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1. Introduction. Recently A. W. Goodman [l; 2] has studied the

following two classes of multivalent functions:

(i) ^-valently starlike functions denoted by S(p) : A function f(z) is

said to be ^-valently starlike with respect to the origin for \z\ <1

if (a) f(z) is regular and ^-valent for \z\ <1 and (b) if there exists a p

such that, for each r in pO<l, the radius vector joining the origin

to f(reie) turns continuously in the counterclockwise direction and

makes p complete revolutions as 6 varies from 0 to 2ir.

(ii) Typically-real functions of order p denoted by T(p). A func-

tion

(1.1) f(z)   =   £ bnZ"
71—0

is said to be typically-real of order p ii in (1.1) the coefficients bn

are all real and if f(z) is regular in \z\ ^ 1 and $>f(eie) changes sign 2p

times as 0 traverses the boundary of the unit circle.

Concerning the above classes of functions he obtained the follow-

ing results:

Let

(1.2) f(z) =z°+  ¿ an2»
n=q+l

be a function of the set S(p) or T(p). Suppose that in addition to the

gth order zero at 2 = 0, the function f(z) has exactly p — q zeros,

ßi,ßt, ■ ■ • ,&,_„, such that0<|/3,| <1,/ = 1, 2, • • • , p-q. Then

(1.3) \an\ûAn, n = q+ 1, q+ 2, ■ ■ ■

where A „is defined by

F®~ñ—^n(i + TT-|)<i + «i0/i)
(1 - z)2" i=i\ | ßj\/

00

= z"+  Y, Anzn.
n=q+l

The inequality (1.3) is sharp.
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For functions of the set T(p) he has obtained a more general result

[2; 3]. However even that result cannot include the above result for

S(p) since in S(p) the coefficients can be complex.

Now in the present paper we shall introduce a wider class of func-

tions D(p) which includes S(p), T(p) and others in the case where f(z)

has p zeros, proving that the inequality (1.3) is also valid for the

functions of this class.

2. Preliminary considerations.

Lemma 1. Let

00

(2.1) w = f(z) = I>n3"
n-0

be regular for

a point f (|f
21 ̂  1 and have p ( ̂ 0) zeros in \z\ á 1. Then there exists

= 1) for which the following equality holds

(2.2) arg/(-f) = arg/(f) + ¿tt.

Proof. Without loss of generality, let arg/( —1) — arg/(+l) <pir.

If a point f moves from +1 to —1, arg/(— f)— arg/(f) varies con-

tinuously from arg /( —1)—arg f( + l)<pir to 2pir — (arg /( — 1)

— arg f( + l))>pir, since f(z) has p zeros. Hence at a point ¿" the

equality (2.2) holds.

The special cases of Lemma 1 and the following Definition 1 we

owe to N. G. DeBruijn [4] and S. Ozaki [5].
Definition 1. Let us say the diametral line of f(z) for the straight

line [/"(f)0/( —$■)] when J" satisfies Lemma 1.

Accordingly we have the following:

Lemma 1'. Let (2.1) be a function regular for \z\ ¡£1. Then there

exists at least one diametral line of f(z) in the w-plane.

Definition 2. Let f(z) be regular for \z\ ^1 and let C be the

image curve of | z\ =1. If C is cut by a straight line passing through

the origin in 2p, and not more than 2p points, then f(z) is said to be

starlike of order p in the direction of the straight line. Especially

when the direction of starlikeness of order p is that of the diametral

line of f(z), f(z) is said to belong to the class D(p).

The idea of being starlike in one direction was introduced by M. S.

Robertson [6] and also extended to general p by him [7; 8]. And

£(1) was studied in [4; 5].

Lemma 2. Letf(z) = X^n-o a„^n bea member of the class D(p). Further

let f(z) have s zeros ßi,ß2, • • ■ , ß, suchthat 0< Ij8,| <l,j = l, 2, • • •, s.
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Then the function F(z) defined by

F(z) = f(z)g(z),       g(z) = z-/ tl(z- ft)(l - ftz)'    i=i

is also a member of the class D(p).

Proof. Regularity of F(z) in \z\ ^1 is evident. Now we easily see

that

«) = i/ni^-^-i2-' »-i
g(e

Hence arg £(e**) =argf(eie) for every 6. Consequently if f(z)ED(p),

then F(z)ED(p).
3. The main theorem.

