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1. Introduction
Quantum physics describes the world using noncommut-
ing variables modeled by operators on a complex Hilbert
space. The study of algebras of bounded operators on
Hilbert spaces began with the work of J. von Neumann on
the foundations of quantum mechanics, and soon found
other areas of applications. In particular, I. M. Gelfand
introduced C*-algebras, which are, up to an appropriate
notion of *-isomorphism, certain algebras of bounded op-
erators on a Hilbert space. These algebras include as im-
portant examples: the algebra of 𝑛 × 𝑛-matrices over ℂ
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(denoted 𝑀𝑛(ℂ)), and the algebra of ℂ-valued continu-
ous functions over a compact Hausdorff space 𝑋 (denoted
𝐶(𝑋)) with the supremum norm and pointwise conjuga-
tion for the adjoint operation. Moreover, C*-algebras nat-
urally appear in representation theory, dynamics, and ge-
ometry, in addition to physics [Dav96].

We will give a more detailed description of C*-algebras
later, but for now, we note that any unital commutative
C*-algebra is (up to *-isomorphism) 𝐶(𝑋) for some com-
pact Hausdorff space 𝑋 . This fact is part of Gelfand’s
celebrated contravariant duality between the category of
unital commutative C*-algebras and the category of com-
pact Hausdorff spaces, which sparked a new area of re-
search in functional and geometric analysis focused on
developing the analogues of various topological and geo-
metric concepts for noncommutative C*-algebras [Dav96].
A. Connes’ noncommutative geometry is a prime example
of this development, and, in particular, Connes opened
the path for the study of quantum analogues of compact
metric spaces [Con94]. The theory of compact quantum
metric spaces began in earnest with the work of M. A. Ri-
effel [Rie98], with a focus on constructing a topology on
the class of compact quantum metric spaces to provide
a formal framework for approximations of classical and
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quantum spaces found in the mathematical physics litera-
ture [Rie04].

This formal framework begins with tools from classical
metric geometry. Indeed, given a metric space (𝑋, 𝑑), the
Hausdorff distance provides a way to approximate subsets
by other subsets, and is defined for any two closed and
bounded subsets 𝐴 and 𝐵 of 𝑋 by

𝖧𝖺𝗎𝗌𝑑(𝐴, 𝐵) = max {sup
𝑥∈𝐴

𝑑(𝑥, 𝐵), sup
𝑥∈𝐵

𝑑(𝑥, 𝐴)} ,

where 𝑑(𝑥, 𝐶) = inf𝑦∈𝐶 𝑑(𝑥, 𝑦) for any subset 𝐶 of 𝑋 . For
instance, the circle 𝕋 can be approximated by the groups
of 𝑛th roots of unity 𝕌𝑛 = {exp(2𝜋𝑖𝑘/𝑛) ∣ 𝑘 = 0, … , 𝑛 − 1}
for the Hausdorff distance induced by the Euclidean dis-
tance on the plane 𝑑‖⋅‖2 (see Figure 1). Furthermore, this

Figure 1. Convergence of 𝕌𝑛 to 𝕋.

example of Hausdorff convergence provides motivation
for an important example coming from physics that we
will address later (see the discussion at equation (1)).

Rieffel used the Hausdorff distance to develop a general-
ization of the Gromov-Hausdorff distance [Gro81] to non-
commutative analogues of compact metric spaces, in or-
der to formalize statements from the high-energy physics
literature about approximations of (possibly quantum)
spaces by matrix algebras [Rie04], which spawned a new
area of study called noncommutative metric geometry.
This article aims to provide a glimpse of this area by
introducing some of the main structures involved and ex-
amples stemming from physics and C*-algebra theory. In
fact, the opening graphic comes from an intriguing con-
nection between noncommutative metric geometry and
C*-algebra theory with a focus on ideals of C*-algebras
(which we can represent with graphs for certain classes of
C*-algebras) and a notion of convergence of ideals. More-
over, the graphs of the ideals of the particular example we
focus on (the Boca-Mundici algebra [Boc08]) are given by
the continued fraction expansions of irrational numbers.
Continued fractions have been used several other times in

the study of C*-algebras to build some fascinating struc-
tures and prove some spectacular results (see the construc-
tion of the Effros-Shen algebras in [Dav96, Section VI.3]
and the proof of the “main step” in the classification of a
fundamental class of C*-algebras in [EE93]), which are re-
lated to the structures we present in this paper. To end this
article, we list some future work motivated, in part, by the
work we highlighted in this article.

We also note that, although we mainly present exam-
ples of noncommutative spaces, throughout the paper we
visit the commutative case whenever a new concept is dis-
cussed. This serves two purposes. First, it allows us to pro-
vide a connection to classical structures such as the Can-
tor set (see Figure 2 and Theorems 3.6 and 3.7). Second,
we use the commutative case as a more familiar setting to
describe the intuition for some of the approaches in the
noncommutative setting (see Theorems 3.12 and 3.13 for
connections to convergence of ideals and the Hausdorff
distance).

2. Compact Quantum Metric Spaces
and the Gromov-Hausdorff Propinquity

To begin our journey of defining the core objects of non-
commutative metric geometry, we must begin with C*-
algebras. We started this article with bounded operators on
a Hilbert space. Therefore, once we define these terms, we
move onto a useful and fundamental abstract definition
of C*-algebras due to Gelfand, M. Naimark, and I. Segal.
From this, we are then in a position to discuss further struc-
tures related to C*-algebras (e.g., states) that allow us to
tie the theory of metric spaces to the study of C*-algebras
by way of commutative C*-algebras. This then gives us
the foundation we need to define the notion of a noncom-
mutative/quantum metric space and the tools to general-
ize the Gromov-Hausdorff distance, while also describing
how this provides a framework to answer questions about
approximations of spaces by matrix algebras. All the facts
we present about C*-algebras can be found in [Dav96].

Thus, we begin this journey with: a Hilbert space 𝐻
is a vector space (which we always take over the field ℂ
of complex numbers) which is complete for the norm
induced by an inner product ⟨⋅, ⋅⟩𝐻 . An inner product
⟨⋅, ⋅⟩𝐻 ∶ 𝐻 × 𝐻 → ℂ on a vector space 𝐻 is a function
such that:

1. ∀𝜉 ∈ 𝐻 ⟨𝜉, 𝜉⟩𝐻 ≥ 0,
2. ∀𝜉 ∈ 𝐻 ⟨𝜉, 𝜉⟩𝐻 = 0 ⟺ 𝜉 = 0,
3. ∀𝜉 ∈ 𝐻 𝜂 ∈ 𝐻 ↦ ⟨𝜂, 𝜉⟩𝐻 is linear,

4. ∀𝜉, 𝜂 ∈ 𝐻 ⟨𝜉, 𝜂⟩𝐻 = ⟨𝜂, 𝜉⟩𝐻 .

An inner product ⟨⋅, ⋅⟩𝐻 on a vector space𝐻 defines a norm

by setting ‖𝜉‖𝐻 = √⟨𝜉, 𝜉⟩𝐻 for all 𝜉 ∈ 𝐻. An example of a

Hilbert space is given by ℂ𝑛 for its usual inner product. An
infinite-dimensional example of a Hilbert space is given
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by ℓ2(ℕ) = {(𝜉𝑛)𝑛∈ℕ ∈ ℂℕ ∶ ∑𝑛∈ℕ |𝑥𝑛|2 < ∞} for the inner
product defined by ⟨(𝜉𝑛)𝑛∈ℕ, (𝜂𝑛)𝑛∈ℕ⟩ℓ2(ℕ) = ∑𝑛∈ℕ 𝜉𝑛𝜂𝑛.

A bounded operator on a Hilbert space 𝐻 is a continuous
linearmap from𝐻 to itself. The termbounded refers to the
property that a linear map on any normed vector space is
continuous if and only if it is bounded on the set of vectors
of norm 1. In particular, for any continuous linear map
𝑎 ∶ 𝐻 → 𝐻, we define the operator norm ‖𝑎‖𝐵(𝐻) of 𝑎 as
sup{‖𝑎(𝜉)‖𝐻 ∶ 𝜉 ∈ 𝐻, ‖𝜉‖𝐻 ≤ 1}.

As the composition of bounded operators on a Hilbert
space 𝐻 is again a bounded operator on 𝐻, the space 𝐵(𝐻)
of all bounded operators on a Hilbert space is an associa-
tive algebra. There is one additional operation on 𝐵(𝐻),
called the adjoint, and denoted by a superscript ∗, which is
uniquely defined for any 𝑎 ∈ 𝐵(𝐻) by the relation

∀𝜉, 𝜂 ∈ 𝐻 ⟨𝑎∗(𝜉), 𝜂⟩𝐻 = ⟨𝜉, 𝑎(𝜂)⟩𝐻 .

The resulting structure on 𝐵(𝐻) is an example of a C*-
algebra, a type of operator algebra introduced by Gelfand.
Indeed, we can abstract the properties of 𝐵(𝐻) as follows,
which we present now along with subobjects and mor-
phisms.

Definition 2.1. A Banach algebra 𝐴 is a normed algebra
with norm ‖ ⋅‖𝐴 that is complete with respect to the norm-
induced metric, and such that ‖𝑎𝑏‖𝐴 ≤ ‖𝑎‖𝐴 ⋅ ‖𝑏‖𝐴 for all
𝑎, 𝑏 ∈ 𝐴.

