SOME CHARACTERS OF THE SYMMETRIC GROUP
R. E. INGRAM, S.].

Introduction. Frobenius [1]' derived expressions for the char-
acters of a few very simple classes of S,, the symmetric group on m
things. Here we give formulas for some more complicated classes.
The method is quite general. A recurrence formula, due to Murna-
ghan, is used. The need for the formulas arose from general considera-
tions of nuclear binding forces.? Some applications will be given in
another paper.

1. The character x(p)», of the class ai=m—p, a,=1[1, 2]. If
{)\}, in the usual notation, is a partition of m, the same partition
may also be represented [6] by two sets of numbers {5, a} and the
following relation holds,

k s s k
) Z0—0"=Zh+ DT @+ )+ (-5
el jm1 =1 jm1
If x is the character of a class K of S,,
PN v R Y R Y

a partition of m —p, and x»; the character of the class K’ of Sm—,, where
K’ has the same cyclic structure as K, but with one less p-cycle, then

k
1.2 0= 20X (Murnaghan Recurrence Formula [6]).
1

Denoting by x(p)\ the character of the class having one p-cycle
(all others unary), we have

k k
x(Ph = 2 = fl_‘,Dx;-
1

where D is the dimension of the representation.

,_ (m — p)IAG]) )
L A R (P LR 1

(A(l) = ,I<I (o =l by = Do+ kb — 1:)

Received by the editors April 24, 1949.
1 Numbers in brackets refer to bibliography at end of this paper.
* The original problem to find x(2, 2)y is due to Dr. J. A. Wheeler, Princeton [7].
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_m—p L G )

mt (i —p)! —pf'()
_(m—p)! NN )
== D, I:x(x 1) x—2+1) I ]ml,'.

This expr&ssion for Dy; may be written as DY A4;/(x—N\,) plus a
polynomial in x, where A,-=l,~(l,-——1) c e Qi—pH0SfE—0)/fU). I
we expand E, A;/(x—1;) in descending powers of x, it is evident
that )} 4; is the coefficient of 1/x in the expansion of

(where f(x) = fI (x — b.-))

flz—p)
(1.3) W(x—1)---(x—p+1)——
f(=x)
in descending powers of x.
Likewise
k
(1.4) E 1A ; is the coefficient of 1/x?
1
and
k
(1.5) > I;A i is the coefficient of 1/ ot
1
Thus

m — p!

k
24Dy = —
1
and taking a=0, we have?
k m — p! -1\ &
xon = £0g = "L (=) 24,
(1.6) m #
m!  x(Ph flz — 1’)]

m— p! D\ — pf(x)

It should be noted that if {\/} ends in a negative number when
arranged in non-ascending order [6], then N;—p+k—j <0, as\;—p
may be increased by k—j by moving down to kth position from jth
position. Therefore

1 X .
Dy— 3o LA,
? 1

[x(x—l)---(x-p+)

li_?<09

3 [ ]u- signifies the coefficient of 1/x in the expansion of the function within the
brackets.
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lLi—p+1=0.
Therefore
4;=0.
If {\}} cannot be rearranged to form a non-increasing sequence
Ai— D =Aps — S, some S,
Mtj—K—p=Mp+ji— K-S,
li— p =l

Therefore
i —9) = 0,4, =0.

In neither case is any contribution made to > ; 4;.
Let x=y+k’, then

[ - Do -t nIE2]
(1.7) f(x) 1z ( )
Fly—1p
= — 1) (y— 1
[o-0-0-2+1 S ]w
where
J (y — by .
F(y) g[(y+a;+ 1)], g, basin (1.1),
and
F(y — p) ms 1
— 27y - /t'+y+y.(¢ + pm)
+ %4(64 + %1’6;.'*' 'm — 'izi M’)
(1.8) + —;—‘- (cs + 2pcs — pmcs + 2p%c; — pm® + p'm)

+1(_Pz_ +5 _Sm
y‘c‘ 263 pmcy 21’65 2? 3
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with

m=3 {6+ @+ D},
o = 3 {07 = (6 + 1)),

o= 3 (07 + (o + D).

Using (1.7) and (1.8) in (1.6), we get the expressions (5.1), (5.2),
(5.3), (5.4), (5.5) on pp. 367-368.

