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The Vascular Network
The cardiovascular system is a closed circuit in which the
heart pumps blood from the left and right ventricles to
the systemic and pulmonary circulations. The two circu-
lations work synchronously to deliver oxygenated blood
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to the body and the heart itself and to route deoxygenated
blood to the lungs for reoxygenation. In each circulation,
blood travels away from the heart through the larger elas-
tic arteries and smaller muscular arteries and arterioles be-
fore reaching the capillary network; within the capillar-
ies, an exchange of oxygen, carbon dioxide, nutrients, and
metabolites occurs between the blood and surrounding tis-
sue; finally, blood returns to the heart through venules and
veins. The distensibility of the vessels gives rise to the prop-
agation of pressure and flow waves through the fluid at
a finite speed. Importantly, since the diameters of capil-
laries and red blood cells are of the same order, the mul-
tiphase nature of blood must be considered when mod-
eling the microcirculation. In this article, we restrict our
discussion to mathematical modeling of the larger vessels
with a continuum approach. Interested readers may refer
to [QDMV19] for a discussion on mathematical modeling
of the heart.
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The vascular network exhibits complex topological, geo-
metric, physiologic, and material properties that differ
greatly from subject to subject, necessitating a patient-
specific approach to mathematical modeling. Further-
more, blood vessels constitute an intricate biological sys-
tem that dynamically adapts to the body’s changing needs.
In conjunction with the nervous system, the vascular en-
dothelium acutely regulates the vessel tone and thus the
distribution of flow to different tissues. In response to sus-
tained changes in hemodynamic loading, arteries chroni-
cally adapt in the form of growth and remodeling (G&R),
yielding changes in both the geometry and material prop-
erties. Experimental studies have, for example, demon-
strated the tendency of the arterial wall to thicken in re-
sponse to sustained increases in blood pressure and that
of the lumen to enlarge in response to sustained increases
in flow [HR02].

Proper functioning of the cardiovascular system can,
however, be disrupted by either congenital or acquired dis-
eases. These range from structural abnormalities present
at birth (e.g., underdeveloped ventricles, blockages, and
holes) on the congenital front, to structural changes that
develop (e.g., atherosclerotic stenoses and aneurysms) on
the acquired front. Despite profound advances in treat-
ments and medical imaging, cardiovascular diseases re-
main the leading cause of death worldwide, and congen-
ital heart defects remain a leading cause of birth defect-
associated infant illness and death in the United States.
Gold-standard interventions are still met with troubling
complications. In particular, stents are frequently met
with restenosis, bypass grafts experience alarmingly high
rates of failure, and many diseases require a “watch and
wait” treatment strategy. As alternative interventional ap-
proaches are explored, there is a pressing need to quantita-
tively understand and predict disease initiation and pro-
gression as well as failure modes observed in the clinic.
The performance of novel medical device designs and sur-
gical approaches must also be accurately predicted and
evaluated.

It is clear that hemodynamics, vascular wall biomechan-
ics, and cellular biochemical responses are all deeply in-
tertwined, and comprehensive mathematical modeling of
the vascular network on all scales presents tremendous re-
search opportunities. Just asmodern-day aeronautical and
automotive design rely heavily on predictivemathematical
modeling, we envision a future in which patient-specific
modeling of cardiovascular diseases becomes a routine
component of preventive care, diagnostic care, and treat-
ment planning. In this article, we discuss recent research
efforts and our perspectives on the most pressing open re-
search directions in mathematical modeling of the vascu-
lar system.

A Unified Continuum Modeling Framework
Cardiovascular modeling requires consideration of mul-
tiphysics phenomena, including the interaction of fluids,
solids, and other relevant physics, such as electrophysiol-
ogy, active contraction, or the transport of reactive chem-
ical species. Computational modeling of fluid and solid
subproblems has conventionally employed dichotomous
formulations for the two subdomains, creating challenges
and disparities for modeling the coupled system. Unify-
ing the formulations in a single continuum framework
would indeed be ideal. Traditionally, the constitutive re-
lations for finite elasticity have been described in terms of
the Helmholtz free energy (also known as the strain en-
ergy), likely because it is a function of quantities that can
be conveniently measured and controlled in laboratories,
including temperature, specific volume, and the number
of molecules. The Helmholtz free energy, however, ceases
to be a proper potential in the incompressible limit, as
the specific volume becomes constrained as a constant;
accordingly, ill-conditioned matrix problems arise in nu-
merical analyses for incompressible materials. To address
this issue, a Legendre transformation can be performed on
the Helmholtz free energy with respect to the specific vol-
ume (Figure 1). The resulting thermodynamic potential,
namely the Gibbs free energy, can then be used to describe
material behavior in both the incompressible and com-
pressible regimes. For incompressible flows, it yields the
incompressible Navier-Stokes equations; for compressible
flows, the Gibbs free energy leads to the pressure primi-
tive variable formulation, which has been deemed robust
for all-speed flows. Following classical principles of me-
chanics, the governing equations based on the Gibbs free
energy can be written in the arbitrary Lagrangian-Eulerian
(ALE) description as follows:

0 = 𝛽𝜃
𝜕𝑝
𝜕𝑡
|||𝝌
+ 𝛽𝜃 (𝒗 − ̂𝒗) ⋅ ∇𝒙𝑝 + ∇𝒙 ⋅ 𝒗, (1)

