RIEMANN’S METHOD AND THE PROBLEM OF CAUCHY.
II. THE WAVE EQUATION IN » DIMENSIONS!

-J. B. DIAZ AND M. H. MARTIN

1. Introduction. In a recent paper? Riemann’s method for the solu-
tion of the problem of Cauchy for a linear hyperbolic partial dif-
ferential equation L(x) =0 of second order for one unknown function
u of two independent variables x, ¥ was modified by the introduction
of a line integral I;=f {de—Ady} vanishing on closed paths.
Here A and B are bilinear forms in the partial derivatives u,, %y, vz, vy;
and v, the resolvent, is a properly chosen solution (analogous to Rie-
mann’s function) of an associate equation M(v) =0, the counterpart
to the adjoint equation.

This modification opened the way to an extension of Riemann’s
method to the wave equation

Uzz + Uyy — U = 0;

in two dimensions. The line integral I; was replaced by an integral I,
vanishing on closed surfaces and the associate equation M(v)=0
turned out to be the Euler-Poisson equation?

1/2

M(v)=vaﬂ+a_ﬁ

(va — 28) = 0,

with the resolvent
v=a+t 8+ 200 - (- pHln

taking over the role of Riemann’s function.
In the present paper the authors extend this method to the wave
equation

uzlzl'l' R o Uzyz, — Utt = 0,

in # dimensions, # =2, with, as might be expected, an #-dimensional
integral I, which vanishes over closed #-dimensional surfaces bound-
ing (n-+1)-dimensional volumes, replacing I; and I,. The associate
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equation is now
2
M@®) = 9+ ———— (v — ) = 0,

and the resolvent is
v = (I — a)=DI2(f — g)tn—DI2,

2. The Laplacian Asu=u,;+ - -+ +u,, in polar coordinates.
Consider the generalization to #» dimensions of the well known space
polar coordinate system ¢, 0, r, in three dimensions, where

x = r cos ¢ sin 6, y = rsin ¢ sin 6, z = 7 cos 0,
05¢<27r,0=0=mr=0,

that is, coordinates ¢, 0y, - - -, 0,—s, 7 With

%1 = r cos ¢ sin 6, sin @ sin O - - - sin 8,_,, 0=<¢<2m

%3 = r sin ¢ sin 0, sin 6, sin 65 - - - sin 6,_s, 06, =m,

%3 = 7 Ccos 0, sin 0, sin 03 + - - sin 0,_,, 0=<6,=m,

€)) X4 = 7 cos 02 sin 5.+ + - sin 0,_,, 0<6=m,
............. ,

Xn-1 = 7 COS O,_3 Sin 60,,_, 0=<0,92=m,

Xp = 7 COS 0,_o, r=0.

The element of arc is given by
ds' =7 sin’ 0y - sin” 0,._2d¢2 + 7" sin’ Oy - - sin” 0,._2d0: + -
+ r2d0:_2 + drz,
and if we write

= ¢, yz=01,°°', yn—l=0n—-2» Yo = 71,
gu = r*sin? 0, - - - sin? 0,_,,
822 = r? sin? 02 . -« sin? 0,,,..2, crrty 811 = '2, Bnn = 1.

we shall have

1 n a gl/2
At = - > ;—(—-— u,,‘.), g% = r*1sin 6, sin? B, - - -sin""2 f,_,.
87 i=1 O0Yi \ fii

If we set fi1=gV%/r" %, 1=1, -+ ., m—1, so that
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Jfo = csc 0, sin 03 sin? 0, - - - sin™0,_,;

sin 6, sin 03 sin2 04 - - - sin™%0,_s;

=
]

f2 = sin 0, sin? @, sin 05 sin® 6, - - - sin™%0,_s;
2 fs = sin 6, sin? 0 sin® 05 sin? 64 sin® 65 - - - sin™*0,_»;

Jfn—g = sin 0y sin? @, - - - sin™%,_3 sin**0,,_,;

fn—2 = sin 01 sin? 02 LR Sin""’ﬂ,,_2;
we find
9 (fo = 9 (fi n—1
Agu = _‘[—(—u)+ —(—u)] Uy Uy,
: f I \ 72 ¢ E a0; \r? )| T + r r

provided we write
f=sinf;sin?8; - - - sin* %, = fu .

