A NOTE ON THE MULTIPLICATION FORMULAS FOR
THE BERNOULLI AND EULER POLYNOMIALS

L. CARLITZ

1. Polynomials of order 1. The following three formulas are
well known [4, pp. 18, 24]:

1.1) Bu(ks) = k»1 3" B, (x +—“k-)

=0

(1.2) En(ka) = kn 3" (—1)‘E,,,(x+—;;—) (k 0dd),

=0

2pm-1 k-1 s
(1.3) Eqpa(kx) = — > (—1)*Bm (x + —) (k even),
m =0 k

where Bn(%), Ex(x) denote the polynomials of Bernoulli and Euler in
the usual notation. It is perhaps not so familiar that (1.1) and (1.2)
characterize the polynomials. More precisely, as Nielsen has pointed
out [3, p. 54], if a normalized polynomial satisfies (1.1) for a single
value B> 1, then it is identical with Bn,(x); similarly if a normalized
polynomial satisfies (1.2) for a single odd £>1, then it is identical
with En(x). For some generalizations see [1].

The situation for (1.3) is clearly different. For consider the equa-
tion

2kmt kot s
A9 k) =~ D (a5 ) (even)
m 0 k
where fu(x), gn1(x) denote normalized polynomials of degree m and
m—1, respectively. (That the multiplier —2k™!/m is necessary can
be seen by examining the coefficient of ™! in both members of
(1.4).) Now if & is a fixed even integer =2 and fn(x) is an arbitrary
normalized polynomial of degree m, then (1.4) determines gn—1(x) as a
normalized polynomial of degree m —1; hence (1.4) for a single value
of & does not suffice to determine both fn.(x) and gm—1(x). However,
as we shall see, if (1.4) holds for fwo distinct values of &, then fa(x)
and gn_,(x) are uniquely determined—except for an additive constant
in fu(x).
Put
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ful®) = 2 (": ) 6o B(5) (Gmm = 1),

r=0

(1.5)

m—1

gm—(x) = Z( : 1) bme1,E(2)  (Bmtme1 = 1).

re=0

Substituting in (1.4) gives

-g(m : 1) B Er( k%)
BT B )

m rexl r 8=0
kil m im r
- Z( ) B,
m y=0\7 k'_l

by virtue of (1.3). Comparing coefficients of E.(kx), we get
(1.6) dmtre1 = R™ "y (rz1).

If we now assume that (1.4) holds also for the value Ak, then
(1.6) implies bp_1,r—1=h™"am, (r21), from which it is evident that

dmt—1 = Gmr =0 A=sr<m).
Thus (1.5) becomes
1.7) Jn(%) = Bu(%) + amo,  gm-1(2) = En1(),
where ano is an arbitrary constant. This proves the following

THEOREM 1. If fn(x), gm_1(x) denote normalized polynomials of de-
gree m and m— 1 respectively, which satisfy (1.4) for two distinct values
of k, then (1.7) holds; in other words, except for an additive constant,
fm(x) is identical with Bn(x) and gm—1(x) is identical with En_(x).

If in addition we assume f,,(0) =B, then it is clear that fn(x)
= Bu(x).

It may be of interest to remark that if we assume fp,(x) = mfn_1(x),
so that {f(x)} form an Appell set, then (1.5) becomes

m

fuls) = Z(":)am-erx) _ (B +

(1.8)

m—1

-1
gm1(x) = Z(m , )k"‘""'a,,._l_,E,(x) = (E() + ko)™ "

r=0

In particular then {gm(x)} also form an Appell set. (Note that in
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deriving (1.8) we have assumed that (1.4) holds for a single value of
k.)
If we also suppose that

(1.9 fn(l = 2) = (=D)"fm(2),
then (1.8) becomes

(~027at) = 32 (=17 (" ) B,

re=0

since Bn(x) satisfies (1.9). It follows that am_,=0 for m —r odd.
It may be of interest to add a word concerning the equation

km—1 k—1
(1.10) frmoa(kx) = — 2 > (=1)fm <x+ ) (k even).