𝟎 = 𝜌𝜕𝒗𝜕𝑡
|||𝝌
+ 𝜌 (𝒗 − ̂𝒗) ⋅ ∇𝒙𝒗 − ∇𝒙 ⋅ 𝝈dev + ∇𝒙𝑝 − 𝜌𝒃,

(2)

wherein 𝜌 is the density, 𝑝 is the pressure, 𝛽𝜃 ∶= (𝜕𝜌/𝜕𝑝)/𝜌
is the isothermal compressibility coefficient, 𝝌 represents
the spatial coordinate with respect to a suitable reference
frame that is chosen case by case and that moves with do-
main velocity ̂𝒗, 𝒙 is the spatial coordinate in the Eulerian
domain, 𝒗 is the velocity, 𝝈dev is the deviatoric component
of the Cauchy stress, and 𝒃 is the body force per unit mass.
Whereas the volumetric behavior is completely described
by 𝜌(𝑝) and 𝛽𝜃(𝑝), the isochoric behavior is determined by
𝝈dev. Constitutive modeling refers to the design of an appro-
priate form for the Gibbs free energy, which dictates the an-
alytical forms of 𝜌(𝑝), 𝛽𝜃(𝑝), and 𝝈dev and therefore closes
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Figure 1. (A) Illustration of thermodynamic potentials: the internal energy 𝐼, Helmholtz free energy 𝐴, Gibbs free energy 𝐺, and
enthlapy 𝐻. The blue arrows indicate their relations via Legendre transformations. (B) The infinite slope of the pressure-volume
curve illustrates the inability of the Helmholtz energy to describe incompressible behavior. (C) The Helmholtz free energy can be
transformed into the Gibbs free energy via a Legendre transformation. The resulting system has a saddle-point nature, which
requires special mathematical techniques for analysis.

the system. As will be revealed, equations (1)–(2) prop-
erly describe both viscous fluids and elastic solids, and we
are actively working to extend the framework to inelastic
solids as well. This unified framework bridges the gap be-
tween techniques for computational fluid dynamics (CFD)
and structural dynamics, and further simplifies the analy-
sis of fluid-structure interaction (FSI) coupled problems by
presenting a unified problem requiring only a single solu-
tion strategy [LM18].

Blood Flow Modeling
Vascular flow patterns are strongly influenced by con-
duit geometries. Patient-specific hemodynamic modeling,
which has opened the door to virtual treatment planning
on a patient-by-patient basis, requires accurate geometric
domains to be constructed from clinical image data, which
are commonly acquired from computed tomography an-
giography or magnetic resonance imaging. Until recently,
model construction has been a manual process requiring
extensive user intervention in vessel centerline identifica-
tion on a set of two-dimensional (2D) image slices, 2D
image segmentation, and lofting of the segmentations into
a three-dimensional (3D) anatomic bounded volume. Re-
cent advances in machine learning show promise in accel-
erating the model building workflow [MWM19].

Upon construction of the computational domain, CFD,
which has found extensive application in weather fore-
casting, visual effects in digital media, and aircraft and
automobile design, can be used to simulate blood flow.
The mathematical foundation of CFD is the Navier-Stokes

equations, a set of nonlinear partial differential equations
(PDEs) describing the conservation laws for viscous fluids.
We note that while blood is in fact a suspension of blood
cells in plasma that exhibits shear-thinning behavior, the
Newtonian fluid model is widely accepted to be a good ap-
proximation in the large vessels. Referring back to the uni-
fied governing equations (1)–(2), incompressibility sug-
gests a constant 𝜌 and 𝛽𝜃 = 0, and the Newtonian fluid
model suggests 𝝈dev ∶= 2𝜇𝜺dev, in which 𝜇 is the dynamic
viscosity, and 𝜺dev is the deviatoric part of the rate-of-strain
tensor. Furthermore, the mesh need not be moved for sta-
tionary fluid domains. As a result, the ALE coordinates 𝝌
reduce to the Eulerian coordinates 𝒙, and ̂𝒗 = 𝟎. From
a theoretical perspective, the nonlinear term in equation
(2) presents challenges associated with the existence and
regularity of the solution of the Navier-Stokes equations,
which remains among the ClayMathematics Institute’s un-
solved Millennium Prize Problems [Fef06]. A common
approach has thus been to approximate the Navier-Stokes
equations via high-fidelity numerical methods, such as fi-
nite element, finite volume, or finite difference methods,
and extract physically meaningful information for analy-
sis and prediction. Model reduction techniques, such as
the reduced basis method for solving complex parameter-
ized PDEs in low-dimensional spaces, have also been de-
veloped to reduce the computational cost.

The development of CFD techniques has been a major
research thrust in applied mathematics and fluid mechan-
ics in the past several decades. This subject is rich and
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Figure 2. CFD simulation results of an idealized medical device using the residual-based VMS formulation: instantaneous velocity
magnitude in cm/s for (A) Re = 500, (B) Re = 3500, and (C) Re = 5000. (D) Validation of these results against experimental data.

