THE IDENTITIES OF PI-RINGS
S. A. AMITSUR

1. Introduction. Let S be a ring with a ring of operators Q. The
ring S is said to be a Pl-ring (that is, a ring with a polynomial
identity) over  if S satisfies a polynomial identity g(x1, - - -, x,) =0
with coefficients in Q. We make correspond to every Pl-ring S a uni-
versal PI-ring which satisfies the identities and only the identities of
S. The universal ring is maximal in the sense that the rings satisfying
the identities of .S are characterized as the homomorphic images of
the universal ring. The Jacobson radical [3] of the universal ring is
shown to be its maximal nil ideal. This fact and the study of the
universal rings which correspond to total matrix algebras yield a
representation of the free ring over @, which in turn implies that
every ring (not necessarily a PI-ring) is a homomorphic image of a
subdirect sum of total matrix rings of finite order over the ring of all
integers. In particular, if the ring considered is nilpotent, the orders
of the matrix rings are bounded. Another result obtained by study-
ing the radical of the universal rings is that every Pl-ring satisfies an
identity of the form: S3,(x) =0 where Sz, (x)is the standard polynomial
of degree 2n (see [2]).

2. Universal PI-rings. In what follows we assume that Q is an
integral domain which contains an infinite number of elements and
such that: (1) aS=0, a€Q, implies a=0. (2) a(rs) =(ar)s=r(as)
for every a€Qand r, s€S. Let {x} be an infinite set of indeterminates
over Q. We denote by 2[x] the free ring generated by the set {x} and
Q. Following Specht [1, p. 565] we call an ideal Q in Q[x] a T-ideal
if (1) ap(x)EQ, aEQ, a=0, implies p(x)EQ, and (2) QTSQ for
every homomorphism T': x—t(x) of @[x] onto its subrings.

If Sis a PI-ring over Q, the totality of the identities of S constitute
a nonzero T-ideal Qs in @[x]. We refer to this ideal as the ideal of
identities of S and the quotient ring @[x]/Qs will be called the
universal ring of S.

It was shown in [1] that in the case of PI-rings of characteristic
zero, which is the case where @ is the integral domain of all integers,
the converse also holds. That is: if Q is a nonzero T-ideal, then
Q[x]/Q is a Pl-ring whose ideal of identities is the ideal Q. The fol-
lowing lemma is a generalization of this result:
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LEMMA 1. Let P be an ideal in Q[x).! The quotient Q[x]/P is a PI-
ring if and only if P contains a nonzero T-ideal; and if this condition
holds, the ideal of identities of Q[x]/P is the maximal T-ideal contained
in P.

Proor. The set of all polynomials g(x) EP such that g(x)TEP for
every homomorphism T constitute the maximal T-ideal Q contained
in P. If @0, let g(xy, - - -, x») be any nonzero polynomial of Q.
Since Q is a T-ideal, for any set of polynomials #(x), « - -, £.(x),
g(ti(x), + -+, ta(x)) €Q. Thus if ’ denotes reduction modulo P, it fol-
lows by PD(Q that:

g’(tl(x)s Tt tn(x)) = g(tl’ (x)! R td (x)) = 0.
This proves that g(xi, - - -, x,) =0 is an identity satisfied by
Q[x]/P. Conversely, if g(x;, - - -, x.) =0 is satisfied by Q[x]/P,
for any set of polynomials 4(x), - - -, t.(x) we have g(t{ (x), - - -,
ta (x)) =0. This means that g(ti(x), « - -, ts(x)) €P, which proves that
the T-ideal generated by g(x) is a T-ideal contained in Q. Hence
g(x)E€Q and the proof is completed.

Note that if the set {x} is sufficiently large, the ring S is a homo-
morphic image of its universal ring. Let R be a PI-ring which satisfies
the identities of S; then Qz2Qs, where Qr and Qg are the ideals of
identities of R and S respectively. Hence the universal ring of R is
a homomorphic image of the universal ring of S. In particular, if the
cardinal number of the set {x} is not smaller than the cardinal num-
bers of R and S, the ring R is also a homomorphic image of the uni-
versal ring of S. On the other hand, by Lemma 1 the universal ring of
S satisfies the identities of S; it follows, therefore, that every homo-
morphic image of the universal ring of S satisfies the identities of S.
Thus we have proved:

THEOREM 1. A ring R satisfies all identities of S if and only if Risa
homomorphic tmage of the universal ring of S.

