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Introduction
Climate change and global warming have drawn
worldwide attention in the new century. Concern
about possible global warming and the controversy over the claim that it is mainly caused by
the greenhouse effect provide motivation for better understanding the mathematics, physics, and
chemistry of greenhouse gases. The molecules
of these gases trap heat in the form of infrared
radiation, causing the atmospheric temperature
to rise. But which molecules are the greenhouse
gases, and just how do they trap heat? In this
article, we wish to give readers of the Notices some
flavor of the mathematics involved so that we can
understand and appreciate why mathematics is
important and useful in chemistry and physics in
the understanding of greenhouse gas molecules.
The greenhouse effect was first suggested by an
unlikely hero, the mathematician Joseph Fourier
(1768–1830) in 1824 [13, 27, 28]. He observed
from the then available experimental data that the
Earth gets most of its energy from solar radiation.
He asked a simple question: What determines the
average temperature of a planet like the Earth?
From his calculations, he recognized that gases
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in the atmosphere were responsible for absorbing
the radiation and warming the Earth and that,
without them, the Earth would be much colder. He
called the phenomenon “un effet de verre”, which
means “an effect of glass”. Read more in Box 1.
The effect was reliably experimentally studied
by the British physicist John Tyndall (1820–1893)
in 1858 and then published quantitatively by
the Swedish chemist and Nobel laureate Svante
Arrhenius (1859–1927) in 1896. Any gas in the
Earth’s atmosphere capable of trapping heat is
defined as a greenhouse gas. Major greenhouse
gases include water vapor (H2 O), carbon dioxide
(CO2 ), methane (CH4 ), nitrous oxide (N2 O), ozone
(O3 ), chlorofluorocarbons (CFC), and others. A
more detailed list of greenhouse gases may be
found in the Intergovernmental Panel on Climate
Change (IPCC)’s list [17].
It is now well known that atoms and molecules
interact with electromagnetic radiation according
to quantum mechanics. This history has one of its
beginnings in 1802, more than a century before
the advent of quantum mechanics, when the English chemist William Hyde Wollaston (1766–1828)
first observed the appearance of a number of dark
features in the solar spectrum. This study was
subsequently continued by great names that all
enter the pantheon of science. In 1814 Joseph
von Fraunhofer (1787–1826) independently rediscovered those dark lines and began a systematic
study and careful measurement of the wavelength
of those features. Gustav R. Kirchhoff (1824–1887)
and Robert W. E. Bunsen (1811–1899) discovered
that each chemical element was associated with a
set of spectral lines and deduced that the dark lines
in the solar spectrum were caused by absorption of
those elements in the upper layers of the sun. Max
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Box 1. Joseph Fourier and the Accreditation
of the Greenhouse Effect ([12])

J. R. Fleming, a historian of atmospheric
science and geophysics, wrote an interesting
article [12] concerning Fourier’s 1827 work
[13] and how Fourier got credited with the
discovery of the greenhouse effect.
Fourier had lived a fascinating life overlapping the brisk period of the French Revolution
and the Napoleonic wars. Fleming noted that
Fourier
“…was known by his contemporaries as
a friend of Napoleon, administrator, Egyptologist, mathematician and scientist whose
fortunes rose and fell with the political tides.
He was a mathematics teacher, a secret policeman, a political prisoner (twice), governor
of Egypt, prefect of Isère and Rhône, baron,
outcast, and perpetual member and secretary of the French Academy of Sciences. His
reputation is largely based on his ‘Fourier
series’….”
Fourier’s essay [13] was published in 1824
and reprinted in 1827. This work, regarded as
the “first” allusion to the greenhouse effect,
was merely a reprint of a descriptive memoir published three years earlier. The main
emphasis of that memoir is on terrestrial
temperatures rather than the atmospheric
“greenhouse effect”. Fleming [12] commented
that “. . .While there are indeed greenhouse
analogies in [[13] and in] Fourier’s [other earlier] writings, they are not central to his theory
of terrestrial temperatures, nor are they unambiguous precursors of today’s theory of the
greenhouse effect.”
Fourier’s understanding of the atmospheric
absorption of solar radiation was cited by
C. S. M. Pouillet as an “effect of diathermanous envelopes” in 1836 and referred to by
J. Tyndall again in 1861. But S. Arrhenius was
the first scientist to “officially” begin the practice of citing Fourier’s 1827 reprint as the first
mention of the greenhouse effect [1] in 1896,
where he stated “Fourier maintained that the
atmosphere acts like the glass of a hot-house,
because it lets through the light rays of the Sun
but retains the dark rays from the ground. . .”.
Many other scientists then followed this famous essay of Arrhenius by crediting the
discovery of the greenhouse effect to Fourier,
without going through Fourier’s original work
[13] themselves.
Fourier never actually used the term serre
(French for greenhouse).
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Planck (1858–1947) studied black-body radiation
by using the idea of quanta and formulated his
celebrated law of radiation for a black body in
thermodynamic equilibrium. Wilhelm Wien (1864–
1928) formulated the law that gives the frequency
distribution of the emitted radiation, and the
Stefan–Boltzmann law, due to Jožef Stefan (1835–
1893) and Ludwig Boltzmann (1844–1906), gives
the radiant intensity. Albert Einstein (1879–1955)
in 1905 explained the photoelectric effect using
light quanta, that is, photons.
When sunlight enters the atmosphere and
strikes the Earth’s surface, part of it is reflected
back toward space as infrared (IR) radiation (heat).
The sun’s radiation heats the Earth. The Earth also
emits thermal radiation as a black body following Planck’s and Stefan–Boltzmann’s laws, but
at a much lower intensity because it is cooler.
The Earth’s overall temperature is primarily determined by the balance ([18, esp. Figure 7, p. 206])
between heating by incoming solar thermal radiation and cooling by its own outgoing thermal
radiation. According to such a calculation, the
Earth’s surface would have an average temperature of −18 ∼ −19◦ C, far too cold for most
living organisms to thrive. However, the greenhouse gases in the Earth’s atmosphere can emit
and absorb infrared radiation, trapping heat in
the process and causing the Earth’s temperature
to rise by about 32◦ C (59◦ F) to the average of
14◦ ∼ 15◦ C, making it much more hospitable
for human civilization to develop. Therefore the
greenhouse effect is essential for mankind.
The Intergovernmental Panel on Climate Change
(IPCC) has defined global warming to be the rise
in global temperatures due to increased concentrations of greenhouse gases of anthropogenic
origins since the time of the industrial revolution.
There is concern that in its excess, the greenhouse
effect can cause severe weather patterns, rapid
melting of glaciers and polar ice caps, extinction
of species, and so forth, and is therefore extremely
harmful.
At a most fundamental level, the understanding of the greenhouse effect requires atomic
and molecular physics and chemistry, as well
as the associated mathematics: partial differential
equations, group theory, and large-scale scientific
computing. In fact, in order to fully understand
the relevant properties of H2 O, CO2 , CH4 , and
others, one needs at least a whole year’s worth of
graduate courses in physical chemistry. This will
far exceed the scope of this article. Regardless of
however small the amount of information we may
be able to convey here is, we hope that we can
arouse some interest in physical chemistry in the
mathematics community.
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In 1927, only one year later, Schrödinger’s new
equation was applied to the simplest molecular
systems of the hydrogen molecular ion H+
2 by
Burrau [3] and to the hydrogen molecule H2 by
Heitler and London [16] and Condon [7]. Also,
Born and Oppenheimer [4] published their seminal
paper dealing with molecular nuclear motions.
Such a Schrödinger model provides successful
explanations of the chemical, electromagnetic, and
spectroscopic properties of atoms and molecules
and constitutes the underlying theoretical basis
for problems involving a few particles in chemical
physics. Molecular quantum chemistry began to
flourish and became a fascinating success story in
the annals of twentieth-century science.
Assume that the system under consideration
has N1 nuclei with masses MK and charges eZK , e
being the electron charge, for K = 1, 2, . . . , N1 , and
P N1
N2 = K=1
ZK is the number of electrons. The
position vector of the Kth nucleus will be denoted
as R K ∈ R3 , while that of the kth electron will be
r k ∈ R3 , for k = 1, 2, . . . , N2 . Let m be the mass
of the electron. See Figure 1. The kinetic energy
operator of each particle is