2. The character x(p, 2)» of the class cy=m—p—2, aa=1, a,=1.
Let x(, 2)» be the character of the class a:=1 binary cycle and a, =1
cycle on p letters.

By the recurrence formula, (1.2),

]
(2.1) x(, 2 = E x(2n;

where A/, as a subscript, indicates that x(2) is the character of the
representation {N/ } = {A\, Ay, - - - ,\j—p, - - -, s} of the symmetric
group on m—p letters, Sm—,, corresponding to the class a
=m—p—2 unary cycles, az=1 binary cycle. By (5.2),

x(2)x;=(M3)] D (m —p—2)!/(m—p)!

where (M)} is M, with \;—p instead of \; (that is, the correct
value of M, for {\}).

Dy is the dimension of {\/}, and m—p replaces m as {\/} is a
representation of Sp—p.

& b 1]
My=X 0=DOi—i+D -2+ 25
1 1 1
is a function of A\j, Ag, * * -, A
(M)} is the value for Ay, Ay, - -+, N\j—p), * + + 4 Ngy
(M) = Ms — 2p(\; — 7) + p(p — 1).
Therefore

My p(p — 1) — 2p(A\; — j)
(m — p)om — p — 1)

X(Z)Xj' = D).;.

Then, (2.1),
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kM, —-1) - i—7
> + p(p — 1) — 2p(\; — 7) Dy

,Dn =
O e a  pm -1
M+ p(p — 1) k
2.2 = .
@2 = pm—7—D =
2

k
P — Xi—' A
gy DL

(since My, p, m are the same in all terms). x(p)r= > i Dy, has already
been found.

k ]
2 (i = Dy = X (= Dy

k k
= ;z,m;— k2 Dy,
1

k —_ ! 1 k
Sy = Lo, (- o 2 na))
1 ? 1

m!

where

e ate — 1) e — Sz = #)
;tm—[a«x D =g ) s ]w

(that is, the coefficient of 1/x? in the expansion of x(x—1) - - -
(x—p+1)f(x—p)/f(x)). Equivalently

zltz,-Ai=[x=(x—1>-~(x—ﬁ+1>

flx — 1’)]
f(x) 1z
Putting, as in (1.7), x=y-+k, we have

2 o o — f(x — p)
[x (x—1) (z—p+1) f(®) ]1/:
F -—
- [(y R CRl VRERR Rl (;(y)p)] ™
N Fiy—p1 m—2p!
XDy = [y(y Do —2+ D pF(y)]uv e

Therefore

& k k
(2.3) 20 O =)Dy = 2 Dy — k2 Dy;
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- {[<y+ k)y~-<y—p+1)m]w

F(y)
Y Fy — 9 m— p!
2.3) k[y -2+ D0 ]/} —Lp,
I PN F(y—p)] m—p!
—[:v (y—1 (y 1’+1)—1)F(y):|1/. — D

From the general expression (2.2) the formulas for x(2, 2), x(3, 2),
x(4, 2) are obtained, for example formula for x(2, 2) (that is, p=2):
By (2.2),

(M2+2) & 4 k )
N EE R S e T DY i
k M 1Dy
;Dx;- =x(2x = m:
k N .  nFly—2)
ZI: (i — Dy; = pe— [y =10 —7r—~ 2F(y)] o

Using (1.3) with p =2, multiplying by y*(y—1), and taking the coeffi-
cient of 1/y, we have

L ) Dy(cs + 2¢5 + 2m — m?
3y =)Dy = e 2 )

1 m(m — 1)(m — 2)(m — 3)
hence '

M3+ 2)M2 — 4(cs + 3¢ + 4m — m?) + 4(cs + 2m)
X(za 2)) = Dy
m(im — 1)(m — 2)(m — 3)
2.4 2
M; — 2M;+ dm(m — 1)

= m(m — )(m — 2)(m — 3)

D\

where M,, M; are as defined previously.

3. The character x(p, 3). Let x(#, 3) be the character of the class
ay=m—p—3 unary cycles, az=1 ternary cycle (cycle on 3 letters)
and a,=1 cycle on p letters.