merits a review article on its own; here we restrict com-
ments to finite element formulations suitable for complex
geometries and coupled problems. In recent years, the vari-
ational multiscale (VMS) formulation has received grow-
ing attention as a powerful technique for simulating 3D
fluid problems. The VMS formulation is a priori consistent
on all scales and can thus robustly achieve higher-order ac-
curacy for both advection- and diffusion-dominated flows.
In addition to its mathematical properties, numerical stud-
ies indicate that VMS properly captures statistical quan-
tities relevant to flow physics, such as the energy spec-
trum and decay of kinetic energy in isotropic and wall-
bounded turbulent flows [HSF18]. Like the classical sta-
bilized methods, VMS further provides a mechanism to
circumvent the Ladyzhenskaya-Babuška-Brezzi (LBB) con-
dition associated with the divergence-free constraint, thus
enabling arbitrary element types to be used for modeling
incompressible flows. In contrast to LBB-stable formula-
tions [BBF13] which require specific element types for ve-
locity and pressure and is often implementationally incon-
venient, these stabilized formulations conveniently enable
equal-order interpolation, largely simplifying both auto-
maticmesh generation and finite element implementation
from a practical standpoint. Indeed, the VMS formula-
tion has been used in patient-specific blood flow simula-
tions since the late 1990s. Figure 2 shows validation of
simulated laminar, transitional, and fully turbulent flows
in an idealized medical device against experimental data,
demonstrating applicability of the VMS formulation for
various flow regimes.

Over the years, the rise in high-performance computing
and high-resolution imaging has been paralleled by signif-
icant advances in mathematical modeling techniques for
flow simulations, and several open-source software pack-
ages are readily available. One representative example is
the SimVascular project. In clinical practice, CFD has al-
ready been translated into decision-making in realms in-
cluding diagnosis, risk stratification, and treatment plan-
ning. As a representative example, HeartFlow, Inc. has

achieved notable commercial success with its fractional
flow reserve-CT technology for evaluating coronary lesions,
which received clearance for clinical use from the US Food
and Drug Administration (FDA) in 2019. By simulat-
ing the normalized pressure gradient through a coronary
artery blockage, HeartFlow has eliminated the need for in-
vasive coronary angiograms in 61% of patient cases.

Arterial Wall Modeling
In addition to blood flow modeling, arterial wall model-
ing is equally critical to understanding the initiation and
progression of cardiovascular diseases. Unlike engineering
materials, biological tissues are highly deformable and be-
have as incompressible anisotropic visco-hyperelastic ma-
terials under physiological loading conditions. Moreover,
biological tissues have been found to chronically adapt
to the biomechanical environment through G&R. From
a modeling perspective, two distinct phenomena must be
captured—the passive nonlinear viscoelasticity and the ac-
tive G&R of the soft tissue.

A Lagrangian framework is commonly adopted for
the solid problem, as it enables accurate prescription of
boundary conditions. Again referring back to the unified
governing equations (1)–(2), the ALE coordinates 𝝌 thus
reduce to the Lagrangian coordinates 𝑿 , and ̂𝒗 = 𝒗. Fur-
thermore, the displacement field𝒖 can conveniently be ob-
tained by the kinematic relation 𝑑𝒖/𝑑𝑡 = 𝒗. Finally, the
constitutive relations for 𝜌 and 𝝈dev are given in terms of
the Gibbs free energy 𝐺 as

𝜌 = (𝜕𝐺𝜕𝑝 )
−1
,

𝝈dev = 𝐽−1𝑭 (2𝜕𝐺𝜕𝑪 )𝑭
𝑇 = 𝐽−1 𝜕𝐺𝜕𝑭 𝑭

𝑇 ,

in which the deformation gradient 𝑭, the Jacobian deter-
minant 𝐽, and the right Cauchy-Green tensor 𝑪 are given
by

𝑭 ∶= 𝜕𝒖/𝜕𝑿 + 𝑰, 𝐽 ∶= det (𝑭) , 𝑪 ∶= 𝑭𝑇𝑭.
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Figure 3. Numerical tensile testing of a 3D collagen-reinforced vascular tissue model in the axial and circumferential directions.
(A) Problem setting. (B) Resulting Cauchy stress distribution in an axially-tested specimen. (C) Resulting Cauchy stress
distribution in a circumferentially-tested specimen. (D) Load-displacement curves demonstrating exponential growth in the
stiffness provided by collagen fibers.

Computational modeling of incompressible nonlinear
elasticity in complex geometries has long been a challenge.
As mentioned above, the unified framework enables ex-
tension of the VMS formulation to the solid problem,
thereby circumventing the LBB condition and enabling
equal-order interpolation for incompressible finite elastic-
ity. We do, however, note that LBB-stable formulations are
equally attractive, as their energy stability can be demon-
strated a priori in the following form:

𝑑
𝑑𝑡 ∫Ω𝑿

1
2𝜌0‖𝑽ℎ‖2 + 𝜌0𝐺ich( ̃𝑪ℎ)𝑑Ω𝑿

= ∫
Ω𝑿

𝜌0𝑽ℎ ⋅ 𝑩𝑑Ω𝑿 +∫
Γ𝑿
𝑽ℎ ⋅ 𝑯𝑑Γ𝑿 ,

in which 𝑽ℎ and ̃𝑪ℎ are discrete approximations to 𝑽 and
̃𝑪 ∶= 𝐽−2/3𝑪; 𝑽 , 𝑩, and𝑯 are the velocity, body force, and

surface traction in the Lagrangian configuration; and 𝐺ich
is the isochoric part of the Gibbs free energy. This energy
stability estimate serves as an “insurance plan” for the nu-
merical scheme, guaranteeing reliability of the numerical
results.

In addition to incompressibility, soft tissues also ex-
hibit directionally dependent, or anisotropic, material
properties as a result of collagen fiber orientations. The di-
rectional effect of a reinforcing fiber can be characterized
by a structural tensor, and we can elegantly represent the
energy potential𝐺 using invariants of the strain tensor and
structural tensors. Figure 3 illustrates the resulting Cauchy
stress distributions of a 3D collagen-reinforced vascular tis-
sue model subjected to numerical tensile testing in the cir-
cumferential and axial directions. Recently, we have addi-
tionally considered the inelastic response of soft tissues in
our modeling of the passivemechanical behavior.