Definition 2.2. A C*-algebra 𝐴 is a Banach algebra
equipped with a map ∗ ∶ 𝐴 → 𝐴 called the adjoint satis-
fying for all 𝑎, 𝑏 ∈ 𝐴, 𝜇 ∈ ℂ:

1. (𝑎∗)∗ = 𝑎, (𝑎𝑏)∗ = 𝑏∗𝑎∗, (𝑎 + 𝜇𝑏)∗ = 𝑎∗ + 𝜇𝑏∗,
2. (C*-identity) ‖𝑎𝑎∗‖𝐴 = ‖𝑎‖2𝐴.

We say that 𝐴 is unital if it has a multiplicative identity, 1𝐴.
A subalgebra 𝐵 ⊆ 𝐴 is a C*-subalgebra if it is norm-closed
and self-adjoint (𝑏 ∈ 𝐵 ⟺ 𝑏∗ ∈ 𝐵).

If 𝐵 is a C*-algebra, then 𝜋 ∶ 𝐴 → 𝐵 is a *-morphism if it
is an adjoint-preserving multiplicative linear map, and is
a *-isomorphism if it is a bijective *-morphism. We say 𝐴 is
*-isomorphic to 𝐵 if there exists a *-isomorphism between
𝐴 and 𝐵 and denote this by 𝐴 ≅ 𝐵.

Gelfand proved that𝐴 is a C*-algebra if and only if there
exists a Hilbert space𝐻, and an injective *-morphism from
𝐴 into 𝐵(𝐻). Notably, *-morphisms are continuous; more-
over injective *-morphisms are isometric. So every C*-
algebra is *-isomorphic to a norm-closed, adjoint-closed
algebra of bounded operators on a Hilbert space.

Given a compact Hausdorff space 𝑋 , the algebra of ℂ-
valued continuous functions over 𝑋 , with the usual point-
wise addition and multiplication operation, the supre-
mum norm 𝑓 ∈ 𝐶(𝑋) ↦ ‖𝑓‖𝐶(𝑋) = sup𝑥∈𝑋 |𝑓(𝑥)|, and the
adjoint given by pointwise conjugation, is a unital commu-
tative C*-algebra. Remarkably, Gelfand proved that any

unital commutative C*-algebra is *-isomorphic to the C*-
algebra 𝐶(𝑋) for some compact Hausdorff space, which is
uniquely determined by 𝐴, up to a homeomorphism.

This correspondence between unital commutative C*-
algebras and compact Hausdorff spaces can actually be un-
derstood as a duality of categories, between the category of
unital commutative C*-algebras and their *-morphisms,
and the category of compact Hausdorff spaces and their
continuous functions. For our purpose, it is interesting to
give a description of this correspondence at the level of the
objects.

An element 𝑎 of a C*-algebra 𝐴 is self-adjoint when 𝑎 =
𝑎∗. Since, for any element 𝑎 ∈ 𝐴, we have 𝑎 = 𝑎+𝑎∗

2
+𝑖 𝑎−𝑎

∗

2𝑖
,

we see that the self-adjoint elements of𝐴 span𝐴. The space
𝑠𝑎(𝐴) of self-adjoint elements of a C*-algebra is an ordered
vector space, where we define a positive element 𝑎 ∈ 𝐴 as
any element of the form 𝑏∗𝑏 for some 𝑏 ∈ 𝐴. This order
generalizes the order on Hermitian matrices. With this or-
der, we can define a class of positive linear functionals over
a C*-algebra. Specifically, a state of a unital C*-algebra 𝐴
is a linear functional from 𝐴 to ℂ such that if 𝑎 ∈ 𝑠𝑎(𝐴)
and 𝑎 is positive, then 𝜑(𝑎) ≥ 0, and 𝜑 maps the unit of 𝐴
to 1. A state of a C*-algebra is always continuous, and thus
an element of the dual (Banach space) of 𝐴. The normal-
ized trace on 𝑀𝑛(ℂ) (𝑎 ∈ 𝑀𝑛(ℂ) ↦

1
𝑛
Tr(𝑎)) is a standard

example of a state. The state space 𝑆(𝐴) of 𝐴 is the set of all
states over 𝐴. It is a convex, weak*-compact subset of the
dual of 𝐴.

Among all the states of a unital C*-algebra 𝐴 are the
characters of 𝐴, which are unit-preserving *-morphisms
from 𝐴 to ℂ. However, for a general C*-algebra 𝐴, there
may be no characters at all! When 𝐴 is a unital commuta-
tive C*-algebra, however, the subset 𝐺 of all the characters
of 𝐴 is a weak*-closed subset of 𝑆(𝐴)—hence, a compact
Hausdorff space—such that 𝐴 is indeed *-isomorphic to
𝐶(𝐺). With this identification, by the Radon-Riesz Theo-
rem, the state space 𝑆(𝐴) is the space of integrals against
Radon probability measures over 𝐺. Thus, characters of
a unital C*-algebra can be seen as (a generalization of)
points.

When working with a general (i.e., not necessarily com-
mutative) unital C*-algebra 𝐴, there may be no charac-
ter, hence no point, but there still are states. In fact, the
state space of a unital C*-algebra spans the dual of the C*-
algebra. Thus, while we lose the notion of a point, we keep
the notion of a “probability.” This structure is a simple ex-
ample of a deeper idea. Indeed, the study of C*-algebras,
in the noncommutative geometry of Connes and the non-
commutative metric geometry of Rieffel, provides non-
commutative analogues of classical analytical structures to
answer various profound questions.
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To introduce the subject of noncommutative metric ge-
ometry, we begin with a common special case of the gen-
eral problem in physics to find approximations of infinite-
dimensional problems by finite-dimensional ones. The
clock and shift matrices are a standard example from
quantum dynamics for finite-dimensional systems. These
matrices are famously given for all 𝑛 ∈ ℕ by

𝑆𝑛 =
⎛
⎜
⎜
⎜
⎝

0 1 0 ⋯ 0
⋮ ⋱ ⋱ ⋱ ⋮
⋮ ⋱ ⋱ 0
0 ⋯ ⋯ 0 1
1 0 ⋯ ⋯ 0

⎞
⎟
⎟
⎟
⎠

(1)

and

𝐶𝑛 =
⎛
⎜
⎜
⎝

1
𝑧𝑛

⋱
𝑧𝑛−1𝑛

⎞
⎟
⎟
⎠

,

where 𝑧𝑛 = exp ( 2𝑖𝜋
𝑛
). The smallest C*-algebra contain-

ing 𝐶𝑛 and 𝑆𝑛 is denoted by 𝐶∗(𝑆𝑛, 𝐶𝑛), which is the op-
erator norm closure of finite linear combinations of finite
products of 𝐶𝑛 and 𝑆𝑛 and their conjugate transposes. We
note that 𝑆𝑛𝐶𝑛 = 𝑧𝑛𝐶𝑛𝑆𝑛, and that both 𝑆𝑛 and 𝐶𝑛 are
unitary matrices. In fact, the map which sends any func-
tion 𝑓 ∶ 𝕌𝑛 → ℂ to the diagonal matrix 𝑓(𝐶𝑛) of entries
𝑓(1), 𝑓(𝑧𝑛), … , 𝑓(𝑧𝑛−1𝑛 ) is a *-isomorphism from 𝐶(𝕌𝑛) to
𝐶∗(𝐶𝑛) such that 𝑆𝑛𝑓(𝐶𝑛)𝑆∗𝑛 = 𝑓 ∘ 𝑟(𝐶𝑛), where 𝑟 ∶ 𝑧 ∈
𝕌𝑛 ↦ 𝑧𝑛𝑧. Thus 𝐶∗(𝐶𝑛, 𝑆𝑛) is also what is known as a
C*-crossed product of 𝕌𝑛 by the action by translation by
itself (C*-crossed products are C*-algebraic analogues to
semidirect products of groups). When working with finite-
dimensionalmodels of quantummechanics,𝐶𝑛 and 𝑆𝑛 are
seen as finite-dimensional analogues of the position and
momentum observables. In a different direction, they are
seen as a matrix model for a certain compactification in
string theory. Yet, in a different direction, t’Hooft suggests
such matrix models as starting points for a new analysis of
quantum mechanics. See [Lat16b] for references.

Since lim𝑛→∞ 𝑧𝑛 = 1, it is a common heuristics that
𝐶∗(𝑆𝑛, 𝐶𝑛) is a noncommutative, finite-dimensional ap-
proximation for the C*-algebra 𝐶(𝕋2) ofℂ-valued continu-
ous functions over the 2-torus 𝕋2, seen as the universal C*-
algebra generated by two commuting unitaries. Is there
indeed a way to make this intuition formal?

An approach to this question is motivated by the ob-
servation that it is possible to make rigorous sense of the
notion that the groups 𝕌𝑛 of 𝑛th roots of unity in ℂ con-
verge to a circle as 𝑛 goes to ∞ for the Hausdorff distance
induced by the Euclidean distance on the plane (see Figure

1). In contrast, the sequence ({ 𝑘
𝑛
∣ 𝑘 = 1, … , 𝑛})

𝑛∈ℕ
, whose

𝑛th entry is homeomorphic to 𝕌𝑛 for each 𝑛, converges
to [0, 1] for the Hausdorff distance on the real line. Thus,

metrics enable us to formally discuss approximations of
infinite compact sets by finite sets.

