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Making Art Work 

Great art looks good no matter where you’re standing, but for art with perspective 
there’s a special point where your view of the scene will match that of the artist. He 
or she uses geometry to maintain perspective, while the rest of us can use algebra 
and geometry to find exactly where to stand so that the flat image on the two-
dimensional surface expands into the three-dimensional world of the artist. For this 
printout, unfortunately, your eye needs to be an uncomfortable three inches away 
from the red dot. This helps explain why art looks better in museums than in books 
and why large-screen movie theaters are so popular.

Thinking about perspec-
tive led to projective 
geometry, in which 
“parallel” lines meet 
“at infinity”. That may 
sound strange, but ideas 
from projective geom-
etry are useful in art, 
computer vision, and in 
determining where the 
camera was for a given 
photo. Perhaps even 
stranger but remarkable: 
Theorems in projective 
planes remain true when 
two of the most funda-
mental ideas, point and 
line, are interchanged.

For More Information:
Viewpoints: Mathematical 
Perspective and Fractal 
Geometry in Art, Marc Frantz 
and Annalisa Crannell, 2011.

Image St. Jerome in His Study, by Albrecht Dürer.
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Daniel Rothman, MIT

Maintaining a Balance 

Tipping points are important—and well-named—features of many complex 
systems, including financial and ecological systems. At a tipping point, a small change 
in conditions in the system can result in drastic changes overall (just as a small 
change in the weight of one end of a see-saw can reverse positions). Most such 
systems are studied using mathematical models based on collections of differen-
tial equations. The variables in the equations are related, leading to feedback in the 
system and potentially substantial changes, such as economic collapse. Research is 
now being done to recognize tipping points in hopes that something can be done 
before it is too late.

Some catastrophic changes have 
occurred when Earth’s natural 
systems have been disrupted. 
One happened over 200 million 
years ago when more than 90% 
of the planet’s species became 
extinct. Mathematics helped in 
the formulation of a new theory 
for the cause of the die-off: a 
methane-producing microbe 
that thrived on nickel produced 
by active volcanoes in Siberia. 
Faster-than-exponential growth in 
carbon levels at the time pointed 
to a biological trigger, and compu-
tational genomics showed that 
that strain of microbe came into 
existence at about the same time 
as the extinctions. This is a case in 
which a tipping point was in fact 
about the size of a point.

For More Information: “Climate, 
Past, Present, and Future ,” Dana 
Mackenzie, What’s Happening in the 
Mathematical Sciences, Vol. 10, 2015.
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appreciation and understanding of the role mathematics  
plays in science, nature, technology, and human culture.
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Macalester College

The Mathematical Moments program promotes  
appreciation and understanding of the role mathematics  
plays in science, nature, technology, and human culture.

w w w . a m s . o r g / m a t h m o m e n t s

Dis-playing the 
Game of Thrones 
Who is the real hero of the television series Game of Thrones and book series 
A Song of Ice and Fire? To help answer this, mathematicians used network science 
(applied graph theory) to analyze and create a pictorial representation of the third 
book’s characters and the connections among them. They then looked at different 
measures of importance—in graph theory terms, centrality—and Tyrion Lannister 
emerged as the leader in all but one of the measures. The answer may not be 
resolved for the entire series, but one thing is clear: Thinking about Game of Thrones 
is a lot safer than playing it!

The researchers constructed this network 
by first gathering data based on 

the proximity of characters’  
names in the text of the  

book. Probability, combi- 
natorics, and numerical  

approximation were  
used to detect group- 
ings among characters,  
 and the algorithm 
successfully identi-
fied seven logical and 
coherent communities 
without any prompts 

or hints. The resulting 
network, despite being 

based on fiction, shares 
many characteristics with 

real-world networks, such as a 
small number of people playing an 

outsized role in the network. Discovering 
this information is nice, but network and graph theory have many other applications 
of greater significance, such as understanding the flow of information and modeling 
the spread of disease.

For More Information: “Network of Thrones,” Andrew Beveridge and Jie Shan, Math 
Horizons, April 2016.

