DERIVED AND INTEGRAL SETS OF BASIC SETS OF
POLYNOMIALS

M. N. MIKHAIL

For the general terminology used in this paper the reader is referred
to Whittaker’s books [2; 3]. I shall investigate the mode of increase
and the effectiveness of basic derived and integral sets of any finite
order. So far as I know, this is done here for the first time.

Let pa(8) = D¢ Pniz’, ga(8) = D: gnis* be two basic sets; then the
product set {u.(2)}={pa(2)}{ga(e)}, in this order, is defined by
Uij= Z" pingnj- We have 2= ) ; maipi(3) = E,‘ Anigi(3).

It follows from the definition of a basic set of polynomials that the
first derived set: pg (2), pi (2), p? (2), - - - form a basic set of poly-
nomials with, perhaps, the omission of one of the polynomials. Thus
the hth derived set {D*{pa(s)}} will form a basic set {v.(2)}, if
through differentiation of the basic set {p,.(z)} certain polynomials,
at most & of these, are omitted.

Also, 1, [ po(x)dx, [;p1(x)dx, - - - form a basic set of polynomials,
where ¢y, €1, - - - are any constants. Thus the hth integral set
{D-*{pa()}} will form with additional polynomials: 1, &z,
22/2!, - - -, 3*1/(h—1)! a basic set {t,.(z)}.

I shall use an auxiliary simple basic set {Q.(2)} in which Qa(z) =2"
for all . Q's and f8’s are the coefficients and operators in {Q,.(z) } , its
derived and its integral sets.

Lemma 1. If {p,.(z)} s a basic set of polynomials, then
{#.2)} = {2} {Qn(2)}.

Lemma 2. {D*{pa(2)} } = {pa(2) } {D*{Qu(2)} }.

ProoF. Let {v,_x(2)} = {D*{pa(2)}} (see introduction), then we
have

9_1(2) = Z P2i(D*(Qi(2))

1
. =2 paii(i = 1) -+ (6 = h+ D)zt = DM(pa(2),

whence the required result.
N.B. In what follows, I shall take 0 as the lower limit of integra-
tion for every integral set.
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LEMMA 3. If we define the integral set:

(i@} = (02001} = { [ u(aras}

1t follows that

{DM{pa(m)}} = {22} {DH{0u(0)} }.
Proor. We have

t"+5(2) = Z pni(D_h(Q"(z)))

2 .

= ni gith = Db n\Z))s
2 DGt DGR (#:(2)
whence the required result.

N.B. As mentioned before, { D—*{p.(2)} } is not a basic set, but it
can be made basic by the addition of the polynomials: 1, 2, 2%, - - -,
2"=1, These added polynomials (finite in number) have no effect on
the properties of the set. The method of examining the derived set
or the integral set as a product, combined with my previous results
[1], yields a number of results about effectiveness and order of the
new set. Hence I state the following theorems:

THEOREM 1. {p.(3)} is a basic set of polynomials, such that
lim supp.e Da/n=a (@a=1). Then its hth basic derived set is effective in
a domain which either contains the domain of effectiveness of the original
set or is the same, the outer radius of the domain being always the same.

Proor. By Lemma 2, {D*{p.(2)} } ={pa(2)} {D*{0n(2)} }.
The following definitions were introduced in |1].
Let s(n) be a sequence of integers such that

0= s(n) <m, lims(n)/n =0 < 1.

n— 00
Let d(n) be a sequence of integers such that
0 < d(n) < D,, lim d(n)/n = 1.

n— oo
Let g(n) be a sequence of integers such that
n < g(n) < D,, lim g(n)/n = ¢ > 1.

n—o

Put
SI‘lp l r,..-l l bs c(n)l = b(n, s(n)),
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lim sup {b(n, s(n)) } 117+ = b(s(n)),
n— o

sup b(s(n)) = b;
2(n)

sep I 7r;.¢| | Pi am) l = C(n, d(n)),

lim sup {C(n, d(n)) }1/* = C(d(n)),

n—ro

sup C(d(n)) = C;
d(n)
S‘:p l WM‘I | Di gm) I = B(n’ g(”))’

lim inf {B(n, g(n)) }1/t»2™) = B(g(n)),

n—o

inf B(g(n)) = B.
o(n)

For the product set { p,.} {q,.} , if bpq is the quantity corresponding
to b, we have

b,.,(n, S(ﬂ)) = :‘:Iz) l )\nml | Tmil I Pizl l dzs(n) ! )

and so on, where the N’s are related to {g.} as the 7’s are related to
{£a}-

Let C,, b,, B, stand for C, b, B respectively, in case of the derived set
{D*{pa(2)} }. Then we have

Co(n, d(n)) = sup {| Ban|| 7ai| | piam || Qacny aemy | },

but in view of (1), we know that
(d(n) + 1)(d(n) + 2) - - - (d(n) + h)
B+ DB+ th)
then, lim supn.. {|Bnn||Qimam| }¥»=1, hence
C,=C.

