ON THE CONVERGENCE-ABSCISSAS OF THE
GENERALIZED FACTORIAL SERIES

CHUJI TANAKA

1. Introduction. We consider the generalized factorial series

0

F(s) = 2 aalAda- - - N[+ M)+ M) - - (s + M),
(1.1) —l

s=o’+it,)\,.=fne“”("=1:2»"')v
where
(1.2) limr, =+ o, [¢s| S ¢ < 7/2 (n=1,2,---).

n— 0
In his classical note [1, §6], E. Landau has studied (1.1) in the case
in which D 2, 1/ra=+®, ¢=0 (n=1, 2, - - - ). Under additional
conditions, he has determined convergence-abscissas of (1.1) in terms
of coefficients @, (=1, 2, - - - ). S. Pincherle [2], G. Belardinelli
[3], and T. Fort [4, 5] have studied (1.1) with complex A,
(n=1, 2, - - -) satisfying (1.2) and some other conditions. In this
note, without any additional conditions, we shall determine the con-
vergence-abscissas of (1.1) with real A\, (#=1, 2, - - - ) in terms of
coefficients a, (n=1, 2,---). In the case in which the A,
are complex, the convergence-domains of (1.1) are not generally half-
planes, and so the convergence-abscissas of (1.1) have no meaning.
The main theorems are:

THEOREM 1. In the case ¢.=0 (n=1, 2, - - - ), (1.1) has three con-
vergence-abscissas, i.e. a simple convergence-abscissa o,, a uniform con-
vergence-abscissa o, and an absolute convergence-abscissa o, such that
0,=0,=0,.

ReMARK. (1) In the convergence-problem of (1.1), the sequence
of points —\, (n=1, 2, - + - ) is excluded from the s-plane by small
circles with centres at —\, (=1, 2, - - - ) and radii ¢, € being a small
positive constant.

(2) The divergence of Y s, 1/r. is not necessary for the validity
of Theorem 1.

THEOREM II. If D o, 1/ra<+ o, the necessary and sufficient
condition for (1.1) to be simply (absolutely) convergent at s=s, distinct
from —\, (n=1,2, - -) isthat e a. (e, |a,.|) converges. If
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Sfurthermore ¢,=0 (n=1,2, - - - ), then three possibilities now present
themselves :

Case i I Gn | i an 0:=0y O
nem=l ne=1
I <+4® | convergent | =—o =—o0
II =4o | convergent | =—o =4
111 =+ | divergent =+ =4

THEOREM IIL. If D 2 1/rp=+ o, ¢.=0 (n=1,2, - - - ), then the
three convergence-abscissas of (1.1) are determined respectively by

(a) o, = oy =limsup1/l, -log

n—wo

)

3 0, exp (6(5) — 6())
=l

(b) 7a = lim sup 1/, log {Z | a| exp (8(h) — ¢<t,>>} ,
where
(@ l.=Z”:l/r.- O<h<h<---<ly—+ ),

fa=1
(d) o(x) is the positive and differentiable function defined for x>0
such that
(i) ¢(x)T + o, ¢'(x) >+ » as x>+ ».
(ii) for any given €>0, [+* exp (—ex)|¢’(x)|dx<+oo.
CoRroLLARY I (EQUICONVERGENCE THEOREM) (T. Fort [4, p. 239]).
Under the same conditions as in Theorem 111, (1.1) has the same

abscissa of simple convergence and the same abscissa of absolute con-
vergence as the Dirichlet series

(1.3) G(s) = i @y €xp (—lns).

n=1

CoOROLLARY 11. Under the same conditions as in Theorem 111, we have

2

[z]S 1<z

’

(a) 0, = oy = limsup 1/x-log
Z—

a,=limsup1/x-log{ 2 II“"I}’

[2)S <3
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where [x] denotes the greatest integer contained in x.
(b) 0 = ¢4 — 0, = limsup 1/1,-log n.

n—>00

2. Proof of Theorem I. We first prove some necessary lemmas,
which are analogues of theorems concerning ordinary factorial series
[6, pp. 171-174].

