FUNCTIONALS OF FINITE DEGREE AND THE CONVERGENCE
OF THEIR FOURIER-HERMITE DEVELOPMENTS

ROSS E. GRAVES

1. Introduction. In this paper we define a class of functionals on
the Wiener space C which play in the theory of functionals on this
infinite-dimensional space a role quite analogous to that of the poly-
nomials on a space of finite dimension. These functionals we call
functionals of finite degree; in particular we define functionals of
degree n. As in the finite-dimensional case we first define a functional
to be of degree n with respect to a fixed orthogonal coordinate sys-
tem, and then show that the property of being a functional of degree
n is invariant under orthogonal transformation of coordinates. After
a preliminary investigation of functionals of finite degree we estab-
lish the principal result of the paper, to the effect that the Fourier-
Hermite expansion of such a functional converges almost everywhere
on C. This result is of interest in connection with the theory of mul-
tiple stochastic integrals developed by R. H. Cameron and the
author, to appear in a separate paper.

Throughout this paper we use ||f|| to mean the Hilbert (L) norm
of f. This convention applies both to functions defined on [0, 1] and
to functionals defined on C.

In the work to follow we shall have occasion to use the generaliza-
tion of the Riemann-Stieltjes integral due to Paley, Wiener, and
Zygmund [3]. This integral, written [of(¢£)dx(¢), has the advantage
that it is defined for almost all x& C for each f€L; on [0, 1]. If f(¢)
is of B. V., this generalized integral agrees with the ordinary Rie-
mann-Stieltjes integral almost everywhere on C. If f(¢) is real and of
class L, on [0, 1] and if F(x) is Lebesgue measurable on (— «, «),
then

(1.1) waF[ L l f(t)zix(t)] dox = 77112 f_:F[” fllwle+*du,

where the existence of either side of (1.1) as an absolutely con-
vergent integral implies that of the other and the equality. For the
explicit definition of the generalized integral, and for the proofs of
the above assertions and other properties of the generalized integral
to be used in the sequel, we refer the reader to the original paper of
Paley, Wiener, and Zygmund.
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DEFINITION 1. Let

Umy,ooomy(®) = fI H,,.,[ j; 1oz,,(t){ix(t)]

k=1
N=1,2---;m=0,1,2---),
where the H,’s are the partially normalized Hermite polynomials de-
fined by
dm

Hn(w) = (—1)m2-m2(m!)~ 112w
dum™

(e_,,z) (m = 0! 1» 2: ttt )r

and where {ak(t)} isa C. O. N. (complete orthonormal) set (in the L,
sense) of real-valued functions on [0, 1]. Then the set { W, ... my(*) }
will be called the set of Fourier-Hermite polynomials (or functionals).
We note that

Tmg,ooomy(%) = Yoy, ooomya0, -+ -,0(%), To(x) = 1.

It has been shown by Cameron and Martin [1] that the Fourier-
Hermite functionals form a closed (in the L.(C) sense) orthonormal
set of functionals. More explicitly, if for F(x) €EL;(C) we define

y P =f F(£)¥m,,... my(%)dwx,
c

then
N

F(x) — 2 Ampeeomy¥mg,- e omy(%)

my, -, my=0

2

dpx = 0,

w
lim
N—oow c

and the Parseval equation holds in the sense that

N w
lim Y | Ampeemy |t = f | F(x) |2dus.
Nowo  my,...,my=0 C

If we wish to call attention to the C. O. N. set {oa,(t)} used in the
definition of the F. H. polynomials, we write \I',(,ﬁ;),...,,.N(x) and
Am,,....my in place of ¥ ,... my(x) and Am,,... my.

DEFINITION 2. The degree of the F. H. polynomial ¥ ... .. (x)
is the non-negative integer m;+ - - - +my.

DEFINITION 3. A functional F(x) on C is said to be of degree »
with respect to the (real) C. O. N. set { ak(t)} if it is of class L,(C)
and if its F. H. development in terms of the functionals determined
by {a(?) } contains no terms of degree greater than # and at least one
term of degree n. As a matter of convenience, a functional which is
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zero almost everywhere is assigned the degree —1.

