DETERMINATION OF THE TYPE AND PROPERTIES OF
THE MAPPING FUNCTION OF A CLASS OF DOUBLY-
CONNECTED RIEMANN SURFACES

HOWARD E. TAYLOR

1. Introduction.! The object of this paper is to consider a class of
open doubly-connected Riemann surfaces? and to show that the mem-
bers of the class are images of the complex plane less two points;
also a representation of the mapping function is obtained. To this
end a class of open simply-connected Riemann surfaces is defined
and the members shown to be parabolic and a representation of the
mapping function is obtained.

The methods employed involve approximation by sequences of
elliptic surfaces developed by G. R. MacLane [8]¢ and the use of the
results of Carathéodory [2] on the mapping of a sequence of plane
domains by a family of functions.

In the terminology of Iversen [7] certain members of each class
of surfaces exhibit indirectly critical singularities.

2. Description of the class of simply-connected surfaces. A sur-
face ¥ of this class is defined by two infinite sequences of real numbers
{an}r {bn} (n=11 21 ° T ') with 0<al<bly a2kil>azks bzk—l>a2k—l)
as. > bg. F consists of sheets Sy, S, - - -, Sk, - - -+, each sheet being a
slit copy of the w-sphere. S; is cut along the positive real axis from
w=a; to w=b,. S; (k>1) is cut along the real axis from a;_; to
br— and from a; to bx. S; and S, are joined along their cuts from
a, to b, forming first order branch points over a; and b;. S and Saria
are joined along their cuts from ag to ba, Sau and Sy, are joined
along their cuts from ag;_1 to b1 forming first order branch points
over w=a, and w=b,, n=1, 2, 3, - - - . ¥ is topographically equiva-
lent to a semi-infinite cylinder, hence is open and simply-connected.
Therefore ¥ is either hyperbolic or parabolic.

The nature of the singularities of ¥ depends on the sequences
{a.}, {#.}. (1) If neither sequence has a limit, ¥ has no singularities.
(2) If one of the sequences has a limit or if both have the same limit,
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7 has one indirectly critical singularity. (3) If a,—a © and b,—»,
¥ has two indirectly critical singularities.

3. Description of the class of doubly-connected surfaces. A sur-
face ¥ of this class is defined by two infinite sequences of real numbers
{a,.}, {bn}: n=+1, +2, +3, ..., with b1<e_;<0<a;<b,, okt
>am, bu-1>0m_1, @uSbuw, 09> g1y, CGk1>b g1, b_a>a_n,
k=1. ¥ consists of an infinite number of sheets

"',S—kyS—lH-l)"'|S—1)Sl’52,"')Slnsk-{—ly"' )
k=1’2'3,... ,

each sheet being a slit copy of the w-sphere. S;, j=—1, £2, +3, - - -,
is cut along the real axis from a; to b; and from a;_; to b;_;. S; is cut
from a, to b; and from @_, to b_;. S; and S;4; are joined along their
cuts between a; and b; for j# —1. S_; and S; are joined along their
cuts between a_; and b_;. Branch points of first order are formed
over w=a; and w=b; j=+1, +2, +3,-.-.F is topologically
equivalent to an infinite cylinder, hence is open and doubly-con-
nected. By the uniformizing principle [6], ¥ can be mapped onto the
{-plane slit along two line segments parallel to the real axis and
thence onto the annulus 0=7<|z| <R< ® in the z-plane [3, pp.
71-72].

¥ can have no, one, two, three, or four singularities. For consider
7 as made up of two surfaces #, and ¥, where ¥, consists of sheets of
positive subscript and ¥, of sheets of negative subscript, and the
singularities of 7; and ¥; can be classified as in §2. So any singularities
of ¥ will be indirectly critical.

4. Proof that all surfaces of the first class are parabolic. Let
7, a member of the class of simply-connected surfaces, be mapped
onto the circle |z] <R< « by the function