With this motivation in mind, Rieffel proposed to use a
suggestion of Connes to define an analogue of a metric for
unital C*-algebras that may not be commutative. To this
end, we begin with the following question: if (𝑋, 𝑑) is a
compact metric space, then how do we encode the metric
𝑑 on the C*-algebra 𝐶(𝑋)? Of course, the metric 𝑑 induces
the Lipschitz seminorm 𝐿𝑑 on 𝐶(𝑋) by setting

𝐿𝑑(𝑓) = sup
𝑥,𝑦∈𝑋,𝑥≠𝑦

|𝑓(𝑥) − 𝑓(𝑦)|
𝑑(𝑥, 𝑦) ,

which is 0 only when 𝑓 is constant. Moreover, {𝑓 ∈ 𝐶(𝑋) ∣
𝐿𝑑(𝑓) < ∞} is dense. Furthermore, an observation of
L. Kantorovich is that if, for any two Radon probability
measures 𝜇 and 𝜈 on 𝑋 , we define 𝗆𝗄𝐿𝑑 (𝜇, 𝜈) by

sup {|||∫𝑋
𝑓 𝑑𝜇 −∫

𝑋
𝑓 𝑑𝜈||| ∣ 𝑓 ∈ 𝐶(𝑋), 𝐿𝑑(𝑓) ≤ 1} ,

then 𝗆𝗄𝐿𝑑 is a metric which induces the weak* topology
on the state space 𝑆(𝐶(𝑋)) of Radon probability measures
over 𝑋 . Moreover, identifying points in 𝑋 with their asso-
ciated Dirac point measure gives an isometry from (𝑋, 𝑑)
into (𝑆(𝐶(𝑋)),𝗆𝗄𝐿𝑑 ). Thus, the Lipschitz seminorm 𝐿𝑑 en-
codes the metric 𝑑 at the level of the C*-algebra 𝐶(𝑋), and
some of its properties can be made sense of for noncom-
mutative C*-algebras. Rieffel used this as his starting point.
Many small variations in the definition of compact quan-
tum metric spaces arose after Rieffel first introduced them
in [Rie98]. However, we present the following list of prop-
erties which are mostly standard now and are shared by
the usual Lipschitz seminorm 𝐿𝑑.

Definition 2.3 ([Rie98, Rie04, Lat16a, Lat15, Lat16b]).
An ordered pair (𝐴, 𝐿) of a unital C*-algebra 𝐴 and a
seminorm 𝐿 defined on a dense subspace dom(𝐿) of
{𝑎 ∈ 𝐴 ∶ 𝑎 = 𝑎∗} is a (𝐶, 𝐷)-Leibniz compact quantum metric
space for some 𝐶 ∈ [1,∞) and 𝐷 ∈ [0,∞) when:

1. {𝑎 ∈ dom(𝐿) ∶ 𝐿(𝑎) = 0} = ℝ1𝐴,
2. theMonge-Kantorovich metric𝗆𝗄𝐿, defined between
any two states 𝜑, 𝜓 ∈ 𝒮(𝐴) by the number 𝗆𝗄𝐿(𝜑, 𝜓)
given by

sup {|𝜑(𝑎) − 𝜓(𝑎)| ∶ 𝑎 ∈ dom(𝐿), 𝐿(𝑎) ≤ 1} ,

induces the weak* topology on the state space 𝒮(𝐴) of
𝐴,

3. for all 𝑎, 𝑏 ∈ dom(𝐿)

max {𝐿 (𝑎𝑏 + 𝑏𝑎
2 ) , 𝐿 (𝑎𝑏 − 𝑏𝑎

2𝑖 )}

≤ 𝐶 ⋅ (‖𝑎‖𝐴𝐿(𝑏) + 𝐿(𝑎)‖𝑏‖𝐴) + 𝐷 ⋅ 𝐿(𝑎)𝐿(𝑏),

4. {𝑎 ∈ dom(𝐿) ∶ 𝐿(𝑎) ≤ 1} is closed in 𝐴.
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In 3, the usual Leibniz rule is given by 𝐶 = 1 and 𝐷 = 0,
but as we shall see later (Theorem 3.5), examples of com-
pact quantum metric spaces with different values occur,
andwithout allowing for these different values, wewill not
be able to produce many convergence results.

The noncommutative C*-algebra 𝐶∗(𝑆𝑛, 𝐶𝑛) can be en-
dowed with a quantum metric structure. To this end, let
us fix any continuous length function ℓ on 𝕋2. For in-
stance, we can choose ℓ to be defined by setting ℓ(𝜔) for
all 𝜔 = (𝑧, 𝑧′) ∈ 𝕋2 as

min {√𝑥2 + 𝑦2 ∶ 𝑧 = exp(2𝑖𝜋𝑥), 𝑧′ = exp(2𝑖𝜋𝑦)} .
The function (𝜔, 𝜔′) ∈ 𝕋2 × 𝕋2 ↦ ℓ(𝜔−1𝜔′) is thus a met-
ric 𝑑ℓ on the 2-torus 𝕋2, which induces a Lipschitz semi-
norm 𝐿𝑑ℓ on 𝐶(𝕋2). On the other hand, Rieffel defined in
[Rie98], for any 𝑎 ∈ 𝐶∗(𝑆𝑛, 𝐶𝑛):

𝐿𝑛(𝑎) = sup {
‖𝛼𝑤(𝑎) − 𝑎‖𝐶∗(𝑆𝑛,𝐶𝑛)

ℓ(𝑤) ∣ 𝑤 ∈ 𝕌2𝑛} ,

where 𝛼 is the so-called dual action of 𝕌2𝑛 on 𝐶∗(𝑆𝑛, 𝐶𝑛)
uniquely defined by 𝛼𝑤1,𝑤2(𝐶𝑛) = 𝑤1𝐶𝑛 and 𝛼𝑤1,𝑤2(𝑆𝑛) =
𝑤2𝑆𝑛. Then (𝐶∗(𝑆𝑛, 𝐶𝑛), 𝐿𝑛) is a compact quantum metric
space.

To discuss the convergence of (𝐶∗(𝑆𝑛, 𝐶𝑛), 𝐿𝑛)𝑛∈ℕ to
(𝐶(𝕋2), 𝐿𝑑ℓ ), we generalize the intrinsic version of theHaus-
dorff distance introduced by M. Gromov [Gro81] (see the
following definition), since, of course, noncommutative
algebras are not quotients of commutative ones.

Definition 2.4. The Gromov-Hausdorff distance between
any two compact metric spaces (𝑋, 𝑑) and (𝑌, 𝑑′) is

GH((𝑋, 𝑑), (𝑌, 𝑑′)) = inf {𝖧𝖺𝗎𝗌𝑑″(𝑗(𝑋), 𝑔(𝑌))||
(𝑍, 𝑑″) is a compact metric space and

𝑗 ∶ 𝑋 ↪ 𝑍, 𝑔 ∶ 𝑌 ↪ 𝑍 are isometries}.
We note that if 𝑋, 𝑌 ⊆ 𝑍, where (𝑍, 𝑑) is a compact met-

ric space, then

GH((𝑋, 𝑑), (𝑌, 𝑑)) ≤ 𝖧𝖺𝗎𝗌𝑑(𝑋, 𝑌). (2)

Now, the Gromov-Hausdorff distance is a distance on
the class of all compact metric spaces, up to isometry—
meaning that GH((𝑋, 𝑑), (𝑌, 𝑑′)) = 0 if and only if (𝑋, 𝑑)
and (𝑌, 𝑑′) are isometric. This distance has also found ap-
plications in Riemannian geometry [Gro81].

Rieffel used Gromov’s idea to define a first noncom-
mutative analogue of the Gromov-Hausdorff distance be-
tween compact quantum metric spaces. Rieffel’s quantum
Gromov-Hausdorff distance is a complete pseudometric,
which is zero exactly between quantum compact metric
spaces whose state spaces are isometric, with an isome-
try implemented by the dual of a linear map. However,
this does not imply that the underlying C*-algebras are
*-isomorphic. Variations of Rieffel’s construction were of-
fered (by D. Kerr and H. Li—see [KL09] and the references

therein—and the third author, to name a few) to address
this coincidence property issue. A variation due to the
third author solved this problem by accounting for the
Leibniz property, used as a means to connect the algebraic
structure and the quantummetric structure, and a property
which gained importance as research in noncommutative
metric geometry progressed.

Rieffel indeed observed in [Rie04, Proposition 3.1], as
an essential component of his construction, that if 𝜋 ∶
𝐴 → 𝐵 is a unit-preserving surjective *-morphism, where
(𝐴, 𝐿) and (𝐵, 𝐿′) are compact quantum metric spaces, then
the dual map 𝜋∗ ∶ 𝜑 ∈ 𝑆(𝐵) ↦ 𝜑 ∘ 𝜋 ∈ 𝑆(𝐴) induced by
𝜋 between the state spaces of 𝐵 and 𝐴 is an isometry from
(𝑆(𝐵),𝗆𝗄𝐿′) to (𝑆(𝐴),𝗆𝗄𝐿) if and only if 𝐿′(𝑏) = inf{𝐿(𝑎) ∶
𝜋(𝑎) = 𝑏} for all 𝑏 in the domain of 𝐿′. We are led to the
following definition.