2. Invariance of the degree of a functional. We require a pre-
liminary lemma.

LEMMA 1. If f() ELs on [0, 1], if c;=fof®)a;(t)dt where {a;(t)}
is a real C. O. N. set, and if p is any positive number, we have

p
lim dux = 0;

y—o [+
that is, D 31 cifoc;(t)dx(t) converges to [of (£)dx(t) in the L,(C) mean for
every positive index p.

[ swast) - Yo [ aixe

i=1 0

Proor. Without loss of generality we may suppose that f(¢) is
real-valued. Upon setting f,(f) = > -1 c;etj(£), we have from (1.1)

f : f f0ds) — S f ! 0300

=1
L]
= |y = llrwe [ loeam
As {a;(t)} is closed, ||f—f,||—0, and the result follows.

We are now in a position to prove the invariance theorem.

b4
dox

TaEOREM 1. If F(x) s of degree n with respect to a C. O. N. set
{au(t)}, then it is of degree n with respect to any real C. O. N. set.

PRroOF. Let { B;,} be any real C. O. N. set and for brevity write
bi(x) = foB:(t)dx(f). With the notation of the introduction, by mean
convergence and the fact that F(x) is of degree » with respect to
{ax} we find that

® v ®)
Apy,oooomy = fc F(2)¥m,,...,my(%)dux

(@) Y (a)
= lim Z Am.'-'muf \I’m.---,uu(x)
c

M—o  pppe.tuySa

(2.1)

Each integral f2¥® ... . (x)¥% ... ny(x)dox is a finite sum of terms
of the form

J :{ I .,'lf OB L. (e,

where f;EL; on [0, 1] and where ¢<#. From Lemma 1 and the prop-
erties of mean convergence we may conclude that
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fc {H lf:‘(t)lix(t)} ¥ s

j=1¢ 0

(2.2)

—tm [ { 11 [ kz_:x c;gbk(x)]} T8 .. y(B)dut,

e Je Uia
where cjx = [of;(£)B:(t)dt. It is readily seen that [J%,[D i1 cisbe(x)]
is expressible in the form

q

(2.3) H[ g Cjkbk(x)] = 21 C.G. (),

j=1

where the G.(x)’s are Fourier-Hermite functionals ¥®... ; (x) of de-

.....

gree not greater than ¢. Thus if m;+ - - -+ +my>n, we must have

(2.4) f G ... () du = 0.
c
Combination of (2.1), (2.2), (2.3), and (2.4) shows that
(2.5) AL o = (M4 -+ my > n).

From (2.5) we conclude at once that F(x) is a functional of degree
m<n with respect to {B:}. If we now interchange the roles of {c}
and {B:} in the above argument, we conclude that n<m, and the
equality follows at once.

In view of Theorem 1 we are justified in speaking of a functional
of degree n without reference to any specific real C. O. N. set {a(f) }
More generally if F(x) is a functional of degree # for some unspecified
integer #, we may speak of F(x) as a functional of finite degree.

Examination of the proof of Theorem 1 enables us to draw another
useful conclusion, which we state as a corollary.

COROLLARY. .If F(x) is a (finite) linear combination of functionals
of the form [Is-1 [Jofi(t)dx(t)] where g<n, then it is a functional of
fimite degree; in fact, the degree of F(x) does not exceed n.

The next theorem is of some intrinsic interest and will be very
useful in the paper on multiple stochastic integrals to which reference
was made in the introduction to this paper.

THEOREM 2. Let F(x) =L.I.M.y.. Fu(x) where, for each M, Fy(x)
s a functional of degree less than or equal to n. Then also F(x) s a func-
tional of degree less than or equal to n.

Proor. By mean convergence,
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(2.6) Am,...omy = lim Fu(x)¥m,,...my(x)dwz,

M—» c
and, by hypothesis, if my+ - - - +mxy>n, the integral on the right in
(2.6) is zero for each M.

3. Convergence of Fourier-Hermite developments. If F(x) & Ly(C),
it may be developed in a mean convergent series of Fourier-Hermite
polynomials,

1%

F(z) = LIM. 3 Am..comy¥mp-emy(%).

N—ow my, e, my=0
If » is any positive integer, we define Sy(x) by
Sx(x) = > Ay, omy¥my, oo o my().