¢y z=¢(w), w=[flz), f0)=0€S, f(0)=1

To determine the images in the z-plane of the branch points of ¥,
consider the two symmetric halves of ¥ obtained by slicing each sheet
along the uncut portion of the real axis (i.e., S; is sliced from b; to
(—1)¥1o, from by to (—1)*e, and from a; to ax—;). The half of ¥
containing the upper half of S; can be mapped on a semi-circle |z|
<R=», J(2)>0, so that the point over the origin in S; is mapped
onto z=0, the point over « in S; is mapped onto 2=+, <0, the edges
of the slices from — « to a; and from @i_; to a; are mapped on the
diameter —R <2< R to the right of v1, and the edges of the slices from
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bito (— 1)1 are mapped on the diameter to the left of 7;. This map-
ping carries the branch points over {a,} into a monotone increasing
sequence of points {a,.} on the positive real axis and the branch
points over {b,} into a monotone decreasing sequence of points
{B.} on the negative real axis of the z-plane. The point over = in
S; is carried into the point 7; on the real axis with 8, <vi <Bi-1. If
we apply the Schwartz reflection principle to the inverse of this
mapping function and normalize, we are led to the function (1), so
f(2) is real for 2 real and the image of the branch point of ¥ over ax
is g=a; with 0<a1<ae< -+ - <<y < - - - and the image of
the branch point of ¥ over b; is 2=8; with 0>8,>8:> - - - >
>Bi41> - - - and the image of the point of ¥ in S; over w= o is
g=v; with 0>Y1>81>7:>0:> - - - >Bha>v>Bh> -+ . 51 is
mapped on a portion of Izl < R bounded by a simple closed curve G,
symmetric about the real axis and cutting the real axis in &; and $;
only. S (k>1) is mapped on a portion of Izl <R bounded by two
nonintersecting, simple, closed curves Ci—; and Ci, each symmetric
about the real axis with Ci_; cutting the real axis at ax—; and Bi
only, and with C; cutting the real axis at o and B« only. The uncut
segment of the real axis of S; corresponds to the segment (84, a;) and the
two shores of the cut from a, to b, correspond to the two symmetric
halves of C;. The uncut segment (ax—1, ax) of Sx (£>1) corresponds to
the segment (a1, o) and the remaining uncut portion of the real
axis of S; corresponds to the segment (B_1, Bi). The shores of the cut
(@x-1, bx—1) correspond to the two symmetric halves of Ci—; and the
shores of the cut (ax, bx) correspond to the two symmetric halves of
Ci. The curves C;: and the real axis are the paths on which w=f(3) is
real.

Consider the elliptic surface ¥, which consists of the first n+41
sheets of ¥ with the cut from a,41 to ba41 healed. ¥, is a simply-con-
nected closed surface with 2n first order branch points over
a1, Qg * * , Gny by, bs, - - -, by and with 41 points over w= =,
Hence ¥, is the Riemann surface of the inverse of a rational function
w=R,(z) which can be normalized so that R,(0)=0&S;, R, (0)=1,
R,(®) =0 ESp1. Ra(2) has n41 simple poles, n of them at the
images Y1, Y2m Y ° ° °» ¥Ynn Of the points over w= o in the
sheets Sy, - - -, Sp and one at z= =, and R, (z) must have 2z first
order zeros at the images ai,n, 02,8, * * * » Qnyny Briny Bvny = © * 5 Pr,n Of
aj, -,y by, - - -, b, and no other zeros, where B,,» <Vn.n <Bn-1.n
< ve <Bra<Y1n<0<ayn<ozn< - -+ <ann Hence R.(2)
=P,(2)/0a(2) where P, is a polynomial of degree n+1 and Q. is
a polynomial of degree #, and we can write R.(s)=/[tR/ (t)d¢,
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R} (2)=II3-1 (1 —3/cs..)(1 —2/Bs.n)/(1 —2/v2.n)* Where the residues
of R, (z) at the poles are zero.

Let D, be the z-plane cut from a,,, to = along the positive real
axis. D, is mapped by w=R,(2) onto ¥, with the sheet S,41 cut from
@, to (—1)" along the real axis. But { =¢(w) maps this cut surface
one-to-one on the domain A, of the {-plane bounded by the curve
Cay1 and the segments (Bry1, Yat1), (@n, @at1) and containing ¢ =0. So
¢ =¢[Ra(2) | =y¥a(2) provides a schlicht mapping of D, onto A, with
¥a(0) =0 and ¢, (0)=1. The following is an immediate corollary of
Koebe'’s distortion theorem: Let w=f(z) be holomorphic in the
z-plane slit from 2=R>0 to + » along the real axis and map this
schlitzbereich on a plane domain A of the w-plane subject to the
conditions f(0) =0, f'(0) =1. Then the distance from w=0 to the
boundary of A is greater than or equal to R. Applying this, we have
that the distance from { =0 to the curve C,y1 is greater than o, ,.

For 0<z<an,n, [I1-1 (1 =2/Be.n)/(1 —2/72.) <1, I[2e1 (1 —2/72.0)
>1, [It.: 1 —2/a..) >0, 0< R, (2) < II3-.: 1 —3/as.n), and if 1/a,
=(1/n) 28a1 Vet R (8) <[(1/m) 231 (1 =3/ ) ]"=(1 —2/&)".
So a1=["R) (3)dz < [§~(1 —3z/@,)"dz < [E*(1 —2/@,)"de =&,/ (n+1),
and since ) _s.; 1/ax,n<n/(n+1)a;<1/a; we have for any», 1 Sv<n,
v/otya< D aay 1/axn<l/ay, or a,.>aw for v=1, 2,---,n; n
=1, 2, - - - . Therefore the distance from the origin to C,,, is greater
than ayn for all n, and ¥ is parabolic.

