oy + (|22 (1 = Jn)w] 2y
< IW29e (U= JJw] paqry for all w e HY(T).

Similar arguments apply for any H'/2_stable projection Py, : f[l/Q(F) — Xp,. There,
additionally (1 — Pp)v = (1 —Px)(1 — Jp)(1 — Pp)v, the stability of Py, and (B10)
have to be used to bound:

11— Ph)“’”ﬁlm(r) S = Jp)(1 = Ph)“’”ﬁlm(r)
< 1/2 _ _
S IRV = Jh)(1 = Pr)w| 2r)

< W2 Vp(1 — P O
A=V ( n)W|| L2 (r).-

~

As in Section B2l an immediate consequence of Corollary is a form of ef-
ficiency of the weighted residual error estimator 7, gy from [Car07,[CMPS04] for
the hypersingular integral equation: Suppose that HY 2(T') does not contain any
non-trivial characteristic function y,, with w g I’ (this is in particular satisfied if
99 is connected and T' G 9). Then, 2 : H/?(I) — H~'/*(T) is an elliptic
isomorphism. For f € L2(I), let u € ﬁl/Q(F) be the unique solution of the hy-
persingular integral equation Wu = f. Let X C I:Tl/z(l“) be a closed subspace
with SY(7,) € X, ¢ HYI). In addition, let U, € X}, be the unique Galerkin
approximation of u, i.e.,

(3.17) (W(u—Up), Vp)r=0 forall V;, € Xp.

Under these assumptions (and, strictly speaking, for polyhedral T'), [CMPS04]
proves the reliability estimate

(3.18) Cr;ll [w — Uh“fp/z(r) < Nhap = ||h1/2(f - QIIUh)||L2(F)~

The constant Cpq; > 0 depends only on I', 99, and the k-shape regularity of 7p,.
The following corollary provides the converse efficiency estimate with respect to
some slightly stronger weighted H'-seminorm.
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Corollary 3.7 (Weak efficiency of n, gy for hypersingular integral equations). As-
sume that H/? (T") does not contain any non-trivial characteristic function x,, with
w G L. Assume u :}ﬂ_lf € HY(T'). Let X, ¢ HY2(T') be a closed subspace
with SY(Tn) € Xy, € HY(T). Let Uy € X, be given by BIT). Then the weighted
residual error estimator from [BIR) satisfies

(3.19) han < Cegt |2V (u = Un)ll 220y,
where Cog = anv > 0 is the constant from Corollary 3.6l

Proof. With the Galerkin projection P}, : ﬁl/z(F) — X3 and Uy, = Pju, Corol-
lary B. yields o0 = [|h*/220(u — Up) || 20y S B2 Ve (u — Un) |l 2 (r)- O

Remark 3.8. If T' = 09 is connected, then the kernel of 20 is the space of constant
functions on I'. Therefore, 207 : H*l/2(8(2) — H Y2 (092) is an elliptic isomorphism,
where H:(0Q) := {v € H*(9Q) : (v, 1)so = 0} for |s|] < 1. Note that 2 :
HE(002) — H:~1(99) is an isomorphism for all 0 < s < 1. For f € H2(9Q), the
solution u := Q! f thus has additional regularity u € H}(9), and Corollary B.7]
holds verbatim. .

3.2.3. Remarks on the extension to hp-BEM. The above efficiency statements are
formulated for the h-version BEM. They do generalize to the hp-version.

Since the corresponding reliability estimates have only been formulated for closed
surfaces I' = 9 and affine element maps in [KM15], we restrict the following result
to that setting:

Corollary 3.9. Let d € {2,3}, ' = 9Q, and let T, be a regular, k-shape regular
triangulation of I'.  Assume that the element maps are affine. Let qn be a o-
admissible polynomial degree distribution. Then there exists C' > 0 depending only
on 0N, the k-shape regularity of Tn, and o such that the following hold:

(i) Let B : H-Y2(02) — HY?(9Q) be an isomorphism. Let ¢ = B~1f for
some f € HY(99Q). Set Xp, := PYTy) and let Oy, € X3, be the Galerkin
solution given by BII). Then:

(3.20)
CMp = upllg-1/2(90) < Mhpaw = [1(h/(1+ qn)) >V (f = D®np) | 1200,
(3.21) Mo < Cll(h/(L+ qn)) (¢ = ip) |22 (00)-

(i) Let T = 90Q be connected and u = WL f for some f € H2(0Q). Set
Xp = ST, NHL(9Q) and let Uy, € Xy, be the Galerkin solution given
by BI7). Then:

(322) C Mu-— Unpll mrr2(00) < Mhpan == [|[(h/(1+ )2 (f - WUhp) | L2 (09,
(323) Mman < C[(8/(1 4+ )20 = Un) 2000
1/ (L + gn) 2 (u = Unp) 200 |-

Proof. The reliability bounds [B20), (B22) are taken from [KMI5, Cor. 3.11,
Cor. 3.14].
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For the proof of ([B.2I)), we let Il, be the L?*(9€)-projection and P, be the
Galerkin projection. We note that the analogue of (BI0) is

(3.24)
11 = Prp)¥llzr-1r2000) S (1 = Map) ¥l -1/2(00)
SUA/(L+gn)*PllL2ony  for all ¢ € L?(99);

this is shown in the same way as (3.10), but exploits that in a high order context
the estimate (B.8)) can be replaced with the improved estimate

1((an +1)/A)2(1 = Mp)ollzaey S Jollmzry-

This latter estimate is obtained from elementwise considerations, uses standard
estimate (see, e.g., [Mel05, Prop. A.2]) for integer order Sobolev spaces, and an
interpolation argument on the reference element. Hence, proceeding as in the proof
of Corollary B3] with wy, = (h/(1 + q))"/? we get

[wn VrB(1 — Prp) 9l 2200
(BE:D 1L+ )2 (1 = Phyp)? 1-P
S qn Lo (59) hp) Pl 172 (00) + lwa( )@l L2 (00)

< 1+ an) ™2 e s lwn (1 = Brp)¢llzzog) + l[wn(l = Prp)éll2(on).

The proof of ([B:23)) proceeds along similar lines. The key is the analog of (B.13).
By [KMI3| Lem. 3.12] there exists an operator J; , : H'(99) — S9(Ty,) with

11 = Th)vllaireaa) S 1R/ (L + i) 2Vl L2aa) + |(h/(1+ an)?v]| 12 (a0)-

Finally, an operator Jp,, : H}(92) — X} is then obtained by setting Jy,v =
J}’va — J;va, where the overbar denotes the average over 0Q2. It is clear that
[v—Jp,vllz200) < v — J4,vlL200), and norm equivalence on finite dimensional
spaces then yields [[v — J; vl gr1/2(90) < I(1=J4,)vll 2200 Hence, for v € H;(99),

(1 - Jhp)U||H1/2(3sz) <[(1- Jl/zp)U”Hl/z(BQ) + (1 = J;/Lp)UHHl/?(aQ)
S = Tl vz,

so that .Jp, has the same approximation properties as J,’Ip on the space H}(09).
With Py, again denoting the Galerkin projection, we have

(1 - Php) = (1 - Php)(l - Jhp)(l - ]P)hp)v

and hence

(1= Prp)ull 200y S N1 = Tnp) (1 = Prp)ull gr/200)
5 ||(1 - J}/Lp)(l - Php)uHHl/?(aQ)
SR/ (14 gu) 2V (1 = Prp)ull 22 a0 + [[(A/(1+ n)) 2 (1 = Pay)ul 12 (o0 -

Combining this with (8:222)) and the inverse estimate ([B:2)) shows (3.23)). O
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4. FAR-FIELD AND NEAR-FIELD ESTIMATES FOR THE SIMPLE-LAYER POTENTIAL

The proof of Theorem [B.] is based on decomposing the pertinent potentials into
“far-field” and “near-field” contributions. In the present section, we analyze the
decomposition for the simple-layer potential and provide inverse estimates for both
components. SectionL2is concerned with inverse estimates for the near-field parts,
which essentially follow from scaling arguments, whereas Section 3] deals with the
far-field part. Throughout the section, we let

(4.1) ¢ € L*(T) and assume that 1) is extended by zero to 9Q \ T,
i.e., we identify 9 with Eg .

