KERNEL FUNCTIONS AND CLASS L:
1. EDWARD BLOCK!

1. Introduction. Let f(z) be a measurable function of the real
variables x and y in the plane of the complex 2(=x-+14y) variable.
Denote by B a finite domain bounded by a finite number of analytic
Jordan curves, and by L?(B) the Hilbert space of functions f(z) of
summable square on B, i.e.,

1 = f f asayl sl

The subspace of functions of L?(B) which are analytic on B is desig-
nated by .L?(B). Associated with B is the classical reproducing kernel
K(z, £*) [1], and it is well known that if fi(z) belongs to .L2(B), then

(1.1) fie) = f fB dEdnK (2, P(0) ¢ = &+ in).

(* denotes the complex conjugate.) Also there is a complete ortho-
normal set of functions on B which span L3(B) and for which there
exists a Riesz-Fischer theory with convergence in L? norm. It follows
immediately (Walsh [3, pp. 149-151]; Bergman [1, pp. 5-10]) that
(1.1) may be applied to functions f(2) in L?(B), and the result is the
prcjection fi(z) of f(2) on L*(B). That is,

fi(z) = f L dédnf($) K(z, £%) (for z in B).

Recently, Bergman and Schiffer [2] have introduced to the theory
of kernel functions the new kernel

2 9%(s39)

g(2, ) is the Green’s function for B, and

i} 1 (0 . 8)
—=—\——1—).
9z 2 \9x ay
Received by the editors May §, 1952.
1 This work was supported by the Office of Naval Research through contract
NS5ori-07634 with Harvard University.

The author wishes to express his gratitude to Professor J. L. Walsh for many
valuable suggestions and criticisms.

110



KERNEL FUNCTIONS AND CLASS [* 111

It is shown that
1
L ) =——1 y $)s
6D =~ ke D)
where I(2, ) is a single-valued analytic function in both variables on
the closure of B. In addition, if fi(2) is in £*(B) and if

P. f fB gLz, ) /)] = lim f fB e Do,

then Bergman and Schiffer have proved that

(1.2) r | f dtdnL(z, O[] = o.

Next let f2(2) be determined by the relation
(1.3) @) = fi(z) + fal2).

Then fa(2) belongs to the subspace which is the orthogonal comple-
ment to L3(B). Indeed,

[[ aarols0r =o

It is the purpose of this paper to study the relationship of the
L-kernel to L*(B). Just as the K-kernel determines the projection
f1(2) of f(2) on L*(B), so the L-kernel determines the projection fy(2)
of f(3) on the orthogonal complement to L?(B). In fact, if we define
f(2) =0 exterior to B and take

L) = Lim. 1) fB o L DO

then L[L(f)] =f:(z) almost everywhere in B. In addition, it is found
that the subspace of functions which satisfy a Lipschitz condition of
order @, 0 <a <1, on B is invariant under the L-transformation.

2. A theorem of Beurling. In private conversation with this author,
Beurling has communicated the following result.

THEOREM. If (a) f(2) EL2 (over the complex plane),

1 1)
€ = — dd )
(b) 80) = — f f' e

then there exists a function g(z) in L? such that
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J®)
¢ =2

= Lim. — déd
@) &) = T() = lim. f fl | de
®) {T[T(n]*}* = T[T(f*) - /@) ac,

© [[ asas| @12 = [ [ asay| el

Unless otherwise indicated, the range of integration here and in
what follows will be the entire complex plane. To prove the theorem,
one first shows the existence of the Fourier-Plancherel transform of
g(2). Indeed, the two-dimensional transform of g(z) is (—z’/27r|z[ ?)
F(x,y) where (1/2m) F(x, ) is the transform of f({). Application of this
to the inversion formulae in the statement of the theorem yields the
proof.