5. Structure of the mapping function for surfaces of the first class.
We have shown above that D, converges to || < © and A, converges
to |¢| <, and using the form of Carathéodory’s theorem [2, pp.
118-126] on families of schlicht mappings which is stated in Bieber-
bach [1, p. 13], we conclude: ¢[R.(z)] >z uniformly in || <7 for
any finite 7 and R.(3)—¢~'(3) =f(z) uniformly in |z| <r. By Hur-
witz’ theorem [, p. 249], lima., Qi,n =%, limy .o Bi,n =B, liMpaw Ye.m
=Yk-.

There exists a §>0 and an integer 7, such that for 0<|s| <8 and
n>mno, f'(3) and R, (2) differ from zero and log R, (2)—log f’(2),
where we take the determination of the logarithm which is zero for
z=0. Now

log Ru(z) = = > 2/Ykm — V/ara — 1/Br.n)
k=1

+ (z2/2>§_: @/ Crem)? = 1/(aen)? — 1/ Ben)?) + - - - .

Hence lima. | D ga1 (2/7;,_,.—1/a.,,,.—1/6,,,,.)] exists and is finite.
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Since Bi.n <Yin <0, we have — © <liMp.e D pa1(—2/|Visn| —1/tkn
+1/|Bi|) < —lim suPnew X pm1(1/]Bein| +1/22.s) <0. So

limsup Y 1/aps < ®, limsup 2 1/|Bra| < o,
k=1

2) e . e
limsup Z l/l 'Yk.nl < o,
™=
and hence
3 2 1/, 221/ B, > 1/|v:|  all converge.
k=1 k=1 k=1

Because of (3) the product 7(z) = [ [in; (1 —2/ow) (1 —2/B:) /(1 —2/vx)?
converges, and for | 2| <9, lim,.. log Ry (3)/7(z) =log f'(2)/(2).

log Y (2)/(z) = Z: (an/m) {( > 2 — g z/(mm)

k-l

-(Ev@r -5 1/(a))
-(Zvear -5 1/} -

Since liMax Ye.n =75 | im supa-« ( 1t-1 1/(Yam)™— 2ins 1/(va)™)|
=|lim supnes (iem 1/(Yem)™— Dien, 1/(v)™)|, and using (2)
and (3), we have |lim supn.. (Zi’.,.o 1/(Yr,n)™— Z;’_,,o 1/(ve)™)|
=2 Z’;-,.ol /k™ for all n, sufficiently large. So

lim ( f) 1/(vem)™ — i 1/(7k)"'> =0, m= 2.
k=1 k=1

Similarly we have
im (2 /@80 = 3 /@)") = 0
n—o \ k=1 kel

and

lim ( Z": 1/Brw)™ — i 1/(6;,)”') =0 form = 2.
k=1 k=1

n— o0

Therefore log f'(z) /7 (2) =8z, 6 real and f'(s) =e*r(3).
w(3) is a canonical product of genus zero, and for

0<§f Sargz=m<om, < & S argz S < 2m,
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it can be proved [9, chap. VIII] that |x(z)| =O[exp (e|2|)] and
1/|x(z)| =O0[exp (¢| 2| )] for any €>0. Hence

exp (R (z) --e]z]) élf’(z)l =< exp (59%(z)+e|z[).

Suppose §>0 and let 32—« with 7/6 Sarg z<7/3; we can find ¢>0
such that exp (8%(z) —€|z|)— . If 2> with 2r/3<arg z<57/6,
we can find >0 such that exp (6R(2) +e|z| )—0. Now f(z) = [if'(t)dt
so that there will exist a curve I'y in 27/3 Sarg 2<57/6 extending to
o along which , f(z)l — a finite value ¢, and there will exist a curve I',
in w/6 Zarg 2<w/3 extending to « along which | f(2 | — o, Consider
the upper part of the path of reality C,; and let 2 move along this
path starting at ay;. If >0, as 2 moves along Cy; for j sufficiently
large I f(z)l will attain an arbitrarily large value and then decrease to
a finite value ¢ (arbitrarily near ¢). But the image w=f(2) will move
on the real axis starting at a,; and moving monotonically to the left
to by;, which is a contradiction and hence & cannot be positive. If
0 <0 we are not led to a contradiction, for in this case l f(z)l —c as
2z moves along the curve I'; to « and | f(z)l — 0 as g moves to
along I';. So that as z moves counterclockwise on Cy; or Czjy1, | f(z)l
will increase from ¢; to an arbitrarily large value, and the image
w=f(2) will move either to the left on the real axis from ay or to
the right on the real axis from as.1. We have proved the following

THEOREM 1. Any Riemann surface belonging to the class described in
§2 4s parabolic and the mapping function is given by

e) = f Pod, 16 = e"kI:I (1 — s/e)(1 — 2/B/(1 — 5/72)?

where 8 is a nonpositive real number, Y oy 1/ < ot/ | Bkl < o,

Z:-l l/l'Ykl <o, B<m<fra< + - </<1<0<ay <ay
< - <op<opp< - - -, and the residues of f'(2) at the poles i are
all zero.