Definition 2.5 ([Lat15, Lat16b]). A quantum isometry 𝜋 ∶
(𝐴, 𝐿) → (𝐵, 𝐿′) is a surjective unital *-morphism such that

∀𝑏 ∈ dom(𝐿′) 𝐿′(𝑏) = inf {𝐿(𝑎) ∶ 𝜋(𝑎) = 𝑏} .
A full quantum isometry is a *-isomorphism (bijective *-

morphism) such that 𝐿′ ∘ 𝜋 = 𝐿.
Following Gromov’s and Rieffel’s prescription with

the Leibniz property in mind and the above definition
of a quantum isometry, the third author introduced in
[Lat16a, Lat15] a new analogue of the Gromov-Hausdorff
distance called the propinquity, described as follows. Fix
(𝐶, 𝐷) ∈ [1,∞) × [0,∞). A tunnel 𝜏 = (𝐵, 𝐿, 𝜋1, 𝜋2) be-
tween two (𝐶, 𝐷)-Leibniz compact quantum metric spaces
(𝐴1, 𝐿1) and (𝐴2, 𝐿2) is given by a (𝐶, 𝐷)-Leibniz compact
quantum metric space (𝐵, 𝐿) and two quantum isometries
𝜋1 ∶ (𝐵, 𝐿) ↠ (𝐴1, 𝐿1) and 𝜋2 ∶ (𝐵, 𝐿) ↠ (𝐴2, 𝐿2). The
extent 𝜒(𝜏) of the tunnel 𝜏 is then given by

max
𝑗∈{1,2}

𝖧𝖺𝗎𝗌𝗆𝗄𝐿 (𝑆(𝐵), 𝜋∗𝑗 (𝑆(𝐴𝑗))) .

The third author then introduced the Gromov-
Hausdorff propinquity as follows.

Definition 2.6 ([Lat15, Lat16b]). Fix (𝐶, 𝐷) ∈ [1,∞) ×
[0,∞). The Gromov-Hausdorff propinquity between two
(𝐶, 𝐷)-Leibniz compact quantum metric spaces (𝐴1, 𝐿1)
and (𝐴2, 𝐿2) is defined by

Λ∗
(𝐶,𝐷)((𝐴1, 𝐿1), (𝐴2, 𝐿2)) = inf {𝜒(𝜏)||

𝜏 is a tunnel between (𝐴1, 𝐿1) and (𝐴2, 𝐿2)}.
The third author proved thatΛ∗

(𝐶,𝐷) is a completemetric
up to full quantum isometry on the class of (𝐶, 𝐷)-Leibniz
compact quantum metric spaces. Thus, Λ∗

(𝐶,𝐷) preserves
both the algebraic and quantum metric structure. More-
over, when we identify a compact metric space (𝑋, 𝑑) with
the compact quantum metric space (𝐶(𝑋), 𝐿𝑑), then the re-
striction of Λ∗

(𝐶,𝐷) to the class of compact metric spaces
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induces the same topology as the Gromov-Hausdorff dis-
tance GH. In particular, we have that

Λ∗
(𝐶,𝐷)((𝐶(𝑋), 𝐿𝑑), (𝐶(𝑌), 𝐿𝑑′)) ≤ GH((𝑋, 𝑑), (𝑌, 𝑑′)). (3)

The third author then proved that (𝐶∗(𝑆𝑛, 𝐶𝑛), 𝐿𝑛) con-
verges to (𝐶(𝕋2), 𝐿𝑑ℓ ) for the Gromov-Hausdorff propin-
quity. Thus, we were able to formalize that the clock
and shift matrices generate a finite-dimensional approxi-
mation of the C*-algebra 𝐶(𝕋2), as we wished.

There are many other examples of compact quantum
metric spaces and convergence for the propinquity. For
instance, we could work with 𝐶∗(𝑆𝑛, 𝐶𝑛) where 𝑧𝑛 is just
any 𝑛-root of unity, and prove that with a similar construc-
tion 𝐶∗(𝑆𝑛, 𝐶𝑛) converges to a noncommutative/quantum
2-torus when (𝑧𝑛)𝑛∈ℕ0 converges to some 𝑧 = exp(2𝜋𝑖𝜃) ∈
𝕋, where the quantum 2-torus here would be the universal
C*-algebra generated by two unitaries 𝑈 and 𝑉 such that

𝑈𝑉 = 𝑧𝑉𝑈, (4)

denoted by𝒜𝜃 and also called a rotation algebra, where for
𝜃 = 0, 𝒜0 ≅ 𝐶(𝕋2). (See [Lat16a, Lat15], where this was
also generalized further, to prove the continuity of the fam-
ily of quantum 2-tori in Gromov-Hausdorff propinquity,
or to allow for more than two unitary generators. For an-
other direction, see [JRZ18], where the authors use a har-
monic analysis approach to convergence of the quantum
tori with respect to the Gromov-Hausdorff propinquity.)
Other examples include approximating spheres with fuzzy
spheres (which are finite-dimensional C*-algebras) using
the propinquity, as done by Rieffel, which is also a com-
mon example from the physics literature [Rie16].

Among interesting examples, the first and third authors
studied another class of C*-algebras, from this metric per-
spective: the approximately finite-dimensional algebras,
or AF-algebras [AL15]. AF-algebras, introduced by Bratteli
[Dav96, Chapter III], actually arose from considerations
from quantum statistical mechanics. They also were the
first class of C*-algebras which was fully classified, up to
*-isomorphism, by an invariant called the Elliott invari-
ant, which involved the 𝐾-theory of the C*-algebra. This
spawned the Elliott classification program (see [EE93] for
one of the most important classes of C*-algebras classified
by this invariant, and which contains the irrational rota-
tion algebras of equation (4)).

AF-algebras come as limits, in the categorical sense, of
finite-dimensional C*-algebras. Are they, as well, limits
of their inductive sequences for the Gromov-Hausdorff
propinquity? This question includes the problem of find-
ing appropriate quantum metrics on AF-algebras. Once
this is done, many other intriguing topological questions
can be asked about the class of AF-algebras. In fact, the
main convergence result we present about AF-algebras is
motivated by the convergence of the rotation algebras de-
scribed in the previous paragraph since certain rotation

algebras can be embedded into AF-algebras. An approach
to this convergence of AF-algebras was given by the first au-
thor in [Agu19] using a type of convergence of ideals of AF-
algebras. This is what is being represented in the opening
graphic, where the ideals 𝐼𝜃𝑛 (represented in green) are ap-
proaching the ideal 𝐼𝜃 in this topology on ideals. We will
provide a more detailed description of this graphic later.
Moreover, AF-algebras produce instructive examples in the
theory of quantum metric spaces using the Cantor set in
[AL19] and matrices in [AB19].

3. The Metric Geometry of the Class of
Approximately Finite-Dimensional Algebras

We already saw examples of finite-dimensional C*-
algebras in the form of 𝑀𝑛(ℂ) and 𝐶∗(𝑆𝑛, 𝐶𝑛) (a unital
C*-subalgebra of 𝑀𝑛(ℂ)), but now, we state that, in gen-
eral, all finite-dimensional C*-algebras are given by the
structure of 𝑀𝑛(ℂ). Indeed, If 𝐴 is finite dimensional,
then there exist 𝑁 ∈ ℕ, 𝑛1, … , 𝑛𝑁 ∈ ℕ, such that 𝐴 ≅
⨁𝑁

𝑘=1𝑀𝑛𝑘(ℂ), where the *-algebra is given by coordinate-
wise operations and the norm is the max norm over the
operator matrix norm in each coordinate.

Now, approximately finite-dimensional C*-algebras
(AF-algebras) are inductive limits of finite-dimensional C*-
algebras. Inductive limits always exist in the category of
C*-algebras, and, up to *-isomorphism, can be described
in the following simple terms.

Definition 3.1. A C*-algebra 𝐴 is an inductive limit of a
sequence of C*-algebras (𝐴𝑛)𝑛∈ℕ0 if for all 𝑛 ∈ ℕ0, 𝐴𝑛 is a

C*-subalgebra of 𝐴, 𝐴𝑛 ⊆ 𝐴𝑛+1, and ⋃𝑛∈ℕ0 𝐴𝑛
‖⋅‖𝐴

= 𝐴.
We call 𝐴 an approximately finite-dimensional C*-algebra

(AF-algebra) if it is the inductive limit of a sequence of C*-
algebras satisfying dim(𝐴𝑛) < ∞ for all 𝑛 ∈ ℕ0.

Not all C*-algebras are AF-algebras: for instance, the ro-
tation algebras 𝒜𝜃 from (4), including 𝐶(𝕋2), are not AF.
Of course, any finite-dimensional C*-algebra 𝐴 is AF, by
simply choosing the constant sequence (𝐴)𝑛∈ℕ0 in Defini-
tion 3.1.

In Example 3.2, a well-known example of an AF-
algebra is given by the C*-algebra of ℂ-valued contin-
uous functions over the Cantor space 𝒞, where 𝒞 =
∏𝑛∈ℕ0 {0, 1} equipped with the product topology (each
{0, 1} is equipped with the discrete topology); this space
is homeomorphic to the middle-thirds Cantor set.