Ban Qi) aemy =

Similarly,

bo(n, s(n)) = 51:p { | Bm.l l ‘n'm'l l Divm) l l Qv (ny -'ml }

Since the value of s’(n) is-either equal to the value of s(n) (when s(#)
=h), or less than it (when s(z) <k), then

b, = 5
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also B,(n, g(n)) =sup; { Iﬁul |1rm'| Ip;o(.)l lQﬂ(n)a(n)l } ; in view of (1),
we get:

lim inf { | Ban || Qoeny o | JH/9™) = lim inf {o’4}1/(w=atm) — 1
n~—» n— 0

(7= 1m 52

then
B, = B.

Hence in case of:

i. a>1, if C=1, the hth basic derivative set is effective on Izl =R,
where b,<R=<B and b,5b.

ii. a=1, if C=1, the kth basic derived set is effective on |2z| =R,
where b,=R and b, 5.

ExAMPLE. Let

1
p"(z) = 2nzn —_ _3_;22': —_ 40’ n Odd >h’
Pa(2) = 2", all other values of #,
then,

Voi(2) = 2"n(n — 1) - - - (n — b+ 1)z7»
- (1/3"2n(2n — 1) - - - 2n — kb + 1)z2"3, n odd >k,
Van(@) =n(n—1)--- (n— b+ 1)z7 4 all other values of #,

ie.,

0.(2) = 2"t*n+ B)Y(mn+ h— 1) - - - (n 4 1)z"
1
3n+h

2n + 2k) - - - 2n + h + 1)z2++h

(n odd or even as % even or odd),
@) =Mm+hHn+h—1)---(n+ s,

(n even or odd as % even or odd),
then

1 1
2= 2th(n + b) - - - (m+ 1) %(2) + m Vansn(2)

(7 odd or even as & even or odd),
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n

= nt k) mt D) v.(2) (n even or odd as k even or odd),

then
C,=1,b,=0, and B, = 6,

i.e., the hth derived set is effective in the 0 <|z| <6. Since we know
also that C=1, b=2, B=§6, i.e., the original set is effective in the
annulus 2 < | 2| <6, whence the result of Theorem 1.

THEOREM 2. {p.(3)} is a basic set of polynomials, such that
lim supp.e Dn/n=a (a=1). Then its hth basic integral set is effective
in the same domain of effectiveness of the original set.

Proor. By Lemma 3, we have:

(D@} = {22} {DH{Qu(2)}}.
Let C, by, B, stand for C, b, B respectively, in case of the integral set

{D-*{pa(2) } }.
We know that

Ci(n, d(n)) = sup {1 Bun || Tai| | #iaem || Qaeny aem | }
but in view of (2), we get:
im sup { [ 1| Qutm s | 11

{(n—h+l)(n—h+2)-..n}lln_1
@dn) —h+1)--.d(n) -

= lim sup
then C,=C.
Similarly,

b¢=b and Bg=B.

Then, in case

i. If a>1, the hth basic integral set is effective on |z| =R, where
bgéR §B¢ and bg-_—b, Bg=B.

ii. If a=1, the hth basic integral set is effective on [zl =R, where
b:=R and b;=b.

Whence the result of the theorem follows.

ExaMPLE. I shall employ the set given in the previous example to
determine the effectiveness of its hth integral set.

In view of (2) we get:
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2n zn+h 3—n zzn-i-h 4n zh
Inya(2) = - -
+4(2) m+1)---(n+h) @u+1)---Qudh 1.2---h
(n odd),
zn+h
tn = ,
T Sy (v even)
then
Zn—h " 3—(n—h) z2n-—-h
t” = -
@ = T hT D n G2kt D) n—h
4n—hzh
- (n odd or even as k even or odd),
1-2... 4
l(z) = - -Iz- D (n even or odd as k even or odd),
then
1
t=——m—h+1)--nt ten—n(3) + 27 Ms(2)

2n 6n—~h
(n odd or even as k even or odd),
2"=m—h+1): - nt.(2) (n even or odd as % even or odd).

Hence C;=1, b,=2 and B;=6, i.e., the kth integral set is effective in
the same domain of effectiveness of the original set.