3|

Figure 1. A possible molecular configuration.
There are three nuclei, located at R 1 , R 2 , and
R 3 , and three valence electrons, located at
r 1 , r 2 , and r 3 . The interelectronic distances are
|rr i − r j |, i 6= j, such as |rr 1 − r 3 | in the figure.
R i − R j |, i 6= j,
The internuclear distances are |R
R 2 − R 3 | in the figure. The
such as |R
R i − r j |, such as
electron-nuclear distances are |R
R 1 − r 2 | in the figure.
|R
electrons and nuclei, and between themselves:

ℏ
−
∇2 : the Kth nucleus;
2MK K
ℏ2 2
−
∇ : the kth electron,
2m k

N1 N2
X
X

ZK e 2
:
RK − r k|
|R
K=1 k=1

(2)

Ven ≡ −

(3)

electron-nucleus attracting potential;
N
e2
1 X2
:
Ve ≡
r
2 k6=k′ |r k − r k′ |
k,k′ =1

(4)

interelectronic repelling potential;
N
1 X1
ZK ZK ′ e 2
Vn ≡
:
R K − R K′ |
2 K6=K ′ |R
K,K ′ =1

internuclear repelling potential.
Thus the total Hamiltonian operator H is the
sum of all (1)–(4) above, and the steady-state
Schrödinger equation for the overall system is
given by
(5)

2



N1
N2
X
X
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∇2K −
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2MK
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R , r ) = EΨ (R
R , r ),
+ Ven + Ve + Vn Ψ (R

R, r ) =
HΨ (R

−

where H is the Hamiltonian and

where

R 1 , R 2 , . . . , R N1 ) ∈ R3N1 ,
R = (R

2

∂
∂
∂
+
+
, for α = K or k,
∂x21,α
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∂x23,α

r = (rr 1 , r 2 , . . . , r N2 ) ∈ R3N2 ,

while the potential energy is the sum of the attracting and repelling Coulomb potentials between
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E = energy level.

∇2α =

electron 1,

r1 with mass m

+ V (rr ),

ψ is the wave function of the particle,

2

|r1 − r3|

and charge e

where h is Planck’s constant,

2

|R

nucleus 1,
with mass M1
and charge eZ1

r3

ℏ = h/2π = 1.055 × 10−34 J · s,

(1)

2

R1

Hψ(rr ) = Eψ(rr ), r = (x1 , x2 , x3 ) ∈ R3 ,
H = the Hamiltonian

R2

|R

Erwin Schrödinger (1887–1961) formulated his
renowned equation for a single-particle system,
that is, an electron, in 1926, chronicling the discovery of the wave quantum mechanics. The
Schrödinger equation for (the steady states of)
a single particle in a central force field may be
stated as follows:

2|

The Schrödinger Equation with Coulomb
Potentials as a Basic Model in Quantum
Chemistry

which constitutes an eigenvalue problem for the
operator H in L2 (R3(N1 +N2 ) ), where E represents
an eigenvalue. Equation (5) is too complex for the
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practical purpose of studying molecular problems.
Born and Oppenheimer [4] provided a reduced
order model by approximation and separation,
permitting a particularly accurate decoupling of
the motions of the electrons and the nuclei. The
main idea is to assume that Ψ in (5) takes the form
of a product
R , r ) = ΨN (R
R )Ψe (R
R , r ).
Ψ (R

(6)

Substituting (6) into (5), we obtain
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X
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X
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∇2 Ψe (R
2MK K
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The essential step in the Born–Oppenheimer separation consists of dropping T1 and T2 in (7). This
leads to the separation into an equation for the
electronic wave function