4.1. Decomposition into near-field and far-field. For a parameter § > 0, we
define for each element T € T, the neighborhood Ur of T by

(4.2) TCUr:= U Bosn(ry(z).
x€eT

Since 0f) is Lipschitz and I' stems from a Lipschitz dissection and by k-shape
regularity of 7y, we can fix the parameter § > 0 and find M € N (both § and M
are independent of Tj) such that the following two conditions are satisfied:

(a) T'NUr is contained in the patch wy(T) of T' (see ([ZI6]) for the definition
of wp (1)), i.e.,
(4.3) C'NUr Cwi(T).
(b) The covering I' C Uy, Ur is locally finite with a uniform bound, i.e.,
(4.4) suﬂg)d#{UT : TeﬁandeUT}gM.
z€
Finally, we fix a bounded domain U C R¢ such that
(4.5) UrcU forallT €T,
It will be important that U is chosen independently of 7;,. To deal with the non-
locality of the integral operators, we define for T" € 7y, the near-field ugs% and the
far-field ufi}fT of the simple-layer potential ug; := L) by

(4.6) uBes = V(Yxrooy) and  uldy = B(Wxr\o,),

where Y, denotes the characteristic function of the set w C R?. We have the
obvious identity
(4.7) Uy = VY = ugp + u%fT for all T' € T,

near far

In our analysis, we will treat ug; and ugy'y separately, starting with the simpler

near
case of ugf7.

4.2. Inverse estimates for the near-field part uy7. The near-field parts of a

potential can be treated with local arguments and the stability properties of the
associated boundary integral operators.

Lemma 4.1. There ezists a constant Cpear > 0 depending only on 092, T, and
the ri-shape regularity of T, such that for arbitrary T € Ty, and ¥} € PO(Ty) with
supp (V7)) C wi(T) it holds that

||VQ]\II}7;HL2(UT) < Cneathl/quz||L2(wh(T))'




INVERSE ESTIMATES FOR BOUNDARY INTEGRAL OPERATORS 2667

Proof. We fix an element 7' € T;. We recall that WU} is piecewise constant and
compute

(VDU (z) = Z \IJ£|T///VxG(z,y) dy for all z € R4\ T.
T'Ewh(T)

The number of elements 7" in the patch wp,(7T) is bounded in terms of the shape
regularity constant s (cf. Lemma [Z8]). With some constant that depends only on
k and 00, we estimate

@8 VDD@ES Y WElel( [ 9.Gea)

T €wn(T)

Next, we show for elements 77 C wy,(T)
2 d
(4.9) | ([ 9.6l dy) de < niry,
Ur NJT

This follows from a local Lipschitz parametrization of 9. We assume (after a
Euclidean change of coordinates if necessary) that {(z/, A(z’)): 2’ € By,.(0)} is a
part of 00 that contains wy (7). The function A is Lipschitz continuous, and we
remark in passing that by [Ste70, Thm. 3, Sect. VI] we may assume that A : R4™1 —
R is Lipschitz continuous. (If such a local consideration is not possible, then, since
the number of local charts is finite by definition of bounded Lipschitz domains, we
must have diam(wp,(T")) = O(1) so that (@3] is trivially true.) We may also assume
that Upr C {(2/,A(2') +t) |2’ € By,-(0),t € R}. The key observation is that the
mapping A : R? — R? given by (2/,t) — (a', A(2") +t) is bi-Lipschitz. We conclude
for elements T" C wy,(T) that AUy =: Up and AT =: T C B,,.(0)x {0} satisfy,
for some xy € Bs,-(0) and some ¢ > 0, which depends solely on the bi-Lipschitz
mapping /~\,

Ur C Benr)(w0) x [=¢h(T),ch(T)],  T' C Bepry(ao) x {0}.

Finally, using V,G(z,y) ~ |z —y| (4=, the definition of the surface integral, and

the change of variables formula for bi-Lipschitz mappings from [EG92, Sec. 3.3.3],
we get

2
/ ( / |va<x,y>|dy) da
zeUr yeT”’
2
:/ </ |i—§|(d1)d§> dz
7eUr geT”
2
ch(T)
—(d—1)/2
5/ / </ (16— nf? + )~ @D dn) dt d
EEBen (1) (z0) Jt=—ch(T) NEBen(r)(0)

2
¢ —(d—1)/2
f:h(T)d/ / </ (1€ = |2 +#2) @7/ dn> dt de
fEBU(alo) t=—c WEBC(QJO)

~ W(T)",



2668 M. AURADA ET AL.

where the last estimate follows by a direct estimation of the integrals, which is
independent of h(T). We have thus shown ([@3)). Inserting [A9) in (@8] gives

[ DD @Pdrs S PR = P e,y O
Ur TIGW)L(T)

Proposition 4.2 (Near-field bound for i]) Let wy, be a o-admissible weight func-
tion. There exists a constant Chear > 0 depending only on 092, I, the k-shape
regularity of Tn, and o, such that the near-field part ugys7r satzsﬁes uyT € HY(U)

and ’Y(l)ntungnea% € HY(T') together with
Z [wn Vg w22y + Z ||wh/h1/2||Lm(T)||Vu
(410) TeThH TET
< Cnear ||wh¢||%2(r)

Proof. The stability [2I0) of U : L%(02) — H'(9R) proved in [Ver84] together
with Fact 2ZII{) gives, for each T' € Ty,

(UT)

Ve uls ey < 1B xvrar) lmo0) S Uxvrarllzzeo) = ¥ L2@wenr).-

Summing the last estimate over all T' € T, and using (£3)-(@.4)), together with the
o-admissibility of wy, we arrive at

411) Y lwn Ve gl ey S Y lwnllie 18172 wrnr) = lwndllzz ),
T€Th T€ETh

where all estimates depend only on 052, the k-shape regularity of 75, and the admis-
sibility constant o. This bounds the first term on the left-hand side of ([@I0). To
bound the second term, let ITj, denote the L?(T")-orthogonal projection onto P°(7y).
We decompose the near-field as uy% = U1, (Yxraus)) + Q]((l — Hh)wxmeT).
The condition supp(¢¥xrruy) C wp(T) implies supp (I (YxrAv.)) € wi(T) and
therefore, taking U} = II}, (vrxrnu,. ) in Lemma 1] we have

