A DIVISIBILITY PROPERTY OF THE BERNOULLI

POLYNOMIALS
L. CARLITZ
1. Put
1.1) =3 Baw) =, By = Bn(0).
e*r — m=0 m!

The writer has shown [1, §4] that if (pfl)p'l m, m >0, then

1
(1.2) Bm+—p—-150(m0d1") =z 3);
indeed if m=¢t(p—1)p", then

1 1

(1.3) 0‘,,,=;<Bm+ ;— I)Etw,, (modp),

where w, = ((p— 1)!+1)/p.‘ (For the case r =0, see [2, p. 354].) It was
stated that

ph
(1.4 om = p* 3 g(a) (mod p*) (»>3),
a=1l,pla
where k= [(r+2)/3] and g(a) = (a1 —1) /pr+1.
In the present note we first extend these results to B, (u), where
the rational number # is integral (mod p). Secondly we derive the
corresponding divisibility property for B¥ () defined by [3, chap. 6]

x k hd
(1.5) ( 1) e =Y Bu (4), Bm = By (0),
er — m=0

where & is restricted to the range 1<k<p—1.
2. We recall that

t—1

(2.1) (Bay1(tt + ) — Bupa(w)) = 2 (w + s)™,
m + 1 8=0

also

2.2) Bu(u+ 1) = f;; (": ) 0B ().
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Now for ptu+s, put
(u 4 5)@ Ve =1+ prtig(u + 5),
from which it follows that
(2.3) (w+ )™ =14 tp+q(u + 5) (mod p*+%)  (m = 1(p — 1)p").
If we put

ph—1 , ph—1
Sm([’h) = E (“ + s)mv Sm(Ph) = Z (u + s)m»
8=0 a-O,pl u+ts
where £ 21, it is evident that
(2.4) Sn(p*) = Sn(p*) (mod p>+2),

since m=(p—1)p"=2(r+1). In the next place it follows from (2.3)
that
(2.5 Sa(ph) = p* — p + ip™IR(P) (mod p2r+Y),

where

ph—1

RpH = 2, qu+s).
a=0,p1u+a
By (2.1) and (2.2) we see that
m+1 m ._l_ 1
Su(p?) = Z ( ) p**Bny1-(u)
m + 1 =1 S
(2.6) )

m m
— MetD B (y).
Z% s+ 1 ( s ) ? (=)

Now let p=3; then it is easily verified that for s=1 each term in the
extreme right member of (2.6) is divisible by at least p"+2*. Hence
by (2.4), (2.5), (2.6) we have

(2.7)  p*Ba() + pP1 — p* = p™IR(p) (mod p+2, prHH).
In particular for k=1, (2.7) becomes

pBm(w) + 1 — p = 1p™'R(p) (mod p*?)
which shows that

' 1 1
2.8 m = —|\ B, +——l)
(2.9) ontw) = - (B0 +
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is integral (mod p) and indeed
(2.9) om(#) = tR(p) (mod p).

It is easily seen that, for =0, (2.9) reduces to (1.3).

To get a stronger congruence we take 2h<r+2. Clearly (2.7)
implies
(2.10) om(#) = 1p'""R(p") (mod p*) (Ishsr/2+41).

In particular when k= [r/2+1], we have the largest modulus.
We now state:

THEOREM 1. Let p=3, m=t(p—1)p", then om(u) as defined by (2.8)
is integral (mod p). Moreover o, (u) satisfies the congruences (2.9) and
(2.10).

For #=0, (2.10) is not quite as sharp as (1.4). Indeed to prove
(1.4) we take #=0 in (2.6) and assume p>3. Then since Bn_1=0 we
can show that (2.6) implies

Sm(p*) = p*Bnm (mod pr+3+) (u = 0);

the rest of the argument is as before except that we take 34 <r+2.
Thus (1.4) is proved.
We remark that if in place of (2.3) we use

(w4 s)m =14 p*'Q(u + )

so that Q is integral (mod p), and replace (2.4) by the stronger con-
gruence

Sn(p") = Sn(p*) (mod pm),
then (2.7) becomes
PPBu(u) + pP1 — ph = prHR*(p*) (mod pm, pr+?h),
where now

ph—1

R*ph = X Q@+ s).
u=0.p1 uts
Hence
(2.10) on(4) = p*"R*(p*) (mod p*),

provided 742k <m.
Similarly in the case #=0, we find that

om = p'PR*(p*) (mod p*) (»>3),
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provided 43k =m.
3. We shall require the following formula [3, p. 148, (87)]:

(3.1) B®(u) = k(",:> : (—1)H—e<k: 1) Bucdt) po .

m—s

where B®(u) is defined by (1.5). We suppose m=s, (mod p—1),
0=s¢=k—1, kSp—1; also p'lm—so. Now for ss£s9, both B, _,(u)
and B®(u) are integral (mod p). Hence (3.1) implies

B w) = (— 1)"-“'°( "‘) (oo 1) B s B () (mod 7,

So k— So — 1
so that by Theorem 1,
1
ot = — {2

[ s

is integral (mod p). We state:

(3.2)

THEOREM 2. Let p=3,1Sk<p—1;m=s5o(mod p—1),0=s5¢=k—1;
p'] m—so; then o (u) as defined by (3.2) is integral (mod p). In par-
ticular of (p— l)p'l m then

%{Bf:’w) +=0'(1- %) Gl

is integral (mod p).

Theorem 2 can be extended to larger values of & but the results
are complicated. We remark that

B(k) s! d\ ¥ 1-s
‘(u)=—(_k———1)!(@) (u—D(w—=2)---(u—k+1)
for k>s.
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