
ON DOUBLE FOURIER SERIES

gen-ichirö sunouchi

1. In the present note, the author proves some inequality theorems

on double Fourier series. We begin with some preliminary lemmas.

Let/(x, y) be an integrable function and let its Fourier series be

f(x, y) ~ 22 Am,n(x, y)
m,n

and let

2C+1—1 2»+l—1

y) = 22    22 Am,n(x, y).
m-W n-2"

Lemma 1. Let s,;m,n(x, y) be the m, nth partial sum of Fourier series

off,(x, y), then

r2r    /• 2t  / 2 \rl!

J     J     y 22 v,m.n(x, y) J dxdy

X2x r2* / ^ A7'2
J     \22f*J   dxdy,      y > 1.

Lemma 2. If y> 1,

/, 2r     /• 2» / \ -1-/2

( ZK,,(s,y)|2) <teZy
0       J 0       \ /

=-£Tf      f    I/(*, y) hd«iy
•/ 0      •/ 0

/, 2x     /• 2r  / \ Y/2

I     ( Z| y)|2) dxdy.

These lemmas are due to J. Marcinkiewicz [2].1

2. Theorem 1. Ify>\,

/ilr     y» 2r  /   oo     oo \ 7/2

I    (221 **M*(*i y) — o-2™,2»(*, y) I2) oxay
0      •'0      \ m—0 n—0 /

= C7 f "  f    |/(x, y)N**>,
J o    J o
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1 Numbers in brackets refer to the references cited at the end of the paper.
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and

/i 2r     /» 2» I 7 /» 2t     p 2r

max S2m,2"(x, y)   dxdy ^ Dy \ \ fix, y) \ ydxdy.
0      do      I vi,n do do

Accordingly J2'",2n(x, y) converges to fix, y) almost everywhere, when

f(x, y)£Ly (7>1).

By Schwarz's inequality

o 00

EDI
co 00

S2m,2n — 0"2m,21

cooo 1 /   2     "*2 \ 2

= EE^^(eE|w-w|)
1      1  /   2m   2" \

^ee--(eeiw-,,,|2)
I     1    /    m    n    /        2i *f

^EE^ IE    Z E
m     „    2m  2" { <_0 ,_0 \ M=2i-1+1   r_2'-1+l /)

In view of Lemma 1, we get

p 2l    p 2t / \ 7/2

j     I EE|J2".s"_ o-2™,2" |2) dxdy
J 0      J 0      \   m     n /

I   m     n \ -17/2

• { 22 22 (2'2' \ j2»,2» - J»<-* i*-' |2)> rfxay.

Since |—•St*-1,»^11 =§ EtU E"-> we have

1   1  m n

E E — — E 22 2*2»" I S2».2» - s2i-i,2>-> |2
m      n »—0 J—0

^ 22 22 ̂ ,-22 22 wf E E {| amJ (2*29I'«(2»2«)-1'«},1

limn /    m     n \

^EE--EE 2'2^ E E I A*.112(2*2!)1/2>
m     n ^    i=0 j'=0 V A—t Z—j /

/co       oo \

i EE (2*2')-"2r
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^EE^EE (2«201'SZ E I A*., |2(2*2')1/2
to     n    ->     -*    *=0 3=0 Jk—»" J— j

^ E E ^ ^ E EI A*.« [«(2*20^*2: E (2*20^
to     n    "     ^    Jfc—0 J=»0 i—0 0

m     n    Z     Z   fc=o 1=0

CO        OO CO        CO 1 1

= E El at.j|22*2'E E-
'       tUtli 2*" 2»

00 OO

^EE|a*.,|'.

By using Lemma 2, we get the first half of the theorem. The remain-

ing part is an easy consequence of the former.

3. Lemma 3. Ifk>l and y>l, we get

/,2t    p It  / \ 7/*

Jo (^EUI*J
The proof is carried out analogously to Marcinkiewicz's proof of

Lemma 1, using the result of Boas and Bochner [l].

Theorem 2. //k^2 and r>l,

^Fyf'  f "|/(*. y)Vdxdy.
Jo Jo

Accordingly ifj(x, y)£.L> (7> l)i

(EE!*,.'-/!*) = o(mn) (*£1)
\ »i=i »=i /

almost everywhere.

The proof is analogous to my previous paper [4], using Lemma 3.

The last part of the theorem was obtained by Marcinkiewicz [3] in

more generalized form. ,
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Lemma 4. If r > 1, then

2r    r It / \ fit/, 2r     r 2x  / \ y/2

f    (ZZ|a„,|2) dxdy
0      J 0      \   m      r /

<   r 2r    r 2T / ^ ^    I Sm.n — o~m,n [2 \

~ J o    •/ o   \ ■»   n mn )

The proof is easy (cf. the author's note [5]).

Theorem 3. Ify>l,

f" f2T\f(*,y)\ydxdy
Ja Jo

/. Sr     n 2t  /   «>     oo \ T/2

I     ( £ Z I *2m,2n — o-2",.2n |2 I dxdy
0      •/ 0      \ m=0 n=0 /

and

2t

f * f |/(*,:v)N*<Z_v
Jo Jo

SB,r r(zz|-—
The proof is immediate by Lemma 4 and Lemma 2.
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