It should be remarked that if the set {x} is fixed, the preceding
theorem holds only for rings R with cardinal number not greater than
that of the set {x}; but if R is given, one can choose {x} so that the
preceding theorem will be true.

In what follows “radical” and “semisimplicity” will be used in the
sense of Jacobson [3].

Let Q be a nonzero T-ideal.

LEMMA 2. Let p(x1, * - -, %,)EQ and let
1 We assume that from a0, o Q, ap(x)E P it follows that p(x)& P.
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p(xl’ Ct xn) = Z pv(xly Tty xﬂ)
r==0
where each p, is homogeneous in x, and of degree v in xi; then p,<=Q,
v=0,1,:-:,m.

The proof of this lemma is similar to that of [4, Lemma 3]. That is:
let a; EQ, then p(axy, = -+, Xn) = 2, &ips(%1, - - - , %a). Choosing m
different elements ay, - - - , am of ©, one can find also N\;, €Q such that
Zs‘ Noplaixy, « « -, Xa) =Ap,(%1, * * +, %n), where A= Hi<k (i —ou).
This implies Ap,(x) €Q; hence p,(x) €Q.

LEMMA 3. Let p=p(x1, - - -, %) be a homogeneous polynomial in x;.
The polynomial p is quasi regular modulo Q if and only if p is nilpotent
modulo Q.

It is obvious that if p is nilpotent mod Q, then p is also quasi regular
mod Q. Conversely, if p is quasi regular, then p —g+pgEQ for some
polynomial ¢. Hence g=p+pg=p+p?*+pg= - - =p+p?+ -
+prt14-pmHlg (mod Q). Let g= D™, g, be the decomposition of ¢ as
a sum of homogeneous polynomials in x; of degreesv=0,1, - - -, m.
Thus §= 2 ! prt D™, p™Hlg,— D™y ¢,EQ. Now choose n>m.
Then one observes that one of the elements of the decomposition of
d as a sum of homogeneous polynomials in x; of different degrees must
be p*; hence by the preceding lemma it follows that p*& Q. q.e.d.

THEOREM 2. If S is a Pl-ring without nilpotent ideals, then the uni-
versal ring R' = Q[x]/Qs is semisimple.

ProOF. Let p(x1, - - -, x,) be a polynomial belonging to the radical?
of R'. Take as x,4; any of the indeterminates of the set {x} not ap-
pearing in p(x). Evidently, p(x)x,41 also belongs to the radical. Since
this polynomial is homogeneous in x,1, the preceding lemma yields
(p(x)xa41)™EQ for some integer m. This evidently implies that if
s, + + +, S, are any elements of S, the ideal p(s;, + - -, 54)S is a nil
ideal. From the results of [5] it follows that PI-rings which do not
contain nilpotent ideals also do not contain right nil ideals; hence
p(sy, + + -, 5,)S=0. The absence of nilpotent ideals implies also that
p(sy, + + -, sa) =0. Thus S satisfies the identity p(x;, - - -, %) =0.
By definition of Qg, p(x) EQg and the proof is completed.

Applying the preceding result we are able to prove:

THEOREM 3. If Q is a nonzero T-ideal, then the radical of Q|x|/Q is
1ts maximal nil ideal.

1 This means, of course, “p is a representative of a class of the quotient 2[x]/Qs
which belongs to the radical.”
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In fact, we show that the radical coincides with the lower
radical [6]. Let J, L be the ideals of @[x] such that J/Q, L/Q are
respectively the radical and the lower radical of Q[x]/Q. It is
well known that JDL2DQ. The quotient @[x]/L is a PI-ring® since
it is a homomorphic image of 2[x]/Q, hence by Lemma 1, L contains
the ideal of identities Lo of this ring. Since Q[x]/L=(2[x]/Q)/(L/Q),
Q[x]/L does not contain nilpotent ideals; it follows, therefore, by
the preceding theorem that Q[x]/L, is semisimple. Now J/(JNLo)
=(J, Lo)/Ls. Since the first is an isomorphic image of the quasi
regular ring J/Q, it is also quasi regular. But this implies that
(J, Lo)/L, is quasi regular which is possible only if (J, Lo) =L,, i.e.,
LoD J. Thus JDL2DL,2J, which completes the proof.

The equality J=L, proves that:

COROLLARY 1. The ideal J is a T-ideal.