3. L(3,¢) and the class L% B). Let f(z) be any function of L*B).
We define f(2) =0 exterior to B. It is evident from the Schwarz in-
equality that [fpdtdni(z, {)[f(£)]* converges absolutely. From this
and Beurling’s theorem, one now finds that a function g(z) of sum-
mable square on B exists such that

1
o) - — f f el |

3.1) lim
0

Now fi(z), as defined by (1.3), is orthogonal to each member of
L?(B). Therefore we may conclude that

(3.2) f ddni, D[AO] = 0

for each z in B. It now follows from (1.2), (3.1) and (3.2) that

1 [0
ale) T f‘fBil!’—le (f — 2)%lip

Accordingly, it is consistent to define g;(2) in the entire complex plane
by means of (3.3), for it reduces to (3.1) when z is in B. When z is
exterior to B, gi(2) vanishes since the kernel becomes an analytic func-
tion of { on B. Next we prove a

3.3) he_rgl

LeEMMA. If 2 is in B, then

) fB dEdnK (5, $*)ga(t) = O.

For each positive ¢, (w=u-+1),
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2(w) ]*
f L:”—wmdudv g(i”)w)’

is of summable square on B, as is K(z, {*) with respect to { for each
fixed z in B. We replace gs(2) in the lemma by its value (3.3). Then it
follows from a well known theorem for sequences of functions con-
vergent in the mean that

f f dkK s, §*) — 1 im. f fB s —¥2£wz,,];
- hflo fL dEd"K(z, {*) ;fj;ilf—wl>‘dudv% .

The integrals on the right are absolutely convergent for each z in B,
so we may interchange the order of integration. This produces

llm f f dudv[f2(w) |* — f L lw—n>e (Ii(if;))z

It is a result of Bergman and Schiffer [2, p. 216] that

1
I(z, w) = —;P. f fB dedn[K (¢, w*)]* T

and the existence of this principal value implies that it is the same as

the result obtained by taking the lLi.m. Inasmuch as [K({, w*)]*
=K(w, {*), it now follows that the right member of (3.4) is

fj;dudv[fz(w)]*l(z, w).

Since this is zero, the lemma is proved.
We may now state

THEOREM 3.1. If f(2) EL*(B), then
LIL(f)] = fo(3) a.e. in B.

If we define f,(z) =0 for z exterior to B, then we may write g(2)
=T(f#). It follows from Beurling’s theorem that T'(g*) =f.(z). Since
g2(2) =0 for z exterior to B, we have

* [gz(l') ]*
T(gs* = 11m —fj; l'_”»d.‘fd Py .
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But the lemma implies that g:(z) belongs to the orthogonal comple-
ment to the space L?(B). Therefore

[fcir s L

= T(g*) = fa(2).
Since L(g:) =L[L(f)], the theorem follows.
CoROLLARY. ||fy]|z=|g| -

COROLLARY. If f(2) EL*(B), then L[L(f)] =0 a.e. in B if and only if
f(2) €.C*(B).

4. Invariance of the class of functions Lip @ on B. We first consider
the class of functions which satisfy a Lipschitz condition uniformly
over the complex plane.

TuEOREM 4.1. If (a) [[dxdy|f(s)|2< =,
(b) |f(z)—f(2)| SA4|21—2s| * when | 21—z <3,
(c) 0<a<l,
then g(2)(=T(f)) satisfies a Lipschitz condition of order c.

L(g2)

Under the conditions stated, the principal value integral

Sp [fan 0

exists. Inasmuch as

o)
|t—-z|<a (3' - Z)2
it follows that

1 1 f

Lp ffdﬁdﬂ @) =_ff dtdn ©

™ (¢ —2)? t—z1>s (& —2)*

1 f [ a0 @) = 1)
If-zl<6 (¢ —2)?
We note that the last integral on the right is absolutely convergent
because of the Lipschitz condition on f(3). The first integral on the
right also converges, and thus the principal value integral exists.
It is also evident that the conditions of the theorem imply that

f(2) is continuous and bounded in the z-plane, tending uniformly to
zero as |z| — .
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Now consider any two points 2, and 2, such that | 2,—2,| <8. A short
calculation yields

g(z1) — g(z2)

4.1 2 1 22 1 2, 2
WU e [ [ el - ]

Here P. indicates that the principal value is to be calculated with
respect to both singularities of the integrand. We observe that the
region Cj: |§—2| <28 contains Cis: | —2| £2|21—2|, and we de-
note by M and N the regions given respectively by M: {|{—z| <29,
|t —2| >2|21—2| } and N: {|{—2| <2|21—=2] }. If ¢ belongs to M,
then it may be verified from the geometry that

i§ §— (214 29)/2 <

2 ;‘—52

§— 322

$— 2

1

Designate by I, II, and III respectively those parts of the right side
of (4.1) taken over the regions M, N, and Ci: | ¢ —2s| > 26. Using the
inequalities (4.2) and the Lipschitz condition for f(2), the integral
I is in absolute value less than or equal to