N2
2 X
2
− ℏ
R, r )
∇ + Ven + Ve + Vn  Ψe (R
2m k=1 k
(9)
R )Ψe (R
R , r ),
= Ee (R

and a second equation for the nuclear wave
function


N1
2
X
ℏ
R ) ΨN (R
R ) = EΨN (R
R ),
∇2 + Ee (R
(10) −
2MK K
K=1

R ) is the constant of separation.
where Ee (R
In “typical” molecules, the time scale for the
valence electrons to orbit about the nuclei is about
once every 10−15 sec (and that of the inner-shell
electrons is even shorter), that of the molecular
vibration is about once every 10−14 sec, and that
of the molecule rotation is every 10−11 sec. This
difference of time scale is what makes T1 and T2
in (8) negligible, as the electrons move so fast that
they can instantaneously adjust their motions with
respect to the vibration and rotation movements
of the slower and much heavier nuclei.
We resolve (9) first by implementing a geometry optimization program to find a stable nuclei
placement R eq (“eq” here means “equilibrium”),
R ) a minimum in the R3N1 space.
which makes Ee (R
R eq , r ) in (9)
Solutions or approximations for Ψe (R
correspond to electronic states of the molecule, and
R eq ) correspond
the corresponding values of Ee (R
to electronic energy levels. Transitions between
electronic states are typically in the ultraviolet
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(UV)/visible light range of the electromagnetic
spectrum. We refer the readers to [6] for the visualization of electron wave functions of some
simple atoms and molecules.
Example 1. The Gaussian computational-chemistry package ([14]), which uses Gaussian functions
(see (18) in the section Computational Modeling
of Greenhouse Gas Molecules) as a basis set, contains subroutines for performing such geometry
optimizations. Gaussian was founded by John
Anthony Pople (1925–2004), who received a math
Ph.D. from Cambridge University in 1951 and
a Nobel Prize in chemistry in 1998. Gaussian
was utilized to determine the cis- and trans-1,2
dichloroethylene C2 H2 Cl2 configurations shown in
Figure 10, in the section Molecular Spectroscopy
and Group Theory. The calculation on a laptop
takes but a few seconds. The numerical results
show that the cis- configuration is only about
0.2 kcal/mol (70 cm−1 ) lower in energy than
trans-dichloroethylene.
Pople was one of the very few (perhaps only
two) math Ph.D.s ever to receive Nobel Prizes in
chemistry (the other one being Herbert Hauptman
(1917–present). He considered himself more of a
mathematician than a chemist, but his contributions to theoretical and computational chemistry
are regarded as major and far reaching by his
chemistry peers. The 1998 Nobel Prize in chemistry was shared by Pople and Walter Kohn, the
Austrian-born American physicist who led the
development of density functional theory (DFT).
DFT is accompanied by its own set of mathematical problems, ranging from efficient numerical
integration techniques to the N-representability
problem. DFT has become an increasingly popular
way of solving the electronic structure problem in
molecular applications, as well as for problems in
solid-state systems.

In studying any molecules’ greenhouse effects,
the nuclear wave equation (10) is the focus of attention. The molecular motions involve translations,
rotations, and vibrations. Generally, the PDE (10)
is replaced by an approximate equation
(11)
e R ) = EG(R
R ),
HG(R
e ≡−
H

N1
X
ℏ2
1
R − R eq )T r V0 (R
R − R eq ),
∇2J + (R
2M
2
K
K=1

by expansion around R eq and keeping only the
quadratic terms. Normally, 3N1 eigenfrequencies
and eigenmodes are calculated from (11). For example, for methane CH4 , there are five atoms,
that is, N1 = 5, so 3N1 = 3 × 5 = 15. The IR active molecular motions are the ones most strongly
related to the greenhouse effects. These IR active
vibrations can be determined through the application of tools from mathematical group theory, as
described below.
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Molecular Spectroscopy and Group Theory
We learned in the Introduction that the Earth is
warmed by the electromagnetic radiation shining
from the sun. The electromagnetic spectrum is
shown in Figure 2. As can be seen, the frequency
and wavelength of light can range over fifteen
orders of magnitude in going from radio frequency
waves to gamma rays.

Consequently, it is important to understand the
spectroscopic properties of these molecules.
The technique of infrared (IR) absorption spectroscopy is one of the most commonly used
by chemists for understanding molecular properties, for determining molecular structures, for
quantitative measurements, and for chemical identification. Each molecule has a unique infrared
spectrum that can be regarded as the fingerprint
or signature of the molecule. The spectroscopy
technique in chemistry and physics is the equivalent of the spectral theory of partial differential
operators and inverse spectral problems in mathematics. Figure 3 shows a diagram of a typical
infrared instrument. This is usually referred to as
FT-IR, where FT = Fourier transform.

Figure 2. Electromagnetic spectrum.

The energy of each individual light particle
(photon) hitting the Earth is given by Planck’s
relationship E = hν, where h is Planck’s constant
and ν is the frequency of light. Thus the higher
frequency radiation (ultraviolet and visible) transmits much more energy to the Earth than does
low-frequency radiation such as radio frequency.
The principal components of the Earth’s atmosphere (nitrogen at 78.1 percent, oxygen at 21.0
percent, and argon at 0.9 percent) do not absorb
infrared, visible, or ultraviolet light except at very
high frequencies. Thus solar radiation, which has
a maximum intensity near 500 nm (nanometer,
10−9 meter) in the blue-green part of the visible
spectrum, is diminished little by atmospheric absorption. About 20 percent is reflected by clouds
and 6 percent is scattered by the atmosphere, but
well over half transfers energy to the land and
oceans of planet Earth. The temperature of the
planet depends on how much energy in the form
of electromagnetic radiation is released back into
space. This released energy is to a large degree infrared radiation, which we commonly perceive of
as heat. How much is released depends on whether
the infrared light is absorbed by molecules of low
abundance in the atmosphere. While nitrogen,
oxygen, and atomic argon do not absorb infrared
radiation, other molecular species in lower concentrations, such as water (∼1 percent), carbon
dioxide (0.04 percent), and methane, do absorb infrared light. Hence, their presence in air results in
their absorption of emitted heat from the Earth’s
surface, and this produces the greenhouse effect.
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Figure 3. Layout of FT-infrared instrument
excerpted from Thermo Nicolet [26]:
Introduction to Fourier Transform Infrared
FT-IR Spectrometry, courtesy of Thermo Fisher
Scientific (Thermo Nicolet), 5225 Verona Road,
Madison, WI 53711-4495. In this instrument
the light from an infrared source is split into
two beams by a beam splitter and then
rejoined, creating an interference pattern
called an interferogram, where the intensity at
the detector is collected as a function of path
difference between the two light beams. The
interferogram can then be converted to a
spectrum, intensity versus frequency, by
carrying out a (digital) Fourier transform.
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Box 2. The Selection Rule for Infrared
Transitions

