A THEOREM FOR KERNEL FUNCTIONS
PHILIP DAVIS AND HENRY POLLAK

Let B be a domain lying in the complex z plane and Kjp(z, ) its
kernel function. A number of relationships exist between the kernel
and the geometric properties of the domain. (See, for example, [1].)!
It is the purpose of the present note to relate the successive deriva-
tives of the kernel with the domain B.

If z is interior to B, we shall denote by 75(2) the shortest distance
from the point 2z to the boundary of B. Furthermore, we introduce
the abbreviation

mt+n

Samafe Kol B

(m,n)

(1) Kg (Z, i) =

TaEOREM 1. Let the domain B be such that at every boundary point
21 there exists® a circle exterior to B and passing through z.. Then,

@) 1/rs(a) = lim sup (¢/m) (K5 (z 2]

ProOF. It obviously suffices to prove the theorem for z=0, it
being supposed that B contains this point in its interior.

Let »=rp(0), and suppose that 2 is a point which simultaneously
lies on the boundary of B and on the circle |z| =7. In the bicylinder
|z| Sr¥<lr, Itl <r*<r, Kp(z, ) is an analytic function of the two
complex variables z and # and hence has an expansion of the form
3) Ks(z, ) = 3 K50, 0)z"%" /min!

m,n=0

converging absolutely and uniformly there. If, then, X is a real vari-
able with ])\| <r/r*, then

(4) K5, \) = 3 K5" (0, 002 N /minl.

m,n=0

With X in the above range, (4) converges absolutely and uniformly in

g|, |¢] <r*. The circle |z| =7* will be designated by C*. Thus, for
N <r/r*,
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! Number 1 in brackets refers to the bibliography at the end of the paper.

2 The theorem may be established for a wider class of boundaries. Moreover, a
similar result holds for several complex variables.
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n=0
The function F(A) is therefore analytic for l)\l <r/r*.

We shall prove, moreover, that F(\) has a singularity at the point
A=r/r* 1If this is admitted momentarily, then by the familiar
Cauchy-Hadamard formula for the radius of convergence of a power
series, we shall have

r/r = lim sup [Ké"""(o, O)r*2"+2/n!(n + 1)!

n—o

]1/2n

©)
= 7*lim sup (¢/n) [K5 (0, 0)]1/2"

R—

from which (2) follows.
We shall show that

(7) lim FQ\) = .

Aor/r—

Suppose that C; designates a circle of radius 7; which is exterior to B
but whose circumference passes through 2;. Designate the exterior of
the circle by D. By the monotonicity of the kernel function

(8) Ks(\z, A2) = Kp(Az, \2).

Therefore,

FO) 2 f f  Ka(h, N2)dzdy
9)
- f f , Eola, Dizdy = I0).
A

In the above equation, AC* designates the circle |z| SMr*. To esti-
mate the integral I(A), it is convenient to introduce new coordinates
2’ =x"+1y’ as follows: z; shall be the new origin, and the center of
C, shall lie on the negative x’ axis. In the new system, Kp is given by

/5/\ —2 /2 79\ —2
(10) Kp(, %) = i(zr L3+ ”) - i(zx/ n x__+_3’_) .
™ ™
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For values of \ sufficiently near to r/r*, the ray x' =9’ will inter-
sect the circle AC* in two points whose abscissas x{ (\), x; (\) have
the property
11) lim x/(\) = 0; lim x/(\) =7

Aor/r— Asr/r'—
Designate by T'(\) the trapezoid bounded by 3'=0, y'=x', x’
=x!(\) (=1, 2). T(\) is contained in the circle A\C*. Now,

1
(12) #?Kp(z,2) =— 2+ «'/r1 + ¥/ x'r)?
™

so that if (x’, ') is confined to T(\), then 0=x' <7, 0=y’ <r, 0=Zy'/x’
=1, and hence

1

(13) #Ko(d,5) 2 (1 + (/) * = k>0
us

for 2’ in T(\). Combining our inequalities we have

14  I0) = N f b/ 2%z dy = X log [« (N2l )],
)

The assertion (7) now follows from (9) and (11), and the proof is
complete.

As an application of Theorem 1, we show how, for the case of a
simply-connected domain, the quantity r5(0) may be expressed in
terms of the coefficients of the mapping function of the domain onto
the unit circle.

THEOREM 2. Let w(2) =a1z+az*+ « « - map the simply connected
domain B onto the unit circle in the w-plane, =0 corresponding to

w=0. Then,
n (n_j+1) diwy 2) 1/2n
Z T an—i—H( ) } .
J: 0

j=» dzi
Proor. If C designates the unit circle in the w-plane, then by the
conformal invariance of the kernel function we have

(15) 1/r=lim sup { zn: v+1)

Lomdd =0

dw fdw
(16) Ka(z 2) = Ko(w, ’f’)z(;> s

Now,

3gm=x—1y.
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n T 0iKe(w, w) dritlw
17 C.. - .
17) z) = 1=Zo 1( ) dgi dgn—itl
Furthermore,
" ((dw )_ 3K c(w, w))
92" \\ dz dz7
(18) ’
" PR o(w, ®) [drHw\
= Z Cap C( W)( )
=0 0299z7 dz»—rtl
so that
K5 " (2, %)
19 n dr—itly (dr-rHiy\  9PKo(w, B
( ) = E Cn,iCap - ( ) C( )
jm0, pee0 dgn—itl \ dgnrtl 027027
Again,
1 &=
(20) Ke(w, ) = — 2, (v + 1) ww.
y=0
Thus
ot diw (drw\
(21) — Ko(w, %) = — Z @+1 ( )
9370 T y=0 dz?
Hence
(n n) (0 0)

SL (S0 (S,

T j,p=0 dzn=it1 J o\ dzm7t1 /

min(p,7) diw\ [/dPw\
. 1
% o+ )(dz")(dz")

| 2 n
1r) Eo v+1) izo("' - .7 +Dn—p+ l)an—z+1(an—p+l)
1\ / 1\ /diw\ [drw\
GHEHEGE),
N2 = n -— 1 TapV 2
SRLLED ST ) sp it Ak aw(d ”.’)
T r=0 P 7¢ dz? 0
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An application of Theorem 1 now yields (15).
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REMARK ON THE HURWITZ ZETA FUNCTION
T. M. APOSTOL
The Hurwitz zeta function, defined for 0 <a =1, R(s)>1, by
i 1
1) (s 0) =2 ———
Lt
is given [2]! in the negative half-plane by means of
2T(s) ( s &, cos (2mwan)
cos— ), ———
(2m)°
@ N sinzr—s- i sin (27r¢m))

ne=1 n.

I(l—s,a) =

2 ne=l n’

2I(s) &, cos (ws/2 — 2man
= 3 cos ) @) > 1.
(2m)* am1 n?
The functional equation for the Riemann zeta function is obtained
from (2) upon setting a=1.
The more general function

0 e2ﬂ'nz
(3) ¢(x' a, S) = ”z-% (_GI;)—’

reduces to {(s, a) when x is an integer. Lerch [1] derived the trans-
formation formula

N (O
(4) ¢(xv a, S) = (21!')'

{816(3/2—2¢z)¢(_a, x, S)

4 eritert2eU-2)g(g 1 — x, S)}’
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