A CARDINAL NUMBER ASSOCIATED WITH A
FAMILY OF SETS!

SEYMOUR GINSBURG

Let U be a family of nonempty subsets of an abstract set R, par-
tially ordered by set inclusion.? The smallest cardinal number which
is the power of the union of a maximal family of incomparable ele-
ments of U shall be defined as the “maximal density” of U (md (U)).
The smallest cardinal number which is the md (V) of some coinitial
subfamily V of U shall be defined as the “containing maximal den-
sity” of U (cmd (U)). The principal result of this paper is Theorem 2,
which states that [Ji<e cmd (Uf) =cmd ([[i<e U¥).

Before turning to our main result we consider the containing
maximal density of a ramified family of sets.?

THEOREM 1. If U is a ramified family of sets, then the maximal den-
sity of U equals the containing maximal density of U.

Proor. Let V={E} be a coinitial subfamily of U= {D}, such
that md (V)=cmd (U). Let M={H } be a maximal family of in-
comparable elements of V for which md (V) =p$(M).*t We shall now
show that M is a maximal family of incomparable elements of U. Let
D be any element in U, and E any element of V which is a subset of
D. The element E certainly exists since V is a coinitial subset of U.
The family M being a maximal family of incomparable elements of
V, there exists an element H in M which is comparable with E. If
H is a subset of E, then H is also a subset of D. Suppose that E is a
subset of H. Since U is ramified, it follows that the two elements
D and H are comparable. Consequently each element of U is com-
parable with some element in M. Thus M is a maximal family of
incomparable elements in U. Therefore

md (U) £md (V) = cmd (U) < md (U).
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2 In the sequel U and U* will be a family of subsets of the sets R and R¢ respec-
tively.

3 The family of sets U is a ramified family of sets if, for each element E in U, the
family of sets {D|DDE, DE U} is monotone.

* Let Y be a family of sets. By p(¥) is meant the power of the set which is the set
union of the elements in Y. If ¥ consists of only one set, say 4, then p(¥) is the power
of A. In this case, p(4) is also used, i.e., p(4) =p(Y).
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Thus md(U) =cmd (U).
In preparation for Theorem 2, two lemmas are needed.

LEMMA 1. The containing maximal density of U is the smallest car-
dinal number equal to p(V), for some coinitial subfamily V of U.

ProoF. Let V={E} be any coinitial subfamily of U for which
cmd (U)=md (V). Let M= {E,} be a maximal family of incom-
parable elements of V such that p(M)=md (V). Now the subfamily
of V,

Y={E|ECE, EEV,E, € M, for some »},

is coinitial in V. Thus p(Y) <md (V) =cmd (U). Now let p(Z) be the
smallest cardinal number for some coinitial subfamily Z of U. Clearly
cmd (U) £md (Z) £p(Z). This completes the proof.

LEMMA 2. To each family U= {D }, there corresponds a coinitial sub-
family V={E}, and a subfamily, Y= {D,|v <8} of V, which have the
Sfollowing properties:

(1) each element of V is p-homogeneous;®

(2) {E|ECD,, EEVIN{E|ECD,, EEV} =g for £v;

3) if {G;I ¢ <6} 1s any subfamily of V in which G is a subset of D;
for each &, then

p(G, - UD;) = p(D.— UD;) (v <),

< <
(4) 4 [Uv<6 D,— U£<r D&)] =cmd (V)

ProoF. If V is a coinitial subfamily of U such that md (V)
=cmd (U), and

Z = {E| EE€ V, E is p-homogeneous},

then Z is a coinitial subfamily of U for which md (Z) =cmd (U). In
order to simplify the notation, it is assumed that U has the two prop-
erties of Z, i.e., (a) md (U) =cmd (U), and (b) each element D in U is
p-homogeneous. Well order the elements of U, D, being the first ele-
ment. Suppose that the family of sets {Dg' £ <)\} has already been de-
fined. Denote by D, the first element D, in U which satisfies the fol-
lowing two conditions:

(c) if D is a subset of Dy, where D is in U, then D is not a subset
of Ug<)‘ Dg;

5 An element E in V is p-homogeneous if p(B)=p(E) for each element B in V
which is a subset of E. See Erdés and Tarski, On famsilies of mutually exclusive sets,
Ann. of Math. vol. 44 (1943) pp. 315-329.
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(d) if D is a subset of Dy, where D is in U, then p(D—U;«n Dy)
=p(Ds —Uiar Dy). If the set of elements satisfying (c) is nonempty,
then the element D, certainly exists. Let {D¢|£<8} be a maximal
family obtained in this way.