Z Hwh/hl/ZH%C’O(T)||V£U(Hh('(/)XFﬂUT))H%2(UT)
TETh

(4.12) S Z ”wh/h1/2”%°°(T)”hl/th(wXFﬁUT)H%Q(wh(T))
TETh
S Nlwnl| 2z ),

where we used the local L2-stability of IIj, in the last estimate. Recalling the sta-
bility 20 : H='/2(0Q) — H'(U) of [Z8), the equality (2.3)), and the approximation
property ([B9) of IIj, we get

Z ||wh/h1/2||%°°(T)||Vm((1 — ) Yxravs ) 172 o

T<Th

Z3), E&3
(413) S Z ||wh/h1/2||i°°(T) ”(1 - Hh)'(/)XFﬂUT ||i”[71/2(1—*)
TeTh

Z ||wh/h1/2\|%oc(:r)th/QWXFmUT)HQL?(r) = ||wh¢||2L2(r)
TETh

Combining (EII)-EI3) gives (@I0). O
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4.3. Estimates for the far-field part ufgng The following lemma is taken from
[FKMP13]. For the convenience of the reader and since the same argument underlies
the proof of the analogous lemma for the double-layer potential (Lemma B3 below),
we recall its proof here.

Lemma 4.3 (Caccioppoli inequality for ufar 7). Letd > 0 be fized as in the beginning
of Section 1. With Q< = R4\ Q, the functzon ufar from (&) satisfies ufar rlo €
C>=(9Q), ’U/mT|QEXt € C®(Q"), and uf‘” rlus € C’OO(UT) Moreover, there exists a
constant Ccacc > 0 depending only on 39 I, and the k-shape regularity of Tn such
that the Hessian matriz Dzufng satisfies

(414) ||D2ufar HL2 CVcaucc

far
(Bssn(ry/a(®)) = |‘vu§,T||L2(Bsh(T)(I)) Ve €T € Th.

1

W)
Proof. The statements uld’,[o € C*°(Q) and uf;|gexe € O () are taken from
[SS11, Theorem 3.1.1], and we therefore focus on “m,T|UT € C>(Ur) and the
estimate ([@I4)). According to [SS11 Proposition 3.1.7], [SS11, Theorem 3.1.16],
and [SSTT], Theorem 3.3.1], the function ul, € Hj, (R?) :={v e R? =R : p-v €

H'(R?) for all p € C5°(R?)} solves the transmission problem

—Au%rT = 0 in QU Qext,
(415) [uf‘ng} = 0 in 1'_[1/2(89)7
hlufagrﬂ = —Yxpw, in HY2(09).

In particular, (1) states that the jump of uf‘” as well as the jump of the normal
derivative vanish on 92 N\ Up. This implies that uhr is harmonic in Ur by the fol-
lowing classical argument: First, we observe that ufar is distributionally harmonic
in Ur, since a two-fold integration by parts that uses these jump conditions shows
for v € Cg°(Ur) that (ug'y, —Av)g = 0. Weyl’s lemma (see, e.g., [Mor08, Theo-
rem 2.3.1]) then implies that ufar is strongly harmonic and ufar € C*(Ur).

The Caccioppoli inequality (IM) expresses interior regularlty for elliptic prob-
lems. Indeed, for each u € H'(B,..) such that v € H?*(B,) and Au = f on
B,y with balls B, C B,. with radii 0 < r < r + ¢ and some f € L?(B,.),
[Mor08, Lemma 5.7.1] shows

1 1
(416)  1D%ulis,) S (Il + < 1Vulla, e + 5 e,

The suppressed constant depends solely on the spatial dimension and is independent
of r,e >0, and u, f. We apply (m with r = 35h( )/4, e =6n(T)/4, f =0, and
u = ug'y — ez, where cp = W fB&h(T)( ) u;(y) dy. An additional Poincaré
inequality finally leads to ([£I4). Note that § and hence Cp,c. depend only on 0%,
I', and the k-shape regularity of Tj. |

The non-local character of the operator U is represented by the far-field part.
Lemma allows us to show a local inverse estimate for the far-field part of the
simple-layer operator.

Lemma 4.4 (Local far-field bound for @) For all T € Ty, it holds that
(4.17) RVt ey < IRV PVugirl ) < Crar [ Vulsll 2wy

The constant Cgyy > 0 depends only on T, 09, and the k-shape reqularity constant
of Th.
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Proof. By Lemmal4.3] we have ufar € C*(Ur). The first estimate in ({17 follows
from the fact that, for smooth functlons7 the surface gradient V() is the orthogonal
projection of the gradient V(-) onto the tangent plane, i.e., Vryittu(z) = Vu(x) —
(Vu(z) - v(x)) v(z); see [Ver84]. The second estimate in [EIT) is proved with a
trace inequality and the Caccioppoli inequality (£I4) in the following way. We fix
an element T € Tp,.

Step 1: We provide a trace inequality. Let B = B,(x) be a ball with center
r €T C 00 and radius r > 0. Let B’ = Bs, o(x) and B” = By, /4(x). We define a
smooth cut-off function Yz € C§°(R?) with supp xp € B’ and Xp = 1 on B by

XB = XB" * Pr /4,

where p. is a standard mollifier of the form p.(x ) = e (2 /e) for a fixed p; €
C§°(R?) with p; > 0, suppp; € B1(0) and [5, p1(x)dz = 1. We note that for a
C > 0 depending solely on the choice of p1, we have

VX5 Lo @ay < Crt

With this cut-off function and the standard multiplicative trace inequality for 02,
we estimate for sufficiently regular functions v:

||UH%2(B089) < WBUH%%aQ) S ||%BU||2L2(Q) + ||%BU||L2(Q)HV(%BU)HH(Q)
(4.18) S T71||UH%2(B’) + vl 228y IVl L2(B7)-

Step 2: The set F := {th(T)/Q(.’L') |z € T} is a closed cover of T. By Besi-

covitch’s covering theorem (cf. [EG92, Sect. 1.5.2]) there is a constant Ny, which
depends only on the spatial dimension d, as well as countable subsets G; C F,
j = 1,...,Ng, the elements of every G; being pairwise disjoint, such that T" C

Uj-vzdl Ugeg, B- Let gAj be the set of balls obtained by doubling the radius of the
balls of G;, i.e. éj = {B(;h(T) (z) | Bsn(ry/2() € g]} As the elements of G; are
pairwise dlSJOlDt and all balls have the same radius 6h(7')/2, there is a constant
Nd, also depending only on the spatial dimension d, such that each element of gj
intersects at most Ny other elements of g] If we abbreviate B = By (1)/2(),
B' = Bg/ssn(ry (), and B = Bspery(x), the multiplicative trace inequality (H.IS])
and the Caccioppoli inequality [@I4]) show that

IVusirlieory S ( )HV 57l 22 (mry + IVussir |l 2 s | D usgirl| 22 sy
€1 far
S Vg7

N()

Step 3: We use the last estimate to get

L*(B)’

Ng Ng
1
far far far
IVSielocn < 32 3 Vel < gy Z IVl l2. 5,
j=1 Beg; i=1Beg.
Nde

IV Uz 172 (1)

: hW(T)
This concludes the proof of ([@IT). O
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Summation of the elementwise estimates of Lemmal[£.4yields the following result.

