MONOTONIC PROPERTIES OF THE
GREEN’S FUNCTION

KENNETH S. MILLER AND MENAHEM M. SCHIFFER

1. Introduction. In a previous paper! we obtained variational
formulae for the Green's function of an ordinary differential system
under the assumption that the interval, operator, and boundary
conditions were allowed to vary. We shall now deduce various monot-
onous properties of the Green's function as well as other results based
on these formulae.

Our interest is centered on a linear differential operator

n—1

dxn——l

dn
(1) L = po(%) E‘-F pa() + -+ pa(a).
whose coefficients are continuous in some closed finite interval I of
the x-axis and po(x) >0 in I. With Equation (1) we shall associate
two-point boundary conditions of the form

(2) Ualw) = 2 6att¥0(0) + 2 Canritt®P(®),  $=1,2,--+,m,
=1 t=1

where [a, b] is a closed subinterval of I. The completely homogeneous

system

(3) Lu:o, Ua(u.)=0, a=1,2’-..,n’

will always be assumed incompatible. The adjoint of L will be de-
noted by L+ and the adjoint boundary conditions by UX(x). If L
or U operates on a function of more than one variable, a presuper-
script, for example fL or { U, will denote which variable is to be oper-
ated upon. The bilinear concomitant will be denoted by 7 [u, v],

4) fb [o(x) Lu(x) — u(x)Lto(x)]dx = = [u, v].

For every incompatible differential system of the form of Equa-
tion (3) there exists a Green's function G(x, £). It may be that this
Green’s function depends on a parameter X\. Then we shall write
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G(x, £) =G(x, & MN) to exhibit this dependence explicitly. If we now
consider the same system when N has been changed to N\, we shall
write G'(x, £) =G’(x, &, \’) as the Green’s function of the new system.
We define AG by the equation

(5 AG(x, §) = G'(x, &, N) — G(, & N)

which also equals
i}
Let 6G(x, £) be the principal part of the above expression, that is,
d
7 8G(x, £) = —G(x, &, N)ON
(N (=, £) PN (x, &N

where the finite increment AN of the independent variable A has been
identified with 8\. Equation (5) is called a finite comparison formula
and Equation (7) an infinitesimal variational formula.

We shall consistently use the notation of [MS] in the following sec-
tions. In particular, it will frequently be convenient to use the nota-
tion "G (x, b)/92r to indicate that the function G(x, ) was first dif-
ferentiated with respect to the second argument, £, and this argument
then replaced by b.

2. Monotonic properties of the Green's function.

2.1 Variation of the interval. One of the main advantages in the
theory of partial differential equations of having variational formulae
for the Green’s function is that it enables one to deduce many
monotonous properties of the Green’s function. This is also true in
the case of ordinary differential systems. In particular, we shall as-
sume that the differential operator L under consideration is of even
order n =2r and the boundary conditions are of the special form

(8) Ud(u) = u*(a), Urra(n) = ul>0(d), a=12+-,m

As a physical example, we note that in the theory of strength of ma-
terials the deflection of a built-in beam is governed by a self-adjoint
equation of the fourth order whose boundary conditions are

u(a) =u'(a) =u(d) =u'(b) =0.

We shall now further assume that the left-hand end point (a) is
held fixed while the right-hand end point (b) is allowed to vary. It
follows from Theorem 3 of [MS] that if L is self-adjoint, then
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©) 3G(%, &) = (- 1)' G(E,

b) po(b)8b.

TuEOREM 1. HYPOTHESIS. Let the interval [a, b] be divided into m+-1
subintervals by the points of subdivision ¢t a<H1<$a< ¢+ <¢m <b.
Let a;, 1=1, 2, - - -, m, be any set of m real numbers. Let G(x, & I &i)
be the Green's function for a self-adjoint differential operator of even
order n=2r with boundary conditions of the form (8) in the interval
l[a, t:]. Let the completely homogeneous system be incompatible for
every subinterval [a, c] of [a, b].

CONCLUSION. If r is even,

> 2 G 85| B)aia;
=] je=l
= > > G ¢l tmaia;
f=1 j=1
- m—1 m—1 m—1 m—1
= > Y GG ti| tmaia; Z X DG (s §i| Emor)aiay
i1 jml f=l =1
m—k m—k m—k—1 m—k—1
> 2 G | Emi)aias = E 2 G(o b5 tmer)aia;
fem] gl =1

=26y fx! i'z)af;G(ﬁ, §'1| 3’1)0: = 0.

If r is odd, the inequalities will be reversed.

Proor.
o [ 222G ¢ 3)05‘1:']
fe==] ju=1
= (~ D) 3 3 = b) G(r,, b)aia;
=1 j=1 027
mo 9"
- 00| 2 Do |
k=1 027
by Equation (9) from which the positive or negative monotony of
(10) > 2.6, taa;
t=1 j=1

follows depending on whether 7 is even or odd.
With a theorem such as this we can prove many interesting
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(mostly well known) results? with a few strokes of the pen. For
example:

CoRroLLARY 1. HYPOTHESIS. Let G(s, t) be the Green's function for a
self-adjoint differential operator L of even order n=2r on the closed
interval [a, b] with boundary conditions of the form (8) such that the
completely homogeneous system is incompatible for every subinterval

[a, c] of [a, b].