By the recurrence formula (1.2),

k
3.1) x(p, 3) = 213 x(3h;



364 R. E. INGRAM June

where N/, as a subscript, indicates that x(3) is the character of a
representation {N/ }={\, Ns, - - -, QAj=p), - * +, N\&} of Sm—p coOI-
responding to the class obtained from the original class by dropping
the cycle on p-letters; it is, then, the character of a class with one
ternary cycle and all other cycles unary.

x(3)»; is known, it is given by §1, cf. (5.2)

— p — 3!

X = [1/2009] = 3/20m = Pm = = ] L=,
where (M;)} is the same as M; but has A\j—p in place of \j, m is
replaced by m—p as {7\,’ } is a representation of Sm_p, and Dy, is
the dimension of {\/}.

k
M, = ; [2005 — DP 4 300G — D2+ (N — 7)) + 25 — 352 + 5]

is a function of Ay, Ng, + + -, M. (M3)} is found by substituting N\;—2p
for )\j,

(M) = M3 — 6p(\; — 7)* + 6p(p — 1)(\; — 7) — p*(2p — 3).
x(3)x;. = [1/2M35 — 3p(\; — 5)* + 3p(p — DA — j) — p?/2(2p — 3)
(m — p — 3)!

= 3/2m — p)m — p — DIy =
and by (3.1)

k

1
(23 =3 [7 Ms— 350 — )% + 38(8 — DO — 5)

1

I AP YU O m—p =3
g (2 =3 = m—p)m—p- 1)]&,——m_p!
1
(3.2) = [-2—' M; — $2/2(2p — 3)
3 (m—p—3) &
-3 o= pm—p-n| T2 5y
75> (LY PO\ (WP, fudmi Anic’ ¥y
1 m — p!

> =1 D\;=x(p) and is known by the results of §1.
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k

2= 2= — DO — 5)]Dy;
1

k
=2 [G:i— B = (= 1@ — B]Dy
1
where N\j—j=1;—Fk as previously in §1.

k
2 (i — BDy;

F(y— §h — Pl
3.3) =[y’(y—1)~~-(y-h+1) b )]u il 4

— PF(y) ml
LI _ m—pl LI
i - 252wk ),

as in §1, where 4;=1;(};—1) - - - Gi—p+1)f(¢i—p)/f'(};) and f(x)
= ]I} (x—%) and

i’;"ﬁ (e = 1) (= p 4 D) f(’}(:)”]m,
- :x’(x —1) - (z—p+1) f(j(;) ?)] ve
- :(y + By —1)---(y—p+1) F(;(;)P)] w
li(l; — B, = :{(y+ B =2k + B + Blyo - 1)
G—p+1) F(;(; P)]l,.
- [J"(y - (-p+1) F(:(;) ?)] uy’
z::(xi — )Dy; = [:v’(y AR Ak S F—(yp;(:"))]m
.’"_;_l‘.’.‘ Dy

From these expressions, x(p, 3)\ is obtained. (If p =2 the character
x(2, 3) is obtained, it is of course the same expression as in §2.)
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Taking p=3, we have

m — 6!

x(3, 3 = [1/2M5 — 27/2 — 3/2(m — 3)(m — 4)] 2Dy

m — 3!

m — 6!

)

k
-9 [ — 92— 20\ — 5)]Dy,
1 m— 3!

[1/2M5 — 3/2m(m — 1)]D\
m(im — 1)(m — 2)

ED)\’,- = x(3) =

> [0y = )% = 20 = Dy,

_ Dy 2 — 1\ 2 F@ = 3)
‘m(m—l)(m—Z)[y =106 -2 —3F<y>]w'

Using the expansion of F(y—3)/—3F(y) given by (1.8) with p=3,
multiplied by y*(y—1)(y—2)?, and collecting the coefficient of 1/y,
finally we obtain the expression for x(3, 3),

x(3, 3) = [1/4M3s — 18Ms + 54Ms — 6(m" — 13m — 39) M

m—06

+ 9m(m — 1)(m" — 13m + 34)]D,

with M,, M;, M; as defined previously.

4. The character x(2, 2, 2),. It is evident that, by means of the
recurrence formula, formulas can be found for characters of classes
consisting of three non-unary cycles. The expressions involved,
however, become too complicated for easy computation. To illustrate
the method it is sufficient to take the simplest case, the class con-
sisting of three binary cycles and m —6 unary cycles.