Wff dfdﬂli'—zzl“_a
T M

24+2ay
1 —
= O(I 21 — Zgl“).
We rewrite the integral II in the form
&) — f(m)  f@) — f(z) = flz2) — f(m)]
— P dtdny - .
ff : [ (¢ — 2)? (§ — 22)? * (& — 22)?

The third of these integrals is zero, and the first two converge ab-
solutely in accordance with the Lipschitz condition for f(z). An esti-
mate for each of the first two integrals is readily obtained. We have

f©) — f(z0)
dtdn— | = A dtd — gz |2
f : (g- - 21)2 B f‘flf—nlgﬂn—ul : ’7' d i |
27rA

—lla -zl =z — 2]

32| g1 — 23]

=0(| 51 — 22| 9.
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The estimate is uniform for all £, and 2, for which |2,—z,| <3. The
same estimate may be obtained for the second integral.

If ¢ is in C;, the inequalities (4.2) are still valid. Using these, we
may estimate the integral III. Indeed, in absolute value, it is less
than or equal to

16lzl—zzlff stin ol

f—zzl'

_M[ f [ aenl s I f ki ]m
=0(| 21— 22]|)

uniformly for all 2, and 2, for which |2,—2,| <8. Thus it follows that
(4.1) is uniformly 0(| z;—z,] ), and the theorem is proved.

It is important to note that the Lipschitz condition on f(z) need
not hold uniformly. For example, if f(z) satisfies a Lipschitz condition
of order « at 2, then g(z) satisfies the same order Lipschitz condition
at zo. With this remark, we have immediately:

THEOREM 4.2. Let f(z) belong to L*(B) and satisfy a Lipschitz con-
dition of order o at a point zo in B. Then L(f) satisfies the same order
Lipschitz condition at 2. Moreover, if f(2) satisfies a Lipschitz condition
of order o uniformly on B, so does L(f).

It follows from the previous remarks that the part of L(f) which
results from the singular kernel satisfies a Lipschitz condition of
order a. The part which comes from I(z, {) satisfies a Lipschitz con-
dition of order 1 because of the analyticity of I(z, {).

5. L(z,) and the unit circle. For the unit circle,
L) = — K 8% = ——
, = 2, =
YT -0 (1 — t*2)?
While the general results already obtained easily reduce to the spe-
cial case of the unit circle, the simplicity of L(z, {) leads to special
results which may be of some interest.
Let f(2) be a complex-valued function on B: |z| <1 such that

] f. LAl <.

Define f(z) and its two components fi(2) and fa(2), as given by (1.3),
to be zero for |z| >1. We consider the transformation
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_J®
Ko = 1‘1_1.101 —;f‘flr—l/x > (11— [

When | 3| <1, it follows immediately from the classical kernel theory
that K(f) =fi(z). On the other hand, if | 2| >1, we have K(f) K(fl)
+K(f:). Application of Green’s theorem with respect to the region
B.: e<|t—1/3*| <1 shows that K(fi) =0, and from (3.3), we find
that K(fa) = 1/32[g:(1/2*) |*. Then we have

K = é[gz(i*ﬂ*, (for |3] > 1).

To compute K2(f), we first observe that g;(1/2) =0 for |3| <1, and
fi(2)=0 for |g| >1. Then

eo-o SR

The last member on the right side is

l/r’[gz(l/t*)]*
l — —
el—LIJl T f f g_l/s |>¢ — {*7)?

[g2(w) ]*
= 1i . = -
:::1 T f>l‘| (w—:)/wzl)e udo (w - z)z

since the Jacobian of the transformation { =1/w*is 1/ | 'w| 4, It can be
shown that this last integral is equal to

in [

whence it follows that K*(f) =fi(s) + [T*(gs) ]* =f1(2) +f2(2) a.e. Then
our result is that

Kx(f) = f(2) a.e.
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