The active G&R can be modeled by the constrained mix-
ture theory, which was proposed to mathematically de-
scribe the evolution of arterial wall composition, morphol-
ogy, and thus stiffness in response to sustained alterations
in hemodynamic loading [HR02]. The theory conceptual-
izes the arterial wall as a mixture of structurally significant
constituents, such as collagen, elastin, and smooth muscle
cells. These constituents continually turnover at different
production and removal rates, engendering the following
set of evolution equations, in which the superscript 𝛼 in-
dexes the constituents:

𝜌𝛼(𝑡) = 𝜌𝛼(0)𝑄𝛼(𝑡) +∫
𝑡

0
𝔪𝛼(𝑠)𝑞𝛼(𝑠, 𝑡)𝑑𝑠.

Here, 𝜌𝛼 is the constituent’s density, 𝑄𝛼(𝑡) is the fraction
of the constituent present at time 𝑡 = 0 that survives to
time 𝑡, 𝔪𝛼(𝑠) is the production rate at time 𝑠 ∈ [0, 𝑡], and
𝑞𝛼(𝑠, 𝑡) is the fraction of the constituent produced at time 𝑠
that survives to time 𝑡. The overall density of the tissue can
then be defined as 𝜌 = ∑𝛼 𝜌𝛼, and we can naturally define
mass fractions as 𝜙𝛼 ∶= 𝜌𝛼/𝜌. These evolution equations
can be considered as an additional set of constitutive laws
that yield source and sink terms for the mass balance equa-
tion (1). To account for each constituent’s contribution
to the overall mechanical behavior, the energy potential
is regarded as a mass-weighted average of the constituent
potentials, 𝐺 = ∑𝛼 𝜙𝛼𝐺𝛼.

Furthermore, the natural (or stress-free) configuration
of each constituent is also allowed to evolve separately,
suggesting that constituents produced at different times
with different natural configurations can coexist. Newly
produced constituents are deposited into the extant tissue
at some prestretch, a process that can mathematically be
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Figure 4. Illustration of the various constrained mixture configurations. A vector 𝒆 on ℬ𝛼
𝑠 is mapped to 𝑮𝛼(𝑠)𝒆 on Ω𝑠

𝒙 and 𝑭𝛼
𝑠 (𝑡)𝒆

on Ω𝑡
𝒙.

described with a constituent-specific mapping 𝜓𝛼𝑠 from the
natural configuration ℬ𝛼

𝑠 to the tissue body Ω𝑠
𝒙 at time 𝑠.

We denote its corresponding tangent map as 𝑮𝛼(𝑠). The
evolution of the tissue body is described with a separate
mapping 𝜑𝑡 from a material point 𝑿 at time 0 to a point
𝒙 ∈ Ω𝑡

𝒙 at time 𝑡, such that all constituents are kinemat-
ically constrained to deform together without any relative
motion among the constituents. We denote the tangent
map of 𝜑𝑡 as 𝑭(𝑡), also known as the deformation gradi-
ent. In practice, computing the tissue body’s elastic stress
requires a measure of the change in geometry from ℬ𝛼

𝑠 at
time 𝑠 to Ω𝑡

𝒙 at a later time 𝑡. This is achieved via a com-
position of the mappings, such that a point 𝒚 ∈ ℬ𝛼

𝑠 is
mapped to a point 𝒙 = 𝜑𝑡 ∘ 𝜑−1𝑠 ∘ 𝜓𝛼𝑠 (𝒚) ∈ Ω𝑡

𝒙. We can
finally represent the tangent map from ℬ𝛼

𝑠 to Ω𝑡
𝒙 as

𝑭𝛼
𝑠 (𝑡) = 𝑭(𝑡)𝑭−1(𝑠)𝑮𝛼(𝑠).

Figure 4 illustrates the kinematics of the constrained tissue
mixture. To close the G&R system, we define the deviatoric
component of the Cauchy stress needed in themomentum
balance equation (2) as

𝝈dev(𝑡) = 𝐽−1(𝑡)∑
𝛼

𝜕 (𝜙𝛼𝐺𝛼)
𝜕𝑭(𝑡) 𝑭𝑇(𝑡),

inwhich the energy 𝜙𝛼𝐺𝛼 is expressed through a hereditary
integral,

(𝜙𝛼𝐺𝛼) (𝑡) =𝜌
𝛼(0)
𝜌(𝑡) 𝑄

𝛼(𝑡)𝐺𝛼(𝑭𝛼
0 (𝑡))

+∫
𝑡

0

𝔪𝛼(𝑠)
𝜌(𝑡) 𝑞𝛼(𝑠, 𝑡)𝐺𝛼(𝑭𝛼

𝑠 (𝑡))𝑑𝑠.

Studies of the constrained mixture theory demonstrate ex-
citing potential for predicting the structural and morpho-
logical evolution observed in cardiovascular diseases, such
as abdominal aortic aneurysms and myocardial hypertro-
phy. However, major challenges still exist for extension of

this theory to 3D applications, as tracking the full evolu-
tionary history may quickly become computationally in-
tractable.