3. The free ring Q[x]. There is particular interest in the ideals
of identities of the total matrix rings 2, of order # over Q. Let M,
denote the ideal of identities of 2, then we have MiDM.2D - - -
Each of the quotients @ [x]/M, is, by Theorem 2, a semi simple PI-
ring. From [7, Theorem 2] we deduce that these rings are subdirect
sums of central simple algebras of bounded degree. In the present
case we can obtain the stronger result:

LEMMA 4. The quotient Q[x]/ M, is a subdirect sum of total matrix
rings of order n over 2.

Indeed, let 7 be a homomorphism: x;—7; of Q[x] onto ,, where
{r:} is a set of generators of Q.. Let Q. be the kernel of 7. Thus
Q[x]/Q.=Q.. If 7 ranges over all possible homomorphisms of this
type, then NQ, = M,. For, by Lemma 1, it follows that* Q,2 M, for
every 7. Hence NQ-2M,. Conversely, if g(xi, - - -, .) €ENQ>, let
r, - -+, ra be any set of matrices of @,. Let 7 be the homomorphic
mapping: x;—7;, 1=1, - - -, n, and let the correspondence x— for
the rest of the set {x} be defined so that the set {r} will contain a
set of generators of Q,. Then we obtain g(ry, - - + , ) =0. This proves
that g(x1, - - -, Xa) EM,, and the proof is completed.

A subdirect sum of rings isomorphic with @, is a subring of a
complete direct sum of such rings. The latter is isomorphic with a
total matrix ring of order n over a complete direct sum R of rings iso-
morphic with Q. The ring R is known to be free of nilpotent elements
since  is an integral domain. Hence:

3 One readily verifies that L satisfies the assumption of the footnote 1.
4 Qr evidently satisfies the assumption of footnote 1.
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COROLLARY 2. Q[x]/M, is isomorphic with a subring of a total
maltrix ring of order n over a commutative ring which does not contain
nilpotent elements.

It follows, therefore, by Theorem 1 that:

THEOREM 4. A ring S satisfies all identities of the total matrix ring Q,
if and only if it is isomorphic with a subdirect sum of rings isomorphic
with Q,; an alternative necessary and sufficient condition is that S be
isomorphic with a subring of a total matrix ring of order n over a com-
mutative ring.

LEMMA 5. N M, =0.

For if g(x1, - - -, *m) € M,, then g=0 is satisfied by the ring of all
finite matrices over { but no such identity exists by consequence 2 of
[5]. Hence g=0, i.e., N M,=0.

It follows now in view of Lemma 4 that:

COROLLARY 3. The free algebra Q[x] is a subdirect sum of total matrix
rings of finite order over .

We now apply the preceding result to the case =1, the ring of
all integers. Since every ring is a homomorphic image of the free ring®
I[x], we obtain:

THEOREM 4. Every ring is a homomorphic tmage of a subdirect sum
of total matrix rings of finite order over the ring of all integers.

Since the ring I is a subdirect sum of prime fields, the preceding
theorem yields:

COROLLARY 4. Every ring is a homomorphic tmage of a subdirect sum
of total matrix rings of finite order over prime fields.

Consider the T-ideal N, of I[x] generated by the polynomial
%1%z - - + %,. This ideal contains all the polynomials with degree =n.
From consequence 2 of [5] we know that the minimal degree of the
polynomials of the ideal M, is greater than or equal to 2k. Hence
N.DM; where k= [(n+1)/2]. Since every nilpotent ring is a homo-
morphic image of I[x]/N,,’ we obtain, by Theorem 3:

THEOREM 5. Every nilpotent ring of index of nilpotency n is a homo-
morphic image of a subdirect sum of total matrix rings over I of order
bounded by [(n+1)/2].

By the arguments of Theorem 3 this readily implies:

s If the set {x} is sufficiently large.
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COROLLARY 5. Every nilpotent ring of index of nilpotency n s homo-
morphic with a subring of a total matrix ring of order [(n+1)/2] over a
commutative ring which does mot contain nilpotent elements.

REMARK. If one considers algebras over a field F, then F can replace
the integral domain I of all integers, and in this case the commutative
rings obtained in Theorems 4, 5 and in Corollary 5 are either F or
commutative algebras over F.

4. The semisimple universal PI-rings. The main object of the
present section is to prove:

THEOREM 6. The ideals M, are the only T-ideals P of Q[x] such that
Q[x]/P is semisimple.®

To prove this theorem we need the following generalization of [4,
Lemma 3]:

LEMMA 6. Let C be a commutative ring with a unit element. The ideals
of identities of a Pl-ring S and of the direct product SXC (over any ex-
tension of Q) coincide.