By the recurrence formula (1.2),

k
x(2,2, 2 = 2 x(22),
=1

where x(2, 2, 2)» is the required character of the representation {\} of
Sm» X(2, 2)}is the character of the class, consisting of 2 binary cycles
and m—6 unary cycles, of Sm_2, and {\/} is the representation
{)\1, Ney =y Nj—2, « ¢+, )\g} of Sm_2. X(2, 2)»} is known, it is given
by (2.3) or (5.5).
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E[(M2)] ]2 — 2(Ms)! + 4(m — 2)(m — 3
2= 3 [(M2)] ]2 = 2(M5){ + 4(m — 2)(m — 3)
pare (m — 2)(m — 3)(m — 4)(m — 5)
(M2)} is M, written for N/, that is, N\;—2 is written for \;, as M,
= > TN —2j+1).
()7 ]" = Ms — 80\; — j)Ms + 4M2 + 160\, — 5)]
— 160\, — j) + 4,
(M)} = Ms— 120; — )" + 1200, — j) — 6,

(4.1)

m — 6!

k .
x(2,2,2) = 3 [M3 + 44, — 2M3 + 4m’ — 20m + 0] Dy, —
1 —_ 4.

m— 6!

m—2!'

k
+ 2° [40(A; — j)* — 8(M2+ 5)(N; — /)Dx;]
1
The first of these two sums is [M3+4Ms—2M;+4m?—20m

+40]M;D\(m—6)!/m!. The second is obtained by the same reason-
ing as in the previous sections,

k
; [40(; — /)* — 8(M2 + 5)(\; — ) ]Dy;

F(y — 2 — 6!
= [(40;v2 — 8(Ms+ 5)y)y(y — 1) M] y z

— 2F(y) m!
F(y — 2 — 6!
= |:8y(y - M, —5)y(y — 1) ——SJ’ZF_(&S)-] ) .’”m’ .

The expansion of F(y—2)/—2F(y) is found from (1.8), and taking
the coefficient of 1/y when this series is multiplied by 8y*(y—1)
-(y—M,-5), we get

— 6!
X(2,2,2 = [M3 — 6M:M, + 40M+ 12(m” — 9m + 10) M, ] D .
m!
5. Results.
2 m!
(5.1) xi)x)x Y =M, (Frobenius),
3 m! M
(5.2) x;))‘))‘ —r = -—2—8- — 3/2m(m — 1) (Frobenius),
x(4n  m! .
(5.3) = Ms— 22m — 3)M. (Frobenius),

D. m— 4!
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x5 m! My L 15m
(5.4 Dy m—51 2
+ 5/6m(m — 1)(5m — 19),

My — 5/2M;

[June

x(2,2, m! 2
5.5 = M; — -
(5.5) o w—di My — 2M s + dm(m — 1),
x(3l 2)X m! 1 N
D m_ s~ 2 [M:Ms — 6M, — 3/2(m? — 13m + 16) M),
x4, 25 m! 2
D); m_6!—M3M4—4M5—2(2m—11)Mg
+ 4/3(12m — 34)M,
— 32/3m(m — 1)(2m — 1),
X(sn 3)) m! 1 2 2
Y m—oz—T[M'— 18M + 54M,
— 6(m" — 13m — 39)M,
+ Om(m — 1)(m" — 13m + 34)],
2,22 !
x( = ) ": == My — 6M.M, + 40M,
+ 12(m" — 9m + 10)M,
where

My = Z‘: [6:3; + 1) — ay(a; + 1)]

k

=2 [ —-DAi—i+1) —3jG— 1]

-

My= 3 [bi(b; + 1)(2b; + 1) + aj(aj + 1)(2a; + 1)]
[5i6s + 1" = aia; + 1]

M, =

[ =D =5+ 12 = 72G — 1)2],

M= M- M~ -

[ =D — 7+ DN =27+ 1) +5G — 12— 1)),
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Mo= 3 [0 + 1)°20; + 1) + ae; + 1'(25 + 1)]

= Z [ = D2 — 7+ DA — 25+ 1) + 726 — 125 — 1)),

_ m!A(l) _ m!A(b)A(a)
AR . . '
TR TIbt et IT i+ ae+ 1)
1 1 fg=1
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