APPLICATIONS OF A LEMMA OF FEJER TO
TYPICALLY-REAL FUNCTIONS

M. S. ROBERTSON
1. Introduction. Let
(1.1) w=f(g) =2+ a3+ -+ a.5"+ -

be regular for |z| <R and f(x) real for —R<x<R. f(2) is said to be
typically-real with respect to the circle Izl =R if the imaginary part
of f(z) has the same sign as the imaginary part of z when 2 is not
real and |z| <R [1].! In particular, if f(3) is schlicht or univalent
for |z| <R and the coefficients a,, n=2, 3, - - -, are all real, then
f(2) is a typically-real function. If further, w=f(z) maps each circle
I zl =7 <R into a contour having the property that every line parallel
to the imaginary axis cuts the contour in not more than two points,
we say that f(z) is convex in the direction of the imaginary axis rela-
tive to the circle | z| = R. The necessary and sufficient condition that
f(2) be convex in the direction of the imaginary axis when it is real
on the real axis is that 2z f’(z) be typically-real [5;4]. In the discussion
to follow we shall assume that R=1.

We state the following lemma due to L. Fejér (Turén [2], Szész

[3D):

LeMMA 1. For avalueof r, 0<r <1, let E,‘.‘.l An?™ converge. In order
that

1.2) > A" sin nx-sin ny = 0 Jor0<x2<m0<y<m,

n=1

it is necessary and sufficient that

L]

(1.3) Z n\r™-sin ny = 0 Jor 0 <y <m.

n=1

It is the purpose of this paper to give some applications of Lemma
1 to functions

(1.4 F(z) = i A
n=1

where
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1,

1.5) 1) = Soar,  g@) = Sbat a=by

are both typically-real with respect to the unit circle | | =1. The same
method of proof may be used to obtain many special results for the
functions F(z) of (1.4). We include here the proofs of several theorems
which illustrate the procedure.

THEOREM 1. If

L

(1.6) f6) = X e, g@) = Dbt a=bi=1,

nw=l

are regular and typically-real for Izl <1, then
1.7) F(z) = 2 a.baz™, ]zl <1,
N1

is typically-real for |z| 2—3Y%, When
fG) =g =21 -2)% F(z) =@+ (1-2)73
F(3) is not typically-real for Izl <p for any p>2—312,

THEOREM 2. If

(1.9) 0= Sowr, g =Loun  a=bi=t
are regular and typically-real for Izl <1, and if
(1.9 F(z) = il Gabnz®,
then
(1.10) h(z) Ef‘@- dz = i Gnbn z"
o 3 a1 N

is regular and typically-real for lsl <1.
THEOREM 3. If

©

1.11)  f) = 2 caz”, g(a) = id,z-, a=d =1,
ne=1

Nl

are regular, univalent, and convex in the direction of the imaginary axis
Sor lzT <1, and real on the real axis, then
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(1.12) F(z) = i Cadnz™

is also regular, univalent, and convex in the direction of the imginary
axis for |z| <1.

If in Theorem 3 we take g(z) to be the nth Cesaro partial sum of
order 3 of the geometric series
(1.13) z(1—2)'=z2+22+---+3"+---,

which E. Egerviry [6] has shown to be univalent and convex for
| 2| <1, we obtain immediately a new proof of the following theorem
of L. Fejér [5].

TaeOREM 4. (Fejér) If
(1.14) f(3) = i Caz™

n=1
be regular, univalent, and convex in the direction of the imaginary axis
for lzl <1 and real on the real axis, then the Cesdro partial sums of
order 3 of (1.14) are also univalent and convex in the direction of the
imaginary axis for |z| <1.

THEOREM . If

(1.15) f(2) = Z a.z®,  g(3) = 2 baz", a=b =1,
n=]
are regular and typically-real for Izl <1, and if
(1.16) F(2) = 2 aabaz™, |z] <1
Nl

then RF(re®) 20 for |0| Sarc cos u(r) <w/2, 0<r<1, where 4ru(r)
=(1434r2+r9)Y2—1—r2 The inequalities are sharp.

Theorem 5 includes a result of W. Rogosinski [1] who has shown
that F(r) 20, 0<r<1. It is not hard to show from Theorem § that
the function f(z) of this theorem satisfies the inequality

n0
(1.17) fo | £(z¢%) - f(3) | cos arg {fﬁ,( ))

for z=re', r<1, l0| <arc cos u(r?, with equality holding for
0=arc cos u(r?), f(z) =2(1 —2)~% Thus a specially weighted average
of the cosine of the angle subtended at the origin by the points

}d¢20.
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f(2), f(ze¥) is non-negative, although the cosine itself may be some-
times negative. We omit the proof of (1.17).