The proof of this lemma was published in Hebrew in [8]. The fol-
lowing proof is simpler.

Put x;= : #;s, and write g( D 1, + + *, D tni) = >k gn(uj) as a
sum of homogeneous polynomials gi. It follows now by Lemma 2
that the identities g,=0 are satisfied by S. Let x;=g¢;, ¢;€SXC,
then a;= D_: 8ji¢si, s#ES, ¢;;EC. Since the polynomials g; are homo-
geneous, it follows that gi(sjcj;) =gk(sj:)c=0, where ¢ is an ele-
ment of C. By substituting #;;=s;ic;; we immediately obtain that
glay, - -+, an)=0. q.ed.

The ideal M, is evidently also the ideal of identities of the total
matrix ring R, of order » over any commutative ring R which pos-
sesses a unit element. Now if 4 is any central simple algebra of order
n? over its center F, one can find an extension F of F such that
A XF=F,. In view of these facts, the preceding lemma implies that
the ideal of identities of any central simple algebra 4 of order »®
over its center is also M,. With the aid of this result we can now prove
Theorem 6.

Let P be a T-ideal such that Q[x]/P is semisimple. Let & be the
minimal degree of the polynomials of P. By [7, Theorem 2] it follows
that this ring is a subdirect sum of central simple algebras 4, such

8 This is equivalent to the fact that the only universal semisimple PI-rings are
the quotients Q[x]/ M.
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that »n? is the upper bound of their orders over their centers. Since
the ideal of identities of these algebras are the ideals M;, it follows
readily that the ideal of identities of the subdirect sum is M,. Thus,
Lemma 1 yields that P=M,, q.e.d.

~ Let Sbe a Pl-ring. By Theorem 6 and by Corollary 1 it follows that
the radical of the universal ring Q[x]/Qs is the quotient ideal
M,/Qs.” From the main result of [2] it follows that M,, n=1, con-
tains the standard polynomial S,.(x)= Eix.-l - - - x;, where the
sum ranges over all permutations (z) of 2#n letters and where the sign
is taken positive for even permutations and negative for odd permu-
tations. We shall use also the notation: Sy(x) =x;. Applying Theorem
3 we now obtain that S..(x)"E Qs for some integer m. Hence:

COROLLARY 6. Every PI-ring satisfies the identity Sa.(x)™=0.

The preceding corollary was proved under the assumption that £
is infinite; nevertheless, it is true for every Pl-ring. For if Q is a
finite integral domain, we consider the ring S[t] of all polynomials
over S in a commutative indeterminate £ Since .S satisfies linear
identities [4, Lemma 2], S[t] also satisfies these identities. This ring
can be considered as a Pl-ring over the infinite integral domain
Q[t]. Hence, by the preceding corollary, S[t], and therefore also S,
satisfy the identity Sa.(x)™=0.

Denote by Z, the T-ideal generated by the standard polynomial
Sen(x1, + - -+, Xen). That is, 2, contains the polynomial of the form

ey () = 20 a()San(fil#), - -+, fon(2))b().

From the main theorem of [2] we readily deduce that the total
matrix ring Q, satisfies the identities k(x) =0, h(x)EZ,. Naturally,
this suggests the question whether the polynomials of Z, are the
only polynomial identities satisfied by ,. In the notation of the
present paper this problem is equivalent to the assertion of the
equality M,=2,.

From [2] it follows that M,DZ,. On the other hand, consequence
3 of [5] implies that the minimal degree of the polynomials of M,
is greater than or equal to 2(z+1). Thus, the results of Corollary 1,
Theorems 6 and 3 imply that M,/Z, is the maximal nil ideal of
Q[x]/Z.. This yields the following characterization of the polynomial
identities satisfied by 2, (i.e., the polynomials which belong to M,):

THEOREM 7. The identity g(x) =0 1s satisfied by Q. if and only if for

7 We use the notation My=g[x].
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some integer m and for some indeterminate xx not appearing in g(x),
the polynomial (g(x)x:)™ has the form (I).

This theorem provides only a partial answer to the problem of de-
termining the identities satisfied by Q,. We conclude with the remark
that the preceding theorem reduces the proof of a positive answer to
the question raised above to the assertion that the quotient ring
Q[x]/Z. does not contain nilpotent elements. This is the case for
n=1, since Q[x]/Z; is a commutative ring without zero divisors,
hence M;=Z,. We conjecture that this holds for every n.
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