6. Proof that the members of the class of doubly-connected
surfaces are images of the entire plane less two points. Let 7, a
member of the class of doubly-connected surfaces, be mapped onto
the annulus 0§r<|z| <R= « by the function z=¢(w), w=f(z).
This mapping will be unique if we require f(1)=0&.S; and f’(1) >0.
By the methods mentioned in §4 the following can be obtained.

(1) f(2) is real for z real.

(2) The image of the branch point over b; is 8;, the image of the
branch point over a; is «;, the image of the point of ¥ on S; over
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w= © iS z=751j= ill izy ist c with - - - Bk<7k<6k—l< AR
< <m<Ba<ya< - <Bu<Ya<PBaa< - <—rL0<r
< v Lagp<fagpn< s Kaag<l <o <agg, k=1,2,3, - - -.

(3) S:is mapped on a portion of the annulus bounded by two non-
intersecting, simple, closed curves C; and C_;, symmetric about the
real axis with C; cutting the real axis in @; and 8; only, and C_; cut-
ting the real axis in a_; and B_; only. S;, j#1, is mapped on a
portion of 0=5r< | zl <R=® bounded by two nonintersecting,
simple, closed curves C; and C;_;, symmetric about the real axis with
C; cutting the real axis in «; and B; only, and C;_; cutting the real
axis in a;; and B only.

That r=0 and R= » follows from the parabolicity of the surfaces
of the simply-connected class. Consider ¥ as made up of two surfaces
F1and F»: F1 consisting of sheets Sy, Sy, S, - - -, F2 consisting of sheets
S, Ss, S, + - -, with #; and F, joined along the cut from a_; to
b_1. Then ¥, is mapped on a domain A, of the z-plane bounded by the
curve C_; and [z] =R. But by the results of §4, ¥ can be mapped
onto the plane || < ® with the cut over (a_i, b_;) being mapped
into a portion of the real axis (a, b). Hence the punched {-plane cut
along the real axis from @ to b can be mapped onto A; by a regular
function with the cut (g, b) corresponding to C_;. But then R must be
infinite, for otherwise the circle |z =R <  would be the image of
the point { =« by a regular function, which is impossible. By a
similar argument we can show r=0. Therefore ¥ can be mapped
on the z-plane less the two points 2=0, 3= .

7. Structure of the mapping function for surfaces of the second
class. We have the portion of the z-plane exterior to the curve
C_.1 mapped one-to-one on ¥, by w=f(g). But from the results of §4
we have the {-plane less the point { = « and the segment C’ of the
real axis from ¢(a_;) to ¢(b_,) mapped one-to-one on 7, by w=Gi().
Hence, the punched {-plane cut along C’ can be mapped schlichtly
by z=h({) onto the portion of the z-plane exterior to C_; in such a
way that { =0 corresponds to z=1, C’ corresponds to C_;, and { = =
corresponds to 2= =, i.e., k({) must have a simple pole at { = «. So
E(E)=8P(F) where ¢(¢) is regular at {=c and Y ()0, or k()
=c¢+¢g(¢) where ¢({) is regular at { =« and hence bounded in the
neighborhood of {= ». So we can write £({) =¢+0(1) ({—«). So
Gi(§) =f[r(®)], GI Q)= GH (), W ()0 for { sufficiently large.
From the results of §5 we know that if the zeros of G{ ({) are denoted
by &, then D oy 1/ | {,‘[ < ®. Since g~«c{ as {— =, the zeros a; and
Bi of f'(2) are such that
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4) il/lag|<w, > 1/ 8] < .
kw1 =1

In a similar manner we have the {-plane cut along a segment C”’
of the real axis mapped one-to-one by z=g({) onto the portion of the
z-plane interior to C; in such a way that as {—«, g(¢£)—0, i.e., g(¢)
must have a simple zero at {= . So g(¢) =¥({)/¢ where ()50
and Y(¢) is regular at {=oo, or g({)=c/¢+p() where p({) is
o1/ |§'|’) as {—o. Then if w=f(s) is the function mapping the
interior of C; onto the surface J¥; and w=G({) is the function map-
ping the {-plane less the point { = « and the cut C"” onto ¥, G:({)
=flg®)], G () =f(2)g’(), &'(¥)#0 for { sufficiently large. Again
from the results of §5 we know that if the zeros of G{ ({) are {:, then
Sea 1/ |§‘k| < o so that, since z~c/¢ as {— =, the zeros of f'(z),
a_i, B-&, are such that E{., Ia_,,l <o, o, IB_;,I <,