2. Proof of Theorem 1. It has been shown elsewhere [4] that the
coefficients of the powers series for f(z) and g(z) in (1.5) have the
representation

1 7 sinnx 1 £~ sinny
(2.1) an=— f ——da(x), ba=— —— dp(y)
mJo sinzx xJo siny

where a(x), B(y) are non-decreasing functions in the interval (0, w)
normalized so that

2.2) f da(z) = f 6(x) = .
0 0
It follows that the inequality
(2.3) IF(re®) = Y azbar™ sin nf = 0
Nem]

for 0 <0 <= for a suitable range of r can be deduced from the in-
equality

© sin nx sin ny
(2.4)

- - -r*sin n0 = 0, 0<<e<m,
=1 SiDx siny

by term by term integrations with the aid of (2.1). However, if we
apply Lemma 1 twice, we need only find the range of r for which
(z=re¥)

2 2 ©
ME > " sin nf = 0, 0<0<m.
(1 - Z)3 n=l
If{(z+33)-(1 — 73} = rsin0{l — 6r2 4 74 — 2(r + %) cos 6}
r(1 —r)2-(14 4r 4+ r?) sind
0 for0<0=m0=<r=<2-— 312
The example f(2) =g(z) =2(1 —32)~2, F(z) =(3+2? (1 —2)73, shows that
the range of r obtained above cannot be improved upon. This com-
pletes the proof of Theorem 1.

(2.5) I

(2.6) =
>

3. Proofs of Theorems 2 and 3. Using the notation of Theorem 2,
we have

CJ
n'

@3.1) W = 3 &

nw=l n

2", |z| <1,
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0

nDn .
3.2) I{h@)} = 2 : r™ sin 78, z = re®.

ne=l n

Thus I {h(z) } 20 for 0<8 =, 0<r<1, follows from

® 1 sinnx sinn
(3.3) > ERE Y e sinnd 2 0, 0<0sm
n=1 N SID X sy

by term by term integrations and the aid of (2.1) and (2.2). But by
Lemma 1, (3.3) may be replaced by

©  sin ny

(3.49) 2 — cr*sinnf = 0 for0<y <7 0=<0Sn
a1 SIDY
©.  sin n

(3'5) Z ‘ll 7™ sin nf = I{z(l — 2z COS\& + 22)—-1}.

n=l sin ‘p

Moreover, z(1 —2z cos Y +22)~! is typically-real for Izl <1,0=¢=mr.
Thus A(2) is also typically-real for |z| <1. This completes the proof
of Theorem 2.

Theorem 3 follows from Theorem 2. For if

L)

(3.6) @) = Do gl = X dat  a=di=1,

n=1 n=1

be regular, univalent, and convex in the direction of the imaginary
axis, and real on the real axis, then zf’(z) and zg’(z) are typically-real
for | z| <1. It follows from Theorem 2 that

*. (ncy)(nd,)
————— z"

(3.7 2F'(z) = , |z] <1,
n=1
is typically-real for Izl <1. Thus
(3.8) F(z) = 3 caduz®, |z] <1,
na==l

is regular, univalent, and convex in the direction of the imaginary
axis.

4. Proof of Theorem 5. With the notation of Theorem 5 let
4.1) Fiz) =D aubuz®, ai=b=1,|z|<1.
=]

With the aid of (2.1) and (2.2) it follows that the ipequality
(4.2) RF (re¥?) = 0, | 0] = arc cos u(r), 0<r<i,



560 M. S. ROBERTSON [August

can be deduced from the inequality

©  sin nx sin ny

“.3 X

=1 SiDx siny

rncosmf 2 0, | 0] < arc cos u(r),

by the method used in the preceding paragraphs. By Lemma 1, we
need only find when
*  sinny

4.4 > n—

n=l sin

-rrcos nd = 0, 0=y =nrn,

or, letting a=n—0, ¢ =m—y, when

4.5) insinmb r*cos na = 0, 0=¢=m,
n=1 SIDG
or when
(4.6) R{(z — 3% -(1 — 2z cos ¢ + 32~} 20, 3 = reée,
Since
R{(z — 2%)-(1 — 23 cos ¢ + 32)?}
4.7) = r(r — 1)[4r2 cos® @ — {1 + (6 + 4 cos? ¢)r? + r*} cos

+ (47 + 4% cos 4],

it will be sufficient to determine the values of « so that when 0 <r <1,
0=¢=mw, we have

4.8 472 cos® a — {1 + (6 + 4 cos? ¢)r2 + r‘} cos a

+ (4r + 47%) cos ¢ = 0.
(4.8) may also be written in the form
4.9 (2r cos @ — 1 — #2) {27 cos? @ + (1 + 7?) cos @ — 4r}
+ 4r2(1 — cos? ¢) cos @ — (1 — cos ¢)(4r + 4r%) = 0;
with regard to the last two terms of (4.9) we note that
(4.10) 4r%(1 — cos?¢) cosa — (1 — cos p)(4r + 47%) = — 8 (1 + r?)

with equality occurring in (4.10) for ¢ =7 and for all a. Thus the
left-hand side of inequality (4.8) is not less than

4.11) 4r2 cos® @« — (1 + 1072 4 74) cos o — 4r — 41?

and the left-hand side of (4.8) equals the expression in (4.11) when
¢ =m. Factoring (4.11) we have to determine when
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(4.12) (1 +2rcosa+ r){2rcosta— (1 +r) cosa — 4r} = 0.
(4.12) holds when, and only when,
—4r<4drcosas — {(1+ 342+ r9)12 — 1 — 52}

= — u(r)-4r.

Thus |0I = |1r-a| =<arc cos u(r) <w/2.
The estimate for the bound on 0 is sharp, as is seen by taking
¢=m, f(z)=g(z) =2(1—2)"
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