8=0

In the first place if (1.10) is satisfied for two distinct values of &,
then it follows from (1.7) that

(1.11) Sm(2) = Bu(2) + @m0 = En(x),

but it is easily seen that (1.11) is impossible for m>2. If then we
assume that (1.10) holds for a single value of k, we have

fmer(kx + 1) + fra(k2) = (2k7/m) (fu(z + 1) — fn(2)).

Thus if fm_1(x) is assigned, fm(x) is determined except for an additive
constant. If we make the additional assumption that {fm(x)} is an
Appell set, then (1.8) applies and we get the condition

t et+1 2 ant™ ®  Amk™™
L =3 ,
2 et—1 0 m! 0 m!
which is equivalent to
(1.12) E™apm = D Gm_2,Bar.

By means of (1.12) the a. are uniquely defined; in particular @sr41=0.

2. Polynomials of higher order. If we define B®(x), E®(x) by
means of

() - Z 80w =
( - )eﬂ -3 B — —

C‘ + 1 Mme=0

(2.1)
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then (1.1), (1.2), (1.3) are easily extended to the general case [4,
Chapter 6]. We shall be concerned only with the generalized version
of (1.3), namely

n(k—1) R ") s
Z (— 1) CiBm (x + ‘;)

=0

(2.2) e w1
- mm n-r )E,‘,I'_’,,(kx) (k even, n = 1),
(—-2)"k""_”

where C, is the coefficient of x* in the expansion of (1+x+ - - -
+x*=1)»: note that C,>0. As above we consider the equation

n(k—1) s

=0

(2.3) _m(m—l)--~(m—-n+l)

gm-n(x) (& even),

( _2)» km—n
where fu(x) and gm-a(x) are normalized polynomials. Now put
fal#) = 2 (": ) amBr" (2) (Gnm = 1),
r=0

(2.9 L
Enn(2) = 2 ( , )b,,E.‘"(x) (brnmn = 1).

re=0

Then substitution in (2.3) leads without difficulty to
(2-5) bm—n,r—n = km_'amr (f g ”)|
which is a direct generalization of (1.6). Comparison with the proof

of Theorem 1 leads to

THEOREM 2. Let m=n. If fu(x) and gm—a(x) denote normalized poly-
nomsials of degree m and m—mn, respectively, which satisfy (2.3) for two
distinct values of k, then gm_n(x) = E® (x) and fu(x) =B®(x) + pa(x),
where pn_1(x) denotes an arbitrary polynomial of degree <n—1.

We remark that the discussion following Theorem 1 can readily be
extended to the general case n=1.

3. Eulerian polynomials. Put
1—a ®  dm(x, @)
Z —_ 7

ezl =

3.1)

im =1
1—wet. 2 m (o 1)

then ¢ (x, @) is a normalized polynomial of degree m in x and may be
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called an Eulerian polynomial (with parameter «). In particular we
note that

(3.2) ¢m(xv _l) = Em(x)v

since for a = —1 the left member of (3.1) reduces to the generating

function for En(x).
By means of (3.1) it is easy to verify the formula (compare [2, p.

825))
— 1 km-—l k—1
3.3 éua(bn g =L DF S B, (x + i),
m k

re=0
where p*=1,p71;for p= —1, k even, it is clear from (3.2) that (3.3)
reduces to (1.3). We therefore consider the equation

(P _ l)km—l k—1 r
60 gtk =T g (54 ),
m r=0 k
where p is a fixed primitive /th root of unity, />1, k=0 (mod /), and
fm(x) and gm_1(x) are normalized in the usual way. Then if we put

o (m ntim— 1

IAEED 2 () P TERRNPAREES o () DR YEP)
re=0 r re=0 r

we find that (3.4) and (3.3) imply dm—1,,—1=k™ "@m, (r=1). Then ex-

actly as in the proof of Theorem 1 we get the following

THEOREM 3. Let p denote a fixedJprimitive Ith root of unity, 1>1.
If fu(x) and gm—1(x) denote normalized polynomials of degree m and
m—1, respectively, which satisfy (3.4) for two distinct values of k
=0 (mod 1), then

fm(%) = Bu(2) + @mo,  gm-1(%) = bmi(x, p),
where amo 15 gn arbitrary constant.
Once again the discussion following Theorem 1 can be extended
to polynomials satisfying (3.4).
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