Proposition 4.5 (Far-field bound for ‘INI) There is a constant Cg,y > 0 depending
only on 09, T, the k-shape regularity of Ty, and the o-admissibility of the weight
function wy, such that

Z ||thF’Y(i)nth§fT||%2(T) < Z \|whvuf§fT\|%2(T)
TETh TeTh
< Char (Jln /02 e 0y 101 2y + Il )

Proof. We use the local far-field bound [@I7) of Lemma 4 and u%fT = Uyp— (s
to see

(4.19)
> lwn Ve ulg 7o)
TeTh
&1
<D wnVulieliery S D lwn/B P ey I VU 72
TeTh TeTh
@ R1/2]2 V|2 RL/2)12 near||2
~ Z llwn/ ||L°°(T)|| ¢HL2(UT)+ Z l[wn/ ||L°°(T)|| um,THL2(UT)~
TETh TETh

The first term on the right-hand side in ([@I9) is estimated by stability of 0, the
finite overlap property ([@4]), and (Z3):

~ (20 ~
Z ||wh/h1/2||2Loo(T)||V‘171/’H%2(UT) S ||wh/h1/2||2Loo(r)HVQ}‘/’”%%U)
TETh

< lon /B2 0y 1 -y

The second term in ([@I9) is bounded with the near-field bound (@I0). O

5. FAR-FIELD AND NEAR-FIELD ESTIMATES FOR THE DOUBLE-LAYER POTENTIAL

Section [ studied far-field and near-field estimates for the simple-layer poten-
tial. Corresponding results for the double-layer potential are derived in the present
section. Throughout this section, let

ve HY() c H(09Q).

In particular, v € H/2(T') with vl 12y = 0]l zr1/2(00), where we identify v =
Eorv. Since functions from H'/2(I") may not be discontinuous across element
boundaries, the splitting into near-field and far-field contribution of the double-
layer potential ug := Rv cannot be achieved by characteristic functions, but requires
smoother cut-off functions and greater technical care.

5.1. Decomposition into near-field and far-field. We use the notation intro-
duced in Section 1] concerning the neighborhoods Ur. In order to define the
near-field and far-field parts for the double-layer potential, we need appropriate
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cut-off functions: For each T' € Ty, we define ny € C§°(R?) with the aid of the
standard mollifier p. that was already used in the proof of Lemma [£.4}
(5.1)
NT = Xg, * Psh(T)/4, Ur = U Bsnery2(x), Up = U Bspry/a().
zeT zeT
This function satisfies:

(5.2) suppnr CUr, nrlu, =1 [Inrlle®a) <1 [[Vorllpe e S ﬁ
where the implied constant depends on the x-shape regularity of the triangulation
through the parameter §. We note that the assumptions on Ur imply (suppnz) N
T' C wy(T).

The following lemma may be viewed as an extension of [DS80, Thm. 7.1] to the
case of curved elements.

Lemma 5.1 (Poincaré-Friedrichs inequality on patches). Let v € H*(T). For each
T € Ty, there is a constant vy € R such that (v—vr)nr € HY(T), (v—vr)(1—nr) €
H(0Q), and

(5.3) v —vrllL2(w, (1)) < GallhVrol Lz, (1)),
(5.4) (v = ve)nrll e aa) < Callh 2V vl L2, (1))
(5.5) (v = vr)nrll a0y < Goll Vvl L2 w, (7))

Furthermore, vp = 0 if Owp(T) N O contains a facet of the triangulation. The
constant (1 > 0 depends only on OS), I, and the r-shape regularity constant of Tp.

Proof. 1t is clear that (v — vp)(1 — ny) € HY(0RQ), since v € HY(I') and 7y is
smooth. The remaining statements require more care.

Step 1: For v € HY(T) and a facet f € F, of the triangulation T;, (recall that
facets are images of (d — 2)-faces of Tyer under the element map) denote by £;(v)
the average of v on f. As ¢;(1) = 1, we can use the Deny-Lions lemma on the
reference element, and the assumptions on the element maps then imply

(5.6) llv=Ls()|lL2ry S R(T)||[Vrollp2(ry if f is a facet of T,
(5.7) |l (v) =L, (v)| S h(T)lf(d*l)/QHVFUHLz(T) if fi, fo are two facets of T'.
Step 2: Fix an element T' € T,.
e If ny|or = 0, then select an arbitrary facet fr of the element patch wy (7).
e Ifnr|sr # 0, then we claim that there exists a facet f of wy,(T') with f C JT.
To see this, let zy € OT' with ny(z¢) # 0. By continuity of nr and since
JI' is covered by the closure of facets of the triangulation, we may assume
that x( is in the interior of a boundary facet fr. This facet belongs to a
unique element T of the triangulation; by continuity of 77, we may assume

suppnr NTy # 0. Since (suppnr) NT C wy(T), we conclude Ty C wy,(T)
and thus the boundary facet fr is a facet of wp,(T).

Set vp := £, (v). An immediate consequence of v € HY(T) is that vp = 0 if

does not vanish on 8. Since 5y is smooth, we conclude (v — vy)nr € HY(T). In
fact, viewed as a function on 91, we have

(5.8) supp((v — vr)nr) € wp(T).
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Step 3: The bounds (B.6]), (B.7) in conjunction with Lemma and a finite
number of applications of the triangle inequality implies

(5.9) v —vrllL2(w, (1)) S 1PV L2 (0, (1))
(5.10) Ve (v = o)l 22w, (7)) = IVroll L2, (1)) s

where (B.9) is already the claim (53]). The product rule, (52), (5.8), the esti-
mate (59), the trivial bound h(T) < |TY/(@=1 < ||/ @1 <1 yield

IV ((v = vr)nr)llz200) < 1(v = vr)Venr|l 2w, @) + 17V = o)l 22 @, o)
S IVrvllzz @y,

which proves (BX). It remains to verify (54). To that end, we recall the inter-

polation inequality ||u||?{1/2(89) < llullzzo0) ull 10y for all u € H'(99). Since

(v = vr)nrllLze0) < v —vrllL2@, (1), we get
2 2
(v = vr)nrllg260) S (v — UT)WT||1L/2(aQ)||(“ - “T)”TH}H/l(BQ)
1/2 1/2
< ||hVF’U||L/2(wh(T))||VFU||L/2(wh,(T))
~ |2V 0| L2 (wn (7))

where the last estimate hinges on s-shape regularity of 7y, (cf. Lemma 26([). O

Let v € HY('). For each T € Ty, let vy be the constant from Lemma 5.1l
For each T' € Tj, we define the near-field and the far-field part of the double-layer
potential ug := Kv by

(5.11) U = E((v —wvr)nr) and uffrT = ﬁ((v —vr)(1=nr)).

Note that (v —vp)yp € HY(I) € H(8Q) and (v — vr)(1 — n7) € H(Q) so that
ugT, uf%‘"T € HY(U\09) are well defined. Since A1 = —1 in Q and &1 = 0 in QY
we have, for every T € T}, the identities

(5.12) ug +vr =ugp + uRT inQ and ug=ugy + ufﬁf“T in Q.

5.2. Inverse estimates for the near-field part ug”. The following proposition
provides an estimate for the near-field part of the double layer potential.