Example 3.2. For each 𝑛 ∈ ℕ0, we define 𝜂𝑛 ∈ 𝐶(𝒞) by
𝜂𝑛 ∶ (𝑧𝑚)𝑚∈ℕ0 ∈ 𝒞 ↦ 𝑧𝑛. Also, define 𝑢𝑛 ∈ 𝐶(𝒞) by
𝑢𝑛 = 2𝜂𝑛 − 1𝐶(𝒞). Set 𝐴0 = ℂ1𝐶(𝒞). For each 𝑛 ∈ ℕ,
set 𝐴𝑛 = 𝐶∗(𝑢0, … , 𝑢𝑛−1). The C*-algebra 𝐶(𝒞) is an AF-
algebra since dim(𝐴𝑛) = 2𝑛 for all 𝑛 ∈ ℕ0 and 𝐶(𝒞) =
⋃𝑛∈ℕ0 𝐴𝑛

‖⋅‖𝐶(𝒞)
.
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Figure 2. A Bratteli diagram for 𝐶(𝒞).

Another standard picture of the Cantor space is as the
space of infinite paths in the infinite binary tree. Bratteli
associated certain infinite graphs to each AF-algebra called
Bratteli diagrams. Although there is no unique Bratteli di-
agram associated to a given AF-algebra, the relation of a
*-isomorphism between AF-algebras translates to a natu-
ral equivalence relation between Bratteli diagrams.

As an example, a Bratteli diagram for 𝐶(𝒞) is, indeed,
given by the infinite binary tree built by the sequence
(𝐴𝑛)𝑛∈ℕ0 from Example 3.2 (see Figure 2). The way a Brat-
teli diagram is built is as follows: each horizontal row of
vertices represents an 𝐴𝑛, and the rows are ordered from
top to bottom. Recall that since dim(𝐴𝑛) < ∞, 𝐴𝑛 can
be written as a direct sum of 𝑀𝑘(ℂ)’s; each vertex repre-
sents a term in this direct sum. The edges represent an em-
bedding from 𝐴𝑛 into 𝐴𝑛+1 (we do not state a description
of how the edges are constructed, but we will show how
this works in our examples). To see how to construct the
Bratteli diagram in Figure 2, we first note that 𝐴1 and
𝐴2 can be written as ℂ𝜂0 ⊕ ℂ(1𝐶(𝒞) − 𝜂0) and ℂ𝜂0𝜂1 ⊕
ℂ𝜂0(1𝐶(𝒞) − 𝜂1) ⊕ ℂ(1𝐶(𝒞) − 𝜂0)𝜂1 ⊕ℂ(1𝐶(𝒞) − 𝜂0)(1𝐶(𝒞) −
𝜂1), respectively. Each term in the direct summand is *-
isomorphic to ℂ = 𝑀1(ℂ), and recall that 𝐴0 = ℂ1𝐶(𝒞).
Now, 𝐴0, 𝐴1, and 𝐴2 determine the vertices from top to
bottom. The edges are given by the relationships between
the generators. For example, since 1𝐶(𝒞) = 𝜂0+(1𝐶(𝒞)−𝜂0),
we have an embedding from 𝐴0 into 𝐴1 given by 𝑟1𝐶(𝒞) ∈
𝐴0 ↦ (𝑟𝜂0, 𝑟(1𝐶(𝒞) − 𝜂0)) ∈ 𝐴1, which is represented by
the gold edges. Similarly, the green edges are given by
(1𝐶(𝒞) − 𝜂0) = (1𝐶(𝒞) − 𝜂0)𝜂1 + (1𝐶(𝒞) − 𝜂0)(1𝐶(𝒞) − 𝜂1),
and so on.

Bratteli also showed that one can construct AF-algebras
from Bratteli diagrams, which has given rise to many new
and fascinating C*-algebras. For instance, Effros and Shen
introduced AF-algebras constructed from continued frac-
tion expansions of irrationals, which were then used by
Pimnser and Voiculescu to classify the rotation algebras
𝒜𝜃 for irrational 𝜃 (see equation (4) and [Dav96, Chap-
ter VI] and references therein). This classification can be

captured by the classification of the irrational rotational al-
gebras by the Elliott invariant in [EE93], where continued
fractions also played a pivotal role. Now, the Effros-Shen
algebras were some of the first examples of AF-algebras
equipped with a quantum metric in [AL15]. Another in-
teresting example, related to the rotation algebras, is the
Boca-Mundici algebra,𝔉, which is built using properties of
the Farey tessellation and continued fraction expansions
of irrationals [Boc08]. In particular, for each irrational
𝜃 ∈ (0, 1), there exists an ideal 𝐼𝜃 ⊆ 𝔉 and an injective *-
homomorphism𝜋𝜃 ∶ 𝒜𝜃 → 𝔉/𝐼𝜃, where𝒜𝜃 is the rotation
algebra associated to 𝜃. (The 𝔉/𝐼𝜃’s are also *-isomorphic
to the Effros-Shen algebras.) This is relevant to the work
in [Agu19] and the opening graphic. We will discuss this
and ideals of C*-algebras more later, but now, we present
the construction of 𝔉 from a Bratteli diagram.

Example 3.3. The Boca-Mundici algebra 𝔉 is constructed
using a Bratteli diagram given by the pattern established
in Figure 3. The top vertex represents 𝔉0 ≅ ℂ. The next
level below is 𝔉1 ≅ ℂ ⊕ ℂ. The edges between 𝔉0 and 𝔉1
are determined by the embedding 𝑟 ∈ ℂ ↦ (𝑟, 𝑟) ∈ ℂ ⊕ ℂ.
Next, we have 𝔉2 ≅ ℂ⊕𝑀2(ℂ)⊕ℂ, and the edges between
𝔉1 and 𝔉2 are given by the embedding

(𝑟, 𝑡) ∈ ℂ ⊕ ℂ ↦ (𝑟, [ 𝑟 0
0 𝑡 ] , 𝑡) ∈ ℂ⊕𝑀2(ℂ) ⊕ ℂ,

and the path that the 𝑟 takes is given by the gold edges.
The green edges show how the 𝑀2(ℂ) in 𝔉2 embeds into
the𝑀3(ℂ)⊕𝑀2(ℂ)⊕𝑀3(ℂ) of 𝔉3 ≅ ℂ⊕𝑀3(ℂ)⊕𝑀2(ℂ)⊕
𝑀3(ℂ) ⊕ ℂ. The rest of the construction of 𝔉 follows this
pattern for all 𝑛 ∈ ℕ.

Figure 3. A Bratteli diagram for 𝔉.

It is natural to ask whether AF-algebras can be endowed
with a quantum metric, and discuss whether, in particu-
lar, they are limits of their defining inductive sequences,
in the sense of the propinquity. This will not only provide
us with interesting examples of convergence in Gromov-
Hausdorff propinquity, but also provide two informative
examples in the theory of quantum metric spaces.
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We will present the construction of these quantum met-
rics in the case when a unital AF-algebra 𝐴 has a faithful
tracial state (a state 𝜇 that satisfies 𝜇(𝑎∗𝑎) = 0 ⟹ 𝑎 = 0
(faithful) and 𝜇(𝑎𝑏) = 𝜇(𝑏𝑎) (tracial) for all 𝑎, 𝑏 ∈ 𝐴). For
𝑀𝑛(ℂ), the normalized trace

1
𝑛
⋅ Tr is a faithful tracial state.

This covers many unital AF-algebras including the exam-
ples presented above and all simple AF-algebras. This con-
struction has been generalized for all unital AF-algebras by
the first author, but we do not present this here. The ad-
vantage of a faithful tracial state is that it allows us to build
conditional expectations.

Definition 3.4. Let𝐴 be a unital C*-algebra, and let 𝐵 ⊆ 𝐴
be a unital C*-subalgebra of 𝐴. A contractive linear map
𝐸 ∶ 𝐴 → 𝐵 is a conditional expectation of 𝐴 onto 𝐵 if 𝐸(𝑏) = 𝑏
for all 𝑏 ∈ 𝐵.

We can use conditional expectations to quantify how
far an element of an AF-algebra is from one of its finite-
dimensional subalgebras, which is the basis for the follow-
ing quantum metric on AF-algebras.

Theorem 3.5 ([AL15]). Let 𝐴 be a unital AF-algebra given
by a sequence of unital finite-dimensional C*-subalgebras 𝑈 =
(𝐴𝑛)𝑛∈ℕ0 such that 𝐴0 = ℂ1𝐴. Assume that 𝐴 has a faithful
tracial state 𝜏. For each 𝑛 ∈ ℕ0, let 𝐸𝑛 ∶ 𝐴 → 𝐴𝑛 be the
unique conditional expectation satisfying 𝜏(𝐸𝑛(𝑎)) = 𝜏(𝑎) for
all 𝑎 ∈ 𝐴. Let (𝛽(𝑛))𝑛∈ℕ0 be a sequence of positive real numbers
converging to 0.

If for each 𝑎 ∈ 𝐴, we set

𝐿𝛽𝑈,𝜏(𝑎) = sup
𝑛∈ℕ0

‖𝑎 − 𝐸𝑛(𝑎)‖𝐴
𝛽(𝑛) ,

then (𝐴, 𝐿𝛽𝑈,𝜏) and (𝐴𝑛, 𝐿𝛽𝑈,𝜏) for all 𝑛 ∈ ℕ0 are
(2, 0)-Leibniz compact quantum metric spaces such that
Λ∗
(2,0)((𝐴𝑛, 𝐿

𝛽
𝑈,𝜏), (𝐴, 𝐿

𝛽
𝑈,𝜏)) ≤ 𝛽(𝑛) for all 𝑛 ∈ ℕ0, and thus

lim
𝑛→∞

Λ∗
(2,0)((𝐴𝑛, 𝐿

𝛽
𝑈,𝜏), (𝐴, 𝐿

𝛽
𝑈,𝜏)) = 0.