Consider the surface ¥ as the limit of a sequence of surfaces {7,.} )
where ¥, consists of the 2n+41 sheets S_,, S_p41, -+ -, S, S, -«
Sny1 with the cuts (@_n—1, b_n—1) and (@a41, bay1) healed. ¥, is the
Riemann surface of the inverse of a rational function w=R,(2),
Rn(z) =Pu(z)/Qn(z)y Rn(l) =0€Sly R’l' (l) >01 Rn( w) = ESn+lv
R,(0) = © €S5_,, where P,(2) is a polynomial of degree 2n+1 and
QOa(2) is a polynomial of degree 2n.

E (1 = s/erm)(1 = /Bem)(1 — apn/ )L — Brsn/?)

R,',(Z) = K, ]

a—1

kI:Il 1- 2/715,.)’2(1 — Y_k.n/2)?

K,>0, where a;,,, 8,» are the images of the points in the surface over
a;, b;, and v;,» is the image of the point over « in sheet .S;, and the
residues of R.(2) at the poles are zero. R.(2)=/[iR, (!)dt. Now
¢ =¢[R.(z) ] maps the z-plane cut from s=ay,, to © and from z=a_, .
to zero along the real axis schlichtly onto a domain bounded by
Cn41, C_n_y cut along the segments

(@ny @nt1), (@n-1, @-n), (Bat1, Yns1), and (Y=ny B—n-1).
So using the fact that =0 and R= =, and applying the theorem of
Carathéodory mentioned in §5, we have

lim R.(2) = f(2) and lim R, (2) = f'(z) uniformly.

n—wo n—w
Hence lim, ., aj,n =0y, limg . Bi.n=BJ's lim, ., Yim=%Yi j= +1, £2,
+3, - ., and we know
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« 1 kel 1 had 1
E—; Z_—; Z—;
recfll P = | Bl i | e
Dlesls  Xleali Xyl
=1 =1 k=1

all converge. For | s— 1[ <pand n>newe have f/(2) %0 and R, (3) 0,
so for these values of z, lim,., log R/ (2) =log f'(2), taking the de-
termination of the logarithm which is real for z=1. If we choose ko

so that, for |g—1| <p and #>no, max [|2/B,|; |Bse »/z| ] <1 we
can write

, k(1 — g/ar..)(1 — 2/Brm)(1 — a—p,a/2)(1 — B-t.n/%)
log Ra(s) = log IT (1 = 2/70m)(1 = V-ba/2)’

423 vem — Yain — 1/8in)

b=k

+5 B [/ - e = VB + -+
b=k

l n—1
+— E (27—-E.n - O—kn — ﬁ—b.n)
2 kmky
1 n—1
+ _’ Z [2(7—16,:)2 - (a--b.n)2 - (B—k,n)zj + .-
25 ki,
O_n,n (a-n.n)z
—[ g + 232 +]
Ban . (B-n)?
[P fet, ]
+ log K.
Hence lima.., | X 8-z, (2/Yt.n—1/at.a—1/Be.)| and
Hm | 2 (2¥-k+1n — 0 kin — Bkn) — Ckon — Bion
B0 | kmkgtl

exist and are finite. We have 0>%;,,>B,» Or — l/l'Yk,»l < —1/|Bk.n|-
Thus we have — © <limu.o 3 pur, (—2/|7Vim| —=1/n+1/|Bi.n])
<lim Supn.w [— D 2-s, (1/ar.n+1/|Bs.a|)]<0. Therefore

lim sup > l/lﬂg,,.l < o, lim sup > 1/arn < o,

Ao kakg oo kmkg
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limsup D, 1/|vra| < .

f;—w© km=kq

Also 0>B_4,a>Y k41,8 OF — | ¥_ts1.n] <—|B—t.»|, hence

—- o < llm[ E (—2|7_k+1.u| —a—k,u+|ﬁ—k.n|)

n—e Limkot1

— a_pyn + | B—kon l]

< lim sup — [ Z (a—l-.n + l ﬁ—-k.nl ) + Okg,n — l B—kom I ]o

nw Emkot1

Therefore lim SUpa.. D pmz, @—t,n < ©, lim SUPn.e 2ty | Bkn] <,
lim supn. D 3-2, |7—km| <. Let

k=1

T (1 = s/a)(1 = 5/8)(1 = an/8)(t — Bs/3)

