SPACES OF MAPPINGS ON TOPOLOGICAL PRODUCTS
WITH APPLICATIONS TO HOMOTOPY THEORY

JAMES R. JACKSON

1. Introduction. If A and B are arbitrary topological spaces, we
denote by B4 the compact-open topologized space of continuous
functions on 4 into B. This topology is defined by taking as a sub-
base the collection of sets

(K, W) = {f| f € B4, f(K) C W},

for K a compact subset of 4 and W an open subset of B [2].

Now let X and Y be Hausdorff spaces, and let Z be an arbitrary
topological space. Let X X ¥ be the topological product of X and Y.
We shall be concerned with the compact-open topologized spaces
ZxXxY 7ZX and (ZX)Y. R. H. Fox [2] has related these spaces, taking
ZX as compact-open topologized, but not considering topologies on
the more complex spaces. Our basic result is the following theorem,
which, with its corollary, adds significant conclusions to the results
of Fox.

(1.1) THEOREM. For fEZX*Y, define o(f): Y—ZX by
(1.2) a(N)(x) = f(=, y) reEX,yeVY.
Then o is a homeomorphism of ZX*Y into (ZX)Y.

We defer the proof of (1.1) until §§2 and 3. In the meantime we
state and prove a corollary which will be useful in the sequel.

(1.3) CoRrROLLARY. If either (a) X and Y are both locally separable,
or (b) X 1s regular and locally compact; then
oi ZEXY — (ZE)Y
1s @ homeomorphism onto.
According to the theorem, we need only show that ¢ is onto. But
by a result of Fox [2], (1.2) (essentially) defines a transformation

of (ZX)Y into ZX*Y if either (a) or (b) holds. From this the required
condition is obvious.

2. An important lemma. The following lemma, which is of some
interest in itself, is essential to our proof (§3) of the continuity of a.
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(2.1) LEMMA. Let A be a Hausdorff space, and let {U } be a sub-
base for the topology on B. Then the collection of sets (K, U), for K a
compact subset of A and U E{ U } , 15 @ sub-base for the compact-open
topology on BA.

Proor. It is plainly enough to show that if K is a compact subset
of A and W is an open subset of B, and if f€ (K, W), then there exist

compact subsets K, - -+, K, of 4, and sets Uy, - - -, U,,.E{ U},
such that
(2.2) fen &, U)C (K, W).

1=1

Since W is open in B, we can write

w=U l:na U?],
«€E4 Li=1

where each U{’E{U}. For each xE€K, f(x) is in some N7%,Us,

which we denote by N7z,U;. Since f is continuous, each x has a

neighborhood V§ in? K such that

z nz z
Vo) C N U
teml
As a compact Hausdorff space, K is regular, so that each x has a
neighborhood V* in K, whose closure iz K, K?, is contained in Vj.
The collection {V#|xEK} is an open covering of the compact
space K, and hence has a finite subcovering { V,~| j=1,---, k}. De-
note the V§, Nz, U7, and K= corresponding to V; by Vi, N¥,U}, and
K;, respectively.
Now the sets K, as closed subsets of compact set K, are compact.
Moreover,

A& C IV C Ul i=1-, k
=]
Hence,
k nj i
2.3) fen [n (K, Uf)] .
=1 Li=1

Suppose g isin the set on the right-hand side of (2.3). If x€K, then

2 A neighborhood of x ## K is a set containing ¥, and open as a subset of the sub-
space K.
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% is in some V;, and hence is in K;. Therefore, g(x) €EN;i, Ui, so that
g(x)EW. Thus g€ (K, W), so that

k ny .
(2.4 n[n & vh]c @ m.
i=1 Li=1
Together, (2.3) and (2.4) show that (2.2) is satisfied, so the lemma
is proved.

3. Proof of (1.1). Fox [2] shows without restriction that for each
f,0(f) E(ZX)Y. That o carries ZX*Y onto o(ZX*Y) in a one-one fashion
is obvious. Hence it remains to prove that ¢ is continuous, and that
¢! is continuous on ¢(ZXXY),

Since Y is a Hausdorff space, and since the sets (K, W), for K a
compact subset of X and W an open subset of Z, form a sub-base for
ZX, it follows from (2.1) that the subsets (L, (K, W)) of (ZX)Y form
a sub-base for this space, where K runs through the compact subsets
of X, L runs through the compact subsets of ¥, and W runs through
the open subsets of Z. It is plain that

o Y(L, (K, W)) = (K XL, W).

Now K XL, as the topological product of compact sets, is compact,
so (KXL, W) is open. It follows easily that the inverse under o of
any open subset of (ZX)Y is open, so ¢ is continuous.