Linear Solver
Spatiotemporal discretization of nonlinear PDEs and the
Newton-Raphson method eventually boil down to repeat-
edly solving a linear system with millions, or even billions,
degrees of freedom. In computational science and engi-
neering, solving linear systems often comprises the most
time-consuming portion of the analysis and thus requires
careful design. The local nature of discrete differential op-
erators yields linear systems of sparse matrices that can be
compactly stored in special representations, such as the
compressed sparse row format. When used in conjunction
with preconditioners, iterativemethods such as Krylov sub-
space methods present the most effective solution proce-
dure for sparse matrix problems on supercomputers. Im-
portantly, the design of a preconditioner also dictates the
overall efficiency, robustness, and scalability. Consider a
fully implicit scheme for the PDEs (1)–(2), which yields a
system of nonlinear algebraic equations that can be solved
with the consistent Newton-Raphson method. The result-
ing linear system is associated with the following matrix
𝓐 of a 2 × 2 block structure:

𝓐 = [𝐀 𝐁
𝐂 𝐃] .

The submatrices 𝐀, 𝐁, and 𝐂 respectively represent the dis-
crete convection-diffusion-reaction operator, gradient op-
erator, and divergence operator, each with additional nu-
merical modeling terms from the VMS formulation. The
submatrix 𝐃 contains a mass matrix scaled by the isother-
mal compressibility coefficient and additional VMS mod-
eling terms. Interested readers may refer to [LM19] for ex-
plicit formulas of the submatrices. Block factorizationmay
be performed on 𝓐 to yield matrices of lower triangular,
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Figure 5. Illustration of the structure of submatrix 𝐀 in cardiovascular FSI problems. The submatrix involves contributions from
the transient term (𝐀𝑚), convection term (𝐀𝑐), viscous term (𝐀𝑣𝑖𝑠), wall stiffness (𝐀𝑠), and boundary traction terms (𝐊𝑙). These
terms are scaled by physical parameters that span several orders of magnitude, reported here in the centimeter-gram-second
units.

diagonal, and upper triangular structure,

𝓐 =𝓛𝓓𝓤 = [ 𝐈 𝐎
𝐂𝐀−1 𝐈 ] [

𝐀 𝐎
𝐎 𝐒] [

𝐈 𝐀−1𝐁
𝐎 𝐈 ] ,

in which 𝐒 ∶= 𝐃 − 𝐂𝐀−1𝐁 is the Schur complement. The
design of a preconditioner for𝓐 therefore reduces to solv-
ing smaller systems associated with 𝐀 and 𝐒. This de-
sign concept is closely related to the Chorin-Teman pro-
jection method and can be considered an algebraic proce-
dure wrapping the projection method within an iterative
solver. Whereas 𝐒 is as an algebraic manifestation of the
pressure Poisson equation, 𝐀 contains several modeling
contributions, as illustrated in Figure 5 for cardiovascular
FSI problems. These contributions in 𝐀 contain physical
parameters that span several orders of magnitude, further
complicating the definition of 𝐒, which involves the in-
verse of𝐀 and is thus dense. Thematrix-free technique and
multigridmethod represent two effective strategies that can
be adopted. The matrix-free technique takes advantage of
the fact that iterative methods do not require the algebraic
definition of a matrix and instead only require the matrix’s
action on a vector. The nonsparse contributions therefore
do not need to be explicitly constructed. As an example,
we outline the matrix-free definition of 𝐒 in Algorithm 1.

Algorithm 1 The matrix-free algorithm for the multiplica-
tion of 𝐒 with a vector 𝒙.
1: Compute the matrix-vector
multiplication

�̂� ← 𝐃𝒙.
2: Compute the matrix-vector
multiplication

�̄� ← 𝐁𝒙.
3: Solve for �̃� from the linear system

𝐀�̃� = �̄�.
4: Compute the matrix-vector
multiplication

�̄� ← 𝐂�̃�.
5: return �̂� − �̄�.

The matrix-free method defines how the two subma-
trices can be solved using the Krylov subspace method.
Nonetheless, to further accelerate convergence, precondi-
tioners can be provided by constructing sparse approxi-
mations to the submatrices. Interestingly, both submatri-
ces have significant contributions from elliptic operators.
Their sparse approximations can thus be regarded as dis-
crete elliptic operators and be addressed effectively by the
multigrid method, which scales almost linearly with re-
spect to the degrees of freedom for these types of matrices
[ESW14].

In summary, the matrix𝓐 is solved via an𝓛𝓓𝓤 block
decomposition that reduces the problem to solving the
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Figure 6. Comparison of the WSS magnitude on a patient-specific pulmonary arterial model computed with (A) a rigid-wall
simulation and (B) an FSI simulation. (C) Pressure over one cardiac cycle on the inlet (red) and two selected outlet surfaces
(green and blue). Rigid-wall and FSI results are indicated by dashed and solid lines, respectively.

smaller block matrices 𝐀 and 𝐒, both of which can be
solved iteratively without actual algebraic definitions. To
accelerate convergence, sparse approximations of the two
submatrices can be constructed to generate multigrid pre-
conditioners without losing scalability on supercomput-
ers.

Multiphysics Modeling of FSI
The coupling of biofluids and biosolids is of critical im-
portance in cardiovascular modeling. The Navier-Stokes
equations alone are insufficient for predicting the flow be-
havior, as such amodel (sometimes referred to as the rigid-
wall model) neglects the deformation of the vessel wall,
contractions of the heart, and motion of the heart valves,
all of which give rise to a deforming fluid domain. Fur-
thermore, the hemodynamic wall shear stress (WSS) and
pressure are two important mechanical loads dictating the
G&R response of the vessel wall. As an illustrative exam-
ple, Figure 6 compares the WSS magnitude and pressure
computed from rigid-wall and FSI models. When neglect-
ing the vessel wall compliance, hemodynamic quantities
are consistently overpredicted.