Figure 4. Infrared spectrum of air. Note the
water molecular bands. By convention, the
vibrations of a molecule are labeled
sequentially starting with the vibrations of the
first symmetry species in the character table
(see Table 2), then followed by the next one,
etc. For each symmetry species the highest
frequency vibrations are labeled first. Thus the
water symmetric stretching vibration of
symmetry species A1 at 3657 cm−1 is labeled
as ν1 , the A1 angle bending at 1595 cm−1 is
labeled as ν2 , and the B1 antisymmetric
stretching at 3756 cm−1 is labeled ν3 . The A1
vibrations have dipole changes along the z
direction while the B1 vibration creates a
change in the charge distribution along the x
direction. An A2 vibration would not be
infrared active since it does not induce any
dipole change. As can be seen from the
spectrum, there is not a single frequency
associated with each vibration. Instead, there
is a great deal of associated fine structure.
When the vibrational quantum states of the
water vibrations are excited, there is typically
also a change in the rotational quantum state.
These are also governed by symmetry
selection rules (see Box 2) and give rise to the
fine structure seen in the spectrum. The
spectral absorption bands near 3600 cm−1
arise from an overlap of the two O-H
stretching bands, ν1 and ν3 , primarily from the
latter. The band centered at 1595 cm−1 arises
from ν2 , the angle bending. In addition to the
fundamental vibrational frequencies of water
(ν1 , ν2 , and ν3 ), overtones and combination
bands will also be present in the spectra.
These will also play a role in absorption of
infrared and near-infrared radiation trying to
escape from the atmosphere. These will be
approximately at frequencies 2ν1 , 3ν1 , . . . , 2ν2 ,
3ν2 , . . . , 2ν3 , 3ν3 , . . . , ν1 + ν2 , ν2 + ν3 , etc., but
these absorptions will typically be more than
ten times weaker in intensity.
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For an IR transition, i.e., absorption or emission of an IR photon, to occur, the molecule
must have a change in dipole moment during its vibration. This can be determined by
symmetry considerations. Let Ψi denote the
initial quantum state and Ψf the final quantum
state. The following transition moment integral Rif must be nonzero for an “admissible
transition” to occur:
Z
Rif ≡ Ψf∗ Mσ Ψi drr ≡ hf |σ |ii 6= 0,

where “∗” denotes the complex conjugate and
h·|·|·i is the Dirac bra-ket. The dipole moment
Mσ in the σ -direction (σ = x, y, or z) has a
Taylor expansion
!
∂Mσ
Mσ = Mσ0 +
Q
Q=0
∂Q
!
∂ 2 Mσ
Q2 + · · · ,
+
Q=0
∂Q2
where Q is a
coordinate. Then

(generalized)

vibrational

Rif = hf |σ |ii = Mσ0 hf |ii
!
∂Mσ
+
hf |Q|ii + · · · .
Q=0
∂Q
It can readily be shown that Rif is nonzero
only if the product of the symmetries of
Ψi , Q, and Ψf is totally symmetric where all
the characters for the symmetry species are
+1 (A1 for C2v symmetry, for example). For
vibrations the initial state is totally symmetric
and the symmetry species for Q is the same
as the translation operators Tx , Ty , or Tz . Thus
for Rif to be nonzero, Ψf must have the same
symmetry species as Tx , Ty , or Tz . This is
because the direct product of a symmetry
species with itself is totally symmetric (e.g.,
B1 × B1 = A1 for C2v ). This provides a simple
way to identify infrared active vibrations since
they are those that have an x, y, z at the righthand side of a character table. For C2v (water
vapor) these are A1 , B1 , and B2 .

Figure 4 shows the infrared spectrum of air at
one atmosphere of pressure over a path length of
about one meter. The transmittance is shown as
a function of wavenumber ν̄, in cm−1 , where ν̄ is
the reciprocal of the wavelength ν̄ = 1/λ = ν/c
where c is the speed of light. The wavenumber
is directly proportional to the energy of light
since E = hν = hν̄c. The air spectrum shows
only absorption by water and carbon dioxide,
although over much longer path lengths of light
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travel, trace components such as methane can also
absorb significant amounts of light.
A key tool in the analysis of molecular spectra
is symmetry point groups. A list of common symmetry point groups with their symmetry elements
may be found in Table 1. These can be used to
determine properties of molecular vibrations.
Symmetry and the application of mathematical
group theory allow us to understand the characteristics of molecular vibrations, and hence how
the molecular motions of water, carbon dioxide,
and methane result in the absorption of infrared
light. We will first consider the molecular motions of water; see Figure 5. Since it has three
atoms (N = 3), it requires 3N = 9 coordinates to
fully describe its motions. Of these, three will be
translations (Tx , Ty , Tz ) and three will be rotations
(Rx , Ry , Rz ). The remaining three will be molecular
vibrations, of which two are IR active. The symmetry point group is C2v [8], whose characters and
irreducible representations are well understood;
see Table 2. Next, the “reducible representation”
must be determined and broken down to the irreducible representation which characterizes the
nine molecular motions, including the vibrations
with symmetry 2A1 + B1 ; see Box 3. Technical
details are omitted.

(a)

(b)

(c)

Figure 5. Symmetry elements of water. It has
two reflection planes, identified with σv
operations, each of which can cut the molecule
in half, leaving two identical sides; see (a) and
(b). One is the plane of the molecule, the other
is a plane perpendicular to the molecule
through the oxygen atom. The third symmetry
operation is a C2 proper rotation about an axis
through the oxygen atom about which the
molecule can be rotated by 180◦ , leaving it in
an identical configuration; see (c).

