CORRECTIONS TO THE PAPER ‘“REMARKS ON
FLUCTUATIONS OF SUMS OF INDEPENDENT
RANDOM VARIABLES”

K. L. CHUNG AND M. KAC

Dr. Erdés has called to our attention that the results (1.4) and (1.5)
of our paper cited above (Memoirs of the American Mathematical

Society, no. 6) are incorrect. The correct results are as follows:
Ifa<1,

n

(1) — 2D(a) in probability
log »

and if a=1,

@) S 2rtin probability.

(log n)?

We shall prove only (1) here. Consider, as in the paper, N, which
is the number of si's, 1 Sk =n, for which sz >0 and s;; <0. The calcu-
tion given on pp. 7-8 of our paper is correct for c=0 and gives

(3) E{N,} ~ D(a) log n

where

4 D(a) =

T(a + 1) sin (1ra/2)f°° p(x) i
o x®

T

For ¢#0 the calculation is invalid and now we shall proceed to give
the correct evaluation of the second moment.
We have

E{N.} = E{N.}

+ 2 Z Pr {Sk>0, Skiv1 < 0,5 >0, S;+1<0},
12 k<k+1<ISn—1

Pr {S; >0,5041<0,5>0, 5141 < 0}

= f j; i f f px(w)p(u + v)pi_r-1(v + x)p(x + y)dxdydudy.

By a simple change of variables we find that the sum in (5) can be
written as
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n—2

5wt [ [ Totwrp(kitau + o)duc

—‘.é:wfwfp((]i)/v + x) p(j!1o(x + 3))dxdy.

For a sufficiently small e>0 we split the second sum into three parts:

(6)

n—k—1 [ek) [k/ e} n—k—1
(7) =24+ X + X
j=1 j=1 j=[ek]+1 j=[k/e]+1

In the estimates below we shall repeatedly use two properties of p(x).
(A) For all x=0

y.|
p(2) < —
x
where A is an absolute constant. This follows from Pélya’s formula.
(B) For all x>0 and ' >0
p(x + 2) < p(2).

This follows from the unimodality of p(x), proved by Wintner [1].
We begin with the second sum in (7). Using (A) and (B) we see
that it is less than

p(x) 1
——f f —————dxdy £ 4 log—>
ek<1Sk/¢ o (x4 y)tte €

where as later we shall use 4 to denote a changeable constant pos-
sibly depending on a. Hence the contribution of this part to (6) is less
than

121 p(%) 1
8) A log— ff P dudv < A log — log n.
(8) g”Z_ll f ey og —logn

Next, the first sum in (7) is less than
[ekl 1 dxdy
® (GRS et
1-1 ] (x + }') “
By (B) we have if v2e

p((fi)llav + x) = p(G + )

where G =¢!~V«, The contribution of (9) for this range of v to (6) is
therefore less than
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n—21 k © © G
AY o8 j; p(G+x)dx§Alog2nj; mdx

k=l k x* x°®

Since G— » as e— 0, by Lebesgue’s dominated convergence theorem
this is less than

(10) 81(¢) log® n
where §;(€)—0 as e—0.

For v<e¢ we have
1\ Ve
"((T) o+ x) < o(2),

hence (9) is less than 4 log k and the contribution to (6) is less than
2 log k ¢ d
4 2 b f pwan [ —2=——
0

§Alog’n[fo p’(‘u) fow —(ﬁ‘)—e): du].

Putting u+e=w' in the last integral and using (B) again, we see that
this is less than

A log? n[ fo i pf::) d : pf":) du]

= A log? nf i(—)du = 8s(c) log® n
0

(11)

where 82(¢)—0 as e—0.
Finally, we consider the third sum in (7) which will yield the prin-
cipal term. For 9> ¢! this sum is less than

n—k—l
x) ——————
J-(k/el+1 ]f f o ( + )1+¢
n—k—1 1 n—Fk

<4 Y —=<Alog
je[kfe]+1 ]

Hence the contribution to (6) is less than
21 -k pr° © dy
S EELELY L . N
(12) 5 5 v J, P e
< Ae* log® n = 83(¢) log® n

where 8;(¢)—0 as e—0.
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For v<€! we have by (B)
p(¢ + 2) < p(el/v + x) < p()

where € =e(!/2-1, Hence the contribution to (6) as n— « is asymp-
totically less than

C¥a )”Z—‘j RLSUPTIS S L CR

u* :-[k/e1+1 JJo oz

and greater than

N N OB I Y L CR
C(a)z o u" u:—[kZ/eHl J x®

where C(a)=(ra)"T'(a+1)sin(ar/2). By the dominated con-
vergence theorem (using (B) again),

lim fnﬂgf_t_x_)dx=pr(x)dx
‘-0 Jo x 0o x=

It follows that this contribution is asymptotically
» 1 k

[1 — 8u(e) D) X -—[log (n— k) — log —]
=1 K €

= [1 — 84(¢) |D*(ax) [} log? » + log € log n]| + O(log #)

where 8,(¢) —0 as e—0. Combining this with (8), (10), (11), and (12)
we conclude that (6) is equal to

4D%a) log? n + 8(e) log® » + O(log € log n)

where 5(e)—0 as e—0. Since € is arbitrary this means that (6) is
asymptotically equal to (1/2)D?*(a) log? n. It then follows from (3)
and (5) that

(13) E{N.} ~ D'(a) log" n.
From (3) and (13) it follows that
N./log n — D(«) in probability

which is equivalent to the assertion (1).
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