Theorem 1. Let

oo

(3.1) f(z) = z"+ £ a„z"
n-S+l

6e a function of the set D(p). Suppose that in addition to the qth order

zero at 2 = 0, the function f(z) has exactly p — q zeros, ßi, ß2, ■ • • , ßp-q,

such that 0<\ß}\ <í,j = í, 2, • ■ • , p — q. Then

(3.2) | o. | ÚBn, n = q+ 1, q+2, ••• ,

(3.3) |/(«*) j Ú F(r) for r < 1,

where Bn and F(r) are defined by

2« P—Q / Z    \

na    *w-ö=nü=H(i+T*i)cl+"l*l>
^ ' oo

=   Z" +   X)   BnZn.

n-s+1

Proof. Let us put

(3.5) £(z) = /(z) • ««/ II (* - ft)(1 - ft*)-
'     <=i

Then by Lemma 2, E(z)ED(p) since f(z) ED(p), and

(- l)p-'n ß<E(z) =z* + ap+iz^ +■■■
(3.6) <_i

= *(«) G Z?f».
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We wish now to show that

lKz)«zV(l - z)2».

For the purpose it will be sufficient to assume that the diametral

line in whose direction i^(z) is starlike of order p is \^(1) 0 t^( — 1),

since in the other cases we may consider ^(fz) =g(z) for which

g(l) 0 g( — l) is the diametral line.

Let ^(1) =co= | «| e~ia; then by our hypothesis

3eia4>(e«) > 0 for 02s_i < 6 < 92s,

(3.7) 3e'^(ei9) < 0 for 02s < 8 < 62s+1,

s=l,2,-..,p, B2p+i = 61+ 2*, di = 0, 6¡ - jr, 1< j ¿ 2p.

Let

(3.8) <j>(z) = (-I)""1 exp (- 4- £ eX II (e»> - z)/z",
\       2  ê=i    /    «=i

then

ÏZ-        6.-°
(3.9) *(e») = - 22"Ilsin-

2

Hence we obtain

<¡>(ea) > 0   for   0U-x < & < Ou,

(3.10)
¿(e«) < 0   for   62, <d < 02.+1, s = 1, 2, ■ ■ ■ , p.

Let

00

(3.11) G(z) = - iei^(z)4,(z) = e* + £ 7„z",
n-l

then G(2) is regular for \z\ ^1 and

SRGíy») ^ 0.

Accordingly by the principle of minimum for regular harmonic func-

tions

dtG(z) > 0 for I «I < 1.

Hence by Carathéodory's theorem

I 7» I á 29îe« g 2 for » = 1, 2, ■ • • .

Consequently

(3.12) G(z) « (1 + f)/(l - z).
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On the other hand from (3.11) we have

(i   2p    \

-zH¡(z)/{(l - z2) fi («"•-«)}
'      1 n*l.i J

which is dominated by

/l + A      1 1

<3-»>     '(rr-J~ 2pz2  (1 - z)2*"2      (1 - z)

since we have (3.12).

From (3.4) and (3.5), we have

/w = *(*)H(« - ft)d - ft2)/(Hft^-s)

which is dominated by

z'       *=*/ z   \ .     , 1

(r^^S(1+ra)(1+lft|,,-^-w
since we have (3.13). Hence we obtain

| a» i â ft,, » = 5 + 1, c + 2, • ■ • ,

and

| /(re*) | ¡g F(r) for r < 1. q.e.d.

4. A class of functions related to D(p).
Definition 3. Let w=f(z) be regular for |z| gl and C be the

image curve of \z\ =1. Let, further, £ be the orthogonal projection

of f(ea) onto a straight line. Then £ will move on the straight line

both positively or negatively when 6 varies from 0 to 27r. If £ changes

its direction of movement 2p times when 6 varies from 0 to 2tt, then

f(z) is said to be convex of order p in the direction which is per-

pendicular to the straight line. This class of functions has recently

been studied by M. S. Robertson [9].

Especially if, when we represent/(z), zf'(z) in the same plane, the

straight line is parallel to a diametral line of zf'(z), then f(z) is

said to be a member of F(p).

Lemma 3.f(z) is a member of the class F(p) if and only ifzf'(z) belongs

to the class D(p).
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Proof. This is a generalization of M. S. Robertson's lemma [6].