(Note: In the proof that ¢ is continuous, we have used the hy-
pothesis that ¥ be a Hausdorff space, but not the condition that X
be a Hausdorff space.)

It remains to be shown that o—! is continuous on ¢(ZX*Y). For this,
it will be sufficient to prove that if J is a compact subset of X X 7,
if W is an open subset of Z, and if fEa(J, W), then there exist com-
pact subsets K3, - - -, K, of X, and compact subsets Ly, - - -, L, of
Y, such that

3.1 FE a(ZXXV) N [f?} (L, (K W))] Coo(J, W).

i=1

For then ¢(J, W) must be open in ¢(ZX*Y), as required.

Let f=0(f,), where fo&(J, W). Let Jx and Jy be the projections of
J in X and Y, respectively. For (x, ¥) E€J, pick neighborhoods Ug”
of x 1n Jx and Vg” of y in Jy, such that

fo(Us” X Vs C W.

This is possible since f, is continuous. As in the proof of (2.1), pick
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neighborhoods U#v of x in Jx and V=¥ of y in Jy, such that the
closure K=v of U*v in Jx is contained in Uy?, and the closure L=¥
of V=vin Jy is contained in V5".

The collection { (U=vX V=v)N\J | (x,y)EJ} is an open covering of
the compact space J, and hence has a finite subcovering {(U?X V)
NJ|i=1, - - -,n}. Denote the Us” and the K=¥ corresponding to U*
by Us and K, respectively, and the Vg¥ and L*¥ corresponding to
Viby Vg and L.

The K; and L, as closed subsets of compact sets, are themselves
compact. Moreover,

FLYKD) = fo(K: X L) C fo(Us X Vo) C W,

for =1, - - -, n. Hence

(3.2 ses@nnln @ wm)].
i=1
Suppose g is in the set on the right side of (3.2). Let g=a(g0),
where go&ZXXY, Then

go(K: X L) = g(L)(K:)) C W, i=1---,n

If (x, y)EJ, then (x, y) is in some U*X V? and hence is in KiXL*.
Hence go€ (J, W), so g€a(J, W). Thus,

69 e@nnln @] coum.

=1

By (3.2) and (3.3), (3.1) is satisfied, as required.

4. Notation. If A and B are topological spaces, and 4,, - - -, 4,
are subsets of 4, while By, - - -, B, are subsets of B, then we shall
denote by B4 {Al, By; - - - 4., B”} the subspace of B4 consisting of
functions f with

f(4:) C By, i=1,-,mn

If b is any point, then the same symbol b, will be used to denote both
the set whose only member is by, and any constantly be-valued func-
tion.

If B is any space (possibly a function space), and 4,&B, then
II.(B, bo) denotes the mth homotopy group of B at base-point b.
If B, is a subset of B with by& By, then II.(B, By, bo) is the mth rela-
tive homotopy group of B relative to By at base-point b, [1].

If there exists a homomorphism of the group G onto the subgroup
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H, which is the identity over H, and whose kernel is N, then G is
called a split extension of N by H. Then the structure of G is de-
termined by the structures of N and H and the commutators [n, ]
for n€N, h€H. If H is a normal subgroup, then G is the direct sum
N+H [1].

In the following sections, I will denote the closed unit interval, S
the circle, S° will be a pair of points, S* the r-sphere (r>0), and s,
will be a point of St (r=0). T° will denote a single point, and T
will be the r-fold topological product of 1-spheres (r>0).

5. Torus homotopy groups. Let ¥ be a topological space, and let
& YoC Y. Define

. T:n y Yo, Yo) = m - ™~ y Yo, 1T y Yof, Yo),
(5.1) 7, (¥, Yo, 30) = Ham(¥T XI{T2X0,Yy; T2 X 1 )
f=2,3’...;m=1,2,..._

Fox [1] observed that 7}(¥, Yo, y,) is isomorphic to his rth rela-
tive torus homotopy group 7,(Y, Y, y0). He proved a structure
theorem for his torus homotopy groups 7.(¥, yo) [1, 9.3], using a
laborious construction of successive homomorphisms. This theorem
is easily proved by use of (1.3). Rather than state and prove this
published result, we give a (slight generalization of a) corresponding
theorem concerning the relative torus groups.

(5.2) TrEOREM. (i) 73(Y, Yo, ¥0) ts 1somorphic to Wy (Y, Vs, yo).
(i) If 77(Y, Yo, ¥0) is abelian (in particular, if m>1), then it s
isomorphic to the direct sum?

Z Crog,i-2llmyi1(Y, Yo, y0).
§=2

(iii) If r>2, then 77(Y, Yo, yo) ts a split extension of a subgroup
isomorphic to 777 (Y, Yo, ¥0) by a subgroup isomorphic to ™ (¥, Yo,y0).