For our first example, we consider the Cantor space 𝒞
and the standard metric 𝑑𝒞 on 𝒞 defined for all 𝑥, 𝑦 ∈ 𝒞 by

𝑑𝒞(𝑥, 𝑦) = {0, 𝑥 = 𝑦,
2−min{𝑚∣𝑥𝑚≠𝑦𝑚}, otherwise,

which induces the Lipschitz seminorm 𝐿𝑑𝒞 on 𝐶(𝒞). On
the other hand, if we let 𝜆 be the faithful tracial state
on 𝐶(𝒞) given by integration with the unique Haar mea-
sure on the compact group 𝒞, let 𝒯𝒞 denote the induc-
tive sequence given in Example 3.2, and let (𝛽𝒞(𝑛))𝑛∈ℕ0 =
(2−(𝑛+1))𝑛∈ℕ0 , we have another Lip-norm 𝐿𝛽𝒞𝒯𝒞 ,𝜆 on 𝐶(𝒞)
given by Theorem 3.5. First, we note the following rela-
tionship between these two Lip-norms. Denote the Dirac
point masses defined for each 𝑥 ∈ 𝒞 by 𝛿𝑥 ∶ 𝑓 ∈ 𝐶(𝒞) ↦
𝑓(𝑥) ∈ ℂ.

Theorem 3.6 ([AL15]). For each 𝑥, 𝑦 ∈ 𝒞, we have
𝗆𝗄𝐿𝛽𝒞𝒯𝒞,𝜆

(𝛿𝑥, 𝛿𝑦) = 𝑑𝒞(𝑥, 𝑦) = 𝗆𝗄𝐿𝑑𝒞 (𝛿𝑥, 𝛿𝑦).

However, while this shows that the Lip-norm 𝐿𝛽𝒞𝒯𝒞 ,𝜆 in-

duces this standard ultrametric on the Cantor space, 𝐿𝛽𝒞𝒯𝒞 ,𝜆
is not the Lipschitz seminorm induced by this metric, 𝐿𝑑𝒞 .
This is given by the following theorem, where we also ob-
serve another striking relationship between 𝐿𝛽𝒞𝒯𝒞 ,𝜆 and 𝐿𝑑𝒞 .
Indeed:

Theorem 3.7 ([AL19]). For each 𝑗 ∈ ℕ0, it holds that

𝐿𝑑𝒞 (𝑢𝑗) = 2𝑗+1 = 𝐿𝛽𝒞𝒯𝒞 ,𝜆(𝑢𝑗). And, for each 𝑧 ∈ ℕ, 𝑗0, … , 𝑗𝑧 ∈
ℕ0 such that 𝑗0 < ⋯ < 𝑗𝑧 it holds that

𝐿𝑑𝒞 (𝑢𝑗0 ⋯𝑢𝑗𝑧) = 2𝑗𝑧+1 = 𝐿𝛽𝒞𝒯𝒞 ,𝜆(𝑢𝑗0 ⋯𝑢𝑗𝑧).

Therefore 𝐿𝑑𝒞 and 𝐿𝛽𝒞𝒯𝒞 ,𝜆 agree on a Hamel basis for the dense
subspace⋃𝑛∈ℕ0 𝐴𝑛.

However, if 𝛼0, 𝛼1, 𝛼2 ∈ ℝ such that 𝛼0 > 𝛼1 + 𝛼2 and
𝛼1 = 𝛼2 > 0, and we set 𝑓 = 𝛼0𝑢0 + 𝛼2𝑢1 + 𝛼2𝑢0𝑢1, then
𝐿𝑑𝒞 (𝑓) = max{2(𝛼0 + 𝛼1), 8𝛼1}, 𝐿𝛽𝒞𝒯𝒞 ,𝜆(𝑓) = 2(𝛼0 + 2𝛼1), and

𝐿𝑑𝒞 (𝑓) < 𝐿𝛽𝒞𝒯𝒞 ,𝜆(𝑓).

The Lip-norms 𝐿𝑑𝒞 and 𝐿𝛽𝒞𝒯𝒞 ,𝜆 are different, which reflects
the fact that Lip-norms define metrics on the entire state
space of a C*-algebra, not just on the extreme points of the
state space (pure states) (which correspond, in the com-
mutative case, to the actual points in the spectrum of the
C*-algebra by the Dirac point masses); therefore, in gen-
eral, there are Lip-norms which are defined on 𝐶(𝑋) for 𝑋
compact metrizable which do not arise as Lipschitz semi-
norms for any metric on 𝑋 . The reason for this is that,
for noncommutative C*-algebras, there is no natural no-
tion of points, and, in fact, the set of extreme points of the
state space equipped with the weak* topology is typically
not compact, and can be quite complicated (even dense in
the state space).

For our next example, the quantum metrics induced
on finite-dimensional C*-algebras from Theorem 3.5 pro-
vide nontrivial examples of nonisometric quantum met-
ric spaces for which the underlying C*-algebras are *-
isomorphic. Indeed, while computing lower bounds for
the propinquity is typically difficult, we have the follow-
ing result, which also shows that the Lip-norms of Theo-
rem 3.5 are sensitive to the particular inductive sequence
that is chosen.

Theorem 3.8 ([AB19]). Fix 𝑛 ∈ ℕ such that 𝑛 is not
prime. Let 𝑘 ∈ ℕ ⧵ {1} such that 𝑘 divides 𝑛. Let
𝐴𝑘 = {blockdiag(𝑎1, … , 𝑎𝑛/𝑘) ∣ ∀𝑚, 𝑝 ∈ {1, … , 𝑛/𝑘}, 𝑎𝑚 ∈
𝑀𝑘(ℂ), 𝑎𝑚 = 𝑎𝑝}, which is a unital C*-subalgebra of 𝑀𝑛(ℂ)
also denoted by 𝐼𝑛⊗𝑀𝑘(ℂ) in Kronecker product notation. Con-
sider the inductive sequences 𝑈1 = (ℂ𝐼𝑛,𝑀𝑛(ℂ),𝑀𝑛(ℂ), …),
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𝑈2 = (ℂ𝐼𝑛, 𝐴𝑘,𝑀𝑛(ℂ),𝑀𝑛(ℂ), …), and the faithful tracial
state 𝜏𝑛 = 1

𝑛
⋅ Tr. Set (𝛽(𝑛))𝑛∈ℕ0 = (1/𝑘𝑛)𝑛∈ℕ0 . It holds

that

Λ∗
(2,0)((𝑀𝑛(ℂ), 𝐿𝛽𝑈1,𝜏𝑛), (𝑀𝑛(ℂ), 𝐿𝛽𝑈2,𝜏𝑛)) > 0.

Next, we move on to convergence of AF-algebras in
propinquity. In [AL15], the family of Effros-Shen algebras
were shown to be continuous for the propinquity with re-
spect to their irrational parameters, once endowed with
the quantum metrics from Theorem 3.5. Now, recall that
these C*-algebras are all quotients of the Boca-Mundici al-
gebra, 𝔉. Furthermore, there exist interesting topologies
on the space of ideals of a C*-algebra, and, in particular,
the Fell topology of J. M. G. Fell in [Fel61]. Therefore, the
following question arises: if we endow each 𝔉/𝐼𝜃 with a
quantum metric from Theorem 3.5, then is the natural
map from the ideal space of the Boca-Mundici algebra to
the space of Effros-Shen algebras, seen as quotients of the
Boca-Mundici algebra, continuous from the Fell topology
to the propinquity topology? Moreover, as each 𝔉/𝐼𝜃 is
built by an irrational number, the question of continuity
of the quotients with respect to their irrational parame-
ters is compulsory. What is surprising is that continuity of
these quotients with respect to ideals or irrationals will be
given simultaneously due to the Fell topology. But, first:

Theorem 3.9 (Segal). Let 𝐴 be a C*-algebra. If 𝐼 ⊆ 𝐴 is a
norm-closed two-sided ideal of 𝐴, then 𝐼 is self-adjoint and thus
a C*-subalgebra of 𝐴. Furthermore, the quotient space 𝐴/𝐼 is a
C*-algebra with quotient norm and adjoint (𝑎 + 𝐼)∗ = 𝑎∗ + 𝐼.

It is quite surprising and useful that the norm-closed
two-sided ideals of a C*-algebra are automatically C*-
subalgebras and that, furthermore, we get C*-algebras
from the quotient spaces, which leads us to the following
definition.

Definition 3.10. Let 𝐴 be a C*-algebra. The ideal space of
𝐴, Ideals(𝐴), is the set of norm-closed two-sided ideals of
𝐴 including {0} and 𝐴.

Example 3.11. Let 𝑋 be a compact Hausdorff space. For
each closed 𝐹 ⊆ 𝑋 , we have that

𝐼𝐹 = {𝑓 ∈ 𝐶(𝑋) ∣ ∀𝑥 ∈ 𝐹, 𝑓(𝑥) = 0} ∈ Ideals(𝐶(𝑋))
and 𝐶(𝑋)/𝐼𝐹 ≅ 𝐶(𝐹). Also, 𝐼 ∈ Ideals(𝐶(𝑋)) if and only if
there exists a closed 𝐹 ⊆ 𝑋 such that 𝐼 = 𝐼𝐹 .