It is sufficient to prove the lemma in the case where the diametral

line of f(z) is the real axis, since in the other cases we may consider

eiaf(z) with a suitable choice for the real parameter a.

Using the identity

3{«/(«)} = - ddtf(z)/dd for | z| = 1

we see, under the hypothesis,

3 {*£*(*)} - - #K/(e*)/c!0 > 0 for e„-i < 6 < 02„

3{z/'(z)} = - mf(tP)/d9 < 0 for 0u < 6 < 02.+1,

s= 1,2,-■■ ,p,0j = 01 +ir, 02p+i = 0i + 2ir.

Hence f(z)EF(p) if and only if zf'(z)ED(p).

Theorem 2. Let

(4.1) f(z) = z"+  ¿ anz»
n=î+l

be a function of the set F(p). Suppose that in addition to the (q-l)th

order critical points at z = 0, the function f(z) has exactly p — q critical

points ai,a2, • • • , ap-q such that 0<\a¡\ <l,j = l,2, • • • ,p—q. Then

(4.2) | o»\ ^ qCn/n, n = q + 1, q + 2, • • • ,

/' ' F(r)-^dr, forr<l,
o     r

(4.4) \f(re»)\£qF(r)/r, for r < 1,

where Cn and F(r) are defined by

^-T^¥'U(1 + W\)ii + 'lßll)

= Z"+  E  CB2».
n=«+l

Proof. Since f(z) G F(p),

1 1     °°
— zf'(z) = z" + —   £ nanz" E D(p)
Q Ç   n-j+l

by Lemma 3.

By using the main theorem we have (4.2) and (4.4). By integrating

f'(z) along a radius we have, for z=reu,
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I /(re*) \ = \   f 'f(z)dz I ̂   f' | /'(re*) | ¿r ̂  q f ' — dr
I J o Jo J o       r

for r < 1,

which completes the proof.

5. Subclasses of D(p) and £(p).

Corollary 1. Let f(z) in the form (3.1) be regular for \z\ul and

assigned with the same zeros as in Theorem 1. Suppose thatf(z) satisfies

one of the following conditions :

(i) 9t[zf'(z)/f(z)]>0for\z\=l,
(ii) f(l)=real, f( — l)=real and 3/(e*) changes sign 2p times on

1*1 -1.
(Hi) f(z)ET(p).

Then (3.2) owá (3.3) hold.

Proof, (i) Since there exists at least one diametral line of f(z) by

Lemma 1', and since f(z) is starlike of order p in every direction by

the fact that $[z/'(z)//(z)]>0 on |z| =1 and f(z) has p zeros in

\z\ <1, f(z) is evidently starlike of order p in the direction of the

above diametral line.

(ii) In this case the diametral line of f(z) is evidently the real axis

and is starlike of order p in this direction by our hypothesis, which

proves the corollary by using the main theorem.

(iii) This is a direct consequence of the preceding (ii).

Corollary 2. Let f(z) in the form (4.1) be regular for \z\ ^1 and

assigned with the same critical points as in Theorem 2. Suppose that

f(z) satisfies one of the following conditions :

(i) í+ÍR[zf"(z)/f'(z)]>Ofor |2|=1.
(ii) f'(l)=real, f'( — l)=real, and f(z) is convex of order p in the

direction of the imaginary axis.

(iii) In (4.1) the coefficients are all real andf(z) is convex of order p

in the direction of the imaginary axis.

Then (4.2), (4.3), and (4.4) hold.

Proof, (i) By our hypothesis zf'(z) has p zeros in \z\ <1 and

9t[2{2/'(2)}'/{z/'(z)}]>0 on |2| =1. Hence zf'(z) is starlike of order

p in every direction. Consequently zf'(z)ED(P) by Corollary 1

adopting (i). Accordingly f(z) E F(p) by Lemma 3.

(ii) By our hypothesis — ô9î/(2)/30 changes sign 2p times on \z\

= 1. Accordingly 3f{z/'(z)}  changes sign 2p times on  |z|=l by
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Lemma 3. And l/'(l)=real, (-l)/'(-l) =real. Hence zf'(z)ED(p).

Consequently f(z)EF(p).
(iii) This is a special case of (ii).
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