Proposition 5.2 (Near-field bound for 8). Let wy, be a o-admissible weight func-
tion. There ezists a constant Chear > 0 depending only on 0S), T', the k-shape reg-
ularity of T, and o such that the near-field part ug’y satisfies ’y(‘)“tu%e%r € HY(I),

uEFlo € H'(Q), and UgF g € HY(U\ Q) with

> /B2 ey (IR 2V s e o)
TETh

5‘13 near near
(5.13) + IVUEF 22 pnay + VUi ||L2(UTchxt))

< C’near HwthIUHLz(F) .



2674 M. AURADA ET AL.

Proof. Recall the stability [2.I1) of 'y(i)“t:é =R-1:HY(09) - H'(69). Taking
into account (0.2 and the Poincaré-type estimate (5.5), we observe

Ve w2 () < IVew ueF 2y S (0 = vr)nrll e oa)
IVeol 2w, (1)) -
Summation over all T' € T, and o-admissibility of the weight wy, shows that

(5.14) 7 Mlwn /21 ey IR PV e i E 2y S wn Veol|72 -
TETh

Next, we use the continuity of & : H/2(9Q) — H'(U \ Q) from ([ZX) and get

V near Yy hear @ _ 2

| HL2(UTr‘1Q + ([ Vug ||L2(UTerxt) S UT)77THH1/2(,99)
GD

< B2Vl 2 (o (-

Summation over all T' € T;, and o-admissibility of wy, gives
S n /B2 ey (19055 2 ) + VU g
(5.15) TETh
S Nlwn Vol .-
Combining (BI4)—(ETI5]), we conclude the proof. O

5.3. Estimates for the far-field part ufar As for the simple-layer potential,
we have a Caccioppoli inequality for the double—layer potential, which underlies the
analysis of the far-field contribution. For the next result, recall U/ from (G]).

Lemma 5.3 (Caccioppoli inequality for ufé“T) The functions ufar of GI0)) satisfy
ufgrﬂg € C*(Q), ufgrﬂﬂexc € C®°(Q™Y) and ufar rlu; € C’OO(UT) Furthermore,

there exists a constant C., . depending only on 5‘9 T', and the k-shape regularity

of Tn, such that the Hessian matriz D2uf‘*r satisfies

(5.16)

HDQUfar ”L2 (Bsn(r)/s(x)) = Céacc h( )

Proof. The proof is very similar to that of Lemma 3l One observes that the
far-field ufng solves the transmission problem

(z)) Ve eT €Ty

—Auf, = 0 in QU Qe
[l = (w—vr)(1=nr) in H/2(09),
['yluﬁg‘rT] =0 in H=/2(0Q).

We note that (1 —nr)
reasoning as in the proof of Lemma [4.3] can be applied to reach the conclusion

GI6). O
Lemma 5.4 (Local far-field bound for R). For all T € Ty,
(517) | 1nt far

The constant Cgyy > 0 depends only on 012, F, and the k-shape regqularity constant
of Th.

far

rllLe ey < Car IVugyl L2 sy
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Proof. The lemma is shown in exactly the same way as the corresponding bound for
the simple-layer potential U in Lemma [£4] appealing to the Caccioppoli inequality

(ET18) instead of (£I4). O

Proposition 5.5 (Far-field bound for 5~%) Let wy, be a o-admissible weight function.
There is a constant Croy > 0 depending only on 092, T', the k-shape regularity
constant of Tp, and o, such that

D lwn /B2 |G e gy | PV A w17 2 oy
TETh

< Z Hwhvuhr HL2(T)
TETh

< Crur (Ihen Froaqey + /B2 e oy 1012 ) ) -

Proof. Lemma [5.4] implies

Z [wn Ve w72y < Z [wn VUi 172 )

TeTh TeTh
S Y lwn/W P IV 1 2 0y
(5.18) T - f
= Z l[wn/h ||L°°(T)||vu % ||L2 ULnQ)
TETh
+ Z ||wh/h1/2||%oo(T)||VUfar ||L2 Ul nQext)
TeTh

With the identities (5I2]), our definition ug = Ev, and a triangle inequality, we
obtain

f;
Z ||thU§fT||2L2(T)
TeTh

EI8) ~ ~
S D lwn /B2y (IV R+ 01) B me + VRO 2 0y nge) )
TeTh

+ D7 lwn /B2 ey (VU 120y iy + VU [0y e )
TeTh

EID ~ ~
< /203 ey 3 (19800320500 + VRO 0y ngens
TETh
+ lwn Vol 72

S lwn/BY 2 e 1ol o ) + l0n Vvl Zar),

where we have used additionally ””Hﬁl/?(r) = vl g1/2(00)- O
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6. PROOF OF THEOREM [3.1]

We are in position to prove the inverse estimates (1)), (3:2]) of Theorem [3.11

Proof of the inverse estimate ([B.1). Let ¢» € L?(T'), extend 1 by zero to the entire
boundary 952, and recall the notation from Section [£I]l First, we treat the simple-
layer integral operator 2. With the bounds of Propositions and (L5 we get
(6.1)
[wnVeB(|72y = D 1w VrDe||72

TeTh

1nt far

y T Z lwn Ve uss 5 (12
TeTh TeTh

Hwh/hwnimm||w||§;,1/2m + leontary-
The estimate for the adjoint double-layer integral operator & follows by similar

arguments. We split the left-hand side into near-field and far-field contributions to
obtain

A

lwnR 22wy S D Nwnllf ooy IR @xvear) 12 ()
TETh

+ ) wnllF e o IR (WxT\0 )72y
TeTh

The continuity & : L2(9Q) — L2(09Q) stated in (ZI2) yields for the near-field
contribution

> lwnllZ ey 1€ oxvrar) 122y < D Nwnlfoe oy 18 (x0200) 72 (00
TETh TETh

(R
< Z HwhH%OO(T)H'(/)H%Q(UTﬂF)

TETh

S Nlwnl|Za -

(6.2)

For the far-field contribution, we write u%‘fT = QN}(TﬁXF\UT) and note that & =

—-1/2+4 ’y”‘tm and clearly (¢ xr\v, )| = 0. Therefore, on T' we have & (Y x\v,) =

'ymtufarT. Furthermore, by the smoothness of uf;}rT near T (see Lemma [.3]), we

have Y™ uf, = d,ul’ on T (cf. Remark 22)) and get

int, far

IR (Wxr\u) L2y = I gl 2oy = 10vudslir2ry S VUil ).
The far-field contribution in (2] can therefore be bounded by Proposition A3 via

D lwnlze I8 @xevu)liem S D lwnVugizl e

N TETh
S Nwn |72y + llwn /B2 e (o [0 -
Altogether, this gives
lwnR |2y S Nlwntllpzay + lwn /B[ Lo @) 19l 512y 0

Proof of inverse estimate ([B.2)). First, we treat the double-layer integral operator
R Let v € HY(T), extend v by zero to v € H'(99), and recall the notation from
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Section [l We recall the stability of & = 1 + & : H'(9Q) — H'(8Q), from
which we conclude v &v € H!(T'). Therefore,

[wn Ve&ol| 22y = wn Vi (% + 796" R) vl 2 ()
(6.3)

IN

1 ins
§||thFUHL2(r) + [Jwn Ve ugll L2 ry

with ug = &v. Tt holds that ug +vr = Uy + uﬁng in Q; cf. (5I2). For the second
term on the right-hand side in (63)), we obtain

lwnVers uglfomy < D lwn /27 iy IR V76" (usg + 0r) |72

TeTh
EI1) .
(6.4) S n /B o oy 1A e
TeTh
+ ) wn /P e o 1B PV oA w2 oy -
TETh

The first sum can be bounded by Proposition £.2] whereas the second sum can be
bounded by Proposition Altogether, this yields

lwn Ve Rl 2y S lwn /B 2| oe@ylloll gaz ey + lwon Vel L2y

and concludes the first part of the proof.