Box 3. Character Table and Molecular
Symmetries

We use Table 2 to illustrate the construction and interpretation of the character table
for the C2v symmetry point group of the water molecule. According to the fundamental
Schur’s lemma in the representation theory of
finite groups (see, e.g., classics by Curtis and
Reiner [10] and Serre [21]), matrix elements of
irreducible representations of a finite group
satisfy certain orthogonality relations, called
the Great Orthogonality Theorem ([8, Section
4.3]). The trace (i.e., sum of all diagonal entries of a matrix representation) is called a
character. The number of irreducible representations of a finite group is equal to the
number of conjugacy classes of that group.
Each character takes a constant value on a
conjugacy class.
In Table 2, there are a total of four conjugacy classes represented by four symmetry
operations—E (identity), C2 (proper rotation
by 180◦ ), σv (xz) (reflection about the xz-plane)
and σv′ (yz) (reflection about the yz-plane). In
this case, each conjugacy class is a singleton.
One can see that the column vectors (not including the very bottom row (9, −1, 3, 1) in
Table 2) are all orthogonal.
The symmetry species A1 , A2 , B1 , and B2
each characterize symmetry properties of a
specific molecular motion (A, when rotation
about the principal axis is symmetrical; B,
when antisymmetrical).
For the characters in the table, “1” indicates a symmetric motion with respect to a
symmetry operation, while “−1” indicates an
antisymmetric motion. “2” (from +1 + 1) (such
as in Table 3), “−2” (from −1 − 1) and 0 (from
+1 − 1) characters may exist for doubly degenerate (i.e., multiplicity 2) motions of equal
energy.
The x, y, z symbols indicate symmetry
species for translations along these directions.
The Rx , Ry , Rz symbols indicate symmetry
species for rotations about these axes.
The x2 , y 2 , z 2 , xy, yz, xz symbols indicate
symmetry species for tensor elements which
provide Raman activity (spectroscopy) as the
Raman effect is a 2-step process.

Figure 6. Vibrations of the water molecule.
The ozone molecule, O3 , is similar to water
in that it is a bent triatomic molecule of C2v
symmetry. Hence its vibrations have the same
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The last row of Table 2, Γ (reducible representation) signifies all the motions of a molecule
(translations, rotations, and vibrations). It can
be broken down into the symmetry species of
the individual motions. These calculations are
somewhat more involved and hence omitted.
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Table 1. Summary of Common Point Groups
Point Group Important Symmetry Elements
Order of the Group
C1
E (identity)
1
Ci
i (inversion center)
2
Cs
σ (reflection about a plane of symmetry)
2
Cn
Cn (rotation by an angle of 2π /n)
n
Cnv
Cn , σv (σv is reflection about a vertical plane)
2n
Cnh
Cn , σh (σh is reflection about a horizontal plane)
2n
Dnd †
Cn , ⊥ C2 , σd (also S2n )
4n
Dnh
Cn , ⊥ C2 , σh
4n
C∞v
linear molecules without center of inversion
∞
D∞h
linear molecules with center of inversion
∞
Td
tetrahedral symmetry
24
Oh
octahedral symmetry
48
† The axis of rotation of ⊥ C is perpendicular to that of C . Each S
2
n
2n operation is a C2n
operation followed by a σh operation. Note that here σd is reflection about a dihedral plane.

Table 2. The Character Table for the C2v Symmetry Point Group (for H2 O) and the Reducible
Representation
symmetry
point group

σv (xz) σv′ (yz)

C2ν

E

C2

A1
A2
B1
B2

1
1
1
1

1
1
−1
−1

1
−1
1
−1

1
−1
−1
1

Γ
reducible
representation

9

−1

3

1

symmetry
species

The Πu symmetry species is doubly degenerate
(i.e., multiplicity 2), meaning that there are two

x2 , y 2 , z 2
xy
xz
yz

z
Rz
x, Ry
y, Rx

translational and
rotational symmetries

characters

descriptions and the same symmetry species.
Namely, its symmetric stretching ν1 and its bending ν2 have A1 symmetry while its antisymmetric
stretching ν3 has B1 symmetry. The vibrations
are all infrared active and the corresponding
wavenumbers are 1135, 716, and 1089 cm−1 ,
respectively.
We now turn to examining the vibrations of
carbon dioxide, which is a linear molecule with all
three nuclei in a straight line. Linear molecules
have only two rotations since there is no rotational
moment of inertia about the molecular axis. Hence
linear molecules in general have 3N − 5 vibrations,
and CO2 has four (i.e., 3N − 5 = 3 · 3 − 5 = 4). The
symmetry point group for this molecule is D∞h, and
its four vibrations have symmetry species (whose
symbols are borrowed from angular momentum
theory, Σ, Π, ∆, . . ., with subscript g denoting the
German “gerade” or even, and u “ungerade” or
uneven):
+
Σ+
g + Σu + Πu .
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tensor elements (for
Raman effects, etc.)

symmetry operations

vibrations of exactly the same frequency. These
are the two bending vibrations of the O=C=O angle
which can bend away from 180◦ in either the x or
y direction (where z is the molecular axis). The Σ+
g
vibration is the symmetric stretching vibration of
the C=O bonds where both stretch simultaneously.
This vibration is infrared inactive but is observed
in Raman spectra. The other vibrations are Raman
inactive but do give rise to infrared absorptions.
−1
while
The Σ+
u antisymmetric stretch is at 2349 cm
−1
the bending is at 667 cm . Both can be seen in the
spectrum of air in Figure 4, although rotational fine
structure complicates the band structure. These
vibrations are depicted in Figure 7.

Figure 7. Vibrations of carbon dioxide.