Next, ideals and quotients of a fixed AF-algebra 𝐴
can be determined from any Bratteli diagram given for
𝐴 [Dav96, Section III.4]. The opening graphic and Fig-
ure 4 display this in the ideals 𝐼𝜃 of 𝔉 associated to irra-
tional numbers. The ideal is presented by combining both
shades of green and the quotient is presented combining
both shades of gold (we will discuss the shading in a mo-
ment). Another important aspect of the Bratteli diagram

for 𝔉 is that, after the top vertex each horizontal level of
vertices determines a partition of [0, 1] with the vertices as
rational endpoints and the leftmost vertex is always 0, the
middle vertex is always 1/2 (starting at 𝔉2), and the right-
most vertex is always 1 (the remaining spacing of vertices is
not drawn to scale in Figure 3 or Figure 4), and the ideal 𝐼𝜃
determines where 𝜃 lies in each partition. Thus, the green
is consuming the diagram as 𝑛 → ∞ since it is determining
the smaller and smaller intervals for which 𝜃 lies, and, due
to this, each 𝐼𝜃 determines an irrational number uniquely,
which is related to the unique continued fraction expan-
sion of 𝜃.

Figure 4. Ideals and their irrationals.

In Figure 4, focusing on the gold tips at the bottom of
both graphs, the ideal 𝐼𝜃 determines an irrational 𝜃 that’s
relatively close to 0, whereas the ideal 𝐼𝜃2 determines an
irrational 𝜃2 that’s relatively close to 1/2.

Before we explain the shading, we discuss the Fell topol-
ogy on the ideal space of a C*-algebra. This topology is
built using representation theory of C*-algebras and es-
tablishes that the quotients move continuously in some
sense with respect to ideals using a notion of operator
fields [Fel61]. We will now present criteria for sequence

SEPTEMBER 2021 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 1277



convergence in this topology (the statement is also true
for net convergence) along with an intriguing relationship
between the Fell topology and the Hausdorff distance on
a compact metric space.

Theorem 3.12 ([Fel61]). Let 𝐴 be a C*-algebra. The Fell
topology on Ideals(𝐴) is compact Hausdorff.

Furthermore, let (𝐼𝑛)𝑛∈ℕ be a sequence in Ideals(𝐴) and 𝐼 ∈
Ideals(𝐴). The following are equivalent:

1. (𝐼𝑛)𝑛∈ℕ in Ideals(𝐴) converges to 𝐼 ∈ Ideals(𝐴) with
respect to the Fell topology;

2. for each 𝑎 ∈ 𝐴, the sequence (‖𝑎 + 𝐼𝑛‖𝐴/𝐼𝑛)𝑛∈ℕ in ℝ
converges to ‖𝑎+𝐼‖𝐴/𝐼 ∈ ℝ with respect to the usual metric
on ℝ.

Moreover, let (𝑋, 𝑑) be a compact metric space. If (𝐹𝑛)𝑛∈ℕ is a
sequence of closed sets in 𝑋 and 𝐹 ⊆ 𝑋 is closed, then using
Example 3.11, the following are equivalent:

1. the sequence (𝐼𝐹𝑛)𝑛∈ℕ in Ideals(𝐶(𝑋)) converges to
𝐼𝐹 ∈ Ideals(𝐶(𝑋)) with respect to the Fell topology;

2. (𝐹𝑛)𝑛∈ℕ converges to 𝐹 with respect to Haus𝑑.

This theorem shows that there is a relationship between
the convergence of ideals in the Fell topology and the quo-
tient structure regardless of the given C*-algebra. Now,
for commutative C*-algebras, the next theorem shows that
the Fell topology is well-suited to establish convergence of
quotients in propinquity.

Theorem 3.13. Let (𝑋, 𝑑) be a compact metric space. Let 𝐼 ∈
Ideals(𝐶(𝑋)). Consider the compact set 𝐹𝐼 = {𝑥 ∈ 𝑋 ∣ 𝑓(𝑥) =
0∀𝑓 ∈ 𝐼}, and let 𝜋𝐼 ∶ 𝐶(𝑋)/𝐼 → 𝐶(𝐹𝐼) be the *-isomorphism
given by restriction. Now, let 𝐿𝑑,𝐼 ≔ 𝐿𝑑 ∘ 𝜋𝐼 , which is a (1, 0)-
Leibniz Lip-norm on 𝐶(𝑋)/𝐼.

If (𝐼𝑛)𝑛∈ℕ is a sequence in Ideals(𝐶(𝑋)) that converges to
𝐼 ∈ Ideals(𝐶(𝑋)) in the Fell topology, then (𝐶(𝑋)/𝐼𝑛, 𝐿𝑑,𝐼𝑛)𝑛∈ℕ
converges to (𝐶(𝑋)/𝐼, 𝐿𝑑,𝐼) in the Gromov-Hausdorff propin-
quity.

Proof. Let 𝐼, 𝐽 ∈ Ideals(𝐶(𝑋)). By the triangle inequality
and equations (2) and (3), we have

Λ∗
(1,0)((𝐶(𝑋)/𝐼, 𝐿𝑑,𝐼), (𝐶(𝑋)/𝐽, 𝐿𝑑,𝐽))
≤ Λ∗

(1,0)((𝐶(𝑋)/𝐼, 𝐿𝑑,𝐼), (𝐶(𝐹𝐼), 𝐿𝑑))
+ Λ∗

(1,0)((𝐶(𝐹𝐼), 𝐿𝑑), (𝐶(𝐹𝐽), 𝐿𝑑))
+ Λ∗

(1,0)((𝐶(𝐹𝐽), 𝐿𝑑), (𝐶(𝑋)/𝐽, 𝐿𝑑,𝐽))
= 0 + Λ∗

(1,0)((𝐶(𝐹𝐼), 𝐿𝑑), (𝐶(𝐹𝐽), 𝐿𝑑)) + 0
≤ GH((𝐹𝐼 , 𝑑), (𝐹𝐽 , 𝑑)) ≤ Haus𝑑(𝐹𝐼 , 𝐹𝐽).

The rest of the proof follows from Theorem 3.12. □

However, convergence of quotients of AF-algebras in
propinquity requires more care. Theorem 3.5 and Theo-
rem 3.8 show that the quantum metric structure on AF-
algebras given by Theorem 3.5 is built from and is sensitive

to the inductive limit structure. Hence, it will prove use-
ful to form a topology on ideal spaces of inductive limits
of C*-algebras that is built from the inductive limit struc-
ture. This is done in Theorem 3.14 by realizing that the
inductive limit structure of the C*-algebras yields an in-
verse limit topology on the ideal space of the inductive
limit. Moreover, in the AF case, this inverse limit recov-
ers the Fell topology and can be given by a metric. We also
show that convergence of the ideals 𝐼𝜃 in the Fell topology
is the same as convergence of 𝜃 in the usual topology on
ℝ, which in turn shows that continuity of the 𝔉/𝐼𝜃 can be
established by either 𝜃 or 𝐼𝜃.
Theorem 3.14 ([Agu19]). Let 𝐴 be an inductive limit of a
sequence of C*-algebras 𝑈 = (𝐴𝑛)𝑛∈ℕ0 . For each 𝑛 ∈ ℕ0, the
map

𝛼𝑛 ∶ 𝐼 ∈ Ideals(𝐴𝑛+1) ↦ 𝐼 ∩ 𝐴𝑛 ∈ Ideals(𝐴𝑛)
is continuous with respect to the Fell topologies. Thus,
(Ideals(𝐴𝑛), 𝐹𝑒𝑙𝑙, 𝛼𝑛)𝑛∈ℕ0 is an inverse sequence of topological
spaces with inverse limit Ideals(𝐴)∞ with topology 𝐹𝑒𝑙𝑙∞.

If 𝐹𝑒𝑙𝑙𝑖(𝑈) is the initial topology on Ideals(𝐴) induced by
𝐹𝑒𝑙𝑙∞ and the injection

𝑖(𝑈) ∶ 𝐼 ∈ Ideals(𝐴) ↦ (𝐼 ∩ 𝐴𝑛)𝑛∈ℕ0 ∈ Ideals(𝐴)∞,
then 𝐹𝑒𝑙𝑙𝑖(𝑈) is Hausdorff and finer than the Fell topology. Fur-
thermore, if 𝐴 is AF and dim(𝐴𝑛) < ∞ for each 𝑛 ∈ ℕ0, then
𝐹𝑒𝑙𝑙𝑖(𝑈) is the Fell topology and is metrized by the metric defined
for each 𝐼, 𝐽 ∈ Ideals(𝐴) by

𝑚𝑖(𝑈)(𝐼, 𝐽) = {0, 𝐼 = 𝐽,
2−min{𝑛∣𝐼∩𝐴𝑛≠𝐽∩𝐴𝑛}, otherwise.

Finally, a sequence of irrationals (𝜃𝑛)𝑛∈ℕ0 in (0, 1) converges to
an irrational 𝜃 ∈ (0, 1) in the usual metric on ℝ if and only
if the sequence of ideals (𝐼𝜃𝑛)𝑛∈ℕ0 converges to 𝐼𝜃 in the metric
𝑚𝑖(𝑈) or Fell topology on Ideals(𝔉).