THEOREM 3. { pa(2)} is a basic set of polynomials such that
lim supn.. Da/n=a (a21), and of order w. Then each of its hth basic
derived and integral sets is of order Sw.

Proor. By Lemma 2, we know:
{DMpa(a)}} = {24} {DM{0u(2) } },
and from (1),
1

n+1)---(n+h

m?'x Iﬂm’l =Iﬁnn! =

and

m?x IQnil=Ian| = (n+l)"'("+h)'

Applying Theorem 3 of [1] and since ag=1, we get:
the order of the derivative set Sw.
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Similarly,
the order of the integral set Sw.
N.B. By this theorem we can see that:
the order of the integral set = w.
ExaMPLE. Let

n2nz2n

(log 7)™
Pa(2) = 3z, other values of #,

Pa(z) = n"z" —

— ndn, nodd >4,

then

Uon(2) = D*(pa(3)) = n™n(n — 1) - - - (n — h)z™*
"~ (log m)

Von(2) = D*(pa(3)) = n(n — 1) - - - (n — k)z™*,  other values of #,

m(2n — 1) - - - (2n — h)z2"h, nodd >k,

ie.,

va(3) = (n + B) ™D (n + k) - - - ngn
(n + B)2nth

"~ (log (n + k) +w

2n + 2k) - - - (21 + h)z?~th

(n odd or even as k& even or odd),
v.(2) = (n+ k) - - nz", (n even or odd as k even or odd).

Applying Theorem 1 of [1] we find w,=1. Since w=2, then w, <w.
We can find easily, also, that the order of the integral set is 2, i.e.,
W=0w.

THEOREM 4. {p.(2) } is a basic set of polynomials, such that D,
=0(n®) (a=1), and of order w. Then its hth basic derived set is of order
Sw.

ProoF. Here I do not use the product of {.(z) } and {Q,.(z) }, but
obtain the result directly. I shall start by proving that the order of
the first derived set is <w.

Since 2%*1= D ; Tpp1.Pi(2) = D¢ Tny1.¢ 2 jmo Dij5, by differentiat-
ing we get:

i i
[ (n + 1)z ] E 2 Tagr 2 jpismit

A =0 F=1

i
S Doy Z I 7rn+l-il ZI Pe,%i‘ll (l zl > 1),
Jm=1

=0
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then
D, ] : .
{on®}s £ =3 | miras| 2| pis| R
n4+ 10 o1
D, 1 A .
= b Zl"rn-l-l-il EI[’.',’IR'
n4+15 =0
Da+1
=< +(R)).
P (wn(R))
Then,
C log (wa(R))» _ . log Day1 + log (wa(R))
lim lim suyp————— =< lim limsup ’
Rowo  now n log n Roo  now n lOg n

in view of the definition of order [2; 3], we get:
the order of the derivative set Sw.

By applying this theorem to the second derived set, we find that the
order of the second derived set is less than or equal to the order of
the first derived set, i.e., the order of the second derived set is less
than or equal to w. By proceeding in this way, we get the required
result.

THEOREM 5. If {pa(2)} is a basic set of polynomials of order w, then
1ts hth basic integral set is of order <w.

Proor. Here, again, I use a direct proof.

3l = E To1.ipi(3) = Z "n—l'iz Pzt

fo0 =0 =0

By integrating, we get:

z" 1
— = ) mari), — pii(z — ¢) (c constant),
n ) =0 j+ 1
then
|8 S 2| macai] 2| pise™, [5]>1,
() S0
then

(@n(R))e S 82 | maai| 20| pii| R*Y = nR(wnr(R)),

fo=0 J=0

then
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. . log (wa(R)):
lim lim sup —
R—w n—w n lOg n
L log  + log R + log wa—1(R)
< lim limsup {
R—w n—o n log n
log wa—1(R
S lim lim sup——gﬁ)——l(—l = w
R n— n lOg n

By proceeding in this way to the other integrals, we get the re-
quired result of the theorem.

ExAMPLE. I give this example to show that the condition D, =0(n*)
is necessary for the truth of Theorem 4, but not necessary in case

of integral sets, i.e., in Theorem 5.

Let
n2n(z2n)2u
pa(2) = n"g® — ———— — nin, n odd,
(log n)*»
Pn(3) = 3z, n even or 0.

I shall be satisfied to deal with the first derived and integral sets.
Applying the definition of order, we get:

w =2, wy, = 3, w =2,
hence w;=w, i.e., Theorem 5 is verified and w, >w, i.e., Theorem 4 is
not verified.
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