The methane molecule CH4 is tetrahedral and
belongs to the Td symmetry point group (in
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Table 3. Character Table for Td Tetrahedral Symmetry Point Group (for Methane CH4 ) along with
Reducible Representation
E
1
1
2
3
3
15

Td
A1
A2
E
T1
T2
Γ

8C3
1
1
−1
0
0
0

3C2
1
1
2
−1
−1
−1

6S4
1
−1
0
1
−1
−1

6σd
1
−1
0
−1
1
3

Table 4. Characters for the Reducible
Representation for cis-1,2-dichloroethylene of
C2v Symmetry
C2v
Γ

E
18

C2
0

σv (xz)
6

σv (yz)
0

Table 5. Character Table and Reducible
Representation for trans-1,2-dichloroethylene
of C2h Symmetry
C2h
Ag
Bg
Au
Bu
Γ

E
1
1
1
1
18

C2
1
−1
1
−1
0

i
1
1
−1
−1
0

σh
1
−1
−1
1
6

Rz
Rx , Ry
z
x, y

x2 , y 2 , z 2 , xy
xz, yz

x2 + y 2 + z 2
(Rx , Ry , Rz )
(x, y, z)

(2z 2 − x2 − y 2 , x2 − y 2 )
(xy, xz, yz)

The power of symmetry and group theory
can be demonstrated by considering the spectra
of isomeric forms of the same molecule. These
are molecules with the same formula and with
the same bonds, but with different geometrical
arrangements so that the symmetry point groups
are typically different. A nice example of this
(which, though, is not regarded as a greenhouse
gas) involves cis- and trans-1,2-dichloroethylene
(chemical formula C2 H2 Cl2 ) shown in Figure 10.
The C2v character table for the cis molecule is
shown in Table 2, and its reducible representation
is shown in Table 4. The C2h character table for
the trans molecule is shown in Table 5, along with
its reducible representations Γ .

Figure 9. The infrared active vibrations of
methane, ν3 and ν4 .
Figure 8. Infrared absorption spectrum of
methane.

Table 1). All of the atoms are symmetrically
equivalent, and the H-C-H angles are all tetrahedral at about 109.5◦ . The Td character table is
shown in Table 3. Thus the infrared spectrum of
methane, Figure 8, only has infrared absorption
for ν3 , the antisymmetric C-H stretching at 3020
cm−1 , and for ν4 , the H − C − H angle bending at
1306 cm−1 as shown in Figure 9. Again, rotational
fine structure can be observed for each vibrational
band.
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Figure 10. cis-1,2-dichloroethylene (left) and
trans-1,2-dichloroethylene (right).

When the reducible representations are broken
down to the irreducible ones and the rotational
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Table 6. Expected numbers of spectral bands
of each type for isomers of
1,2-dichloroethylene
Isomer

Symmetry

cis
trans

C2v
C2h

Raman
bands
12
6

Raman
polarized
5
5

Infrared
bands
10
6

and translational motions are subtracted out, we
have for the cis isomer
Γcis (C2v ) =

5A1
IR, R(P )

+ 2A1
R

+

4B1
IR, R

+

B2 ,
IR, R

where the IR and R below each symmetry species
indicate which ones are infrared and Raman active, respectively. R(P ) indicates symmetry species
which are “Raman polarized” and can be experimentally distinguished from those Raman bands
that are not polarized. For the trans isomer, we
have
Γtr ans (C2h ) = 5Ag + Bg + 2Au + 4Bu .
R(P )
R
IR
IR

Note that for C2h symmetry the molecule follows
the “mutual exclusion rule” for molecules with
an inversion center—namely, no vibration is both
infrared and Raman active. Table 6 summarizes
the expected spectral features for the two isomers,
and these can be seen to be very different from
each other. We have computed the infrared and
Raman spectra for each and compared these to
the experimental spectra using the computational
approaches to be discussed in the next section.
Figure 11(a) compares the experimental infrared
spectrum [19] to the one that we have calculated
for the cis isomer, and Figure 11(b) does the same
for the trans isomer. There appears to be an extra
band in the experimental spectrum of the trans
isomer near 1700 cm−1 , but this is a combination
band of the type not predicted by the computation
of fundamental vibrations. The intensities of the
spectral bands are quite different from each other,
and in the figures some of the bands are shown
to go off scale so that the weaker bands can
be seen. As can be seen from Figure 11, the
infrared spectra are dramatically different from
each other and reflect the importance of symmetry
in determining the spectral properties.
Remark 1. As a conclusion of this section, we can
now explain, in a simplistic way, how greenhouse
gases trap heat in the atmosphere [28]:
(1) About 50% of the sun’s incoming radiation
is absorbed by the Earth’s surface. This absorbed energy warms Earth’s surface.
(2) The earth re-radiates outwardly a bulk
of the energy as a black body, by way
of infrared photons with wavelength
4 ∼ 100µm.
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(a) cis-1,2-dichloroethylene

(b) trans-1,2-dichloroethylene
Figure 11. Comparison of the experimental
and calculated infrared spectra.

(3) Greenhouse gases in various layers
of the atmosphere absorb (or, “intercept”) the outward infrared radiation.
The absorbed infrared photons can
also be emitted through a spontaneous
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absorption/emission process, in all directions, both upwards and downwards.
Thus, greenhouse gases serve as a “heat
reservoir”. They hinder the escape of
thermal radiation into the outer space.
(4) Intermolecular collisions between all gas
molecules pass on the energy absorbed
and emitted by the greenhouse gases to
the other gases, further increasing the
kinetic energy of all gases and raising the
temperature of the atmosphere.