CONCLUSION. If ¢ is any real continuous function in [a, b],

) [ [ o6 06005 2 0

if r is even. The inequality is reversed if r is odd.

Proor. The non-negative sums of Equation (10) may be regarded
as Riemann sums approximating the integral of Equation (11).

CoOROLLARY 2. HYPOTHESIS. 4s in Corollary 1.
CoNcLusION. If y(x) satisfies equation (8), then

b
f y(x)Lydx = 0

a
if r is even. The inequality is reversed if r is odd.

ProoF. If we write Ly =¢(x), then y(x) =[2G (%, £)¢(£)dE by the
definition of the Green's function. Applying Corollary 1 we see that

b b
f ¥(x)(x)dx = f y(x) Ly(x)dx =0

if r is even.
An interesting result is the following:

CoroLLARY 3. HYPOTHESIS. As in Corollary 1.
CONCLUSION.

|G(x, &)| =[G(x, D)GE, §]2=(1/2)[G(x, ©)+G(E )]

ProoF. Let m =2 in Equation (10) and apply Schwarz’s Inequality.
The representation in Theorem 1 can be generalized to include
derivatives of the Green’s functions.

THEOREM 2. HYPOTHESIS. As i1n Theorem 1 where we now introduce

* A systematic presentation of well known properties of the Green's function can
be found in the book Kernel functions in mathematical physics by S. Bergman and
M. M. Schiffer, Academic Press, 1952.
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the real arbitrary constants A o5, =0,1, -+« | pSr—1,4=1,2, ...,
m.
CONCLUSION.
P p m m gatB
PIDIDIPIV. .1y Gt ) 20
am0 f=0 i=1 j=1 312928

if r is even. The inequality is reversed if r is odd.

Proor. Apply the & operator to

D y
2 2 Aaidgi0°tG (L §5)/91°02°
a=0 p=0
and sum over ¢ and j.
As in the case of Theorem 1 we can deduce various corollaries.

COROLLARY 4. HYPOTHESIS. Let ao, =0,1, - - -, p<r—1, be any
set of p+1 real numbers. Let G(s, t) be the Green's function for a self-
adjoint linear differential operator L of even order n=2r on the closed
finite interval [a, b] with boundary conditions of the form (8) such that
the completely homogeneous system is incompatible in every subinterval
[a, ¢] of [a, B].

CoNCLUSION. If ¢ is any real continuous function in [a, b],

i Zp: b b gath
aal, ——G(s, o(s)e(t)dsdt = 0
Y [ [0 08960
if r is even. The inequality is reversed if r is odd.

CoROLLARY 5. HYPoTHESIS. 4s in Corollary 4.
CONCLUSION.

[f: f 6, t)cb(s)qb(t)dsdtT
< [ f b f "G(s, t)¢(3)¢(t)dsdt:|[ fa" f "G,,(s, t)¢(s)¢(t)dsdt].

ProoF. Let p=1 in Corollary 4 and apply Schwarz’s Inequality.
We conclude this section with a theorem which has an obvious
physical interpretation.

THEOREM 3. HYPOTHESIS. Let G(x, £) be the Green's function for a
self-adjoint linear differential operator of even order n=2r with boundary
conditions of the form (8). Let y(x) satisfy the differential equation
Ly =¢(x) and boundary conditions of the form (8).
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CONCLUSION.
3y (b) N on
om - VO S
Proor. From y(x) = [{G(x, £)¢(£)dE,

b ar
SORCIN

G(b, b)sb.

ar
G(, ) E:G(E' b) po(b)0be(£) d§

o G(x, b ' arG b d.
6 ) [ 6t oo

ar
G(x, b)y"(b).
5 Gl D)y (b)

= (—1)7po(b)db

= (—1)"po(b)dd

[ The fact that the upper limit of integration is b does not affect the
variation since the Green’s function satisfies boundary conditions of
the form (8).] Differentiate the above expression 7 times with respect
to x and let x =b.

If we think of a loaded built-in beam whose deflection satisfies a
self-adjoint equation of fourth order and self-adjoint boundary con-
ditions of the form (8), we see that by measuring the rate of change
of the first nonvanishing derivative [y”(x)—the moment] of the de-
flection, y(x), at the point b we can obtain "G (b, b) /dx9E".

2.2. Variation of the boundary conditions.

THEOREM 4. HYPOTHESIS. Let L be a self-adjoint differential operator
of even order n=2r with boundary conditions of the form (8) in the
interval [a, b]. Let the perturbed boundary conditions UJ be Ud =U.,
fora=1,2, -+ -, r—1,r+1, - - -, 2r—1andletU](u) = (1 +e)u"V(a)
+nu®(a), Uz (u) =(1+e)u0 () +n9u® ().

CONCLUSION.
ar
a1

ar
- G(x, b)

5G(x, &) = (—1)'{112 -

o G o G
- m—G(x, G)E (a, E)Po(a)} .