The result for the hypersingular integral operator 20 is shown with similar ar-
guments. Again let v € H*(I') and vy as in Lemma 5.1l Note that 20vp = 0. Now
splitting into near-field and far-field yields

HwhﬂﬁvH%z(r) = Z Hwhw(v - UT)H%?(T)

TETh
(6.5) < Z lwn20((v — vr)n7) |72 (1)
TETh
3 lwn20((w — o)1~ 1) 32
TeTh

The near-field contribution is bounded by the stability of 27 : H'(992) — L?(9)
stated in (2I3]) and the Poincaré-type estimate (5.5):

2 < 2 < 2
120((v —vr)no)llzeery S v —vo)nrlgiw, @y S I1Vevlzz, @)
The sum over all elements gives

D lwn((0 = ve)ne)leery S D lwnllie ) IVEUl72, iy S lwnVroll7z ).
TETh TETH

It remains to bound the second term on the right-hand side in (6.3]). In view of the

far e

support properties of n7, the potential u g% = &((v—vr)(1—nr)) is smooth near T

(cf. Lemma[53) so that {2t = 9, ufr. on T. Furthermore, since 20 = —in' &
we see

120((v = vr) (1 = ) F2 ) = ™ 4R 22 () = 100 udirllTacr) < VU lZar)-
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We use Proposition to conclude

> wr20((v = vr) (1 = n2)) 72y

TETh
< Z [wn Vuids %21y
TETh
< ||thFU||L2(r + Hwh/hl/2||Loo(r ||U||H1/2 )
Altogether, we obtain
[wn20v]| L2(ry S lwnVeol| L2y + lwn /B2 (| Lo |0l a2 gy - 0

APPENDIX A. A POLYNOMIAL INVERSE ESTIMATE

Lemma A.1. Let Ty be a regular, k-shape reqular triangulation of I'. Suppose that
d > 2 and that q;, is a o-admissible polynomial degree distribution with respect to
Trn. Then, there exists a constant Ciyy > 0 which depends solely on 0X), the k-shape
reqularity of Ty, and o, such that

(A1) [|RY2(gn + 1) Wl 2y < éinv||\11h‘|H—1/2(F) for all W), € PY(Th).

Proof. Step 1: For each T' € Ty, we claim the existence of a function Y74, (1) €
C>(R~1) with the following properties for some fixed § > 0 (see, e.g., the proofs
of [Geo08|, Lem. 3.7, Prop. 3.8] or the arguments below):

(A.2) SUPP X7,qn () C {@ € Trer: dist(z, 0Trer) > 6/(qn(T) + 1)%},

(A3)  0<Xrgm <1 T, VX1 @llee @ S (@n(T) +1)72,
(Ad)  Xrgum =1 in{z € Trer: dist(z,0Trer) > 38/ (qn(T) + 1)},

(A5)  ImllL2(te) < CllmXTper) L2 (Ther)

for all polynomials 7 of degree g, (7T),

(A6) N7 Xr g () 2 (1) < CL+ an(T)) ||l 272
for all polynomials 7 of degree g5, (7).

The function Xrq,(r) is obtained from a mollification with length-scale
6/(qn(T + 1))* of the characteristic function of Tret \ Sas/(q, (1)41)2, Where S, :=
{x € Tyer: dist(w,dTyef) < €}. The parameter § > 0 is dictated by the require-
ment ([A5): For this, we introduce the shorthand (&) = 35/(qx(T) + 1)2. Observe
that the radius of mollification is chosen such that X7.4, () = 1 on Tier \ Se(s), s0
that we are done once we have established |[7[lr2(s.;) < [7llL2(men\s. )

[LMWZ10, Lemma 2.1] and the polynomial inverse estimate |7 g1 (7.,
(an(T) + 1)?I7l L2(7,.p), yield

||7T||i2(sg(5)) S @)l 2o 17 1 (1) S €(0)(an(T) + 1|7l 221,
=e(6)(qn(T) + 1) [||7T||%2(Tref\sg(5)) + ||7T||%2(sg(5>)}
=30 |\7T|\2L2(Tmf\s€(5)) + ||7T||2L2(55(5))

Taking § sufficiently small produces |7 z2(s, ;) S (17l L2(7y0\5.(5)) @8 desired.

5(6))
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Step 2: Define x4, () With supp xr.¢,(r) € T by X14.(1) © VT = XT,q0(T)-
Given ¥}, € P(T), define
h(T)

(A.7) vr|r = W(WHT)XT,%(T%

and extend vr by zero to I'. Note that vy € H L(T") by the support properties of
XT,q,(T)- An interpolation inequality and the estimates (A.3), (A.6) on the reference
element give

”vT”%UQ(F) = HUTH%n/z(aQ) 5 ||”T||L2(352)||”T||H1(852)

(A.8) = llvrll2cy ozl ()
(IED&GED MH’U 12,
~ h(T) THLa(T):

For v := Y7, vr, there holds v € HY(I'). With supp(vy) € T and [SST1]
Lemma 4.1.49], we have

2
(Im 1+qh 2
A9 ol = [Sor| 8T lorlag 5 | o]
TeTh f{l/2(p) TETh L2(T)
Finally, we estimate
Bl/2 2 H h(T)V/? 2
vy, = — U = Z (o7, Wh)r2(ry = (v, W) r2(r)
Hl"‘% L2T)  fer, L+ an(T) 27 TeT,
A9 1+qh
o e L PR e
L3(T)
h1/2
Il | o
0 el

APPENDIX B. NORM EQUIVALENCES (PROOF OF FacTs [21])

B.1. Preliminaries. For an open set w C R", n € N, and 6 € (0,1), we define the
Aronstein-Slobodeckii norm by

Hu||2AS's w = ||’U,||%2 (w) + |’U/|?455 w?

(B.1) )|2
|u|ASOw' /wEw/yEw \x— |29+n dy de.

Lemma B.1. Let n € N and 0 € (0,1). Introduce for h € R™ the notation
(Apu)(z) = u(z + h) — u(x). Fix a non-negative function p € CF(R™) with
suppp C B2(0) \ B1(0) and [, p(x)de = 1. Set py(x) := t "p(x/t). For u €
L*(R™) and t > 0 define the convolutzon ug = uxp € C°R"™). Then, for a
constant C' > 0 depending solely on p, it holds that

k(u, t) = ||u — ’utHLz(Rn) + tHut”Hl(Rn)

(B.2) <C </ ||Ahu||2L2(R")
t<|h|<2t

1/2
h|™" dh) +t||u||L2(Rn).
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If 0 € (0,1), then there exists Cyp > 0 (depending only on p, 8, and n) such that for
u with ||ul|as,ern < 00, one has additionally

1

_ 2 dt

(B.3) | k) § < Collulis e
t=

Proof. The bound (B.2) follows from inspecting [AF03, Thm. 7.47, proof of (¢) =
(a)]. The bound (B3) follows from (B2). O

The special feature of Lemma [B.1] is that it provides a decomposition u =
(u — ug) + uy that is suitable for use in connection with the K-functional. Ad-
ditional properties of u; can be enforced by judiciously choosing p:

Lemma B.2. Let n € N and 0 € (0,1). Let ¢ : R* 1 — R be Lipschitz with
Lipschitz constant L. For e > 0, define the sets QF = {(z/,y) |2’ € R""1y >
C(z') —e}. Then one can select a function p such that the following is true for all
u € {u: ||lul|asorr < o0, u|Q§ =0}

(i) The estimates of Lemma Bl hold.