LemMmA 1. If (1.1) is simply convergent at s=s,, then (1.1) is uni-
formly convergent in the angular domain D(so, ¥, ¢): ]arg (s—s0)| =&
<(w/2—¢), where? is an arbitrary but fixed constant.

As a special case of Lemma I, we have

Lemma I'. If (1.1) with real N\, (n=1, 2, - - - ) is simply convergent
at s=so, then (1.1) s uniformly convergent in the angular domain
D(so, ¢, 0): larg (s—so)] SId<w/2, where ¢ is an arbitrary but fixed
constant.

Under the assumptions that lim,., ¢.=0, and Z,‘,’_l 1/r,=+ o,
T. Fort [4, p. 237, Theorem IV] has proved that (1.1) converges
uniformly in the angular domain D(s,, ¢, 0), provided that it con-
verges simply at s=so. Since we can put ¢ =€ in Lemma I, € being
any small positive constant, this theorem is evidently contained in
Lemma I.

Proof of Lemma I. We first establish the inequality
(2.1) [ s+ Na| > 50+ Aa| + 7 sin (/2) for n = ny,

where

(i) SED(s0, 3, $), r=|5—s0|,9=7/2—($+n) (1>0),

(ii) =, is a sufficiently large integer.
In fact, putting 8 =arg (s—so) —arg (so+\.), where s€D(so, &, ¢),
we have easily

/2 +9/2 20 <3r/2 — 9/2 for n = n,,
so that
[s+Nal2=7+4]s04+ |2 = 2¢| 50 + N | cos 6
2 {|so+ | + rsin (n/2)}2 forn = m,
which proves (2.1). Let us put
b = aa[M - - - Na][(s0 + M)(so + Ne) - - - (50 + P
(2.2) ca(s) = [(s0+ M)(so + Na) = -+ (so+ M) [(s + A (s 4+ Na) - -
(3+ Xu)]_l-
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Equation (2.1) yields
| (5o + M)/ (s + M) | < pulon + 7 sin (1/2)]7,
| (s = 50)/(s + Ma2) | < 7lowsa + 7 sin (/2)],
where sED(so, ¥, ¢), 7=|s—s0|, and pa=|se+\a|. Hence
| ea(s) = cara(s) | = [ cals)(s = s0)(s + Mara)™?|

<| K(s)| -du-rlonss + r sin (n/2) ],

(2.3) for n = m,,

(2.4)

where

K(s)=[(soFM)(s0HN2) - -+ (soFAnm) H(sHA) (5N -+ + (sHAa)) ],
and
dn = ﬁ Pn [Pn + 7 sin (’7/ 2) ]_10

In Dy, which we get by excluding from D(so, ¥, ¢) the sequence of
circles with centres at —A, (n=1, 2, - - - ) and radii ¢, ¢ being a
small positive constant, we have evidently

(2.5) | K(s)| < K,
where K is a suitable constant. Since
dn-7- [pny1 + 7 sin (n/2) |71 = cosec (1/2)(dn — dpta),
taking account of (2.4) and (2.5), we have for any large N
N N
E l ¢n(s) = cata(s) I < K cosec (1/2) E (@n — dnsr)

(2~6) ne=ny n=ny
< K cosec (1/2)d,,

uniformly in D,.

Since Y =, b is convergent by the hypothesis, on account of (2.6)
and du Bois-Reymond’s Theorem [7, p. 315], F(s) = D r.; baca(s) is
uniformly convergent in D,. q.e.d.

Lemma II. If (1.1) 4s absolutely convergemt at s=so, then
2ot |aal [+ M) [5HM)HN) - - - (4N [ is uniformly
convergent in the angular domain D(so, 3, d), where D(so, 9, @) has the
same meaning as in Lemma 1.

As a corollary, we get

LemMma IT'. If (1.1) with real N\, (n=1, 2, - - - ) is absolutely conver-
gent at s=so, then (1.1) is absolutely and uniformly convergent in the
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angular domain D(so, ¢, 0).