Myt -+ fmy=n

Then {Sy(x)} converges in the L;(C) mean, so that we may define a
functional S(x) €Ls(C) by the equation

S(x) = LILM. Sy(x).
N—oow
Lastly, for any positive integers N and K and for any positive number
¢ we define a set Ey,x, by
Eng.= {x:max |Syia(x) — Sn(x)| > €}.
tSK
We are now in a position to establish an important preliminary
inequality.
LEMMA 2.! mo(Ex.x.) S€ | Snex—Sn]|2
Proor. For brevity we write E=Ey g, Define E; by
E; = {x: ma'x |SN+;(x) - SN(x)I e |SN+k(x) - S,v(x)l > e}
i<

(1 =k=K).
The sets E; are disjoint and E=UL., E.. We have
Iswee = Sl 2 [ [ Swon(a) = S 1
B
3.1) - X
= 2 | Sn+x(x) — Sn(x) I’dwx = Z Ji.
=1V E; k=1

1 This lemma is an extension of the celebrated Kolmogoroff inequality [2] to the
type of problem which concerns us here.
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We have also

3.2) Ji = L': | Sw+r(x) — Sn(x) |*dwx + 2 Re fE':[SN+k(x) — Sn(x)]

|Swir(x) — Syia(x) |dwx + i | Sv+x(2) — Swir(®) |2dus.

Eg

The second integral on the right-hand side of (3.2) is a finite linear
combination of terms of the form

[ o]

3.3) N+K 1
: {I_I A, [ ) a,max(t)]} dot,

where for at least one j, say jo, we have
ki, #0 and N+ k<j <N+ K

As‘ the random variables X,=[go,(f)dx(f) are statistically inde-
pendent [3] and as E; is determined wholly by the values of the
X,’s for 1Sy < N+k, (3.3) becomes

w w 1
(3.4) G(x)dus- f H,,,.o[ f a,-.(t)Jx(t)] dot,
Ey c 0
where G(x) is a certain polynomial in f3a,(f)dx(f) for 1Sy<N+K
and where v#jo,. As p;,#0, the value of the right-hand integral in
(3.4) is zero. It follows that the second integral on the right-hand side
of (3.2) vanishes, so that we certainly have

@5 Tz [ |Swils) = Su(a) [Mus 2 AmalED.

k

From (3.1) and (3.5) we obtain at once
K
IISN+K - SN”2 g 622 MW(EI:) = e2mu'(E)9
k=1

from which the assertion of the lemma follows.
It is now a simple matter to establish the convergence theorem
mentioned in the introduction.

THEOREM 3. The Fourier-Hermite expansion of a functional F(x) of
finite degree converges almost everywhere on C. More explicitly, with the
notation of the introduction, we have
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N
lim D Apyoomy ¥y (%) = F()

Now my,.. © ymy=0

for almost all xEC.

Proor. It is obviously sufficient to prove the theorem for the case
where the F. H. expansion of F(x) contains only terms of degree .
With this understanding and with the notation introduced at the
beginning of this section, we have F(x)=S(x) a. e. on C. For any
€>0 and for any positive integer NV, define the set Ey by the equation

Ey,.= {x:sgp |SN+;,(x) — SN(x)I > €.
21

Now Ey,.=limg.. En.k,, and, on noting that this equality implies
that limg.. mw(En,k,) =mw(En,), we conclude at once by mean
convergence and Lemma 2 that

(3.6) mo(En,) < S — Sal|2

Since ||S -—SNI —0, (3.6) shows by use of a standard argument that
the sequence SN(x)} converges almost uniformly, and hence almost
everywhere on C. This remark establishes the theorem.

4. Conclusion. The use of the statistical independence of the
functionals X, = f{a,(£)dx(t) at the crucial point in the proof of Lemma
2 is worthy of note, as it illustrates the utility of the methods and
concepts of mathematical probability in the investigation of an
analytical problem. Such statistical arguments will appear again in a
critical lemma in the paper on multiple stochastic integrals to which
reference was made in the introduction. We take this occasion to
point out that the occurrence of statistical arguments at certain
crucial points is more or less to be expected in the light of the fact
that the Wiener theory is a special case of the general theory of
stochastic processes.
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