As discussed above, the unified continuum modeling
framework enables us to describe both the fluid and solid
subproblems with the same set of governing equations, al-
beit with different forms for 𝝈dev, 𝜌(𝑝), and 𝛽𝜃. Given the
deforming fluid domain in cardiovascular FSI problems,
the fluid subproblem requires an additional set of equa-
tions to describe the ALE mesh motion. Most commonly,
the harmonic extension algorithm or the pseudo-linear-
elasticity algorithm is used to determine ̂𝒗 in equation
(2). A Lagrangian description is maintained for the solid
subproblem. Importantly, the unified framework enables
monolithic coupling of the fluid and solid subproblems
with uniform spatiotemporal discretization via the VMS
formulation and the generalized-𝛼 scheme. We note that
the single resulting linear system for the FSI problem is pre-
cisely of the 2 × 2 block structure discussed above [LM18].

As a result, the data structures and solution methods for
the FSI problem can be constructed in amanner practically
identical to that of CFD (Figure 7). To enable flexible cou-
pling between dimensionally heterogeneous models (see
the next section), a modular approach is adopted within
each Newton-Raphson iteration to communicate informa-
tion between the 3D and reduced models in a fashion sim-
ilar to the Gauss-Seidel method [MVCF+13].

Geometric Multiscale Modeling
Given the computational expense associated with solving
3D problems, modeling the entire cardiovascular system
with 3Dmodels is intractable, even withmodern-day com-
puting facilities. In addition, the spatiotemporal resolu-
tion offered by 3Dmodels is not always necessary for prac-
tical problems of interest. It is indeed possible to exploit
the morphology of vessels to derive simplified models of
reduced spatial resolution. These 1D or 0D reduced mod-
els can either be used as standalone models or as models
coupled to a 3D model as boundary conditions.

In the 1D approach, which originated from Leonhard
Euler’s seminal work [Eul62], the 3D Navier-Stokes equa-
tions posed on a compliant axisymmetric tube are inte-
grated over the cross-section, such that the spatial resolu-
tion is collapsed to a single axial dimension along the ves-
sel,

𝜕𝐴
𝜕𝑡 +

𝜕𝑄
𝜕𝑧 = 0,

𝜌𝜕𝑄𝜕𝑡 + 𝜌 𝜕
𝜕𝑧 (𝛼

𝑄2

𝐴 ) + 𝐴𝜕𝑃𝜕𝑧 + 𝐾𝑄𝐴 − 𝜇𝜕
2𝑄
𝜕𝑧2 = 0,

where the three unknowns are the volumetric flow rate 𝑄,
the spatially-averaged pressure 𝑃, and the cross-sectional
area 𝐴. Here, the parameters 𝛼 and 𝐾 depend on the as-
sumed velocity profile over the cross-section. For a par-
abolic profile, for example, the momentum flux correc-
tion coefficient 𝛼 = 4/3, and the friction parameter 𝐾 =
8𝜋𝜇. A constitutive wall model describing the functional
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Figure 7. Illustration of the Newton-Raphson procedure for a monolithically coupled FSI problem. The blue and magenta colors
indicate procedures performed in the solid and fluid subdomains, respectively. The solid displacement can be updated
consistently using a segregated algorithm and subsequently used to determine the ALE mesh motion in the fluid subdomain.

dependence of 𝑃 on 𝐴, such as the following simple alge-
braic relation, is required to close the system:

𝑃(𝑧, 𝑡) = 𝑃ext(𝑧, 𝑡) + 𝜓(𝐴(𝑡, 𝑧)),

𝜓(𝐴) = 𝐸ℎ√𝜋
1 − 𝜈2

√𝐴 −√𝐴0
𝐴0

,

where 𝑃ext is the external pressure, 𝐴0 is the reference area
when 𝑃 = 𝑃ext, 𝐸 is the Young’s modulus, ℎ is the thickness,
and 𝜈 is the Poisson’s ratio. Assuming 𝐴 > 0, the above
system is strictly hyperbolic with the following two distinct
real eigenvalues:

𝜆1,2 = 𝛼𝑄𝐴 ±√𝑐2 + (𝑄𝐴)
2
𝛼(𝛼 − 1),

𝑐 ∶=
√

𝐴
𝜌
𝑑𝜓(𝐴)
𝑑𝐴 = √

𝐸ℎ√𝜋𝐴
2𝜌(1 − 𝜈2)𝐴0

.

Since 𝑐 ≫ 𝛼𝑄/𝐴 in hemodynamic applications, the waves
travel in two distinct directions. To properly capture the
wave propagation phenomena, the Lax-Wendroff scheme
or discontinuous Galerkin method can be used to solve
this set of nonlinear hyperbolic equations.