Image: 
Andrew 
Beveridge, 
courtesy of 
the Mathematical 
Association of America.
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Hamsa Balakrishnan, 
MIT
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Trimming Taxiing Time 

It’s hard to choose which part of air travel is the most fun— body scans, removing 
your shoes, fighting for the armrest, middle seats—but waiting on the runway is a 
worthy candidate. Controllers often let jets leave the gate when ready, regardless of 
existing runway lines, which can lead to long waits. Mathematical models that rely 
on probability and dynamic programming estimate travel time to the runway and 
wait time on the runway, allowing controllers to see the effect that the different 
options open to them have on flights’ departure times. In tests at different airports 
the models have demonstrated the ability to shorten runway wait times, which 
reduces congestion and saves tons of fuel. 

The models are very accurate: always predicting the number of aircraft in runway 
queues to within two. And despite their complexity (they involve many variables, 
such as weather conditions and runway configuration), the models also are very 
quick: controllers can get real-time updates on anticipated queues every 15 minutes. 
The models aren’t yet in use everywhere, but they may be soon because with an air 
system that is expected to be stretched to capacity in about five years, analysts say 
that managing departures is a good way to improve airport and airline efficiency.

For More Information: “A Queuing Model of the Airport Departure Process,” 
Transportation Science, Ioannis Simaiakis and Hamsa Balakrishnan, Vol. 50, No. 1 (2015).
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John Adam, Old Dominion 
University

Explaining Rainbows 

Even without a pot of gold at the end, rainbows are still pretty fascinating. The 
details of how they form are fascinating, too. Light is refracted upon entering and 
exiting raindrops, and reflected within raindrops, sometimes more than once. The 
angle of refraction and thus the position of the rainbow—not a fixed place but at 
an angle of elevation of about 42 degrees from the line connecting your eye to your 
head’s shadow—can be figured out using trigonometry. Because different colors 
of light have different wavelengths, they are refracted at different angles, which 
produces a rainbow (or two).

If you look closely, you’ll see lighter colors inside the inner violet band (inset), which 
appear because of the interference of light waves, with some waves reinforcing each 
other. The explanation for these bands isn’t obvious and they weren’t accounted 
for in early theories about rainbows. Proving that these lighter bands should appear 
required the wave theory of light and their precise description involved an integral, 
(the Airy integral) that was numerically evaluated using infinite series. Curiosity 
about rainbows has led to many other discoveries in mathematics and physics, 
including “rainbows” formed by scattered atoms and nuclei.

For More Information: The Rainbow Bridge: Rainbows in Art, Myth, and Science, Raymond L. 
Lee, Jr. and Alistair B. Frasier, 2001.
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Farming Better

Farming, not an easy job in the first place, now requires more analytics and 
technology to meet the increasing demand for food. In one case, in California, 
mathematicians, hydrologists, and farmers met to design a plan that would minimize 
water used for crops but still make a profit for the farmers and meet consumer 
demand. The mathematical model that was created incorporated data such as plant 
growth properties and water requirements of different crops to identify which 
ones to plant, the best time to plant them, and which areas to leave unplanted. The 
farmers were happy to use their own resources and those of the community wisely, 
while the mathematicians were happy to work with experts in the field.

The application of math and high-tech approaches to farming is called precision 
agriculture. It involves collecting much more data than before, such as the weight 
of each hen in a chicken coop, and using models to find the best course of action 
to remedy any deficiencies in the production process. One aspect of farming that 
has become more efficient as a result is the use of fertilizer. Using GPS-equipped 
machines that sample the soil, farmers know exactly where more fertilizer is 
needed, thus overcoming the natural tendency to over-fertilize. As a result, more 

food 
is grown and less 
fertilizer is wasted, 
which means fewer 
nitrates in watershed 
run-off.

For More 
Information: 
“A Role for Modeling, 
Simulation, and 
Optimization in an 
Agricultural Water 
Crisis,” Eleanor Jenkins 
and Kathleen Fowler, 
SIAM News, December 
2014.
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