Proof of Lemma II. Using the same notation as in Lemma I, (2.1)
and (2.3) are also valid. Since

[ ea(s)] = | enra() || = | ea(s)| < | 1 = | (50 + Matr)(s + Mas)?] |
< | ea(s)| - | (s = so)(s + Mad)?],

on account of (2.4) and (2.5), we obtain for any large N

N
(2.7) 2 el | = | ensa(9) || < K cosec (n/2)-dn,

Ne=n)

uniformly in D,. Since > o, |b,.| is convergent by the hypothesis,
it results by virtue of (2.7) and du Bois-Reymond’s theorem that
e Ib,.-c,.(s)l is uniformly convergent in D,. q.e.d.

LemMmA II1. If (1.1) is simply convergent at s=s,, and furthermore
there exists a point s, contained in the angular domain D(so, 7/2—¢):
|arg (s—s0)| Sw/2—¢, such that for a sufficiently large integer m,, we
have

Ia‘rg(sl'l')\n)léd’ forngnl,

then (}.1) is uniformly convergent in the angular domain D(ss, m/2—¢),
where s; =51+ € sec P, € besng any small positive constant.

As an immediate consequence of Lemma III, we get

LemMa II1". If (1.1) with real N, (n=1, 2, - - - ) is simply convergent
at s=so, then (1.1) is uniformly convergent in the half-plane D: R(s)
2R(so) +e, € being any small positive constant.

In fact, we can put ¢ =0, sy =R(s0), and sa=R(so) +¢€in Lemma III.
Proof of Lemma ITI. We first prove

(2.8) [s4+ M| 2|53+ Aa| + /2 for n = m,

where s€ED(s;, 7/2—¢), and sg=s;+¢/2-sec ¢. In fact, putting
a,=arg (s3-+\,), we have evidently

(2.9 la,.l <¢ for n = n.

Projecting the vector (s+\,) perpendicularly on the vector (s34X\a),
we get easily

|s+)\,.| = I ss + )\,.| + €/2-sec ¢-COS ap,
so that, by (2.9),
|s+)‘n| g |38+)‘n| +5/2v
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which proves (2.8).
Let us put

ba = aalhr - - Ma](ss + M) (s + Na) - -+ (53 + M) ],
(2.10) cas) = [(ss + M)(ss 4+ N2) - - - (53 + o))
A +M)G+N) - s+ )]

By (2.8) and arguments similar to those employed in the proof of
Lemma I, we have

(2.11) l ca(s) — Cn+1(5)' = l c,.(s)I . l (s — sa)(s + )\n+1)“|
< | K(S) I 'dn'(Pn + 6/2)—1,

where

K(s) =(s — sg)[(ss + A1) - - - (s34 Myoa)]
s +2) - s+ M) ]
Pn = |38+)\n|, d, = ﬁ Pi(Pi+€/2)_l.

trny

Since d.(ps+€/2)"'=2/¢-(dn—dn11), and K(s) =0(1) in the domain
D,, as is easily seen by excluding from D(ss, /2 —¢) the sequence

of small circles with centres at —\, (n=1, 2, - - - ) and radii ¢ >0,
by virtue of (2.11) we have
| ea(s) = casa(s) | < 2K/e-(dn — dnya) for n = ny,

uniformly in Dy, where K is a suitable constant. Hence

N
(2.12) 2" | ea(s) = Casa(s) | < 2K /e (dn, — dnyr) < 2K/e-du,
Ne=ny
uniformly in D, for any given N.

Since (1.1) is simply convergent at s=s, by virtue of Lemma I,
it follows from (2.12) and du Bois-Reymond’s theorem that F(s)
= > = 1 baca(s) is uniformly convergent in D,. q.e.d.

Now we are in a position to prove Theorem I.

Proof of Theorem I. If (1.1) is simply (absolutely) convergent at
s=s, then (1.1) is also simply (absolutely) convergent at s=s; with
R(s0) <R(s1) by virtue of Lemma I’ (Lemma II'”). Hence there exists
a simple (absolute) convergence-abscissa o,(c,) of (1.1), and we have
evidently ¢, <o,.