Computational Modeling of Greenhouse
Gas Molecules
Computational chemistry is an active, highly intensive area of large-scale modern computational science. Tools of computational quantum chemistry,
which comprise families of methods to approximately solve (9) and (10), have advanced to the
point that vibrational frequencies can be predicted
with high accuracy for many small molecules, including greenhouse gas molecules. This can be
seen in Figure 11 for two isomers of dichloroethylene. Computational chemistry can thus provide
complementary information to molecular spectroscopy through studies of species that are
difficult to isolate in the lab or by aiding in the
assignment and interpretation of experimentally
measured molecular spectra.
In computational quantum chemistry there are
two broad families of methods: ab initio molecular
orbital theory, in which approximate wave functions and energies satisfying (9) are constructed,
and density functional theory (DFT) (cf. Example 1
in the section The Schrödinger Equation with
Coulomb Potentials as a Basic Model in Quantum
Chemistry, and see, e.g., [11] for DFT), in which
Ee (R) is computed indirectly from the electron
density rather than the electronic wave function.
Although DFT has become increasingly popular
in molecular applications of quantum chemistry,
for lack of space we will discuss only the former.
In ab initio molecular orbital theory, one starts
from a Hartree–Fock (HF) wave function (discussed
below) and then builds increasingly sophisticated
wave functions. These methods provide a means of
systematically approaching the exact solution to
(9) and include configuration interaction (CI) [23],
coupled cluster theory (CC) [9] and Moller–Plesset
perturbation theory (MPn). Each of these methods
has its advantages, although for high-accuracy
predictions coupled-cluster methods are the most
robust theoretical approach.
The simplest physically meaningful way of solving (9) is via Hartree–Fock (HF) theory (see, e.g.,
[24]), due to Douglas R. Hartree (1897–1958),
Vladimir Fock (1898–1974), and John C. Slater
(1900–1976). HF theory forms the basis of a large
family of theoretical methods. In Hartree–Fock
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theory the wave function is written as a single antisymmetrized product of one-electron functions
(molecular orbitals, MOs, φi ) [24]. Each of these
molecular orbitals holds two electrons with opposite spins. In general, these orbitals will not only be
functions of the spatial coordinates of the electron
but will also depend on spin, denoted collectively
by x i . For example, for a two-electron system, this
antisymmetric product takes the form
(12)

1 
x1 ) φ2 (x
x2 ) − φ1 (x
x1 ) φ2 (x
x2 )
x1 , x 2 ) = √ φ1 (x
Ψ (x
2
x2 , x 1 ) .
(13)
= −Ψ (x
Slater noted that the antisymmetric product for
a many-fermion system can be compactly written
as a determinant,
(14)

Ψ r 1 , r 2 , · · · , r N2
1
= p
N2 !

φ1 (x1 ) φ2 (x1 ) · · · φN2 (x1 )
φ1 (x2 ) φ2 (x2 ) · · · φN2 (x2 )
.
..
..
..
. 
. 
.

φ1 xN2 φ2 xN2 · · · φN2 xN2

The exchange of two electrons, which corresponds
to swapping two rows in the determinant, naturally
introduces a sign change and thus makes (14)
antisymmetric. The energy of such a determinant
will be an upper bound to the exact energy, due to
the variation principle. The HF energy and orbitals
are obtained by requiring EHF to be stationary with
respect to variations in the orbitals, under the
constraint that the orbitals remain orthonormal.
This yields an eigenvalue equation for each orbital,
(15)

Fb (rr 1 ) φi (rr 1 ) = ǫi φi (rr 1 ) ,

where {ǫi } are orbital energies and the Fock
operator Fb is a one-electron operator that includes the average Coulombic interaction with the
N2 − 1 other electrons. These eigenvalue equations (15) must be solved iteratively, because the
Fock operator depends on the set of molecular
orbitals. To enable efficient solution via computer,
the molecular orbitals are typically expanded in a
basis set of M functions, χµ ,
(16)

φi (rr 1 ) =

M
X

Cµi χµ (rr 1 ) .

µ=1

n o
The expansion coefficients Cµi are referred to as
MO coefficients and provide a set of parameters
that are varied to minimize the energy. Roothaan
(1918–) showed that the introduction of this basis
allows the HF equations to be recast as a matrix
equation, leading to the self-consistent field (SCF)
method
(17)

FC = SCǫ
SCǫ,

where F is a matrix representation of the Fock operator with entries formed by the inner products
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Fµν = hχµ |Fb|χν i (in the Dirac bra-ket notation) and
C is a matrix containing the MO coefficients, Cµi .
The overlap matrix S deviates from unity because
the basis functions are in general nonorthogonal.
For a finite basis of size M, this pseudoeigenvalue equation can be solved iteratively to yield
M molecular orbitals and corresponding orbital
energies, of which the N2 /2 lowest energy orbitals
will be occupied by a pair of electrons.
In practice, basis sets comprise atom-centered
Gaussian functions of the form
(18)

2

χµ (xA , yA , zA ) = Nxl y m z n e−αµ rA ,

where N is a normalization factor, (xA , yA , zA ) are
Cartesian
coordinates centered on nucleus A, and
q

rA = x2A + yA2 + zA2 . Standard sets of exponents,
αµ , have been optimized for each atomic element.
The required integrals for the inner product in the
appropriate Hilbert spaces (such as (21) later) can
be readily computed.
SCF theory requires the diagonalization of the
Fock matrix for each iteration, with the dimension
equal to the number of basis functions, M. For
H2 O, a typical medium-sized Gaussian basis set will
contain fifty-eight functions. By considering the
point group symmetry of H2 O as discussed above,
the Fock matrix can be block diagonalized and the
problem reduced to the diagonalization of four
submatrices, corresponding to the four irreducible
representations of the C2v point group. For a larger
molecule, say the cancer drug paclitaxel (which
has 113 atoms, 452 electrons, and no point-group
symmetry), there will be 2,516 basis functions if
this same basis set is employed. Solution of the
SCF equations for systems of this size can be
carried out on a modern workstation.
The traditional means of improving the Hartree–
Fock wave function is via configuration interaction
(CI) (see, e.g., [23]), in which the electronic wave
function is expanded in terms of a set of Slater
determinants constructed by considering “excitations” of electrons from the N2 /2 occupied orbitals
to the M − N2 /2 unoccupied MOs,
(19)