Returning to the opening graphic, the light shading is
meant to reflect how far each ideal 𝐼𝜃0 , 𝐼𝜃1 , 𝐼𝜃2 , 𝐼𝜃3 , 𝐼𝜃4 is
from the ideal 𝐼𝜃 in the metric 𝑚𝑖(𝑈) (we only label the
ideals, which are in green). For example, in Figure 4, the
darker shading in the image for 𝐼𝜃2 are the regions that
agree with the gold and green in the image for 𝐼𝜃. Now,
the more light shading there is, the further away 𝐼𝜃𝑗 is from
𝐼𝜃 in 𝑚𝑖(𝑈). Thus, the opening image is meant to elicit a
sense of convergence of ideals (from the bottom left to the
top right in a counterclockwise direction), and to suggest a
convergence of the quotients in gold. The image also rep-
resents how convergence in𝑚𝑖(𝑈) provides convergence of
the associated irrationals since the metric is forcing the ir-
rationals to lie in the same smaller and smaller intervals,
so 𝜃𝑗 → 𝜃 in the usual metric on ℝ.

Now that we have introduced ideals and the Fell topol-
ogy, we are ready to approach continuity of (𝔉/𝐼𝜃)𝜃∈[0,1)⧵ℚ.
We will not go through the entire proof of this, but we
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will present a strategy that is commonly used for prov-
ing convergence of infinite-dimensional quantum metric
spaces and was used successfully for continuity of the
infinite-dimensional family (𝔉/𝐼𝜃)𝜃∈[0,1)⧵ℚ. It is an incred-
ibly useful strategy to first find finite-dimensional approx-
imations in Gromov-Hausdorff propinquity for infinite-
dimensional spaces to establish convergence of infinite-
dimensional spaces. This was done for the rotation al-
gebras using the fuzzy tori [Lat16a, Lat15, Lat16b]. This
strategy was first introduced by Rieffel near the inception
of quantum metric spaces in [Rie04]. The advantage of
this is that it is much easier to prove continuity results
on finite-dimensional spaces (see the proof of Proposi-
tion 11.1 in [Rie04], which used the finite-dimensional
properties that the unit ball is compact and that every
subspace is complemented). Thus, once one has finite-
dimensional approximations and continuity of the finite-
dimensional spaces, then an application of the triangle in-
equality gives continuity. To see this, assume that (𝐴, 𝐿)
and (𝐵, 𝐿′) are (possibly infinite-dimensional) compact
quantum metric spaces. Now, assume (𝐴𝐹𝐷, 𝐿𝐹𝐷) and
(𝐵𝐹𝐷, 𝐿′𝐹𝐷) are finite-dimensional compact quantum met-
ric spaces that are close in Gromov-Hausdorff propinquity
(the finite-dimensional approximations). We have by the
triangle inequality

Λ∗((𝐴, 𝐿), (𝐵, 𝐿′)) ≤ Λ∗((𝐴, 𝐿), (𝐴𝐹𝐷, 𝐿𝐹𝐷))
+ Λ∗((𝐴𝐹𝐷, 𝐿𝐹𝐷), (𝐵𝐹𝐷, 𝐿′𝐹𝐷))
+ Λ∗((𝐵𝐹𝐷, 𝐿′𝐹𝐷), (𝐵, 𝐿′)).

Hence, if the finite-dimensional spaces (𝐴𝐹𝐷, 𝐿𝐹𝐷) and
(𝐵𝐹𝐷, 𝐿′𝐹𝐷) are found so that they are close in propinquity
(in some uniform way) to (𝐴, 𝐿) and (𝐵, 𝐿′), respectively
(which is, again, much easier than trying to establish es-
timates between the infinite-dimensional spaces directly),
then we will have a nice estimate for Λ∗((𝐴, 𝐿), (𝐵, 𝐿′)).

Therefore, we should find finite-dimensional approxi-
mations for our infinite-dimensional family (𝔉/𝐼𝜃)𝜃∈[0,1)⧵ℚ.
However, as each 𝔉/𝐼𝜃 is AF, we have obvious choices for
finite-dimensional approximations given by inductive se-
quences of finite-dimensional C*-subalgebras and Theo-
rem 3.5. Thus, for each irrational 𝜃 ∈ (0, 1), we define a
Lip-norm on 𝔉/𝐼𝜃 by: the sequence of subalgebras 𝑈𝜃 =
((𝔉𝑛+𝐼𝜃)/𝐼𝜃)𝑛∈ℕ0 , which is an inductive sequence of finite-
dimensional C*-subalgebras for 𝔉/𝐼𝜃; the unique faithful
tracial state 𝜏𝜃 on 𝔉/𝐼𝜃; and the sequence (𝛽𝜃(𝑛))𝑛∈ℕ0 =
(1/dim((𝔉𝑛 + 𝐼𝜃)/𝐼𝜃))𝑛∈ℕ0 .
Theorem 3.15 ([Agu19]). It holds that the map

𝐼𝜃 ∈ Ideals(𝔉) ↦ (𝔉/𝐼𝜃, 𝐿
𝛽𝜃
𝑈𝜃,𝜏𝜃)

is continuous with respect to the Fell topology and the Gromov-
Hausdorff propinquity. In particular, the map

𝜃 ∈ (0, 1) ⧵ ℚ ↦ (𝔉/𝐼𝜃, 𝐿
𝛽𝜃
𝑈𝜃,𝜏𝜃)

is continuous with respect to the usual topology on ℝ and the
Gromov-Hausdorff propinquity.

We note that the metric𝑚𝑖(𝑈) of Theorem 3.14 was cru-
cial in obtaining continuity with respect to 𝜃 since estab-
lishing continuity of quotients with respect to ideals was a
much more natural first step given the above results.

4. Future Work
There are stillmanymore quantummetric properties of AF-
algebras that one can look into. AF-algebras are famously
classified using their so-called 𝐾0 group, which is built us-
ing equivalence classes of projections, appropriately de-
fined, and can be described using finitely generated projec-
tive modules. What is the relation between metric geom-
etry and the 𝐾0 group? For instance, the third author de-
vised a generalization of the propinquity to a certain type
of modules over quantum metric spaces (generalizing Her-
mitian vector bundles over manifolds), which may prove
useful for finding such a relation.

More generally, the third author has introduced other
generalizations of the propinquity, to make sense of the
convergence of locally compact monoid actions [Lat20],
or of spectral triples [Con94]. As AF-algebras are tightly
connected with problems from dynamics, specifically with
minimal actions on Cantor sets, the connection between
the metric properties of AF-algebras and their actions with
a metric picture of dynamical system could prove very in-
teresting. The interplay between dynamics, metric geom-
etry, and compact quantum metric spaces is a subject for
current and future investigation (for some important re-
cent work in this direction see [KK21]). Spectral triples, as
a means to define a noncommutative Riemannian struc-
ture, are tools of central importance in the study of non-
commutative geometry, and their metric properties are
yet to be fully understood, though hopefully future work
based upon the subject we brushed upon in this article
will prove enlightening. Some of these new types of con-
vergence may prove interesting even when working with
commutative C*-algebras (that is, working with classical
geometry) as they offer a new, functional analytic perspec-
tive on these topics.

In a different direction, the first author has begun the
study of the metric properties of classes of compact quan-
tum metric spaces related to either AF-algebras (such as
bundles of AF-algebras over compact metric spaces) or to
inductive limit constructions (such as A𝕋-algebras, which
are inductive limits of algebras of matrix-valued continu-
ous functions over the circle, and play an important role
in the classification program [EE93]). In fact, the irrational
rotation algebras of equation (4) are A𝕋-algebras, and it
would be of interest to see if one can build a quantum met-
ric structure on these rotation algebras from the inductive
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limit structure rather than the aforementioned structure in
the first section.

Next, the propinquity is complete, as are many of its
generalizations mentioned above. Thus, it is possible to
discuss the construction of new C*-algebras, or new quan-
tum metrics on known C*-algebras, using metric means.
This idea could find applications in physics, and was used
by the first author to construct quantum metrics on more
general AF-algebras, as well as by the first and third au-
thors and T. Rainone to build quantum metrics on Bunce-
Deddens algebras. The completeness of the propinquity
also suggests that someC*-algebrasmay be quantum “frac-
tals,” as attractors of some quantum iterated function sys-
tem.

Finally, the topology 𝐹𝑒𝑙𝑙𝑖(𝑈) of Theorem 3.14 bestows
a topology on the ideal space of any inductive limit of
C*-algebras (not just AF-algebras) that is finer than the
Fell topology. Thus, it would be interesting to see when
𝐹𝑒𝑙𝑙𝑖(𝑈) agrees with the Fell topology and to see if we
can find more relationships between 𝐹𝑒𝑙𝑙𝑖(𝑈) and classic
topologies as done with the metric 𝑚𝑖(𝑈) and the irra-
tionals (displayed by the opening image). Furthermore,
Theorem 3.15 and now also Theorem 3.13 establish a fas-
cinating connection of the Fell topology and propinquity,
and motivate the search to find more examples of continu-
ity of quotients in propinquity provided by their ideals in
𝐹𝑒𝑙𝑙𝑖(𝑈) or the Fell topology.
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