Proor. Conclusion (i) was noted by Fox. Conclusion (ii) is a simple
inductive consequence of the case r =2 (contained in (i)) and conclu-
sion (iii). Thus, it remains to prove (iii).

It is obvious from (1.3) that there is a homeomorphism of

yT'_le{Tr—z X 0,Vo; T2 X 1, yo}
onto

(YI{Oy YO; 1) yO})T'—zv

3 The Cj,i are the binomial coefficients.
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and a homeomorphism of this space onto
(5.3) [(¥7{0, ¥o; 1, 3T ]S,

and that the functions y, of these various spaces correspond under
the homeomorphisms. (Note that the elements of the last space are
“third order” functions.)

According to S. T. Hu [3], IL.(B5, b,) is a split extension of a sub-
group isomorphic to Il..1(B, b)) by a subgroup isomorphic to
II..(B, bo). Then since 77*(Y, Yo, o) is isomorphic to the mth homo-
topy group of the space given by (5.3), at base-point y,, we may
conclude that 7*(Y, Y, yo) is a split extension of a subgroup iso-
morphic to

(5.4) T ((F7{0, Yo3 1, 30})7, 30)
by a subgroup isomorphic to
(5.5) L.((Y1{0, Yo; 1, 3 })7", o).

Applying (1.3) again, we see that the groups (5.4) and (5.5) are
isomorphic to ™H (Y, Yo, o) and 7% ,(Y, Yo, o), respectively.
This completes the proof.

6. Further applications. Most known theorems on homotopy
groups of function spaces can be combined with (1.3) to yield addi-
tional results on homotopy groups, and, often, to get analogous
theorems concerning certain relative homotopy groups, torus homo-
topy groups, and relative torus homotopy groups of function spaces.
Using “~” to indicate algebraic isomorphism, and G~N'Q®H’ to
mean that G is a split extension of a subgroup isomorphic to N’ by a
subgroup isomorphic to H’, we state several interesting results which
follow from (1.3) and the theorems of [3], in much the same way
that we obtained (5.2). We include the known results (6.1) and (6.5)
for completeness. In (6.2), (6.4), (6.6), and (6.8), the second function
space involved is a subspace of the first in the obvious way.

6.1) Hm(Yz:{sk, yo}, yogb’l’ i x(Y, y0).

(6.2) H’”(Y; {st, 3}, Yo {5, v}, 30) = Mmia(¥, Yo, 30).
6.3) T?(Ysk{sky ¥}, yo)k2 Trm+k(yy ¥0).

(6.4) 7:';(1/5 {sk, yo}, Y: {Sk, yo}, Yo) = Trm+k(y, Yo, y0).
(6.5)  Ia(¥Y , y0) 2 Tmsr (Y, y0) @ Mu(¥, 30).

(6.6) Tm(Y , Yo, 3) > Tni(¥, Yo, y0) ® Wn(¥, Yo, y0).

m S" m- m
6.7) @, y0) =1 (¥, y0) ® 1 (¥, y).
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6.8) (¥, Vs,y0) (Y, Yo, 30) ® 1 (¥, Yo, 30).

The isomorphism (6.3) implies, with certain theorems given in [1],
the interesting corollary that the Whitehead products of elements of
the groups ILa( Ysk{sk, Yo}, ¥0), £>0, m=1, 2, - - -, are all trivial.
(6.1) and (6.2) show that the entire homotopy sequence may be re-
duced, one chunk at a time, to low-dimensional segments of homotopy
sequences of suitable function spaces.
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A THEOREM ON INVOLUTORY TRANSFORMATIONS
WITHOUT FIXED POINTS

AMASA FORRESTER

This note contains a proof of a theorem conjectured by Dr.
Preston C. Hammer in his work on outwardly simple line families.
By E*+1we denote the (n+1)-dimensional number space of ordered
(n+1)-tuples of real numbers; if X=(x1, %o ¢+, %n41), YV
=(y1, ¥2 * * *, ¥nt1), and @, B are real numbers, we define as usual

n+1l
aX 4 BY = (ax1 4+ Byy, -+ ), (X,Y) =D zyi
te=1
By the n-sphere S* we mean the set of all X in E*+! such that
(X, X)=1; a point X is said to be interior to S* if (X, X) <1. A con-
tinuous map ¢: S*—S" of the n-sphere into itself is called an involu-
tory transformation if ¢(¢(Q)) =Q for all Q on Sn.

THEOREM. Let ¢: S*—S* be an involutory transformation of S*
without fixed point, and let P be a point interior to S™. Then there is a
point Q on S* such that P lies on the line segment from Q to ¢(Q).
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