ΨCI =

CI
X
I

CI |ΨI i ,
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Hc = Ecc ,

and c contains the CI coefficients. The notation
ab···
Ψij···
designates an excited Slater determinant
constructed by moving electrons from occupied
orbitals i, j, k, . . . to unoccupied orbitals a, b, c, . . ..
For example, Ψijab denotes the doubly excited determinant formed by moving electrons from orbitals
i and j to orbitals a and b, respectively. The energies of the ground and excited electronic states
(eigenvalues) and corresponding wave functions
(eigenvectors) are obtained by diagonalizing the
Hamiltonian in this determinantal basis.
The size of this determinantal basis grows
exponentially fast. For example, for H2 O (ten electrons, fifty-eight basis functions), the number of
determinants in the FCI expansion is on the order
of 1013 . Diagonalization of a matrix of this size
via conventional techniques is clearly infeasible,
because storing this matrix would require more
than 1012 petabytes. Symmetry considerations
enable the Hamiltonian matrix to be block diagonalized, reducing the size of the largest sub-block
by about a factor of two. That is of little consolation. Clearly, practical chemical applications
require more approximate methods, which are
formulated by considering only a small number
of possible excitations. This gives rise to hierarchical families of electron correlation methods
abbreviated as
CISD, CISDT, CISDTQ, . . . ; CCSD, CCSDT,
CCSDTQ, . . . ; MP2, MP3, MP4, . . . ,
where CI = configuration interaction, CC = coupled cluster (method) (see, e.g., [9]), S = single
(excitations), D = double (excitations), T = triple
(excitations), Q = quadruple (excitations), MPn =
Moller–Plesset (perturbation theory, n is the order
of perturbation).
Having described several families of approximate methods to solve (9), we now turn to (11).
Expanding V about R eq , we obtain
X  ∂V 

3N1

where the sum runs over Slater determinants built
from a set of SCF orbitals and the expansion coefficients, CI , are referred to as CI coefficients. In the
case that all possible determinants constructed
by exciting electrons from the Hartree–Fock reference are considered, this approach is referred to
as Full CI (or FCI) and delivers the exact solution
to (9) within the space spanned by the orbitals.
By introducing this determinantal basis and again
relying on the variational principle, (9) can be
recast as a matrix eigenvalue problem,
(20)

where the Hamiltonian matrix elements are of the
form
E
D
′ ′ ···
ab··· b
(21)
H Ψia′ jb′ ···
Ψij···

V = V0 +
(22)

3N1

+

X

i=1

i,j=1

∂xi

∂2V
∂xi ∂xj

xi
Req

!

Req

xi xj + · · · .

Because R eq is a stationary point on the potential
energy surface, the first derivative term is zero.
If we truncate (22) at the quadratic term (the
harmonic approximation), the vibrational modes
can be decoupled and (11) solved exactly. The
effects of third- and fourth-order derivatives of
the potential can then be treated perturbatively to
predict anharmonic vibrational frequencies, which
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can be compared more directly with spectroscopic
measurements.
In general, harmonic vibrational frequencies
and associated normal modes can be obtained by
diagonalizing a force constant matrix, W , which
has elements given by
!
1
∂2V
(23)
.
Wij = √
mi mj ∂xi ∂xj

evidence of a global warming trend. For example,
Figure 12 shows photos taken twenty-six years
apart of Qori Kalis Glacier in Peru. There is clear
evidence that a large number of the well known
glaciers are receding, and many scientists studying these put the blame on the increase of the
molecules discussed in this article.

The square roots of the eigenvalues are the vibrational frequencies and the eigenfunctions the
normal modes, Qk . In general there will be three
translational modes and three rotational modes.
These correspond to eigenvalues of zero.
Remark 2. The ability to accurately predict the IR
absorption profiles of small molecules can enable
the in silico screening of chemicals before they
are manufactured on large scale and introduced
into the environment. For example, Bera, Francisco, and Lee [2] recently proposed a strategy
to screen potential industrial chemicals based on
their radiative efficiencies. In systematic studies
of the absorption frequencies and IR intensities
of series of hydrofluorocarbons (HFCs), which include popular refrigerants, [2] found that certain
functional groups are associated with higher total
absorption cross-sections within the atmospheric
IR window. Consequently, these species are predicted to have higher potential for global warming
and should be avoided in industrial applications.
Computationally predicted absorption profiles
can provide a means of evaluating future refrigerants, for example, to avoid molecular species that
might pose undue long-term risks to the global
climate.

Remark 3. We mention the following items as information for mathematicians interested in physical chemistry:
(i) The National Research Council report [20]
represents an important, first publication to draw mathematicians’ attention to
chemistry.
(ii) The Born–Oppenheimer separation we
discussed in (6)–(10) constitutes a cornerstone for chemical physics. Concerning
its mathematical justifications and limitations, we refer to Hagedorn and Joye [15]
for a brief history, important literature,
and some new progress.
(iii) For the mathematical analysis and convergence in the Hartree–Fock approximations, we refer to Cancès and Le Bris [5],
for example.


Figure 12. Retreat of the Qori Kalis Glacier in
Peru. (Courtesy of Prof. Lonnie G. Thompson,
The Ohio State University.)

In this article, we show the utility of mathematical studies regarding representations of finite
groups, symmetries, and computational mathematics in the research on greenhouse gas and
other general molecules through physical and
computational chemistry. In fact, quantification
by mathematics, chemistry, physics, and atmospheric science provides the only fact-finding way
to confirm or dismiss the occurrence of anthropogenic global warming. This is exactly what
Joseph Fourier initiated nearly two hundred years
ago.
Most of the contemporary discussions on global
warming seem to be aimed at the atmospheric concentration of anthropogenic carbon dioxide and
the severity and harmful effects if and when that
doubles. We have only touched lightly on the
greenhouse gas methane here. But methane (the
key ingredient of natural gas) could be a much
more worrisome greenhouse gas as it can trap
much more heat in the atmosphere than carbon
dioxide does. For example, a recent publication
by N. Shakhova et al. [22] in Science has reported
a large release of methane from the warming up
of the arctic permafrost. Will the Earth’s ecosystems be able to adapt? The limits, costs, and
consequences are very intimidating. We feel that
the investment in alternative energy and carbon
sequestration technologies is a safe and forwardthinking approach, which can at least buy us some
time.

Concluding Remarks
Political and public debates are still ongoing about
whether global warming is “real” or just scientific hype. Regardless, there is ample empirical
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