For any given €>0, (1.1) is simply convergent at s=0c,+¢€/2, so
that by Lemma IIT’, (1.1) is uniformly convergent for R(s) =o,+e.
But since (1.1) is not simply convergent on s=0,—¢, (1.1) is not uni-
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formly convergent for R(s) =¢,—e. Hence o, coincides with ¢,. Thus
we have ¢,=0,=0.. q.e.d.

3. Proof of TheoremII. Since D ., 1/r,<-+, the infinite
product g(s) = [Tz, (14s/\,) converges, so that we have

(3.1) 0<|gls)] <+ = forss= —M\(n=1,2---).
Let us put
() = o M+ M +2) - - s+ M) = [0
where ga(s) = [I%: (1+s/\,). Since
en(s) = Capa(s) = [gals) Aaa]s(1 + s/My0)™Y,
by (3.1) we get
| ca(s) — c,.\+1(s) I < K1| g(s) I"l-l/r,,+1 for n = mn,

where (i) K; is a suitable constant, (ii) #, is a sufficiently large integer.
Hence

3.2) X [l = el | < Kl g5) [ 20 1/rana < + .
n=ny ne=ny
If >.2, a, converges, then by (3.2) and du Bois-Reymond’s theorem,
F(s)= D=1 @na(s) also converges for s different from —A\,
n=1,2,---).
Next suppose that F(se) = D o, ba(se) converges for s=so5% —\,
(n=1, 2, .. -), where

ba(s0) = @M1 -+ - Ma][(s0 + M) (50 + No) - -+ (s0 + Na) L
Since ga41(50) — gn(50) =gn(50) - So/Ant1, by (3.1) we get
I gn+1(so) — ga(s0) l < | g(s0) I 'Kz/fn+1 for n = n,,

where (i) K. is a suitable constant, (ii) 7. is a sufficiently large integer,
so that

(3.3) X | gnra(s)) — galso) | < | glso) | -Ka- 20 1/rns1 < + .,

ne=ng ne=ng
Since Y., ba(se) converges, by (3.3) and du Bois-Reymond’s
theorem, D o) Gn= 2 o, ba(s0)ga(s0) is also convergent.

By entirely similar arguments, we can prove that the necessary-
sufficient condition for (1.1) to converge absolutely at s =s, different
from —\, (n=1,2, - - - ) is that > =, Ianl <+,

If D2 1/ra<+ ® and$a=0(n=1,2, - - - ), then the second part
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of Theorem II immediately follows from Theorem I and what is
proved above.

4. Proof of Theorem IIL. Let us put

4.1) k= lim sup 1/l,-log | X_ a, exp (¢(h) — ¢(la)) | -

Ao =1
We shall first establish the inequality
4.2) k= o

Since (1.1) is simply convergent for s =0 >a,, there exists a constant
K such that

(43) |Sn|<K (”=192:"')1

where

n

Sn= 2 @M N](@+ M) @+ M) -+ (0 + M)

tm=1

Putting So=0 and applying Abel’s transformation, we have

@9 3 oo (0) = 5 S) = £+ 1) + Sufn),

where f(s) =exp (@(%))- ]1i-1 (14+0/N\s). On the other hand,

(4.5  f() = Q(o)-exp {d(l) + l(c + e(o)) } for i > m,
where

@ Qo) = ni (1 4 o/\.) exp (—a/\a),

(ii) llm &(o) = 0,

(iii) n, is a sufficiently large integer.

In fact, since
(14 2) = exp (z + 22-p(2), | p(#)| = 1 for | x| < 1/2,
we can easily obtain the relation

1) = TLQ + o/A) exp (—o/M)

ne=1

(4.6) .
X exp {¢(l«) + ol + o*-o(a)( E l/xl)},
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where (i) Icr/)\..l =1/2 for n>m, (ii) |0(¢r)| =1. Since lim;., 1/I;
< D8 L 1/A2=0, (4.6) gives (4.5).