(z) =

I (1 = /7)1 = v-s/a)*
k=1
Then

A {g [( é. (vjn)"' B é. (1:) "‘)

ko (Ckm)™ ket (az)™

,g,. (ﬁ:»)"‘ B é (ﬁi) ,.)]}
(R 2 - 5 26"

+
Ms

me1 UHZ™ L\ ki b=ko
- go (k)™ — é. (a_;,.)"')
- (E 0a0m- £ 60”)]}

+ log K, 4+ Ta(2),

where Tp(2) =0(1) as n— o,
As in §5 it can be shown that, for m =2,
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kmkq kemko ke=kg

,._..(,,_i,,.l (Yrm)™ — i 1/(’7::)"‘), 32(% (Y=km)™ — i ('y_,,)"'),
ﬂ(z Y™ — 3 1/<ak)m), im (5 @ — 5 (a_,)m),

kemeko kemky —0 \ kmky kemkq
in (2 /67— 3 1/697), (2 ann- 5 607)
all exist and are zero, and we have
log f'(s)/7(2)
= lim log Ru(2)/(a)
=t (B e o) = (£ v = & )
- (Z';o 1/Bkn — é. 1/5k)}
+ (1/2) ”1_12 {( :_i:. 2Y ki — ’g;o 2‘)‘—1:)
(e Eo) - (S-S o))
+ log K,

log f'(2)/w(2) =d12+0s/2+log K where K and o1, o: are real. So
f(2)=K [exp (6:15+02/2)]n(2).

With an argument similar to the one used in §5 it may be shown
that ¢, and o cannot be positive, so we have

THEOREM 1. Any Riemann surface belonging to the class described
in §3 is the 1mage of the s-plane less the two points 2=« and 2=0bya
Sfunction w=[(3) where

f@)= f o,

(1—3/ax)(1—3/B1)(1—a_s/2)(1—B-+/2)
() = K exp (o12+02/2 )
J@=K e (ot )H (1—2/70)*(1—v-+/2)*
where K >0, 01, 09, @), B;, v; (=1, £1, £2, +3, - - - ) are real with
B <1 <Bia< - <P <m<Ba<ya< - <Pa<ya<
L0 s <agpg<ag< o <ag<ay o <agcoeoe,
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] L] 0
Sla<wo; 2 1/|8] < o; PIRVIENIRIEY
Joml k=1 k=1

n o had
Dar< o; 2 || < 2 vl <,
k=l k=1 L

and the residues of f'(z) at the poles are all zero, and 7, o2 are nonposi-
tive.

8. Partial converse of Theorem I.

THEOREM III. Let w=f(2) be meromorphic in Izl < o with f(0) =0,
') =1. If f(2) has the form f(z)=ze*]]e., (1—2z/c)/(1—2/vs)
where ck, Vi, 0 arereal, 6 0, Vi1 <V <0<cr <ciya (B=1,2, - - - ) with

deal/a<w, Do, 1/ I'Ykl < o, then the Riemann surface of the
inverse of f(2) is a surface of the class described in §2.

Note that if in §2 the sequence {ak} is required to satisfy ag <0
<@g+, the function of Theorem I would satisfy the hypotheses of
the above. The proof of Theorem III rests on the construction of a se-
quence of rational functions { R,.(z)} which converges uniformly to
f(2) and whose members have derivatives of the same form as the
R, (2) in §2. The author has been unable to show that such a con-
struction is possible without restricting the location of the zeros of
f(2) and so has been unable to give a proof of the complete converse
of Theorem I although he conjectures its validity.

We distinguish two cases.

Case I: §=0. We may construct a sequence of rational functions
{R,.(z)} which converges uniformly to f(z) by setting R.(2)
=z]I3.. (1—2/ct)/(1 —2/v1). Ra.(2) has simple poles at z=1yy,
k=1,2,3,---,n,and at 2= «, and the residues at adjacent poles
will differ in sign. Therefore there are at least # points z=4; ,,
k=1, 2,3, - -, n, on the negative real axis such that R, (8i,.) =0
and the points will be distributed as follows: — ® <80 <Vn<Bn-1,n
< o <Y <Ben <7< ¢+ ¢ <Pi,n. There will also be at least n
points 2=oy ., k=1, 2, 3, - - -, n, on the positive real axis such that
R, (ax,») =0 and these points will be distributed as follows: 0 <ay,,
<a<oga< + ¢ <Cpa<og,a << + * ¢+ <aa,n<cn Hence

