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A PROOF OF HESSENBERG'S THEOREM
ARNO CRONHEIM

About fifty years ago Hessenberg [1] discovered that in a projec-
tive plane the Pappus property implies the Desargues property. In
all the proofs of this beautiful theorem [2-5] only the so-called gen-
eral case is treated so that some of the points and lines constructed
in the course of the proof may actually become indeterminate. In the
following lines we offer a proof of this theorem which takes care of all
possible cases. We show first how to reduce the discussion to two
cases only. The first of these cases may be treated by Hessenberg's
argument, but in the second one a different proof is needed.

We consider now a projective plane. Whenever the points X, Y,
and Z are collinear, then we write (X, ¥, Z); and the fact that they
are not collinear we indicate by writing non(X, ¥, Z). In order to
prove the Desarguesian closure property for our projective plane
it suffices to consider seven distinct points A4, B;, and S such that
the three lines A4;+B; are distinct and meet in S and neither
(A4, As, As) nor (B, B,, B;). The following two properties of such a
configuration are independent of the Pappus property.

(1) non(4;, B, By) and non(A4;, Ay, Bi) for 15k.

Proor. This is obvious since S+4;+B;#=S+ A4+ By for 1=k.

(2) If there does not exist a permutation (i, j, k) of the numbers
(1, 2, 3) such that non(A4., B;, Bx) and non(By, A;, 4;) simultaneously,
then either (A., By, B,) for all permutations (x, vy, 2) or (B, Ay, 4.)
for all permutations (x, vy, 2).

ProoF. Let us assume without loss of generality non(B;, 4., 4;).
It follows from the hypothesis of (2) that (4., By, B;) and (43, By, B.).
(Bs, Ai, A,), together with (4., B;, B;), would contradict
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non(A4;, A;, Bi). We have therefore non(B;, 4, 42) and, by hy-
pothesis of (2), (41, Bs, Bs).

Now we denote by P; the well determined point (4 j+A4)(B;+Bz)
where (4, j, k) is again a permutation of (1, 2, 3). We want to prove
that these points P; are collinear, provided the Pappus property is
valid in the projective plane under consideration.

We distinguish two cases.

Case 1. There exists a permutation (%, j, k) such that non(4;, Bj, By)
and non(Bi, 45, 4;).

In this case Hessenberg’s classical argument may be used, which
we sketch now for the convenience of the reader. Let us assume that
non(A4,, By, Bs) and non(Bs, 42, A1). We define Q= (4:+42)(Bs+B,).
Since we have non(4,, B, B;) and non(4;, B,, B;) (1=2, 3), Q=A;;
similarly Q#B;. S+4,#S+A4, implies Q#S. We consider now the
two triples (43, Bs, S) and (Q, A, A1). These six points are different
and, since non(4;, Ai, 4s), lie on different lines. We get therefore
a well defined Pappus configuration with (X, E, P;), where X
=(A4:+B:+S)(4:1+Bs) and E=(A4:+A4;)(S+Q). In taking the two
triples (B1, 41, S) and (Q, B,, B;) we get similarly (X, F, P;),
where F=(B1+ B;)(S+Q). Next we consider the two triples (F, Q, E)
and (4,, X, Bs). We show that none of the points F, Q, and E lies
on 4,+B;. (Q, 41, Bs), together with (Q, B,, B;), would contradict
non(4,, B:, Bs). E=A,, together with (S, Q, E) and (Q, 4,, 4.),
would contradict S+4:7%.S+A4;. Therefore E£4,. Now (E, 4,, Bs),
together with (E, 4,1, 4;), would contradict non (4i, 4;, B;). Quite
similarly we get non(F, 4., B;). Furthermore 4,, X, and B; are dis-
tinct, since X =4, would imply (4, B,, 4:) and X =B; would imply
(A2, Bs, B;), both in contradiction to (1). We have therefore a well
defined Pappus configuration and get (Py, P, P;).

Case 2. There does not exist a permutation (7, 7, k) such that
non(4;, Bj, Bx) and non(By, 4, 4;).

It follows from (2) that either (4., By, B.) or (B, A,, A,) for all
permutations (x, y, 2). We assume without loss of generality the
validity of (Al, Bz, Ba), (Az, Bl, Bg), and (As, Bl, Bz)

We remark in the beginning that P;A; for all 4, &, since neither
(4;, A, Ax) nor (4j, Bj, Bi); similarly P;#B,. We define Q:
= (Bs‘l'Pz) (S+A1) and Qz= (B3+P3) (S+A2) Since Ps is on Bl‘l'Bz,
but is different from B,, B,, and A4;, we remark that B;+ P; is differ-
ent from the three lines Bs+B;+A4,, Bs+B:+A4,, and B;+A4;3+S.
The points P;, Q:, A;, B;, and S are therefore distinct. Since
non(4,, A, A;) the two triples (S, 43, Bs) and (Ps, 4, 4,) lie on
different lines. The Pappus property implies (P2, Q1, B2). Consider-



1953 A PROOF OF HESSENBERG’S THEOREM 221

ing (S, As, Bs) and (Ps, A4, 4;) we get (Py, @z, By). Next we consider
(Ql, Al, Bl) and (A.z, Qz, Bz). Since A1+Bl #AQ+BQ, P1= (Bz+B;+A1)
(B14Qs), P:=(B1+Bs+A4,)(Be+Q1), and Ps=(Q1+Q:)(41+4:), the
Pappus property finally implies (P,, Ps, Ps).

I am grateful to Professor R. Baer for helpful remarks.
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