(ii) ut|er/2 =0.

Proof. For x € R™ and ¢ > 0, introduce the (infinite) cones C, . := z+{(2',y) |2’ €
R~ c|2’| < y}. Note that, since ¢ is Lipschitz, there exists ¢’ > 0 (depending
solely on L and n) such that Cy . C Q(J{ for all z € Qg . We select the non-
negative function p € C*(R"™) with fR,, p(z)dx = 1 with the support property

supp p C (B2(0) \ B1(0)) N (=C(0,1/2),r)- For any ¢t > 0 and any z € Q;’;z, these

support properties ensure supp pi(z — ) C @. Hence, ut|Q+/ =0if u|Qo+ = 0.
t/2
This shows (). The statement () follows directly from Lemma Bl O

Lemma B.3. Let w, ' C R™ be open. Let ® : @ — W' be bi-Lipschitz and
u € H}, (w'). Then, the composed function v := uo ® satisfies v € H}, .(w), and
the chain rule (Vv) " () = ((Vu)" o ®(x))D®(x) holds almost everywhere in w.

Proof. We follow essentially [Zie89, Thm. 2.2.2]. First, we note that & may be
extended as a Lipschitz function to a function ® : R™ — R", [Ste70, Thm. 3,
Chap. VI]. (This extension may not be invertible as a map R™ — R”™ but it suffices
for our purposes that ® : @ — «’ is bi-Lipschitz.) We conclude from [Fed69,
Thm. 3.2.5] or [EG92, Thm. 2, Sec. 3.4.3] that for any function g € L ('), it holds
that

®1)  [ov@i@di= [ gwds ) =|det DB

w w’

Inspection of the proof of [Zie89, Thm. 2.2.2] shows that (B.4)) can take the role of
[Zie89] eqn. (2.2.9)] in the proof of [Zie89, Thm. 2.2.2]. The result then follows. O

B.2. Proof of Facts[2.9l We fix notation, following [McL00, p. 96ff]. The bound-
ary 0 is described by N € N Lipschitz continuous functions ¢; : R! — R and
Euclidean transformations @; (i.e., translations and rotations). In terms of the
functions (;, we define functions Z; : R¢ — R? given by (2/,t) — Qi(2’, (;(2) + 1),
which are bi-Lipschitz. It is convenient to introduce the maps ZZ : R-1 — R4
by (;(2') := Z;(2',0). The setting of [McLO0, p. 96ff] is as follows: There are
N domains €); that are Lipschitz hypographs described by the maps Z;; in par-
ticular, @(Rd_l) = Z;(R¥1,0) = 0Q;. We note that bi-Lipschitz continuity of
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Z; : R4 — R? implies that a : R — 99Q); is bi-Lipschitz. The setting of Lipschitz
domains is such that, locally, 2 “coincides” with one of the hypographs §2;; that is,
there are N Lipschitz domains @; C R%! such that the sets w; := a(oﬁl) C 0N are
an open cover of 9€). For any function v € L?(9), we define its pull-back v; to @;
by v; := vy, © Zz A key property of Lipschitz domains Q is that H!(9€)-functions
feature the expected transformation rule under change of charts:

~

Theorem B.4. Let § # w = w; Nw; for some i, j. Set w!:= ¢, *(w). Then, for
u € HY(ORQ), it holds that

(B.5) U=10(( 0G)  ae onwl,
(B.6) (V)" = (V) o (G oG))D( T oG)  ace. onwl.
Proof. (B.3) is clear. The transformation rule (B.6) follows from Lemma[B3l O

We employ the partition of unity (p;)¥ ; associated with the cover (w;)¥, that
is described in [McL00, p. 98ff]. With @; being the pull-back of ¢;, we note the
compact inclusion supp $; CC &;. The Sobolev norms || - [[go(p0), 0 < 0 < 1 are
defined in [McL00l p. 99] as

N
(B.7) [l %o o0y = > 1Bl 570 (a1
=1

with the norms on the right-hand side defined by Bessel potentials. According
to [McL00, Thm. 3.16], we can alternatively use the definition by norms of distri-
butional derivatives. Then, by the support properties of the functions @;, one may
replace || - || gora-1) by || - || oz, for 6 € {0,1}.

Lemma B.5. For 6 € {0,1} and u € HY(0Q), one has the norm equivalence

N i~
||UHH9 Q) = ~ i Huinée(@i)-

~

Proof. The estimate Hu||fq9(am < Zz 1 Hu1||H9(¢ follows readily from the defi-
nition of | - || zre(s0)- The converse estimate results from the fact that (@)X, is
a partition of unity on 9. To see this, fix ¢ and define for j = 1,..., N, the
sets W;; = {:E € W;: |goj(a(x))| > 1/(2N)}. Since (¢;)_, is a partition of unity,
we have UL, @y; = @;. Since |;(j(x))] > 1/(2N) for @ € ({0 &)(@i)), we
can infer w1th ([B.9) of Theorem B.4l that [|u;||r>,,) S IP5U;ll2@,), and hence
il 2@,y S lull2eq). For 6 = 1, we additionally note V(@;u;) = @;Vu; +
u;Ve;. With ([B.E) and (B.6) of Theorem [B.4l we infer that ||Vullz2@,,) <
IV(@5t5) 2 @,) + 1]l 2 @;)- Hence,

Vil L2@,) SZ 185t |51 @;) + [lullz2a0)- U

j=1
Lemma B.6. Let N functions ti; € H*(&;), i = 1,...,N, be given and let each
functwn u; be defined on w; as the push -forward of w;, i.e., u; is characterized by

U; OQ = u;. Then the function u = Z —1 Xw; Ui, where x o denote the characteristic
function of the set A C 09, is in Hl((‘)Q) and

N
[ull 1 00) < Z @il 1.0
=1
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Proof. It suffices to consider the case of a fixed ¢ and u; = 0 for j # 4. Let
u; € C§°(&;). The essential step is to show that the function u (as defined in
the statement of the lemma) is in H'(9€). The stated bound then follows from
Lemma [B.5] using also Theorem [B4l and the fact that there are finitely many
domains @;. The general case of u; € H L(@;) follows from that of @; € C§°(&;) by
a density argument.