Ra(2) = I1 (1 = #/ara)(1 = 3/Brn)/ (1 = 2/7:)?
k=1
and R, (2)—f’(2) uniformly.
It is obvious that the paths of reality consist of # simple, closed
curves, symmetric about the real axis and intersecting the real axis
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at the points 2=ax,., 2= k=1, 2, 3, -, n. We assert that
Bi.ny Bi.ny k7], cannot lie on the same path of reality. For suppose
that 8;.s, Br.» are both on the same path of reality C, then:

(1) If &, j are both odd or both even there will be an odd number of
branch points between 8;,,, and Bi . and hence at least one path of
reality would have to cross C at some point not on the real axis,
which is impossible.

z-plane
D P
3=, 2=Y3.n 2=Y2n
(w=w) (w=w) |f(w=w)
3=Pin  2=Pan  2=Pan 3=Pin Z=Vn z=0

(w= 00)

Fi1G. 1

(2) If £ and j are not both odd or both even, as z traverses the path
of reality around the domain D interior to the path, R.(2) would take
on all real values twice (see Fig. 1), which is impossible. It is now
apparent that the path of reality C; through B; . will intersect the
real axis in the point aj,., 7=1,2,3, - - -, n.

R.(2) =P.(3)/Qx(z) where P,(2) is a polynomial of degree n--1
and Q.(z) is a polynomial of degree #. Since R,(z)=Ra(z) and
0.(2) = 0x(2) the equation of the paths of reality is given by

2iF[Ra(2)] = Pa(2)/Qn(s) — Pa(2)/Qn(@) = 0

or
F(x, 3) = Pa(x + iy)Qu(x — iy) — Pa(x — iy)Qa(x + iy) = 0.
From considerations of degree we see that any line arg =6, 6,70, ,
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will intersect the upper part of the paths of reality only once and the
lower part of each of the paths of reality only once.

Collecting the foregoing we have: For any #n, R,(2) is real for z on
the real axis and for 2z on the noninteresecting, simple, closed curves
Ci,ny Capmy * * =, Cn,n symmetric about the real axis with C;,, inter-
secting the real axis in the points z2=ay,n, 2=0%,.. Furthermore, the
curves Ci,, are star-shaped (any ray from the origin intersects each
curve only once).

If we denote by ax and B« the zeros of f/(2), then ax,,—a; and
Br,n—Br as n— o, and Ci,, will tend to a limiting curve Ci which is
star-shaped, symmetric about the real axis, and passes through the
points z=qa; and 2=0;. We wish to show that the curve C; has no
points at 2= . Consider the domain Dy,, which contains C,, and
is bounded by Ci1,» and Ci_i,n. Dk, is mapped by R,(2) one-to-one
onto a two-sheeted surface Z;,, consisting of two slit copies of the
w sphere S’ and S”’. §’ is slit between R,(a—1,n) =@k-1,,» and R,(Bk_1,n)
=b;_1,» and between R,(a,.)=ai,» and R,(Bx,n) =br... S is slit
between a;,» and bx,, and between R,(tk41,n) =@ky1,» and R,(Brs1,n)
=0bi41,». The sheets are joined along their cuts from ay,, to bi ., and

R, (———“" +2 °"°“) —a€S", R, (——“" +2 "“‘*‘) - K.

Zk,» can in turn be mapped by { =G(w) onto the domain A, which
is the {-plane slit from G(@i—1,,) to G(bx—1,») and from G(ai41,s) to
G(bry1,n). The segment (@k,n, br,») is mapped onto a closed curve
I't,n and G(@ES")=0, G'(a&S"")=1. The sequence of domains
Ai,. converges to its kernel A; which is the {-plane cut from G(ai_1)
to G(br—1) and from G(@r41) to G(biy1) where a,=lim,., R.(a;),
bij=lim,., R.(B;). Since the sequence of functions {G[R,.(z)]} is
schlicht and converges, and since C;,» converges to C, we may apply
the variation of Carathéodory’s theorem mentioned in §5 and find
that f(z) is regular at every point of C; and hence Ci cannot have
any ends at 2= . So the paths of reality of f(z) are the real axis and
the star-shaped curves Ci, symmetric about the real axis, intersecting
the real axis in 2=a; and z=p; with C; having no points at z= .
Consider the domain D bounded by the upper halves of C; and Cj;,;
and the segments (@j, aj1) and (B;, Bj4+1). In this domain J(w) has
the constant sign (—1)7 and hence in D [w]> (—1)#+1. The real part
of w varies monotonically from (—1)™*!'® to (—1)i« as z traverses
the boundary of D in the positive direction starting from 2=+ ;1. Ap-
plying the theorem of Darboux we have: D is mapped schlichtly by
w=f(3) onto the half-plane (—1)3(w)>0. Therefore, if §=0, the
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surface of the inverse of w=f(2) is a surface of the first class.