Let V= {E} be the subfamily of U,

V= {DIDQ Ub,De U}.
<
Conditions (1), (2), (3), and (4) are automatically satisfied. It is neces-
sary to show only that V is a coinitial subfamily of U. Suppose that
Dy is an element of U which contains no element of V. Then the ele-
ment D, satisfies condition (c). This implies that the family
{D¢|£<5} is not maximal. From this contradiction we obtain our
conclusion.
We now prove our main result.

THEOREM 2. cmd (J]ica U%) = J]i<a cmd (U), where by [1i<a Ut
1s meant the cartesian product of the Ut.S

Proor. To each family U%, associate a family of sets, Y
= {D%|y <8}, which satisfies the conclusions of Lemma 2. Let U be
a coinitial subfamily of []; U* for which p(U)=md (U)=cmd (D).
In the following, B, v, and £ denote indices that range over specified
sets of ordinal numbers, whereas u and » denote indices that range
over the class of all a-sequences o = {0}, £ <a, where a; <8; for each
£. The notation p <v refers to the partial ordering defined by

. . (ue = ve forallf < @, and
p < v if and only if
pe < vg for some ¢ < a.

For each », []; D , belongs to I1: Ut Since U is a coinitial sub-
family of ]; UE, there exists an element D, in U such that D,
CHEng D, is of the form D,=]],E:, where for each {<a, Ef is an
element of U‘and Engfs It now follows that

cmd( I;I Uf) = p(U) 2 p(U D,)
N ,

> p[U (D, —u D,)] > p[U (D. —u pre)].
v u<v y w<r ¢

Since each two terms inside the last bracket are disjoint,

¢ The cartesian product of the Ut is the family of sets {H ]H =D'XD'X -
DiC It}
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(9o -y %))

= Z p(D. Y HD,;)

v ¢
- = (I &- v I12}),
v ¢ ulr &

which, since ] (Ef— Us<r, Dy (I1e Ef—U,., I1: Dig)’ is

[ - )

¢ ﬂ<r£
-1 #(5 - U )]
v & B<rg
=211 P(th - U D; (by condition 3)
v 3 B<'e
=11 X p(Di -u D§) (by the distributive law)
£ 1< <y
11 (-]
¢ ¥<8 <y
2 ]I emd (U9
¢

Thus cmd ( [[:U%) = [I; cmd (U¥). Since the reverse inequality is ob-
viously true, it follows that J]; cmd (U =cmd ([]: U%).

For each £ <u let Ut be a family of infinite subsets of a set R¢. By
I1i<. Ut we shall mean the family of sets

{GI G = []Ht, where HtE Ut, or H¢=R¢, and all but a finite num-
ber of the H¢ are RE}.

TueoreM 3. emd ([]} Ut) ds the smallest cardinal number, call it
Ns, which is in the set of cardinal numbers | Ral&.=cmd (U@
XUOX -+ - XU®) [Liain isn p(RY); m<w}.

Proor. If V¢ is a coinitial subfamily of U%, then cmd (]]'U¥)
=cmd (H’ V¥). Thus, no generality is lost in assuming that for each

3
p(U¥ = md (Uf) = cmd (U¥).

Furthermore, it may be assumed that
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Ns=cmd (U X - - - X U™ [] p(RY).
©n
To prove the theorem, it is sufficient to show that Rg<cmd ( []'U¥).
Let U be a coinitial subfamily of []'Ut for which p(U)=md (V)
=cmd (J]’U?), and let D be any element of U. To simplify the no-
tation, suppose that

D=D"X---xD"»x ][ R

Ontm
Then
emd (JT'U9 = md (U) = p(U) 2 p(D)
=p(D*X D' X --- X Dtmy. [I p(R®
©Ontm
= JI s(ro).
Pntm
Also,
emd (JT'U% 2 emd (U0 X - - - X U*m)
= JI emd (U¥) (Theorem 2)
tSngm
= ]I p(Uf)=p( II Ue).
§Sntm tSnim

Combining our results we get

mgp( IT Uf)~p( IIRe)

iSnim £atm
< cmd ( H'UE)~c1nd ( H'Ut)
¢ 3
= cmd ([]'U9),

the last equality resulting from the fact that as each element of Ut
is infinite, cmd (J]’U®) is infinite.
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