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The Beginning

Let’s start with

P(x) = 5x4 − 4x3 − x2 + 2x + 2.

Is P(x) globally nonnegative?

What if we write

P(x) = (x2 + 1)2 + (2x2 − x − 1)2 ?

This brings about two important questions:

• Are such representations always possible?

• If they do, then how can we find them?



Second Things First

Can we obtain sum of squares decompositions algorithmically?

Consider a single square (x2 + 1)2. Let

x =

 1
x
x2

 and v =

1
0
1

 , so that x2 + 1 = v tx.

Then
(x2 + 1)2 = (xtv)(v tx) = xt(vv t)x,

and so

(x2 + 1)2 = xt

1 0 1
0 0 0
1 0 1

 x = xtAx.

Matrix A is a rank 1 positive semidefinite (PSD) symmetric matrix.



Adding Squares

Similarly,

(−1− x + 2x2)2 = xt

 1 1 −2
1 1 −2
−2 −2 4

 x,

and together

(x2 + 1)2 + (2x2 − x − 1)2 = xt

 2 1 −1
1 1 −2
−1 −2 5

 x.

But any positive semidefinite matrix (real symmetric matrix with
nonnegative eigenvalues) is a sum of rank 1 matrices!

Every rank 1 matrix has the form vv t , and so corresponds to
one square!



Diving Deeper

Major Lesson:

Sum of Squares = xtAx,

where A is a positive semidefinite matrix.

Given a decomposition as a sum of squares we can produce A.

Given A we can produce a sum of squares decomposition by
writing A as a sum of rank 1 matrices:

A =
∑

Ri

and extracting 1 square from each Ri by factoring Ri = viv
t
i .

In practice we factor A = BtB and derive SOS expression.



Let’s Practice

Putting it together: P(x) is a sum of squares if and only if there
exists a positive semidefinite matrix M such that

P(x) = xtMx, M =

m00 m01 m02

m01 m11 m12

m02 m12 m22

 , x =

 1
x
x2

 .

For P(x) = 5x4 − 4x3 − x2 + 2x + 2 we get equations

m00 = 2, 2m01 = 2, 2m02 + m11 = −1, 2m12 = −4, m22 = 5.

We know that m02 = −1, m11 = 1 makes M positive semidefinite.

This gives us a rank 2 matrix M and a decomposition of P(x) as a
sum of two squares.



Entrance of Geometry

Definition: A symmetric matrix A is PSD iff all of its eigenvalues
are nonnegative, or equivalently, quadratic form x tAx with
x = (x1, . . . , xn) is nonnegative for all x ∈ Rn.

PSD matrices form a convex cone Sn+ in the vector space of real
symmetric n × n matrices Sn.

Cynthia Vinzant’s lectures will explain much more about Sn+!



Geometry and Algorithms: Pas de Deux

Our Insight: Sums of squares are a projection of Sn+!

Define π : S3 → Poly1,≤4 via:

π(A) = xtAx with x = (1, x , x2).

Then
π(S3

+) = Σ1,≤4.

Algorithmic Implication: Testing whether a polynomial is a sum of
squares can be done via Semidefinite Programming.



Nonnegative Polynomials and Sums of Squares

A Play in Three Acts

The Cast

Antagonist: A polynomial p ∈ R[x1, . . . , xn] is called nonnegative if
p(x) ≥ 0 for all x ∈ Rn.

Pn,≤2d is the set of all nonnegative polynomials in n variables of
degree at most 2d .

Protagonist: A polynomial p ∈ R[x1, . . . , xn] is called a sum of
squares if p =

∑
q2i for some qi ∈ R[x1, . . . , xn].

Σn,≤2d is the set of all sums of squares in n variables of degree at
most 2d .



Hilbert’s Theorem

Theorem: (Hilbert 1888) Nonnegative polynomial p is always a
sum of squares only in the following three cases:

(1) Univariate Polynomials

(2) Quadratic Polynomials (degree is at most 2)

(3) Polynomials of degree 4 in 2 variables (ternary quartics)

In all other cases there exist nonnegative polynomials that are not
sums of squares.
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Hilbert’s Theorem

Theorem: (Hilbert 1888) Nonnegative polynomial p is always a
sum of squares only in the following three cases:

(1) Univariate Polynomials

(2) Quadratic Polynomials (degree is at most 2)

(3) Polynomials of degree 4 in 2 variables (ternary quartics)

In all other cases there exist nonnegative polynomials that are not
sums of squares.

Motzkin’s Example: M(x , y) = x4y2 + x2y4 + 1− 3x2y2.

Rewrite as M(x , y) = x4y2+x2y4+1
3 − x2y2 and apply Arithmetic

Mean/Geometric Mean inequality!



An Intermezzo: Hilbert’s 17th Problem

Is it true that we can write every nonnegative polynomial as a sum
of squares of rational functions?

p =
∑(

ri
qi

)2

Equivalently: Can we find a sum of squares q such that pq is a
sum of squares? YES (Artin,Schreier 1920’s)

However, multipliers q may have very large degree.

Open Problem: Find upper and lower bounds on degrees of
multipliers.