Case I1: § <0. We may construct a sequence of rational functions
{R.(2)} which converges uniformly to f(z) in any closed bounded
region by setting R.(2) =32(1+482/\.) ™ [5-1 (1 —2/cx) /(1 —2/7:) where
{)\,} is a sequence of positive integers increasing to infinity and
chosen so that |N\./8] >ca. Then R/ (2) =(1+082/Aa)»"1M,(3)/Na(2)
where N,(3) = [[3-: (1 —2/7:)% and M,(3) is a polynomial of degree
2n+1. By the same argument used in the preceding paragraph we find
that R/ (z) has at least 2n zeros at points o, B.ny £=1,2,3, - - -, 2,
with Baa<¥ya< + + » <Bin<Vi< -+ + <Pra<nNn<0<ayn<a1<as,n
< -+ » <ap,n<Ca Since R,(2) is zero when 2= —\, /4, there is at least
one zero of R, (2) at a point 3=¢, where c, <€, < —\,/d. Since the de-
gree of M,(2) is 2n+1 we can write

Ro(z) = (14-82/ M) (1—z/es) f[ (1—2/arn)(1—2/Br.n)/(1—2/7a)*

k=1

Concerning the paths of reality for R,(z) we have:

(1) The real axis is a path of reality.

(2) The only points at which two paths of reality can intersect are
2=ajn 2=Pin (j=1,2, - - -, %), 2=¢€,, 2= —N\,/0, 3=,

(3) There is one path of reality intersecting the real axis at each of
2=a;,,, 3=P;.q 3=¢€, since each of these points is a branch point of
order one.

(4) There are \,—1 paths of reality intersecting the real axis at

= —\,/é.

(5) There are A, paths of reality besides the real axis through
g= o,

(6) As in case 1, no two B;,, can lie on the same path of reality.

(7) No path of reality can pass through any B;., and z=e¢, for
this would result in the intersection of two paths of reality at some
point not included in (2).

(8) aa,» and e, cannot lie on the same path of reality since the
real part of R.(3) is a monotone function as 2 traces a path from e,
to ay,,, along the real axis and from a,., to €, along a curve in the
upper half-plane.

(9) No aj,g, j#“n, can lie on the same path of reality as e, for the
same reason as in (7).

(10) No B;,, or a;,, can lie on the same path of reality as —\,/8
for the same reason.

(11) As in (8) no path of reality can pass through ¢, and —\,/8.

(12) No path of reality through any a;,. or 8, can pass through
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z= o, for this would require more than \,+1 paths of reality through
2= o or would contradict one of the statements (1)—(11).

Therefore the paths of reality must consist of #n curves Ci,g,
k=1,2,::-,n, and N\, curves D;,,, k=1, 2, - - -, \,. The curves
Ci,n are simple closed curves, nonintersecting and symmetric about
the real axis with C;,, intersecting the real axis in 2=q;,,, 8j,». The
curves Dg,, are simple, nonintersecting, and symmetric about the
real axis with D, , passing through z=¢, and 2=, and Dy,,, k=2,
3, -+ +, An, passing through 2= —\, /6 and 2= .

As n— o the point z2=¢, and the curves D;,, disappear from con-
sideration, for if Dy, had points interior to |2| <R < « for infinitely
many #, there would be points of Cj,. interior to |z| <R for all
j=mn. None of these intersect and in the limit there would be some
point z=2,, |zo| <R, IZo—“YkI =p>0 for all , such that in the neigh-
borhood of 2, there would be segments of infinitely many nonintersect-
ing paths of reality of f(2), which is impossible since f(z) is mero-
morphic in |2z| < © and hence holomorphic at z=2. So the paths of
reality of f(2) in case II are the same as in case I, and by the same
argument we conclude that if § <0, the surface of the inverse of
w=f(2) is a surface of the first class, which completes the proof of
Theorem III.

9. Partial converse of Theorem II. By obvious extensions of the
methods used in paragraph 8 we can prove

THEOREM IV. Let w=f(z) be meromorphic in 0<|z| < © with f(1)
=0 and f'(1) >0. If w=f(2) has the form

f(z) = K(z — 1) exp (012 + 02/2)

II (1 = 2/e(1 = ca/2)/(1 — 2/7)(1 — v-4/3%)

k=1
where K is real, o1, 02 are real and nonpositive, and

— 0 < Y1 < Ve < Vb < Vb1 <0< p1 < e <1 <6k < G
(k=1|2)37"°)1

L] L]
D1/ < o, 2 ea< @,
k=1 k=1

0 (-]
S/l < =, S ¥-x| < oo,
k=1

k=1

then the Riemann surface of the inverse of w=f(3) is a surface of the
class described in §3.
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