We note in passing that the element of (# —1)-dimensional area on
the unit sphere r=1is

dwn = fd¢df, - - - dbns,

and the (n—1)-dimensional area of the unit sphere is

f T f rf 27 21rn/2
wp = fdedo, - - - dfp_y = —— -
0 o Yo ' ’ I'(n/2)

3. A fundamental identity. Starting with the polar coordinates
¢, 0,, - -+, 0,2, r in n-dimensional space we introduce coordinates
o, B,¢,01, - - -, 04in (n+1)-dimensional space-time by setting

3) a=t+r, B=t—r,
and term o, B characteristic coordinates, inasmuch as a=const.,
B =const. are characteristic half-cones for the wave equation

L(u) = %(uu — Au) = 0.

In these coordinates the operator L(u) takes the form

(n—1)/2
a—f

3 2 g
— (@ —B) [;# (fous) + ’_Zl w0, (f ﬂ“,-)],

L(u) = [uaﬁ - (e — “ﬁ)]f

(4)
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with which we associate the operator

—-1)/2
M@ = v+ 22 0 — o),
a—f
If we write
A = fugv,g, B=— fuavay
Va — Vg — U
() —_— Uy, ’
ey LR e L0
j=1,.+-,n~2, a simple calculation shows that (note that v
=v(a, B))
n—2
() At Byt B+ 3 67 = (v — 9a)L(4) + (up — ua)fM (v).
=1 H

This identity plays the role of a Green’s identity* in our investigation,
the part of the adjoint equation being taken over by the associate
equation M(v) =0.

According to the generalized Green's theorem, the surface integral

I, = f {AdBdgdd, - - - db,_y + Bdadgddy - - - dbn_s
S,

6 n
( ) + Qdadﬁdgl oo dpot o+ @)n—?dadﬂd‘ﬁ cte don—s}

= f {Alla + Bl’ﬁ + q’l’.ﬁ + .- + ®n—21'0,._3}dsn
Sy

(where vq, vg, + - - are the components of the unit outer normal to S,)
when extended around a closed z#-dimensional surface S, bounding an
(n+1)-dimensional volume V,4; can be expressed as a volume inte-
gral over V,;1, namely

90
[ (et Bt 2t & 2 dadpgan, - ao,
Vatl i=1 a9 b2
The following lemma is now obvious.

LEMMA. The surface integral I,, taken around a closed n-dimensional
surface S,, vanishes whenever u, v are regular solutions of L(u)=0,
and 1its associate equation M(v) =0, respectively.

4 Compare the “formule fondamentale” in the terminology of J. Hadamard, Le
probléme de Cauchy et les équations aux derivées partielles linéaires hyperboliques, Paris,
1932, chapter 11, esp. p. 83.
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It is worth while to note that each of 4, B, ®, 0,, - - - , 0,z is a
bilinear form in the partial derivatives of first order of # and v with
respect to a, 3, ¢, 01, - - -, O

4. The problem of Cauchy. As Cauchy data on the hyperplane
t=0 in (n+1)-dimensional space-time we take

u(xlr ety Xny 0) = 'u‘o(xly M) xn)s
ut(xlr oty Xy 0) = “l(xh ] xn):

the functions «° u! being given in advance. Let P; denote the point
with coordinates (&, - - -, &, f) in space-time. The solution of the
problem of Cauchy requires the value #(P;) of the solution # of
L(u) =0 to be expressed in terms of the initial data «°, ! carried by
the part of the initial hyperplane {=0 contained within the (“retro-
grade”) characteristic half-cone with vertex at P, i.e., in terms of the
initial data assigned to the points

(x1—£1)2+°'°+(xn—55n)2§t-2» t=0.

We assume />0 and consider the (n41)-dimensional conical vol-
ume C bounded in space-time by the characteristic hypercone with
vertex at P; and the initial hyperplane ¢=0. The axis of C is the
straight line P, P;in space-time traced out by P, as¢ranges from 0 to 7.
If at each point P; we introduce polar coordinates ¢, 0y, « - -, Ons, 7
with pole at P;, the conical volume C is described by the inequalities

C: 05¢<2r, 0=50;<m O0=r=si—t O0=St=sti
G=1,--,n—2).
When we take a, 8, ¢, 01, + + -, 0,2 as rectangular coordinates in a
second (n+1)-dimensional space, C appears as a “wedge”
W: 0fa<i —asBsS+a 02¢<2r, 050;=
G=1,---,n-—2).
That part of the boundary of C formed by the mantle of the char-
acteristic hypercone becomes the face a =17 of W; the base t=0 of C
is represented by the face 3= —a of W; and the axis P,P; of C by the
face B=a of W. The vertex P; of C appears as the edge a=8=1 of
W, the periphery of the base of C (the intersection of the initial plane
with the characteristic hypercone) is replaced by the edge o= —3=1

of W; and center P, of the base of C by the edge® a=8=0 of W.
To reformulate the problem of Cauchy in (o, B, ¢, 01, - * -, 0n—)-

8 Compare M. H. Martin, loc. cit., p. 245.
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space we observe that the carrier =0 becomes the hyperplane
B = —a upon which, from (3), we assign

(N ug = ui! Uo; = ugj’ Ug = (uf + u‘t))/zy ug = — (uf - ug)/Z

as initial data. One would accordingly seek an expression for the
value of the solution # of L(x)=0, for L(x) as defined in (4), along
the edge a=B=17 of W in terms of the above initial data carried by
the face 8= —a of W.