The spatial resolution can be eliminated altogether by
further integrating the 1D system over a segment of the ves-
sel with length 𝑙 and assuming a small Reynolds number
such that the nonlinear convective term can be neglected.
With the above choice for 𝜓(𝐴), the resulting 0D model

can be derived as follows:

𝐶𝑑𝒫𝑑𝑡 + 𝒬d − 𝒬p = 0,

𝐿𝑑𝒬𝑑𝑡 + 𝑅𝒬 + 𝒫d − 𝒫p = 0,

wherein

𝑅 ∶= 𝐾𝑙
𝐴20

, 𝐶 ∶= 2𝐴0√𝐴0(1 − 𝜈2)𝑙
𝐸ℎ√𝜋

, 𝐿 ∶= 𝜌𝑙
𝐴0

represent the viscous resistance, vessel compliance, and
blood inertance, respectively. Here, the two unknowns are
the longitudinally averaged flow𝒬 and pressure𝒫, and the
subscripts p and d denote the proximal and distal values.
The above equations also arise in electrical circuits or hy-
draulic networks, and it is indeed popular to establish an
electric-hydraulic analogy, in which the current is analo-
gous to flow, and voltage to pressure. The 0D models can
be constructed as arbitrary combinations of resistance, ca-
pacitance, and inductance elements in series and in par-
allel with proper matching conditions. Despite the lack
of any spatial dependence and thus the failure to capture
wave propagation phenomena, 0D models comprised of
compartments representing distinct portions of the vascu-
lature or chambers of the heart are often sufficient for ap-
proximating flow dynamics in the global circulation. Fur-
thermore, the reduction of the 3D governing equations to
ordinary differential-algebraic equations reduces the com-
putational time by several orders of magnitude. As is true
for many modeling techniques, there is a clear trade-off
between accuracy and speed.
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Figure 8. Geometric multiscale modeling of the entire
cardiovascular system as a closed-loop system. (A) 3D-0D
coupling: the aorta and coronary arteries, which are
generated from patient-specific image data, comprise the 3D
domain; the peripheral vasculature and chambers of the heart
(left and right atria and ventricles LA, RA, LV, RV) are modeled
as 0D components serving as boundary conditions at the 3D
inlet and outlets. (B) 3D-1D-0D coupling: the ascending aorta
and coronary arteries are preserved in the 3D domain, while
the remainder of the aorta and its daughter vessels are
replaced with a 1D model generated from the vessel
centerlines.

Regardless of the choice ofmodel, boundary conditions
must be properly assigned. In particular, boundary con-
ditions for a 3D FSI model must be consistent with the
wave propagation dynamics without introducing spurious
reflections into the 3D domain. Reduced models of the
downstream vasculature thus represent an extremely fit-
ting choice. Geometric multiscale modeling, or the cou-
pling of dimensionally heterogeneous models, further of-
fers an efficient approach for modeling the cardiovascular
system, in which the vast majority of computing resources
are reserved for 3D FSI modeling of a localized region of
interest. Figure 8 illustrates both 3D-0D and 3D-1D-0D
coupling. In the latter, a portion of the initial 3D domain
is replaced with a 1Dmodel generated from the vessel cen-
terlines. We note that just as 3D FSI problems require ap-
propriate transmission conditions on the fluid-solid inter-
face, geometric multiscale modeling requires mathemati-
cally and physically sound transmission conditions. Inter-
ested readers may refer to [QDMV19] for an elaboration
on this topic.

Optimization and Uncertainty Quantification
Given reliable solution techniques for the forward prob-
lem of a multiscale multiphysics system, one can further
invoke the mathematical concept of optimization to im-
prove designs for medical devices and surgical interven-
tions (commonly referred to as shape optimization) or
to identify modeling parameters. Conceptually, optimiza-
tion seeks to minimize or maximize an objective func-
tion, given a set of input parameters subject to certain
constraints. Examples of shape optimization include opti-
mization of the radii, attachment angles, and attachment
locations of shunts and grafts in single-ventricle palliation,
such that maximized pulmonary flow and an unskewed
hepatic flowdistribution are achievedwhile preserving low
pressures in the vena cava [YFS+13]. On the other hand,
optimization can also be used as a tool for data assimi-
lation, which seeks to identify modeling parameters that
best reproduce experimental or clinical data. For example,
external tissue support parameters have previously been
identified by minimizing the discrepancy between model
and image contours of the vessel lumen, and G&R mod-
eling parameters have been identified to achieve homeo-
static stress states experimentally observed in the vessel.
In all cases, appropriate objective functions must be de-
termined to measure performance, a process that requires
deep understanding of the clinical disease or mechanobi-
ological system of interest.

Coupling cardiovascular simulations to optimization
algorithms is particularly challenging, as each objec-
tive function evaluation requires a solution of the for-
ward problem. Given the computational cost and com-
plexity, the application of conventional gradient-based
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Figure 9. Flowchart for shape optimization using the
surrogate management framework.

optimization methods, which require numerical determi-
nation of gradients via the finite difference or adjoint-state
method, remains cost prohibitive. The surrogate manage-
ment framework (SMF) has thus emerged as a black-box
derivative-free method robust for solving expensive cardio-
vascular optimization problems. The SMF is comprised of
two essential components. The SEARCH step uses a surro-
gate function, or an approximation of the objective func-
tion with reduced computational cost, to identify design
points that are likely to improve the objective function; the
POLL step evaluates points in a positive spanning set of
directions around the current best point in the parameter
space (Figure 9). It therefore combines the efficiency of
methods based on response surfaces with the convergence
properties of pattern search methods [Mar14]. However,
we note that to date, cardiovascular problems have been
limited to idealized geometries, as automation of the en-
tire modeling, meshing, and simulation pipeline remains
challenging for complex geometries that are difficult to pa-
rameterize.