Taking account of the hypothesis (d) part (i), we can easily prove
that

g(i) T for i > na,

where
(i) () =exp (¢(ls) +li(o+ei(0))),
(ii) n, is a sufficiently large integer.
Therefore, putting N=Max (n;, ns), by (4.4) and (4.3) we have

n N
> wer («»(z.-))l S K|S0 - i+ 1)] + K]0

A E s+ 50+ s},

tm=N41

so that for sufficiently large 7,

3 6 exp (80) | < 3K-| Qo) | -g().

te=1

Hence k<o+lim,.. €(0) =0. Letting 6—0,, we have kSo,, which
proves (4.2).
Next we shall prove

(4.7) 0 S E.

By the definition of %, for any given >0, there exists a constant
N such that

(4.8) | Tu| < Un = exp {o(l) + l(k + 8/2)} forn = N,

where To= D> 2., a; exp (¢(%)). Taking account of @n=(Tn—Tn1)
exp (—¢(l,)), by Abel’s transformation we get

M

‘E @[ c o N[k SEN) (R8N - - - (B484HN)
-—N41
4.9 M1
= > Tu(h(i)—h(i4+1))— Twh(N+1)+ T uh(M),
f=N+41

where h(5)=exp (—¢@))- [IIt.: (14 (+8)/\)]t. By arguments
similar to those employed before we may write

(4.10) h(z) = K-g(4) for i > n,,

where
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® K= [II (1 + (b + 8)/M)-exp (= (k + s)/x,)]_ ,

(i)  g() = exp {—(o() + Uk + 5+ &)},

(iii) lim ¢ = 0,

@iv) n, is a sufficiently large integer.
Accordingly, by (4.8), (4.9), and (4.10) we obtain

M
2 ol N[N (RN - - - (B3N]
(4.11) =" s
s|K| { 2 Uil gi)—gli+D)| +Ung(N+l)+Uu8(M)} .
f=N+

On the other hand, for sufficiently large ¢, we get easily

2%
[ 2 exp (—(8(2) + #(k + 8)ds
1 dx

i

)

Ig(i)-g(i+1)|=0(

= O(I/U;- fllm exp (—6/2-x) | ¢'(2) | dx).

<

Hence, by (4.9), (4.10) and the hypothesis (d) part (ii), we get for
sufficiently large N

M
S o NI 8+ M)+ 52 o (B 5+ W]

fmN+41

1374
=0([ " exp (~4/2:)| 6| 25) + Ofexp (~luss@/2 + v

M +1
+ O(exp (—Iu(3/2 + en))) = o(1),
so that (1.1) is simply convergent at s =k--8. Therefore
o< k434

for any given 6 >0, which proves (4.6).
Thus, by (4.3), (4.7), and Theorem 1, we have

k=0’n=0'u1

which proves (a) of Theorem III. By the slight modification of the
above arguments, we can also prove (b) of Theorem III.

5. Proof of corollaries. By M. Fujiwara’s theorem [8], the simple
convergence-abscissa ¢,(G) and the absolute convergence-abscissa
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04(G) of G(s) are given respectively by

0.(G) = lim sup 1/1,-log

n— oo

,

> o exp (3 — 1)
(5.1) "~
04(G) = lim sup 1/1,-log {Z] a,| exp () — zZ)}.
n—o yel
Since ¢(x) =x? evidently satisfies the conditions of Theorem III,
taking account of Theorem III and (5.1) we get
a = a,(G), os = 04(G),

which proves Corollary 1.
By T. Kojima’s theorem [9], we may write

2 o

[z]1S <2z

04(G) = lim sup 1/x-log

z—0

’

«r..(c)=1i?;iup1/x-log{ > lanl},

[z]121,<z

so that the first part of Corollary II follows immediately from Corol-
lary I. On the other hand, by a well known theorem [10, p. 49], we

have
0 = 0,(G) — 0.(G) < lim sup 1/1,-log #,

n—w

which proves the second part of corollary II.
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