To solve the problem of Cauchy as originally formulated we apply
the lemma of the preceding section to the closed surface S, which is
the boundary of the wedge W and obtain

n—2
I.+ I. + I, +(I,, + I,.)+ Z(I,. + I,)=0.
f=a B=—a a=7 =0 P27 j=1 \0j=0 0=

For single-valued solutions, # must be periodic of period 27 in ¢
and it follows from the definition of ® that

I. + I. =0,

¢=0 ¢=27

since the external normals to S, have opposite directions on the faces
¢ =0, ¢ =2m. Since ©; involves f;, and f; contains sin 6, as a factor for
j=1,--,n—2,itis clear that

Iu= In=0,

0,‘=0 Oj=x
and the above result simplifies to
I, + I. + I, =0.

B=a B=—a a=f

The integration of I, in (6) over S, yields

foz f [~ 4 + Blp—af'desnda — fo’ fw [4 + Bloeaf-dernde

L s

and when we employ the definitions of 4 and B, we find

f f Uaa + Ug08 |gmats, da
-I-f f Uala — Ugls|sm—abesnda +f f upvgf dw,dp = 0.
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Up to this point » has been any solution of the associate equation

M(v) =0. For v we now take the special solution®
v = ({ — o) DI2({ — g)(n—D/2 n= 2.

This solution, termed the resolvent, is obtained by applying the
ordinary method of separation of variables to M(v) =0 and plays the
role of “Riemann’s function.” It is convenient to observe that

B = o« implies r = 0, a = ¢,

Vo — 9 Vo + 9 n—1 _
___2_1=0, %b_ G- ),
B = — a implies t =0, a = 7,
Ve — U n—1 _
= - (72 — 92) (D12,
2 2
et 21 (12 — y2) (=02,
2 2

a = { implies 73 = 0.

More precisely, the last relations hold for =3, and (8) holds as a
result of integrating the fundamental identity (5) over the “wedge”
W, all integrals involved being proper integrals. However, if n=2
then v is infinite on o =7 and in order to obtain (8)—where improper
integrals now appear—it is necessary to integrate first the identity
(5) in (a, B, ¢)-space over the smaller “wedge” W,, whose cross
section in the af-plane is bounded by the four straight lines

a=p, a=—-8, B=i—¢ a=i—7,

where 0 <7 <e<{. Passing to the limit, letting 7—0 first, and after-
wards letting e—0, yields (8).

Thus the last term in (8) drops out altogether, eliminating the
need for prescribed data on the characteristic half-cone, and the
result is

f: j;n & — )™ %u,

7
= f f [(52 — ,2)(»—3)/2fu3+ (52 — 72)("_3)/2-f'u1]dw,.dr,
0 Wy

dw,dt
r=0

where the integration on the left is performed on the axis of the cone

¢ Compare G. Darboux, loc. cit., p. 70, for n=2.
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C. Since

f " f ity f - dtm_l[ j:) b f(t,,.)dt,,.]

(P E=pm
‘fo (m —1>'f(”)‘”

it follows that the preceding relation may be differentiated at least
n—1 times with respect to 7. Differentiating #»—2 times with respect
to f yields the final formula:

u(Py) = u(Po) + m

©

f f [(72 — r2) =9 12540 - (72 — 92) (=D12py1 | do,dr.
0 Wy

’ afn—-z

In the present notation, the usual formula’ for the solution of the
Cauchy problem considered above may be written

1 g1 7 _
B = D az»—lf J @ =y iar
- n 0 ,
(10) i
o2
T A s

The two formulas for #(Pj) are easily seen to coincide,® upon differ-
entiating once with respect to 7 the first integral on the right-hand
side of (10). This differentiation may be carried out directly under
the integral sign if one first sets r=1Jp. A subsequent integration by
parts then yields the result.

In conclusion, the above argument shows the uniqueness of the
solution of Cauchy’s problem. More precisely, if the Cauchy problem
considered has a solution # which possesses continuous second
derivatives on £>0 and continuous first derivatives on £=0, then =
is given by formula (9).
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