Given the large number of inputs to cardiovascular sim-
ulations, several sources of uncertainty exist. These pertain
to clinical measurements, image-based geometries, mate-
rial properties, and boundary conditions, just to name a
few. As simulations are increasingly incorporated into the
FDA approval process for medical devices and diagnostic
tools, rigorously assessing the impact of uncertainty on
simulation predictions must be considered a priority. Un-
certainty quantification (UQ) is precisely the mathemati-
cal field that seeks to propagate these input uncertainties
forward, such that simulation outputs are ultimately quan-
tified with probability density functions and confidence
intervals. Monte Carlo (MC) sampling, one of the first ap-
proaches proposed for UQ, is unbiased and flexible with

arbitrary and potentially correlated inputs. Despite these
appealing features, its slow convergence rate makes it cost
prohibitive, especially considering the computational ex-
pense associated with 3D simulations. Recent work has
extended MC to multilevel multifidelity MC, which makes
use of different spatial resolutions (mesh size) and model
fidelities (3D, 1D, 0D), to achieve reduced variance for a
fixed computational cost [FGS+20]. As an alternative to
MC, polynomial chaos expansions describe smooth sto-
chastic responses using interpolating polynomials that are
mutually orthogonal with respect to the probability mea-
sure of the random inputs and can achieve up to exponen-
tial convergence rates with respect to the polynomial order.
Significant research has also focused on adaptive methods
appropriate for applications involving discontinuous sto-
chastic responses. We conclude this section by emphasiz-
ing that optimization and UQ are two important mathe-
matical tools that, when combined, enable identification
of optimal designs and parameters that are robust to fluc-
tuations inmodeling choices and surgical implementation
[SAM10].

Figure 10. The SimVascular pipeline (from left to right):
medical image segmentation, model construction, mesh
generation, and simulation.

The SimVascular Project
To date, SimVascular [simvascular] remains the only fully
open-source software offering a complete pipeline (Figure
10) from medical image segmentation to 3D model con-
struction, meshing, and patient-specific vascular FSI sim-
ulation with either ALE or a reduced linear membrane
formulation [UWM+17]. It was originally developed in
Charles Taylor’s lab at Stanford University and released
in 2007. At the time, however, the integration of sev-
eral licensed commercial components hindered new user
adoption and prevented complete open source release. In
2013, the senior author of this article accordingly launched
a joint revitalization effort with collaborators, aiming to
integrate open-source alternatives and improve computa-
tional techniques for all stages of the pipeline. Nowa-
days, SimVascular has attracted over 4500 domestic and
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Figure 11. Geographical distribution of SimVascular users.

international users (Figure 11). The development team
continues to host conference workshops, Youtube tutori-
als, and a user forum to foster further advances in cardio-
vascular research. It has also proven to be an effective ed-
ucational tool in graduate engineering courses, elucidat-
ing fundamental principles in CFD, FSI, and human phys-
iology. As an active software project with regularly forth-
coming enhancements, it represents the state of the art
in cardiovascular simulation. Current research and devel-
opment efforts span finite element method development
for 3D G&R, automated vessel path identification, model
manipulation, optimization, UQ, and even virtual real-
ity for visualizing simulation results in real time. Impor-
tantly, the motivation underlying these efforts is the ulti-
mate vision of virtual patient-specific treatment planning
on a clinically relevant time frame, in which physicians can
make informed decisions about the optimal intervention
directly from the clinic.

Open Challenges and Future Directions
Having summarized the state of the art in mathematical
modeling of the vascular system, we make use of this final
section to discuss open challenges worthy of further inves-
tigation.
Multiphysics and multiscale modeling. Given the dy-
namic interplay among hemodynamics, vascular wall
biomechanics, and cellular biochemical responses, there
is a compelling need for mathematical models character-
izing the impact of hemodynamics on mechanotransduc-
tion pathways and thus the wall composition and mate-
rial properties. In addition to the deformation induced by
mechanical loads, cell-mediated changes involved in G&R
must also be modeled. Such a mathematical view of all

scales is critical for directly translating disease conditions
into models with quantifiable parameters and outputs.
For example, predictive modeling of thrombus formation
requires the flow-mediated transport phenomena to be in-
tegrated with microscale coagulation kinetics. More re-
fined multiphysics and multiscale mathematical models
are indeed needed for clinical applications.
Geometric parameterization. Despite advances in opti-
mization algorithms for cardiovascular simulations, prac-
tical optimization applications with complex geometries
are still hindered by the lack of geometric parameteriza-
tion and manipulation techniques compatible with exist-
ing computer-aided design (CAD) frameworks. Extending
optimization studies beyond idealized geometries would
require direct manipulation of meshes without introduc-
ing discontinuities or severe mesh distortion. Recent ef-
forts in combining CAD with computer-aided engineering
(CAE) demonstrate great promise for seamless integration
and automation of geometric manipulation and physics-
based simulations [HE10].
Verification and validation. As mathematical models for
multiphysics phenomena become increasingly sophisti-
cated, software implementations correspondingly grow in
complexity. A recent study assessing the variability among
CFD results from several research groups found rather
large discrepancies for a relatively simple clinical test case
[ea18]. The results from this multilaboratory challenge
signified that in the face of wide adoption of medical
simulation technology, there is a pressing need for rigor-
ous verification of numerical techniques and equally rig-
orous validation of mathematical models. A close collab-
oration among applied mathematicians, engineers, exper-
imentalists, and clinicians is essential for establishing an
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accreditation system for mathematical and computational
modeling of the vascular system.
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