For the Motzkin Polynomial: (x2 + y2 + 1)M(x , y) is a sum of
squares, so M(x , y) is a sum of squares of rational functions with
denominator x2 + y2 + 1.



Second Act: Sums of Squares on a Variety

Instead of global nonnegativity want polynomials nonnegative on a
variety X in Rn defined by equations g1(x) = · · · = gk(x) = 0.

“Obviously Nonnegative Polynomials”: Sums of squares +
multiples of generators gi .

More Opportunities: There may be more cases of equality between
nonnegative polynomials and sums of squares on a variety. See
Mauricio Velasco’s lectures (without degree cancellation)!

New Phenomenon: When add multiples of gi , degrees may cancel!

Example: X = {0, 1} ⊂ R defined by g(x) = x(1− x) = 0. Then

x = x2 + x(1− x),

so x is “obviously nonnegative” on X .



Schmüdgen Positivstellensatz

Theorem: If X ⊂ Rn is a compact variety, and f is strictly
positive on X , then f is “obviously nonnegative”.

This also works for inequalities (semialgebraic sets). “Obviously
nonnegative” representations use degree cancellation and may have
large degree.

Sums of Squares Relaxations: Search for “obvious nonnegativity”
by increasing degree! Write

f = σ2 +
k∑

i=1

gihi ,

where degree of each gihi and σ2 is at most d .



Optimization

Minimization is equivalent to computing the best lower bound:

min f = max
f−γ is psd

γ

Sums of Squares Approach: Nonnegativity is hard.
Let’s substitute sums of squares (or “obviously nonnegative”
polynomials) for nonnegative polynomials.

Instead compute the best sos lower bound:

γ∗ = max
f−γ is sos

γ

Georgina Hall’s lectures will explore applications of sums of squares
method in engineering.



Combinatorial Optimization
Many problems in combinatorial optimization can be stated as
minimization of a quadratic Q on the hypercube X = {+1,−1}n.

MAX-CUT: Given a graph G on n vertices, find a partition of
vertices into two classes V1 and V2, such that the number of edges
between V1 and V2 is maximized.

Model a choice of classes as assigning +1 to V1 and −1 to V2.∑
ij∈E(G)

xixj =# Edges not in Cut−# Edges in Cut

|E (G )| =# Edges not in Cut + # Edges in Cut

MAX-CUT formulation:

min
x∈X

1

2

∑
x∈X

xixj −
|E (G )|

2
.



Sum of Squares Approach

X is a variety defined by equations x2i − 1. Let I = 〈x2i − 1〉.

First level of Sums of Squares relaxations: compute largest γ
such that

Q − γ = σ +
n∑

i=1

λi (x
2
i − 1),

where σ is a sum of squares of linear polynomials and λi are real
coefficients.

This is the Goemans-Williamson MAXCUT approximation
algorithm! Guaranteed to find at least 87.8% of the true minimum.



Our Robot Overlords

Moral: It is very important to understand the quality of sums of
squares relaxations in very concrete cases!

Ankur Moitra’s lectures will explore sums of squares algorithms in
theoretical computer science.

Sums of squares give an automated way to produce semidefinite
relaxations for polynomial optimization problems.

This makes sums of squares framework very flexible.



Third Act: Convex Geometry

The sets Σn,≤2d and Pn,≤2d are actually convex cones in the vector
space Sn,≤2d of n-variate polynomials of degree at most 2d!

Convex cones can also be given in a dual way, using linear
inequalities `(x) ≥ 0.

The set of all `, such that `(v) ≥ 0 for all v in the cone, is itself
convex cone in the dual space of linear functionals!



Convex Duality

Consider the dual cones:

Σ∗n,≤2d = {` : Sn,≤2d → R | `(p) ≥ 0, for all p ∈ Σ∗n,≤2d}.

P∗n,≤2d = {` : Sn,≤2d → R | `(p) ≥ 0, for all p ∈ P∗n,≤2d}.

The cone P∗X is easy to describe. Take v ∈ Rn and define

`v : S∗n,≤2d → R, `v (p) = p(v).

`v is a point evaluation at v . It follows that

P∗n,≤2d = ConicalHullv∈Rn `v .



More Convexity

To a linear functional ` ∈ S∗n,≤2d we can associate a quadratic form

Q` : Sn,≤d → R, Q`(p) = `(p2).

It follows that ` ∈ Σ∗n,≤2d if and only if Q` is positive semidefinite!

Moreover the cone Σ∗n,≤2d is a linear slice of the cone of positive
semidefinite quadratic forms Sn+.

Hamza Fawzi’s lectures will show how to use the cone Sn+ in
representing and approximating convex sets.



Size Comparison

For a D-dimensional compact set K : vol (1 + ε)K = (1 + ε)DvolK.

The proper measure of the size of K is (volK)1/D .

Theorem
There exist constants c1(d) and c2(d), dependent on the degree d
only, such that

c1n
(d−1)/2 ≤

(
vol P̄n,≤2d

vol Σ̄n,≤2d

)1/D

≤ c2n
(d−1)/2.

• There are explicit bounds for constants c1 and c2.

• The dependence on degree is such that the volume of
nonnegative polynomials takes over only for very large number
of variables.



THANK YOU!