The assumption u; € C§°(w;) implies uw € C(992) and suppu C w;. In order to
see u € H(A9) we write @; := uo(; and claim 4, € H'(@;). To that end, consider
J with wj; == w; Nw; # 0 and introduce the open set W;; := Zj_l(wji) C @;. By
Lemma B3] we have @; € H},.(©j;). Our proof will be complete once we have
shown supp(%;@;) CC @Wj;. This last assertion follows from the above observation
suppu C w;, the observation supp¢; C w; and supp(u;@;) = CAj_l(supp(ugpj)) C
¢; ' (supp @; Nsuppu) = ¢ Hw; Nw;i) = ¢ (we) = i U
Proposition B.7. Facts BII{) holds with equivalent norms.

Proof. 1t suffices to consider the case I' = 92 since u|yo\ 7 = 0 implies (Vru)|yo\ 7 =
0. We exploit that 92 is piecewise C! as defined in [SS11} Def. 2.2.10]. Recall from
([233) the definition of the surface gradient on a surface piece I'y with parametrization
& f[ — T'y. Since the Gramian matrix G = DQTDEZ and its inverse G~! are

uniformly symmetric positive definite on f@, we infer the existence of a constant
C > 0 (depending only 952, Ty, and &) such that

(B.8) CH(Vru)|r, o &| < |V(uo&)| < C|(Vru)|r, o & a.e. on T'y.

For each w;, we get from Theorem [B.4] for a constant C (depending only on 912,
Fg, and fg) that

(B.9) CYV(uo&)| < |V o (3._1 0 &l < CV(uo&) a.e. on & (Ty Nw;).

Since 02 = |J, w; and 092 = |J, ['y, the estimates (B:§) and (B9) and Lemma
imply ||VF“H2L2(39) S 2 ||VFUH%2(FZ) S ZiHVﬂz’HQB@) S ||UH§—11(BQ)' For the
reverse estimate, we again note that the surface patches I'; form a partition of 952,
that is, w; = (J,I'r Nw;. Hence, (B.8) and (B.9) imply

|V o Zfl| < C'|Vru| ae. onw;

for a constant C' > 0 depending only on 9Q and the (finitely many) surface
patches I'y with their parametrizations . This in turn implies >, HV@HQL’L’(@) <

~

||Vpu\|%2(89), and an appeal to Lemma [B.] finishes the proof. O

Proposition B.8. Facts [ZII[) holds with equivalent norms.

Proof. The Aronstein-Slobodeckii norm on 9 is defined as in (B, where the
integration over w is replaced with that over the surface 92 and |x — y| in the
denominator is replaced with the Euclidean distance between z and y. (Since 92
is Lipschitz, the distance could alternatively be taken as the geodesic distance on
09Q.) Recall the partition of unity (p;)Y ;. Using the fact that the maps EZ are
bi-Lipschitz and the equivalence of the Aronstein-Slobodeckii norm to the Sobolev
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norm (cf., e.g., [McL0O0O, Thm. 3.16]), we calculate for 6 € (0, 1),

N N
N ~ o~
lullase,00 = iy watllaseon < Y leillasoon S > 1@idi] asopr

=1 1=1

N 1/2

~ (053%i)
~ 153l 2o (a1 = llull e ac)-
(Re-1)
=1

For the converse estimate, we compute, using again the equivalence of the Aronstein-
Slobodeckii norm and the Sobolev norm as well as the facts that the (; are bi-
Lipschitz and that the functions @; are Lipschitz continuous with supp @; C @,

N N
BD PN PN
HUH%IG(aQ) = Z ||80iui|\§19(uadfl) = Z H@iui”is,e,Rd*l
i=1 i=1
N
N Z Wz‘”is,e,ai N Z HUHZS,Q,M < N||U||?45,0,aﬂ- U
i=1 i=1

Proposition B.9. Facts ZI[) holds with equivalent norms.

Proof. First, we note that [McL00, Thm. B.11] shows for § € (0,1) that the in-
terpolation spaces (L?(99), H'(9Q))¢ and the Sobolev spaces H?(0) are equal
(with equivalent norms), i.e., (L2(99), H'(9Q))s = H?(08)). We next establish
(LA(T), H'(T))1/2 = HY2(T).

Proof of (L*(T), HY(T'))12 € H'/?(T"): The operator Eyr is a bounded and linear
operator L2(I') — L%(9Q) and HY(T') — H(09). Interpolation theory provides
that Eop : (L2(D), HY(I))s — (L2(89), HY(8Q))g = H?(9Q) is a bounded linear

operator. In particular, [lull 1/2ry = | Eo,rull m/200) S Hu||(L2(F)f11(r))1/2'

Proof of HY2(T') C (LQ(F),fll(F))l/g: We show that for some § > 0 we can

construct for each ¢ € (0,6] and each u € H'/2(I') a function u; € H'(I') such that
the functional k(u,t) := |lu — wel[z2(r) + tHUtHﬁl(r) satisfies

J 2 dt
/t:O (tﬂ/zk(u,t)) = < CllulZ o,

By definition of the real K-method of interpolation, the latter estimate yields
||“H(L2(P),Er1(r))1/2 S llull 1721y and hence concludes this step, since, as it is shown
in [DL93l Chap. 6, Sec. 7], we may replace the integral over (0,00) by an integral
over (0,0) for fixed § > 0 in the definition of the interpolation spaces. We start
with the case I' = 0 in order to illustrate the main ideas. Using the partition
of unity (p;)N., we write the function u € H'/2(0Q) as u = Zf\;l p;u. The pull-
backs @;u; satisfy @;u; € H'/?(R*1) and supp(@;u;) C @;. Select a function p as
in Lemma [Bl Set @, 1+ := (9;u;) x pt and U; 04 := P;U; — U; 1+ Noting that the
function p in Lemma [B.I] has compact support, we obtain from Lemma [B.I] that
for sufficiently small ¢ and all 0 < ¢ < ¢, we have the properties suppu; 1, C @;
and supp u; 0+ C W; as well as

0 2 dt .
/ (t_l/zkl(uat)) - S CHSOiui”%[l/z(Rd—l),
=0 t
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where k;(u,t) := || 0,tl 2(ra-1) +t|Ui1,tl| g1 wa-1y. (The parameter § > 0 depends
solely on the sets @; and the support properties of the functions $;.) Define u; o,
and wu; 1, on w; as the push-forwards of U; o+ and U; 1 ¢, respectively. Decompose u
as u = (u— ug) +up =: Zf\il Xow; Ui,0,6 + Ef\il Xew; Ui,1,¢- In view of Lemma [B.6 we
have u; € H'(99). Furthermore,

’ —1/2 2 dt
{t (lu = uell L2 (a0 +t||ut||H1(8Q))} "
t=0

N
< Z ||@ai”%rl/2(Rdfl) = ”uHiIl/?(aQ)'
i=1

This concludes the proof for I' = 9. For the case " # 012, we proceed along the
same lines, but use the more careful choice of the smoothing function p given in
Lemma for those indices ¢ with w; N A" # (§ so as to ensure u; € f[l(I‘). For
these indices 4, one has to use the fact that I' stems from a Lipschitz dissection as
discussed in [McLOQ, p. 99]. Lemmal[B.2]is formulated so as to be applicable in this
situation. In particular, the mollifier p can be selected such that the push-forwards
u;0,+ and wu; 1, satisfy the additional constraints suppu; 1, C I' and suppu; 0+ C T
if suppu C T. These support properties are those required to conclude the proof

for the case that " ; 0N stems from a Lipschitz dissection of 0f). O
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