92
ProoF. From Theorem 5 of [MS],

AG(x, ) = ‘i_lfA U6, § Uk ailG, O],

We note that AU;=0 for ¢=1, 2,---,r—1, r41, .-, 2r—1
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and from the expression for = [«, v],

oGz )] = — (=1)

a),

rU2r+l [G(x’ g‘)] ( 1)

b),

Substituting these formulae in AG(x, £) and making simplifications
due to first order variation, we obtain Theorem 4.

We shall now define an “energy integral,” E[¢] and show that it
is monotonic. This theorem has a physical interpretation which we
shall point out at the end of the proof.

THEOREM 5. HYPOTHESIS. As in Theorem 4. Let y(x) be any function
which satisfies the boundary conditions U.(y) =0,a=1,2, - - -, n. Let
Ly=o¢(x). Let E[p]=S 2 2G(x, £)dp(x)p(£)dxdt by definition, where
G(x, £) is the Green’s function.

CONCLUSION.

3E = (= 1)"[n2yP0)po(8) — my®(a)2po(a)]-

Proor.

E = (—1)'n2Po(b)fb j;b :2:
~ vmp [ [

Noting that y(¢) =/2G(x, £)¢(x)dx, we easily arrive at the result
stated in the theorem.

Physically speaking, if our self-adjoint differential operator repre-
sents the deflection of a beam, Ly=¢, then y is the deflection and
¢ is the load. The original boundary conditions U,(%), =1, 2, repre-
sent a built-in beam, while the U, (#) represent conditions inter-
mediate between a simply supported beam and a built-in beam. If
the load is fixed, the energy varies monotonously as the boundary
conditions vary from “built-in” to “simply supported.”

2.3. Extensions to non self-adjoint operators. In all the previous ap-
plications of monotony we have assumed self-adjointness of the dif-
ferential operator. In Theorem 6 below we shall prove a result con-
cerning the monotony of the “energy” which is valid for non self-
adjoint operators (but with self-adjoint boundary conditions).

a) G(a, E)¢(x)¢(£)dxd£
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THEOREM 6. HYrPoTHESIS. Let L be a linear differential operator of
order n and let Us(u)=0, a=1,2,---,m, be a set of self-adjoint
boundary conditions. Let y(x), 2(x) be two functions of class C* such
that U;(y)=0= U,'(Z) and Uzt.+1_,'(y)= U;:,.'.l_.'(Z), 'i=l, 2,‘ ttt n.
Let Lty=¢, Lz=y. Define the generalized energy integral as

rlg, ¥] = f b f "6(a, s>¢(x)¢(s>dxds[= f aLtydx = f b ydex].

Let the perturbed boundary conditions be Ul = U;+eUsnir—i, 1=1,
2: N (D) €.=0.
ConcLrusion. 6I'=0.

Proor. From Theorem 5 of [MS],

ot = 3 U [ 6(s, ne(aas |00 [ &, ovo |

te=]

=2 U :,.+1_..-(y) BUiz) = D, &U :n+l—i(y) U :n+l—i(z)'
i1

t=1
3. Eigenvalue problems. Let us consider the eigenvalue problem
(12) Lvi(x) + Mvi(x) = 0, Ua.(v;) = 0, a=1,2,---,mn,

connected with the differential systems treated so far. We may write
this in the form of an integral equation

b
(13) 0i(%) + M f G, o)t = 0

by the use of the Green’s function G of the system Ly =0, U,(v) =0.
We perform upon this system a variation of the types considered in
[MS], that is, we change the coefficients of the operator, the end
points of the interval, or the boundary conditions. In each case, the
variation 6G(x, £) of the Green’s function has been determined, and
by means of Equation (13), the variations év; and 8\; of the corre-
sponding eigenfunctions and eigenvalues can be deduced therefrom.
Suppose, for simplicity, that the basic interval [a, b] is kept fixed
and that A; is nondegenerate; then we have

ON; b
0= bu(x) = 2@ + 0 f 5G (=, E)oi(8)dE

b
Y f Gz, §)dni(8)dE.
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This represents an inhomogeneous integral equation of the second
kind for év; which contains, however, the unknown parameter o\;. In
order to determine the latter, we multiply the above equation by
v:(x) and integrate over the basic interval [a, b]. We may assume
without loss of generality that v;(x) has been normalized by the re-

quirement
b
f vi(x)%dx = 1.
a

We then obtain, in view of Equation (13),
ON;

(14) N

5 pb
- f f 56, £)0i(E)0.(x)ded.

a a
Thus the known variation formulae for the Green'’s function permit a
determination of the change of eigenvalues A;, and then by the inte-
gral equation

) o\ )
ovi(x) + N f G(z, £)dvy(§)dt = ~ vi(x) — N f 8G(x, £)vi(E)dE

lead to a determination of the variation &v; of the eigenfunctions. As
in previous applications, we may easily derive from Equation (14), in
the case of important special forms of the differential system,
monotony properties for the eigenvalues.
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